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[lpeaucaoBue

OTa KHUra sIBJISIeTCS] HEMOCPECTBEHHbIM NPOIOJIKEHHEM KHUIH « DJIeMEHTbI
KOMOUHATOPHOH U AuddepeHuanbHoi Tonosorun» (M.: MLIHMO, 2004), na
KOTOPYIO Mbl OOBIUHO ccbllaeMcsi Kak Ha yactb l. (McnpasaenHnyio BepcHio
yactu [ moxkHo Haittu B Internet no aapecy http://www.mcceme.ru/prasolov/.)

B ra1. | onpenensitores cuMmimMuuabHble FOMOJIOTHH U KOTOMOJIOTHH U TIPH-
BOJISITCSI MHOTOUHCJIEHHbIE TTPUMEPbl HX BBIUMCJEHUS] W UX TIPUIJIOKEHHH. ITO
pPacxouTCs ¢ TeM, YTO OOBLIUHO JIeJIaeTCsl B COBPEMEHHBIX Kypcax anrebpanue-
CKOMH TOTOJIOTHH: B HUX, KaK MPaBHJI0, CPa3y BBOASTCS CHHTYJISIPHbIE TOMOJIOTHH.
Ho onpenesnenne cuMninuuanbHbIX TOMOJOTHE Gojiee MPOCTOE W eCTEeCTBEH-
Hoe. Kpome Toro, npu BblUHCJEHUSAX, KAaK MPABUJIO, PUXOAUTCS 0OpalllaThCs
K CUMIJIHLHAJbHBIM rOMoJIorusM. I109ToMy y Hac CHHIYJIsIpHbIE TOMOJIOTHH 110-
SIBJSIIOTCS y2Ke OJIHKE K KOHLY KHHTH W HCII0Jb3YIOTCSl JIHLLIb TaM, 1€ OHH Jei-
CTBHTEJIbHO HEOOXOAMMbI, MPEXK/e BCEro Jyisl TOMOJOrMYeCKUX MHOr0OOpasni.

[oMoJ1IOTHH W KOTOMOJIOTHH C TPOU3BOJIbHBIMU KO3(P@HUIIHEHTaAMH BbIparKa-
IOTCSI uepe3 rOMOJIOTHH C LEeJIbIMH KO3 HULMEeHTaMK ¢ MOMOLIbI0 (hYHKTOPOB
Tor u Ext. CpoiicTBa 3THX (DyHKTOPOB BeCbMa BaxKHbI JJIS TEOPHU FOMOJIOTHI,
MO3TOMY OHHM NOAPOOHO 0OCYKIAITCS.

Teopema apofictBeHHocTH [lyankape cHauasa 10KasbiBaeTcs sl CUMILIM-
LHabHBIX (KO)rOMOJIOTHH. DTO J10KA3aTeJbCTBO TOJUTCS TOJBKO JJIS [VIAJKUX
MHOrooOpa3uii (TouHee roBOpsi, JUisl TPUAHTYJUPYeMbIXx MHoroo6pasuit). s
TOMOJIOTHUECKHX MHOT00Opa3ui HET TeOpeMbl O TPHAHTYJUPYEMOCTH, MOITOMY
JI0Ka3aTesIbCTBO TeopeMbl ABOHCTBEHHOCTH IlyaHkape ajis HUX 10 HeoOXo-
JIUMOCTH HMCIOJIb3YeT CHHIYJISIpHble (KO)rOMOJIOTMH. B cBsI3M ¢ 3TUM Takoe
JI0Ka3aTesIbCTBO, NpHUBeAEHHOE B 1. [V, BecbMa rpoMo3iKo.

B rai. I paccmarpuBaetcst BaxkHast anrebpanueckast CTPYKTypa Ha KOroMo-
Jorusix — ymHoxenue Kosmoroposa—Ausekcanaepa. OcoGeHHO MHOTO MoJie3-
HOH HMH(pOpMAaLMK 3TO YMHOXKeHHe NaéT B cjayuae MHoroo6pasui. C ymMHOKe-
HHEM B KOMOMOJIOTHSIX CBSI3aHbl TAKHE TOMOJIOrHUeCKHEe UHBAPUAHTbl MHOT000-
pasuii, Kak opMa mepecedyeHust © CUTHATypa MHOroo6pasus.

OJ1H 13 BO3MOXKHBIX MOJXOJIOB K MOCTPOEHHIO YMHOXKEHHST B KOTOMOJIOTHSIX
OCHOBaH Ha TeopeMme KioHHeTa, BblpaxKaiolleli (KO)rOMOJIOTHM MPOCTPAHCTBA
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X x Y uepes (ko)romoJsioruu npoctpancts X u Y. Ita Teopema uMeer 1 camo-
CTOATEJbHBII HHTEpEC.

[naBa III nocesiliieHa pasjiMuHbIM MPUIOKEHUSIM (CHMITJIMLHUAJLHbIX) TO-
MOJIOTHH W KoromoJioru#i. MHorue M3 3THX MPUJIOXKEHUH CBsi3aHbl C TeopHel
npenstcTBUi. OHO U3 TaKUX NPUIIOKEHUH — NOCTPOEHHE XapaKTePUCTHUECKHUX
KJaCCOB BEKTOPHbIX paccjioeHnil. OOCy:kaaloTes TakKe M JIpyrue Moaxojbl
K MOCTPOEHHIO XapaKTePUCTHUECKHX KJ1aCCOB — Uepe3 yHUBEpCa/bHOE paccJo-
€HHe, aKCHOMATHUECKHH MOJXO/A. 3aTeM paccMaTpuBaioTcs (KO)romoJioruue-
CKHe CBOUCTBA MPOCTPAHCTB, HA KOTOPBIX AEHCTBYIOT MPYMIIbl: CTPOSITCS TPAHC-
thep u TouHas nocJjenoBareqbHOCTL CMHUTA. 3aBepllaeTcs ryaBa MoCTPOECHHEM
kBazpartoB CTHHpoJa, 0600LIAIOLIMX ONepaltio YMHOXKEHHs] B KOTOMOJIOTHSIX.

B ra. IV onpenesnsitorcst CUHTYJIsIpHblE (KO)FOMOJIOTHH W IIPUBOJSATCS HEKO-
TOpble HX MpPHJI0XKEHHsI. B 4acTHOCTH, 10Ka3blBAOTCS HEKOTOpble CBOKCTBA
XapaKTepPUCTHUECKHX KJIaCCOB. (DTH 10KA3aTeJbCTBA TEXHUUECKH y100Hee Mpo-
BOJIHTb C MOMOIIbIO CHHIYJISIPHBIX KOTOMOJIOTHH, XOTs CaMH YTBEPKAEHHST MOXK-
HO chopMyTHPOBATh AT CUMIIMULHANBHBIX KOTOMOJIOTHI. )

B r. V paccmarpuBaercst ellé oJuH MOAXOA K MOCTPOEHHIO TEOPHUH KO-
rOMOJIOTHI — KoromoJiorud Hexa M TeCHO CBsi3aHHble C HHMH KOTOMOJIOTHH
ne Pama. Ilna koromoJsioruit e Pama nokasbiBaercsl Teopema ABOHCTBEHHOCTH
[Tyankape. 3aTeM KOHCTpyKLMs e Pama, H3Haua/ibHO BBENEHHAS IS [VIAJKUX
MHOro00pasuii, MepeHOCUTCSl Ha POU3BOJIbHbIE CUMIJIHLHAJbHbIE KOMIJIEKCDI.

3aksounTesibHas raaBa VI nocssilieHa pas/iMuHbIM MPUJI0KEHHSIM TEOPHH
TOMOJIOTHH, B OCHOBHOM B TOMOJIOTMH MHOroo6pasuii. CHauasa noapo6Ho 06-
Cy2KIaeTcst MoJIMHOM AJieKcaniepa, KOTOPbI CTPOUTCSI ¢ MOMOLILIO TOMOJIOTHIA
LMKJIMUECKOrO HAKPBITHST; 00CYKaeTcsi Takxke nHBapuant Apda. 3arem noka-
3bIBaeTCsl CUJIbHAs TeopeMa YUTHH 0 BJoxkeHusx. [IpuBonutest opmysaa ans
BbIUHUCJIEHHS K1accoB UxKeHs NOJHbIX nepecedeHni. OOCyKaal0TCsl HEKOTOpble
romoJiornyeckue cofictsa rpynn JIu u A -npocrpaHcTs.

B kHure npuBeseHo MHOro 3ajau (¢ pellieHUsIMHM) W yIpaKHeHHH 1Jis ca-
MOCTOSITEJILHOTO PellieHusl. 3a/lau COCTaBJEeHbl [0 MaTeprajaM CEMHHAPOB 110
TormoJioTHu A5 cTyAeHToB Il kypca HezaBucumMoro MockoBCKOro yHHBEPCHTETA,
KoTtopble aBTop Bés B 2003 1.

OcHoBHble 0003HaueHHs1 M3 yacTH | Mbl OOBIYHO HCMOJb3yeM 6e3 0CoObIX
00bsICHEHHH, HO B HEKOTOPbLIX CJlydasiX JaHbl SIBHble CCbIIKH Ha COOTBETCTBY-
toe crpaHuupl yacth I. To ke camoe OTHOCHTCSI K TeopemMaM M JIpyruMm
YTBEPKAEHHSIM.

Bo Bpemsi paGoThl Ha/l 3TO KHUIOH aBTOp MoJiydas (PHHAHCOBYIO MOIEPK-
Ky ot Poccufickoro ¢onna hyHaaMeHTaJNbHBIX HCCAEIOBAHUE COTIACHO MPOEK-
tam 05-01-01012a, 05-01-02805-HLIHWJI_a, 05-01-02806-HLIHWJI_a.



HekoTopble 0603HaueHus

Hp(X; G) — k-mepHble romosiornu npoctpanetsa X ¢ Koadduurentamu B G;
H*(X; G)— k-mepuble Koromosiorku poctpanctsa X ¢ Kosdduuuentamu B G;
Hom(A, B) — rpynna romomopdusmos A — B;

A ® B — tensopHoe npousseaenue adeneBbix rpynn A u B;

Tor(A, B) —cm. ¢. 38—39;

Ext(A, B) —cm. c. 38—39;

Coker a — Kosiipo romoMopuaMa a (cM. ¢. 24);

[M"] — dynnameHTanbHbIE Knace MHOroo6pasus M";

X (X) — siisiepoBa xapakTepucTHKa MpoOCTpaHCTBa X

A(f) — uncqo Jleduiena oro6paxenus f;

o(M*") — curnatypa MHorooGpasusi M*";

ek — TpuBMabHOE BEKTOPHOE pacc/ioeHue PasMepHOCTH k;

wp(§) — k-it knace tudens—Yurau paccioenus &;

cp(&) — k-it knacc Ukensi paccsioenust &

pr(§) — k-ii knacc [Toutpsiruna paccjoenus &;

Sq' — kBagpar CTHHpo.a;

M’ # M§ — cBasnas cymma MHoroo6pasuit M7 u M



Inaea |

Cl/lMl'lJll/l]_ll/laJleble roMoOJIOrnn

§ 1. OnpeneneHne U HEKOTOPbie CBOMCTBA

[pynrbl roMOJIOTHI TOMOJOIHUECKOrO MPOCTPAHCTBA X MOKHO OINpeesUTh
pasHbIMH criocob6aMu, NMPHUEM 3TH ONpesiesieHHsT SKBUBAJEHTHbI TOJbKO J/IsI
JIOCTaTOUHO Xopounx*) npoctpaHcTB. C TOUKM 3PEHHUsT HAIVISIAHOCTH Haubo-
Jiee TIPOCTO BBINVISIUT OMpesie/IeHHe CUMILIMLMaNbHbBIX roMosioruit. Ho y sToro
OTpe/lesIeHHs] eCTb CYLIECTBEHHBIH HEel0CTaTOK: OHO He WHBAPHAHTHO, TOUHEE
roBOPSl, 10Ka3aTe/IbCTBO €ro MHBAPUAHTHOCTH TpebyeT onpeieeHHbIX YCHIHH.
(ITon MHBapHaHTHOCTBIO 3/1eCh MOJPa3yMeBaeTCsi H30MOP(HOCTb TPy rOMO-
JIOTHH TOMeoMOpP(MHBIX MpocTpaHcTB.) Ho ocHOBHBIE HeH TEOPHH TOMOJIOTHH
JIyullle BCETro BBISIBJISIIOTCS HA yPOBHE CHMILIHLHAJBHBIX TOMOJIOTHH, TTO3TOMY
MBI HaUHEM C MOJPOOHOTr0 0OCYKAEHNS CUMIJIMLHMAJIBHBIX TOMOJIOTHH.

1.1. OnpepneneHue rpynn roMmoJorun

[Tyets K — cummuiumManbHbii Komiieke. Mbl 6yeM rpeanosiarath, uTo
BCE €ro CHUMILJIEKChl OPUEHTHPOBAHbI, T.€. JJIsl KaXKJ0ro cUMIJieKca (DUKCH-
pOBaH TOPSIIOK €ro BeplidH (HUKAKOH CONJIaCOBAHHOCTH OpHUEHTAlMH pas-
HbIX CHMILJIEKCOB He npejnoJjaraercs). CUMIJIEKC ¢ BepUIMHAMU Qq, A, . - ., Ay
(B ykazaHHOM mopsijike) Mbl OysieM o6osHauaTh [ag, aj, ..., a,]. CUMIIEKCH
lao, ai, ..., ax] ¥ [as(), Qo(1), - -+ Qo(r)] CUNTAIOTCA ONMHAKOBO OPHEHTHPO-
BaHHbIMH, ecJii sgno = 1, a ec/in sgno = —1, TO 3TH CUMIJIEKCHl CUMTAIOTCS
MPOTUBOMOJI02KHO OPUEHTHPOBAHHBIMH.

Onpenenum eparuyy CUMILIEKCa CaelyloUUM 06pa3oMm:

010, 1, ....n] => (=0, ... &, ..., nl,

e [0, ..., 4, ...,n]=][0,...,i—=1,i+1, ..., n]. 3n1eck Mbl HAaUMHAEM pac-
cMaTpuBaTh (hopMaJsibHble CyMMbl CUMIJIEKCOB. TouHee roBopsi, HA MHOXKECTBE
CHUMIJIEKCOB BBOJMTCS CJeylolllee OTHOILIEHHE IKBUBAJIEHTHOCTH: OJUHAKOBO

*) CJIeLLyeT OTMETHUTb, YTO 6OJILIIHHCTBO [IPOCTPAHCTB, MOABJAAIOLIMUXCS B TOINOJIOTHU U3 ICOMET-
pHuH, 10CTaTOYHO XOpOILIWe, B OTJIHUKE OT MPOCTPAHCTB, KOTOPbIE MOABJAOTCSA U3 (byHKIU/IOHa.}'[l)HOFO
aHaJii3a.
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OpPUEHTHPOBAHHbIE CUMILJIEKCHI (C OJIHUMH U TEMH K& BepIlIMHAMH) CUMTAlOTCS
9KBUBAJIEHTHBIMH, H Mbl PACCMaTPHBAeM MHOXECTBO TaKUX KJaCCOB IKBUBA-
JieHTHOCTH. Kpome Toro, Mbl mnosiaraem, uto CymMma JBYX MPOTHBOMOJIOXKHO
OpPUEHTHPOBAHHBIX cuMMJIekcoB paBHa 0. [TosToMy MpPOTHBOMOJIOMKHO OpHEH-
THPOBAHHbIE CUMILJIEKCHl MOXKHO 0003Hauath A u —A.

Cumniiekc [a, b] yno6Ho o603Hayath CTPEJKOH ¢ HAUyaJoM @ U KOHLIOM b.
[Ipu taknx o6osHaueHusix rpanuuia cumriekca [0, 1, 2] BbIrIAIUT TakK, Kak
MoKa3aHO Ha pUC. l; 9TO BroJsiHe corsiacyercs ¢ MHTYH-

TUBHbBIM MPEJACTABJIEHUEM O IPAHULIE. 2

Baxxueillliee 3HaueHue JJ1s1 TEOPUHU TOMOJIOTHE HMeeT
cJleylolliee yTBEPKIEHHE.

Teopema 1.1. Jag moboeo cumniexca A ume-
em mecmo pagercmso 00A = 0.

HoxagzateabctBo. Ilyets i > j. Cumniekc

~

[...j...0...] Bctpeuaetcsi B Buipaxkenun 990, ..., n] () 1
JBaKbL: OH BXOmUT B (—1)19[...1...] co snakom (—1)i*/

nB (—1)7[...7...] co snakom (—1)*Ti=1; stu suaku  Fuc- 1. [panuya
MPOTHBOTOJIOMKHBI. O cupnrercd

MoxHo paccMaTpuBaTh He TOJBKO JIMHEHHbIE KOMOU-

HallMKU CUMIJIEKCOB C LeJIbIMU KO3(PPUIIMEHTAMU, HO W KOHeuHbie®) CyMMbl BUla
S a; A%, re a; — snement nekoTopoii rkcuposanHoil aGenesoii rpynnsl G,
AF — cumneke pasmeproctu k. Boipaxkenne Y a;A¥ naswisaior k-meproii
yenoto (¢ kKosppuumentamu B rpynrne G). Llenu MoKHO MOKOMIMOHEHTHO CKJla-
JIbIBaTh, TO3TOMY OHH 00pasyloT abesneBy rpynmy. [pynny k-mepHbiX uemnei
o6o3Hauator Cp(K; G). st KpaTKOCTH 3Ty Tpymiy Mbl 4acTo OyjaeM 00603Ha-
yath Cp(K) uan naxe npocto Cp.

Oto6paxeHne 0 Mbl OTIPELENHUIIHN A/ CHMIVIEKCOB. DTO 0TOOpaKeHHe MOXK-
HO TPOJOJKUTH TIO JIMHEHHOCTH W TOJyuuTh oTobpaxenue Oy: Cp — Cp_y,
KOTOpOe Mbl OyJieM Ha3blBaThb epaHUUHbIM 20MOMOpHusMOM. [Insi HyIbMep-
noro cumriekca A nosaraem 9pA = 0.

Lenb ¢ € C, HasbiBAOT yukaom, ecau Oyc =0, T.e. ¢ € Kerd,. Ipynny
k-MepHbIX 1HKJI0B 0003HauaoT Zy. Llenb ¢ € Cp HasbiBaOT epanuyel, ecju
¢ = Opg1¢" st HekoTOPOIt Lien ¢’ € Cpyy, T. €. ¢ € Im Oy . [pynny k-MepHbIX
rpanuil o603uavaior By. M3 paBencrsa 90 = 0 cnenyer, uto By C Zp, m03TO-
My MOXKHO pacemotpersb rpynny Hy(K) = Z/Be. DaemMeHTaMu 3TOH TPyl
CJIy2KAT KJAaCChl SKBUBANIEHTHOCTH LIMKJIOB: LIMKJbl CUMTAIOTCS 9KBUBAJEHTHbBI-
MH, €CJIM UX PA3HOCTb SBJISIETCS TPaHMIEH; TaKHe LMKJbI Ha3bIBAIOT e0MO-
aoeudnoimu. Tpynny Hy(K) Ha3bBalOT TPYNMoOH R-MepHBIX CUMNAULYUANOHBLX

*) Jlnst 6€CKOHEUHBIX CYMM Mbl He CMOTJIH Obl OMpeeauTh roMOMOpdhU3M O B TOM cJ/yuae, Korja
OJIMH M TOT K€ CHUMILIEKC SIBJISIETCS IPaHblo GECKOHEUHOr0 MHOXKECTBA CHMILIEKCOB.
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eomosoeuti xommiiekca K. Ecau Hy)KHO ymoMsIHYTb Ipynmy Ko3(QUIIHeHTOB,
TO HCTONBL3YIOT 0603HaueHne Hy(K; G).

3aMeuanue. Bnepsbie «romosioruueckie uucaa» MosiBUINCH B pabo-
tax Pumana (1857) u Bertu (1871). IlpaBusbHoe omnpenesienne ObLIO JaHO
[lyankape. On ocosHaJ, 4TO TpHU ONpeeseHHH LieTel CUMIIEKCHl Hy?KHO YUH-
TBIBaTh He TIPOCTO KaK reoMeTpHueckHe (DUIyphl, a C YUETOM HX KpaTHOCTEH.
[TepBoHaua/ibHO rpynmbl roMoJIOTHE (¢ Ko3ULMeHTaMH B Z) ONHCbIBAJHUCD
MOCPENCTBOM 3aJaHusl UX paHroB (4ucaa bemmu) W uuces KpyueHusi. B ko-
potkoii 3amerke [N] dmmu Hérep B 1926 . crenana BaxkHoe HabJ0eHHE, UTO
FOMOJIOTHH MOXKHO PacCcMaTpUBaTh KaK IPyMIibl.

HenocpencTBenHo n3 onpesesientst BUAHO, UTO €CJIH CHMIVIMIHAIBLHBIH KOM-
nJieke K He COJepP>KUT CUMILIEKCOB pa3MepHoCTH &, To Hy(K) =0.

BbluuicsiuM Tenepb rpymnmbl TOMOJIOTHE IS HEKOTOPBIX CHMIJIMLHMAJBbHBIX
KOMIIJIEKCOB.

[Tpumep 1.1. Ecau K cocmoum u3 n u3zoauposartolx mouex, mo

HoK; G)=G@...2G u HpK;G)=0 npuk>1.
n
JlokaszaTeabcTBoO. SlcHO, uTO B paccmaTtpuBaemoil cutyauuu Co =
=G®..®G,C,=0npuk>1Zy=Cyu By=0. O
[Mpumep 1.2. [lyemo S' — cumnauyuaronoii komnaexc, npeo-
cmasasowuii cobot epanuyy odsymeprozo cumnaexkca [0, 1, 2]. Toeda
Ho(S'; G) =H((S'; G) =G.
JokaszateanbcTBo. fcHo, uto By =0, nostomy H| = Z,. Paccmor-
PUM MPOU3BOJILHYIO OJHOMEPHYIO LIeMb

c=ao[l, 2] + a1[2, 0] + aq|0, 1] € Cy,
rae ag, ap, as € G. Torna
dc = (a) — az)[0] + (a2 — ao)[1] + (ap — a1)[2].

[Tostomy Z; cocrout u3 uenedt Buna a[l, 2] + a[2, 0] + a[0, 1], a € G.

Pagencrea 0(a[l, 2] + a[2, 0]) = a[0] — a[l] u O(a[2, 1] + a[l, 0]) =
= a[0] — a[2] nokasbIBalOT, UTO C TOUHOCTHIO JIO 'paHULbI J106as HyJbMepHast
uenb umeet BuA a[0]. C apyro# cTOpoHbI, e/

al0] = dc = (a1 — a2)[0] + (a2 — ao)[1] + (a0 — a1)[2],

TO a9 = ap M ap = aj, nostomy a = a; — ag = 0. Takum o6pasom, rpynmna

Ho(S"; G) = Cy/Bo uzomopdna G. O
PaccyieHusi, KOTOPbIMH Mbl BOCIOJIb30Ba/MCh NMPH Bbiukcaenun Ho(S'),

MOXKHO MEepPEeHEeCTH Ha MPOU3BOJIbHBIN CBSI3HBIA CUMIIHLIHAILHBIN KOMIUIEKC.
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Teopema 1.2, [lyemov K — c8asHblil CUMAAUYUAAbHOLE KOMNAEKC.
Toeda Hy(K; G) =G.

HoxaszaTeabcTBo. [IpousBosbHble BepUIMHbL [m] 1 [1] MOXKHO cO-
eJIMHUTh |-cumniekcamu [m, iy], [iy, io], -- -, [iz, 7], mo3TOMY

aln] —a[m] =0(a[m, i1] + ali1, i2] + ...+ alir, n]).

DTo 03HAUAET, UTO C TOUHOCTBIO [0 IPaHHULIb! Jt00ast HyJbMepHasl LeMb HMeeT
BUL a[m], rie [m] — HekoTopasl MKCHpoBaHHasl BeplinHa. Ocraérest npose-
pHTb, UTO eCJIM LieNb a[m] sBasiercs rpanuiel, To a = 0.

[Ipennosoxum, u4to

a[m] a(zaa[iav ja]) = Zaa[ja] - Zaa[ia]-

B npapoii yacti cymma Kos(duiMeHToB paBHa Hysto. CJieloBaTeNbHO, a =
=0. O

Ynpaxneunne. Ipercraum S? kak rpaunuiy cummiekca [0, 1, 2, 3].
Jlokaxkure, uto Kerdy cocrour u3z ueneit Buga ad[0, 1, 2, 3], a Kerd, =
=1Im 82.

1.2. LlenHbie KOMMIEKCbI

LlenHoim KOMNAGKCOM HA3BIBAIOT ceMeHCTBO abeseBbix rpym Cj, U roMo-
Moppu3MoB Op: Cj — Cp—_y, YIOBJETBOPSIOUIMX COOTHOLIEHUSAIM OpOp11 = 0.
Ecin Cp, =0 npu k < 0, TO 1eNHOH KOMIUIEKC HA3bIBAIOT HeOMmpuya-
MenbHbLM.

AGeneBy rpynny F HasbBalOT ¢80600HOL, ecan B [ MOXHO BbIGpaTh
MHOXKECTBO 3J1EMEHTOB {4} Tak, uto J1060H 3/eMeHT [ € F elMHCTBEHHbIM
06pa3oM MpPeACTAB/SETCs B BUAE KOHEUHOH CYMMBI [ = g, fo, + - + oy fay
rie fla, €7Z W Bce fo, ..., fa, Pa3anunbl. MHoxecTBO {f,} HasbBalOT npu
3TOM Oasucom Tpynnbl F. DKBUBaJIeHTHOE onpejiesieHue: cBoboHast abeJieBa
rpynna — 3T0 TpsiMasi CyMMa HEKOTOPOro ceMelcTBa (KOHEUHOro MJIH GecKo-
Heunoro) rpynn Z. Ecsu Bce rpynnbl Cp CBOOOJHBIE, TO LEMHOH KOMIJIEKC
Ha3bIBAIOT CB0O00HbIM.

st moGoro 1enHoro Kommniekca C, MOXKHO PACCMOTPETb epynnbl 0OMO-
aoeuti Hy(Cy) =Kerdy/Im Opyy.

Hennoin omobpascenuem tenubix kommiaekcoB C, u Cl HasbiBaoT ce-
MeficTBO romMoMophuamMoB ¢ Cp — Cj, YIOBJIETBOPSIOLUIMX COOTHOLICHHAM

Pk = Pr—10;. Llennoe oro6paxenne @,: Cp — C) MHIyLMPYeT ceMelCTBO
romoMopuamMoB @, : Hy(Cy) — Hp(CL). Ipu s3moM (pth)s = @utbs.
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Cumnyimumranbioe otobpaxkenne f: K — L uHIyuupyer oToOpakeHue
fr: Cp(K) — Cr(L), KOTOpOE onpenensiercs caeiylolnM o6pasom:

fe(lao, ..., ar]) =
_ {[f(ao), o Haw)], eenn (@) # () npui # j;

0, ecam f(a;) = f(a;) ans Hekotoporo i # j.

[IpoBepka Toro, uto 370 0TOGPaXKEHHE LEIMHOE, T. €. BLIMOJHSIIOTCST COOTHOLIEe-
uust O), fr = fr—10k, OUEBHAHA B TeX CJlyuasiX, KOIJa Pa3MEepPHOCTb CHMILIEKCA
¢ BeplIMHAMH f(ay), ..., f(ax) paBHa k wiu MeHblle B — 1 (B ocJieiHeM cJty-
yae o6e yacTH paBeHCTBA 0OpalllaloTCsl B HYJb). PaccMoTpuM Ternepb ciyuat,
korna f(ap) = f(a;), a Toukn f(ay), ..., f(ar) pasmuunbl. B Takom ciyuae
fe(lao, .-, ar])=0n

fr=10lao, ..., arD)=[[(a1), [(az), ..., [(ar)] =[] (ao), [(as), ..., Flar)]=0,

nocKoJbKY [f(ag) = f(ay).

Takum o6pasom, Jo6oe cuMmniMLMaibHoe otodbpaxenue f: K — L unuy-
uupyet romomopdusm f.: Hy(K) — Hy(L); npu 3TOM TOXKeCTBEHHOE 0TOGpa-
YKeHUEe HHJYLIUPYET TOXKJIECTBEHHbIH TOMOMOPPU3M U ([Q)x = [« G.

Ecan aist cuMruuuanbHbix otobpaxkenuit f, g: K — L cyllecTByer ce-
merictBo roMoMopduamoB Dy : Cp(K) — Cpy (L), YIOBJIETBOPSIOUIMX COOTHO-
ILIEHUSIM

Or1Dp + D10k = Gk — [ks

TO TaKoe ceMelicTBO D Ha3bIBAIOT yenHol eomomonueti, CBs3biBalolLlell [ 1 g.
Teopema 1.3 (o uenHoit romoTonuu). Ecau cumnauyuarbHole omoob-

padxcerus [, g: K — L yenno eomomonnol, mo [, = g..
JokaszateanbcTBo. [lyets 2, € Cp(K) 1 Or2z, = 0. Torna

8r(2r) — [1(2r) = Opy1Drezi + Dp—10k2k = Opy1 (Dr2e),

T. €. UHKJbl Gk (21) U [fr(2k) TOMOJOTHUHBI. O

1.3. TomoJ0ruu cUMNJEKCa U €ro rpaHHUllbl

Teopema 4. [lpu k> 1 sunoansemca paserncmso Hyp(A") = 0.

JlokaszaTesabcTBO. Mbl Bocnosibdyemesi Tem, uto A" = [b, ay, ...
..., ay]—xouyc Han A" =[ay, ..., a,]. Kaxnomy cummiekcy @i, -, ai,]
MOXKHO COMOCTaBHTb cUMIUIEKC [b, a;, ..., a;]. [Ipogo/mkuB 310 oToGpaxe-
HHe O JIMHeHHOCTH, nosyunm romomopdusm Ch_i (A1) — Cy(A"); o6pas
3J1eMeHTa Cj—| OyeM o603HauaThb [b, cp—1]. Jlerko npoBeputb, uro A[b, cp] =
=cp — [b, Ock] npu k=1 1 8[b, co] = co — e(co)b, te e(Xnpa;,) =3 np.
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Jliobyio uenb 2, € Cp(A") MOXKHO €IMHCTBEHHBIM 00pa3oM MPEeACTABUTh
B BUJIE 2 = Cp + [b, dk—l]v rjae ¢y € Ck(Aﬂil) udp_ € Ck_](Aﬂil). Hpea-
noJioxkum, uto 9z, = 0. Torna dcy, + dp—1 — [b, Odp_1]=0npu k> 1ude; +
+do —e(do)b =0 npu k= 1. B oboux cayuaax dcy, + dp—; =0, a 3Hauwur,

a[b, Ck] =Cp — [b, ack] =Cp+ [b, dkfl] =2,

T. €. Jo6o# wka 2, € Cp(A"), k > 1, aBasiercs rpaHuied. O

CanencrBue. [lycmo OA" — cumnauyuanroHolii KOMAAEKC, KOMOPbLL
cocmoum u3 8cex CuUMnAeKkcos, sxodauwux 6 A", 3a uckaouenuem canoeo
cumnaexkca A", Toeda H,_1(0A") =G (npu n>=2) u Hp(OA") =0 npu
O<k<n—-1

JoxaszaTedabcTBo. Bruots 10 paamepHocti 12 — 1 romosioruu y 0A"
Takue ke, Kak y A", Cumnekcos pagmepHocTd 1y OA" ner, nostomy Im d, =0,
a sHaunrt, H,_(0A")=Kerd,_;. Ho H,(A")=0, noaromy Ker 9,_; =Im 9}, rne

0, — middepenunan B uenHom Komniuekce st A" Ecoin A"=][0, 1, ..., n], To
n . A
Im &), cocTouT U3 3/7€MeHTOB BUA a<2(1)’[0, R T rz]), acG. O
i=0

§ 2. UHBapMaHTHOCTb rOMOJIOTUI

CHauasia Mbl JIOKaxKeM TeopeMy 06 allMKJIMUHbIX HOCUTEJSIX, KOTOPas 4acTo
M03BOJISIET JIOKA3aTh, UTO JIBA 1I€MHBIX OTOOPAXKEHHUST 1IEMHO FOMOTOTHbBI. 3aTeM
MbI JIBaXK/Ibl BOCIOJIb3yeMCSl 3TOH TEOPEMOH B PasHbIX CHUTyallUsiX MpPH Jl0Ka3a-
TeJIbCTBE TOMOJOTMYECKOH MHBAPHAHTHOCTH roMoJioruii. Hakoner, ¢ nmomornipio
TOH >Ke TeopeMbl Mbl JIOKaXKeM IOMOTOMHYECKYI0 HHBAPUAHTHOCTb FOMOJIOTHH.

[oMoJ1oTHH MOXKHO OMpeneuTb ¢ Koo(h(HULIMeHTaMH B MTPOU3BOJIbHOH abe-
Jgesoii rpynne G. Ho, ¢ oaHO! CTOpPOHBI, AJsl MPUJIOXKEHHH OCOOEHHO Ba-
»KeH cJiyuail, Korja rpynna Kosdduurento G siBjisieTcsi aJIMTHBHON TPYNoN
HEKOTOPOro KoJsiblia ¢ enuHuued (Hanpumep, G = Z, Q win Z,), a ¢ apy-
roil CTOPOHBI, HEKOTOPble Ba)KHble CBOKCTBA TPy FOMOJIOTHE (M 0COOEHHO
KOTOMOJIOTHH) MOXKHO JI0Ka3aTb WMEHHO Il TAKUX TPynn KOo3(hGhHIMEHTOB.
[TosToMy B nasbHefilleM, Kak npaBuJjo, OyaeT mnpejanoJaraTbesi, yTo Tpymnrna
KO3 PHUILIMEHTOB — aJUIMTHBHAS TPYINIa HEKOTOPOTO KOJblA C eIHHHUIIEN.

2.1. AuMKJIHYHbIE HOCUTEJH

CHMNIMLMAJIbHBIA KOMIJIEKC HA3bIBAOT QUUKAUUHBIM, €CJU €TO TPYMIbl
TOMOJIOTHH Takue e, KaK y ojHOH Toukd. Hanpumep, koHyc Hajm JoGbiM
CUMIUIMUMAJBbHBIM KOMIJIEKCOM alMKJHUEH; 3TO JIOKA3bIBAETCS TOUHO TaK IKe,
KaK To, UTO CHMILJIEKC alMkauueH (teopema 1.4 Ha c. 14; npu nokasatesbcTBe



16 [masa I. Cumnuvuma/bHble TOMOJIOTHH

ITOH TEOPEMbI Mbl T0JIb30BAJUCh TOJBKO TPEJCTABJIEHHEM CUMILJIEKCa B BHJIE
KOHYyCa).

Hocumeaen uenu ¢, = Y ayAF € Cp(L) Gynem HasbiBaTh M060i N0AKOM-
nieke L' C L, copepxauwmii Bee cummiekcsl AF,

Bynem roBopuTh, uTO LieMHOe OTOOpPAXKEHHE © COXPAHAEN AYyeMeHma-
yuro®), ecan oo (3 a;AY) =3 b]-A?, e > a; =Y b;.

Teopema 2.1 (06 auuknuunbix Hocutensix). [lycmo pp, Yp: Cp(K) —
— Cp(L) — yennole omobpacerus, coxpansiouue ayemenmayuro. [l1peo-
noaodxcum, umo aobomy cumniexcy A C K conocmasaen komnaexc L(A) C
C L mak, 4umo 8oinoaxaomces caedyrouue c8oLcmsa:

1) ecau A" C A, mo L(A") C L(A);

2) komnaekc L(A) ayurauuen;,

3) komnaekc L(A®) aeasemes nocumenem obeux yeneti op(A*) u by (AF).
[Ipednoroaxcum, daree, umo epynna koagppuyuenmos G asaiaemca addu-
MusHoU epynnoti HeKkomopoeo Koaoya ¢ edunuyeti. Toeda omobpasncerus
Op U Y YenHO 2OMOMONHLL, 8 YACTIHOCIU, Yy = .

HoxazateabcTtBo. Llennyio romoronuto Dp OyneMm CTPOUTb HH-
nykiweii no k. Paccmorpum chauana cayuwait k = 0. Ilyets A — nexoto-
pas BepuMHa Kommekca K. Kommieke L(A) siBasercs nocurenem uemneil
©o(A") 1 1o(A®). OTobpakennst g 1 1y COXpaHSIOT ayrMEHTALIMIO, TTO3TOMY
(o — Y0)(aA®) =3 b; AV tne > b; = 0. B awmkinunom komnekce L(A%)
uenb Y b;AY, rne Y b; =0, siBasieTcst rpanuueil HEKOTOPOI LeMNH, M0ITOMY
(0o — o) (aA%) = 9 Dy(aA’), rne Do(aA®) — nekoTopasi oaHOMepHasi LieMb
¢ nocurenem L(AY). Pasenctso Dg(aA’) + Do(bA%) = Do((a + b)A°) npu
TOM MOXKET He BbIMOJHATbCSA. UTOObI 10OUTHCS BBITIOJHEHHS] TAKOrO pPaBeH-
cTBa, BhIGEpeM B Kosble G eaunuity 1, naiiném 1-uenb Do(1 - A%) u nonoxum
Do(aA®) = aDy(1 - A%. B nanbHeiiiiem tenb Buaa 1 - A Gyaem o6o3HauaTh
npocTo A (OTMETHM, UTO JIJIst IPOU3BOJILHOK IPyNIibl KO3hdHIIMeHTOB G Takoe
0003HauUeHHe He UMEeT CMbICJIa).

[Tpennosoxum, uto Tpebyembie romomMopduambl Dy, ..., Dp_| yxke 10-
crpoenbl, puuém L(A!) ssasercst nocutesnem uenn D;(Af). Tomomopduam Dy
JoJKeH 06J1afaTh eIMHCTBEHHBIM CBOHCTBOM: ISl JIOGOTO R-MEpPHOTO CHM-
niiekca A B K BbinogiHsieTcsi paBeHCTBO Opy 1 Dp(A) = ¢y, The ¢ = wp(A) —
— Yp(A) — Dp_10r(A). Bce cumniekenl J,(A) coaepxatesi B A, M03TOMY
L(A) aBnsietcs HocuteseM Lend Ok (A), a 3Hauut, L(A) ABJseTCs HOCUTEEM
uenu Dj_;0k(A). Takum o6pazom, L(A) — HocUTesb LEMU ¢k, U

OrCr = (Orthr — Okpr — Ok Dp—10¢)(A) =
= Ok — Ortpr — (W10 — 0r—10k — Dp—20r—10k))(A) = 0.

*) I1poncxoxkaeHne Takoro Ha3BaHusi oObsicHsieTest Ha ¢. 27.
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Mul paccmatpuBaem ciyuail k > 1. M3 aunkanunoctr Kommiekea L(A) cueny-
eT, uto Hp(L(A)) = 0. [Tostomy cyutectByet uenb Dy (A) ¢ Hocutesnem L(A),
115t KOTOPOU Opy1 D (A) = cp. (]

2.2. Tonosoruvyeckasi UHBAPUAHTHOCTb FOMOJIOTUI

3/ech Mbl JIOKaXKeM, uTo Jio60e HeMpepbiBHOE 0TOOpaXKeHHe CUMIIHIHAJb-
HbIX KOMIIeKcOoB [: |K| — |L| unmyuupyet romomopcusm [y : Hp(K) — Hp(L).
[Tpu s10oM (fgQ)sx = [«g«, UTO BJEUET HU30MOP(HOCTHL TIPYMI TOMOJOTHH To-
MEOMOP(MHBIX CHUMIMIHIHANBHBIX KOMIMJIEKCOB. UTOOB OMpeae/uTh TOMOMOpP-
(U3M [., Mbl BOCIIOJIb3yeMCsi TEOPEMOH O CUMILIHIHANLHON armnpoKCHMAlUH.

Teopema 2.2. [Ipednorosxcum, umo epynna koagpuyuenmos G 18-
asemces a0o0umusHoll epynnotl Hekomopoeo Koavuya ¢ edurnuyei. Iycmo
K' — 6apuyenmpuueckoe nodpazdenerue CUMAALYUALLHOSO KOMNACK-
ca K. Toeda epynnot ecomoroeuti Hy(K') u H,(K) usomopgror.

JloxaszaTeabcTBo. OnpenesuMm cHauala CUMILIHIHAIbLHOE 0TOOpa-

wenve j: K’ — K caenytomum ob6pasom. Ecan K = A* =10, 1, ..., k], 10
cUMIIHIMaIbHOe oToGpaxenue K’ — K 3amgaércsi conocraBjieHHEM Bepliiu-
nam komriekca K’ Bepumn (nomerok) 0, I, ..., k. ComocraBuM BeplidHe
Kommaekca K’, Kotopasi sIBJAsieTCsi GapHIEHTPOM CHM-
niexkea [fo, ..., ip], OAHYy M3 BeplIHH Iy, ..., ip. [1pu-

Mep TaKoro COTOCTaBJeHHs] MPUBEAEH Ha puc. 2. Jlerko
MPOBEPHTh, UTO POBHO OJIMH k-MEpHBIH CHMIJIEKC KOM-
nyiekca K’ umeeT moJiHbiil HaGOp MOMETOK, MPHUEM 3TOT
CUMIJIEKC OPUEHTHPOBAH TaK »Ke, KaK W CHUMIUeKe K.
JlelicTBUTENBLHO, BO3bMEM CHauajsa OapuUEHTpP U pac-
CMOTPHM T'paHb, BEPLIMHBI KOTOPOH UMEIOT METKH, OTJIHY-
HbI€ OT METKH OapHLeHTpa; BO3bMEM e€ OGapHLIeHTP H T. 1. Puc. 2. Habop

JIIsi  CUMIJIMLMA/BHBIX  KOMIJIEKCOB  OOIIEro BHJA nomemox
orobGpaxenue j: K' — K onpezessiercss aHajOrHUHO.

OTMETHM, UYTO OHO SBJSIETCS CHMIJIHUMANBHOH anmnpoKCHMaluel Toxje-
cTBeHHOro otobpaxkenusi. OTobparkeHne ;| WHIYLMPYET 1ernHoe oToOpakeHue
Jr: Cr(K') — Cr(K).

Onpenennum Ternepb tenHoe orobpaxenue iy : Cp(K) — Cr(K'); oHO He HH-
JIyLIUPOBAHO CUMIIMIIMAJIbHBIM 0ToOpaxenueMm. [Tosoxum ig(v)=v, i|[vg, v]=
=[b, v1] —[b, vo], rne b — GapuueHTp cummiekca [vg, v;]. PopmanbHo onpe-
JlesieHte 0OTOOpAKEeHUs i| MOXKHO 3anucaTh Tak: i (A') = [b, igdA']. Insi k > 1
TOXKE MOJOKHM if(AR) = [b, ip_1OAF], rne b — Gapuuentp Kommiekca AF.
Ocraérest MpoBepuTh, YTO OTOOpa)KeHHWe i, 11eMHoe, T.e. Opip = ip_10p. Slc-
HO, UTO

Opin(AF) = Op[b, ip—10eA*] = if_10p(A*) — [b, Op—1ip—10kAF].
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I—[OE)TOMy eCJIn akfll.kfl = ikfgakfl, TO ak,lik,lak = ik,gak,lak =0wu akik =
=lp_i 8k.

Otob6paxkeHue j yCTPOEHO TaK, UTO OJIMH R-MepPHbIH CUMIJIEKC GapHLIEHTPH -
yecKoro nojpasenenus cumaekca A* oto6paxaercs na A¥ ¢ coxpanenuem
OpMEHTALIMH, a BCE OCTaJIbHble R-MepHbIE CHMILIEKChI 0TOOPAXKAIOTCSH HA CHM-
TJIEKChl pa3MepHOCTH MeHbllle R. M3 3Toro ciemyer, 4to oTOOpa:KeHHE jpip
TOX/IECTBEHHO, 4 OTOOPaXKEHHE ifj, YCTPOEHO CJEYIOLIMM 00pa3oM: HOCH-
TenieM 1enu ipjp(A’), rme A’ — cumrsieke B K', CayKUT GapHIEHTPHUECKOE
noapaspesenue cummiekca A B K, conepxatero A’. BapuueHtprueckoe noju-
paszesieHde cumnekca A siBasieTcst KOHycoM Hajl OA, NosToMy GapuiLleHTpHue-
CKOe TI0JIpasJiesieHle CUMILIEKCa — alMKJIUUHBIA CUMIJIHIHAJBHBIH KOMILJIEKC.
Taxknum o6pasom, y oToOpaxeHu# iy j, 4 idc, (/) €cTb OOLIMH AUMKIMUHBIA HO-
cuTesb. JICHO TakxKe, UTO OTOOPaKEeHHE igjo MEPEBOJIUT BEPLIHHY B BepLIHHY,
MO3TOMY OHO coxXpaHsieT ayrMmeHTauuio. CJjieoBaTesbHO, OTOOpaKeHHe ipjp
11IeMHO FOMOTOMHO TOXK/I€CTBEHHOMY.

Hrak, nHayuMpoBaHHbIE TOMOMOPMU3MBI jyisx W iy jx — TOXKJIECTBEHHbIE
oro6paxkenusi. [Tosromy rpynnet Hy(K') u Hy(K) 1n3oMopdHbI. O

Sameuanue 1. OroGpaxenue i.: Hp(K) — Hp(K') umeer npocroi
reoMeTPUUECKHI CMbICJI HA YPOBHE 1leMNei: CUMIJIEKCY COMOCTABJSETCS CyMMa
CUMIJIEKCOB, Ha KOTOpble OH pa30uBaeTcs MpH OapHILEHTPUUECKOM MOjIpasjie-
sennn. O6parnoe orobpaxenue j,: Hp(K') — Hp(K) kaHnonnuecku™®) onpeje-
JIEHO TOJILKO Ha YPOBHE TOMOJIOTHIL.

Sameuanue 2. Teopemy 2.2 HecJOXKHO 10Ka3aTb U 6e3 TeopeMbl 00
AUMKJIHUHBIX HOCHTENAX. JleHCTBUTE/NBHO, AT 3TOrO JHOCTATOUHO MPOBEPHUTD,
UTO OTOOpaXKEHHE iy j, ToxKAecTBeHHO. Ho B /060U UMK/ BCE CUMILIEKCHI
GapULEHTPUUECKOTO MOAPA3/IeNeHUsT CUMILIEKCa A JIOJKHBI BXOAUTb C OJHUM
M TeM Ke KO3(PQHUIHEHTOM, MO3TOMY OTpaHHUeHHe OTOOPaXKEeHUs ifj, Ha Zp
TOXJIECTBEHHO.

[lycts f: |K| — |L| — HenpepbiBHOE 0TOGpaXKeHHe CUMILIULUAIBHBIX KOM-
niiekcoB. Onpeneaum romomopduam f.: Hy(K) — Hp(L) cnenyloum o6pa-

*) Mbl TOBOpHM, UTO OTOOPA’KEHHE KAHOHIHeCKOe, €CJIN OHO OTpPeJe/IeHO eIMHCTBEHHBIM 00pa-
30M B CHJy KOHCTPYKLHMH HJIH [0 KaKMM-JIHGO Apyrum rpuunHam. Hanpumep, smo6oit usomMopdusm
rpynn Zo — Zy xaHoHuueckul. JTto60it nzomopdusm Kosell Z — Z ToxKe KaHOHHUECKHH, HO H30-
Mopduam rpyni Z — 7 OyjeT KaHOHHYECKHM JIMLLb B TOM CJlydae, KOrja Mbl 3HaeM, UTo dJeMeHT |
nepexoaut B 1, a He B —1.

B smneiinoit anre6pe BayKHEHIIUM TPUMEPOM HEKAHOHHUECKOrO H30MOp(H3Ma SIBJISIETCST U30-
MOp(MHU3M MeXJly JIMHEHHBIM MPOCTPAHCTBOM V' M JBOACTBEHHBIM MpocTpaHcTBOM V*. TOT H30-
MOp(HU3M 3aBUCHUT OT BbiGopa Gasuca B V.

B Tonosiornn HekaHOHHUECKHEe M30MOP(H3MbI YACTO BO3HHKAIOT I/l PACCJOEHHH, MOTOMY
YTO CJIOM PACCJ/IOEHHS] TOMEOMOP(HbI, HO 3TH rOMEOMOP(U3MbI HEe KAHOHHUECKHe; KaHOHHYHOCTh
romeoMop(H3MOB CJI0EB 03HAUaeT TPUBHAJIBHOCTb paccioenust. [TosTomy romoronnueckue rpynbl
1 TPYMIbl TOMOJIOTHH PA3HBIX CJIOEB H30MOP(MHBI, HO 3TH H30MOP(HU3MbI HE BCEr/la MOXKHO BbIOpATh
KaHOHHUECKHMH M3-3a «CKPYUYEHHOCTH» IPOM3BejieHHst 6asbl Ha CJIOM.
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som. Ilyeth K — n-e Gapuuentpuueckoe noapassesenve, a ¢: K — [ —
CHMIIMLMA/IbHAS annpoKcuMalus otoopaxkennst [. [onoxkum [, = @i, rae
i Hy(K) — Hp(K™) — kanonnueckuii usomopuam. HyxHo npoBepHThb, uTo
3T0 onpesieieHHe KOPPeKTHo, T. e. ecan ¢: K™ — [ — npyras cuMnauumalb-
Hasi annpoKcHMalus 0ToOpaykeHus [, 1o . il = 1),i™ . PacecMoTpuM cHauana
cayuail m = n.

Teopewma 2.3. Ilycmo ¢, Y: K — L — cumnauyuarorole annpokcu-
mayuu omobpancernus [: |K| — |L|. Toeda ¢. = 1,.

JlokasaTeJsabcTBO. EqMHCTBEHHOE CBOHCTBO CUMILJIMIHUAJLHBIX OTOO-
paXkKeHH#H ¢ U 1, KOTOPbIM Mbl OyJleM MOJb30BaThCs, 3aKjtouaercss B cJe-
nyioueM. [lycmo ag, ..., Qp — 8epUILLHbL HEKOMOpo2o cumniekca 8 K.
Toeda mouxku ¢(ag), ..., p(ar), ¥(ag), ..., Y(ay) Asstiomea sepuwiuHa-
mu cumnaexca®) & L. UroObl N0KazaTb 3TO CBOWCTBO, PaCCMOTPUM TOU-
Ky x € int{ag, ..., ar]. Ina Touku [(x) ONHO3HAUHO OMpPeNENEH CUMIJIEKC
[bo, ..., bi] B L, BHyTpeHHell TOUKOH KOTOPOro oHa siBasiercsl. CorylacHo orpe-
JIEJIEHUI0 CHMIIMLMAJBHON annpoKcuMaliu ¢(x), ¥(x) € [bo, ..., by]. Tlo-
TOMY H3 CHMIUIMLIHAJILHOCTH OTOOPaXKEHHH ¢ U 1) CJIEyeT, UTO CHMIIEKChI
o(lao, - .-, ar]) u ¥(lao, - .., ar]) npuHaniexar [by, ..., b].

Oro6paxenust g, o: Co(K) — Co(L) coxpansitor ayrmentatuio. [Tosromy
COMJIacHO TeopeMe 00 AUMKJHUHBIX HOCHUTEJSIX OTOOPaXKEHHUS @p U 1), LEMHO
TOMOTOITHBI. o

JlokaykeM Tenepb paBeHCTBO @i =1, nnsa n # m. TlycTh aas onpe-
JIeNéHHOCTH 1 > m. B KauecTBe HCXOJHOTO KOMIJeKca BMeCTo K MOXKHO
B3aTh K u paccmoTpeTh ero p-e GapHlEHTpPHUECKOe MojpasjeseHue, Iie
p =n — m. Torna TpeGyemoe PaBeHCTBO MPUMET BUJ 0. ilP) = 1,

[pu nokasarenbcTse TeopeMbl 2.2 6b110 NocTpoeHo otoGpaxenue j: K —
— K, siBJisifollleecsi CHMIIMLMAJBHON anmnpoKCHMalMeld TOXK1eCTBEHHOTO 0TOO-
paxkeHusi. HarmomHUM, 4TO KOMMO3HIMS CHMIUIMLIHAJILHBIX arnpoKCHMALUE
ABJISIETCSA CUMIIMLMAJIBHON anmpoKcHMalMel KoMNosuuuu (uacth I, caen-
ctBUe Teopembl 8.6). [TosToMy a/isi TOXKIAECTBEHHOTO OTOOpa)KeHHs cCylle-
CTByeT CHMIJMUManbHas annpokcumauus ) : K(P) — K: npu sTom 0T06-
paxenust P u ") pzaumHo oGpartubl. OTtoGpaskenne ;) apasercs
CHUMIJIMIMAJILHOK annpoKcuMallnell oToOpaXKeHusi [, 1o3ToMy . = ’L/J*j(p),
T.e. 0, i'P) =1,

Teopema 2.4. llyemo [: |K| — |L| u g: |L| — |M| — nenpepoigroe
omobpancenud. Toeda (gf)s = g [«.

JlokaszaTesbcTso. [TocTpouM cHauasia CUMIIHIHAJLHYIO aNNPOKCH -
maumio t: L' — M oroGpaxkenusi g, a 3aTeM CHMILIHIHAIbHYIO alpOKCHMa-
wnio o: K’ — L' oro6paxenus . [Tycrs jX: K — K u jb: L' — L — cumnan-

*) PaamepHOCTb 3TOr0 CHUMIIIEKca MoxKeT ObiTh paBha 0, 1, ..., 2k + 1.
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[MaJbHble anMmpoKCHMAalUK TOXKJIECTBEHHBIX 0TOOpaXKeHHH. DTH 0TOOpayKeHus
00pasyloT cJ/eyollyl0 KOMMYTaTHBHYIO AHarpaMmy:

K| =L 2] =25 ||

I

K| -2 1L -5 M),

Oro6pakeHne Y sIBASIETCS CHMILIMIMANBHON annpoKcuMaleld otoGpa-
XKeHHs1 gf, o3aTOMY

(gf)* = (w(P)*(]*K)il = w*@*(jf)il.

Oro6paenus L u 1) ABASIOTCS CHMIIMIMAILHBIMU ATITPOKCHMALIMSIMU 0TOG-
paxkenuit [ u g, nostomy [, = jLo. ;)7 u g, = ¥.(jL)~'. Pasenctso
(gf)« = @« [« Tenepb Jierko npopepsiercsi. O

CanencrBue. Ecaucumnauyuaroroie komniexcol K u L eomeomopdh-
HbL, MO UX 2PYNNnbl 20MOA0ULL U30MOPEDHOL.

HokaszateabctBo. [lyers f: |K|— |L| n g: |L| — |M|— B3aumHo
o6paTHbie HernpepbiBHbIe 0TOOpaXKeHust. Torna otobpaxeHusi [, U g, B3aUMHO
06paTHbI. O

B kauecTBe NpuIOKEHHUsT TOMOJIOMHUECKON HHBAPUAHTHOCTH FOMOJIOTHEL ITPH~-
BeJIEM elllé OJIHO JI0KA3aTesbCTBO HEPEeTPArHPYEMOCTH 1l1apa Ha TPaHHMLLy.

Teopema 2.5. He cywecmsyem wHenpepolsHoeo o0mooOpacerus

r: D" — 8" =9D" das komopoeo r(x) = x npu scex x € S"1.
JlokaszaTenbcTBo. Ilpennonoxum, uto r: D" — S"~! — nenpe-
pbiBHOE 0TOGpaXKeHue, 1Jisi KOTOPOro r|g.—1 = idgs—i1. PaccMoTpum BiiOXKeHue

i:S" ! — D" Komnosuums ri siBJsieTCst TOXKIECTBEHHBIM 0TOGPaKkeHHeM, Mo-
3TOMY Fyiy: Hy_ 1 (S"; Z) — H,_(S""; Z) —Tox1ecTBenHOe 0TOOpaxKeHHe
7Z—7ZwmZ@Z—7Z®Znupun=1). C gpyroii cToponbl, 06pa3 otrobpaxe-
nust i H,_1(S"1; Z) — H,_ (D", Z) nynesoii (uin nexut B Z npu n = 1),
nockosabky H,_(D"; Z) =0 npu n > 2 v Hy(D'; Z) = 7. O

2.3. TomoTtonuueckas WHBApHUAaHTHOCTb romMoJIoTuM

Teopema 2.6. Tomomonubie 0mobpaNsceHus CUMNALLYUAALHOLX KOM-
naekcos uHOyuupyiom o0UHaKoBsle 0MoOPANCeHUsT 2OMON0UIL.

Hoxkasateabctso. [lyets fo, fi: |K| — |L| —roMoTonHble CHMIIN-
lLMaJIbHble 0TOGPaXKEHHsT CUMILIMIMAIBLHBIX KoMIieKcoB K 1 L. DTo o3Hauaer,
YTO CYLIECTBYeT HernpepbiBHOe oToOpaxenue F: |K| x [ — |L|, aisi KoTopo-
ro Fligixoy = fo v Fligixqy = [1. Tlpamoe npoussenenne |K| x [ MoxHO
MpeBpaTUTh B CHMIVIMLMAJbHBIA KOMILIEKC, TpUuéM naxe Tak, uto |K| x {0}
u |K| x {l} 6ynyt cHaG:KeHbl TOH Ke CaMO CHMIJIHLHAILHOR CTPYKTYpOH,
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a Kpome Toro, s Joboro cumniekca A B K MHoxecTtBo A X [ GyzeT noa-
KomriekcoM B |K| x [ (cm. uactb 1, c. 146). Pacemorpum Bioxenusi ip: K —
— |K| x {0} C |K| x I wi:K—|K|x{l}C|K|xI. $cno, uro fo = Fig
u fi = Fi;. [TosTOMy 710CTaTOYHO MPOBEPUTH, UTO ipsx = i|4 (3/1€Ch MbI MOJb3Y-
emMcst TeM, UTO [fox = Fuips U f1o = Fuils).

[ycth AF — cumnsieke B K. Lenu ig(AF) u ij(A*) nmeror o6uwmii Ho-
cutenb AR x . DToT HOCHTeNL ALMKIMUHBIA, MOCKOJbLKY OH romMeoMmopden
Dk+l ~ Ak‘i’l‘ O

CanencrBue. Ecau cumnauyuarvrole komnaexcol K u L eomomonu-
Yecku IKBUBANCHMHOL, MO UX ePYNNbl 20MOA0ULL USOMOPHHOL.

B KkauecTBe NpHJIOKEHHST TOMOTOMHMYECKOH HHBAPHAHTHOCTH TOMOJIOTHH
NpUBeIEM elllé OIHO JIOKA3aTebCTBO MHBAPHAHTHOCTH PA3MEPHOCTH.

Teopema 2.7. Ecau n+# m, mo npocmparcmsa R" u R™ ne eomeo-
MmopghHbL.

JoxkasateabcTBo. [lycts ansa onpenenénHoctu 1> m > 1; B uact-
HocTH, 1 2> 2. [lpennonoxum, uto npoctpanctsa R” u R™ romeomopdHbl. Torna
npoctpancta R™ \ {0} ~ S"~!1 u R™ \ {0} ~ S™~! To3xe romeomopdHbl, a 3Ha-
YHT, OHM FOMOTONUYECKH 9KBHBaIeHTHbI. CaenoBatenbho, Z=H,_(S"~'; Z)=
=H,_ (8" Z) u n—1>0. [TosTOMy m = n; NPUXOAUM K MPOTHBO-
peuHio. (]

§ 3. OTHOcCUTeJbHbIE TOMOJOTUHU

[Tycts K — cumninuuanbibiii Kommgeke, L C K — ero noakommnJgekc. To-
rna Cp(L) C Cr(K), mostomy MOKHO paccMmoTpeTh akroprpynny Cr(K, L) =
=Cp(K)/Cr(L); 371eMeHTbI 3TOIl TPYIIIbl HA3BIBAIOT OMHOCUMEAbHULMI R-Mep-
nownu yenamu. Tomomoppuam Og: Cp(K) — Cp_1(K) uHIyUHpPyeT TOMOMOP-
duam 9y : Cr(K, L) — Cp_1 (K, L), 1751 KOTOPOTO TOXKE BBITIOJHAETCS CBOHCTBO
00 = 0. ITostromy cHoBa MozkHO B3siTh rpynibl Z, (K, L) = Kerd, u Bi(K, L) =
=1Im dpy u pacemorpers dakroprpynny Hy(K, L) = Z,/Bg, KOTOPYIO Ha3bli-
BAIOT IPYNMOH R-MEPHBIX OMHOCUMENbHOLX 2OMON0CUL.

[Tpumep 3.1. Ecau kaxmdas xkomnowenma AUHEUHOU CBA3HOCMU
komnaekca K codepacum xoms 6o, 00HYy mouky nodxomniexca L, mo
Hy(K, L) =0.

HoxaszateabctBo. CoeMHUM BepuiMHy X € K JIoMaHOH «, Waylleh
no pébpam, ¢ Hekoropoil BepumHo#l y € L. Torna Oia = [x] — [y] ~ [x],
nostomy By D Zj. O

Ynpaxuenue. [oxkaxure, uro Hy(K,L;G)=Gd...®G, rne n —

n
KOJIMUECTBO KOMIMOHEHT JIMHEHHOH CBA3HOCTH KOMILIeKca K, He COfeprKallux
Touek KomrmJekca L.
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Sanaua 3.1 (uzomopduam Bbipesanusi). [lycts K U M — cumninum-
aJbHbI KomIieke, K 1 M — ero noakommJekcbl, a [ — nogkomieke B K.
Hokaxure, uto Hp(K, L) = H,(K UM, L UM) nas Bcex k.

OtoGpaxenne cumrkuuanbibix nap f: (K, L)— (K’, L") unayuupyer romo-
MOP(hH3M OTHOCHTEJNbHBIX romosioruil fi: H (K, L) — H.(K', L") caenytoumm
o6pazom. Crauana BosbMéM otobpawenne Cp(K)/Cr(L) — Cr(K')/[Cr(L),
a 3ateM, 1oJib3ysich TeM, uto fCx(L) C Cp(L'), NpUMEHHM KAHOHHYECKYIO TPO-
eKIHUI0

Cr(K)/TCr(L) = (Cr(K")/Cr(L)) / (Cr(L")/ [C(L)) = C(K')/Ci(L).

B pesyJibrare nosyunm uentoe oroopaxenue fx: C.(K, L) — C.(K’, L"). Ono
HHJYLHPYET TOMOMOP(MK3M TOMOJIOTHIL

3.1. TouHas romoJioruyeckasi NocJjea0BaTeJbHOCTb Napbl

Bkutouenune i: L — K wunayuupyetr romomopdusm i.: Hp(L) — Hp(K).
Kpome Toro, o060l aGCOMOTHBIA LUKJA MOXKHO paccMaTpUBaThb Kak OT-
HOCHTEJIbHBIH, MO3TOMY BO3HMKaeT roMoMopduaMm p.: Hp(K) — Hp(K, L).
[Toctpoum Tenepb csasoigarouui romomopduam 0. : Hp(K, L) — Hp_((L).
[Tyctb 2, € Cp(K, L) — OTHOCHUTE/bHBIHA LKUKJ, a 2, — ero abCoMIOTHBIN npej-
craButesib, T.e. Zp € Cp(K) u 2, = 2, + Cp(L). Tlo ycnoBuio 0z, = 0,
T.e. Op2p € Cp_i(L). Qopmyna z;, +— 02, 3a1aéT KOPPEKTHO OMNpeneséH-
Hoe otobpaxenue O,: Hy(K, L) — Hp_ (L), nockosnbky ecau yp, € Cp(L), TO
Ok(Zk + Yr) = OkZr + OrYi ~ OkZs.

Teopema 3.1. [locaedosamenrvrocmo eomomopdhusmos

s He(L) 2 He(K) 25 He(K, L) 25 He (L) — . ..

ABAeMCsL MOUHOIL.

Hoxagzateabctso. l)Imi. CKerp,. Jllo6omy abGcostoTHOMY LIHKJY
2, € Cp(L) cOOTBETCTBYET HYJIEBOH OTHOCUTEJbHBIH LUK

2) Ker p, C Imi,. Ilyctb abcomotHomy umukay 2, € Cp(K) cooTBeTcTBYeT
rOMOJIOTHYHBIH HyJT10 OTHOCHTeJbHBIH K. Torna 2, = 2, + 2}/, rie 2}, € Cy(L)
u 2 = 0Zpq1, Zpy1 € Cpy1(K). TlosTOMy LMK 2, roMoJIOTHUEH LMKy 2, €
€ Cr(L).

3) Im p. C Kerd,. Ilyetb 2, € Zp(K) u 2z, = 2, + Ci(L). Torna z, —
— OpZp = 0.

4) Ker0, C Im p.. Ilycts 2z, = 2, + Cr(L) n 0p2, = 0. Torna B xaue-
CTBe TIPEJCTABUTEJNS OTHOCHTENILHOIO LHKJIA 2Z; MOXKHO B35iThb aOCOJIOTHBIN
UMKJ 2.

5) Im 0, C Keriy. Ilyctb 2, | = 0p2, € Cp—1(L). Torna uukn 2,_; romo-
JIOTHUeH HyJio B K.
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6) Keri, C Im,. Ilyctb 2, € Cp—_1(L) 1 21— = OrZp, tie 2;, € Cp(K).
Torna 2,_| = 8*(2k + Ck(L)) O

OTHOCHTE/IbHbIE TOMOJIOTHH MOYKHO BbIPa3UTh uepe3 abCcoJIOTHbIE, 8 UMEHHO
npu & > 2 Mbl UMeeM

Hi(K, L)~ Hy(K UCL, CL) = Hy(K UCL),

rie CL —xoHyc Haj L. [1epBblit ©30MOP(U3M OUEBHJIEH YKEe HA YPOBHE OTHO-
CUTeJIbHBIX Lierell. BTopolt u3oMophu3M BbITEKaeT M3 TOUHON MocJ/en0BaTeslb-
HOCTH Mapbl:

Hy(CL) =5 Hy(K U CL) 2 Hy(K U CL, CL) 2= Hy,_ (CL).

N3 craruBaemoctn kKonyca CL cnenyer, uto Hp(CL) = H,_1(CL) =0, a no-
TOMY cpeHee oToOpakeHne — uzomoppuam. Otmerum, uto Kommnieke K U CL
roMoTONHYeCKH 3KBUBasenten K /L. lefictBuresbio, kKommieke CL crsiruBaem,
nosromy K UL~ (KUCL)/CL~K/L.

[Tpumep 3.2. [lycmo n > 1. Toeda

G npuk=mn;

He(D", "7 G) =
¢l ) 0 npuk#n.

JHokasaTedabcTso. TouyHast nocJsenoBaresbHOCTb
Hy(D") — Hyp(D", Sy — Hjp_ (8" ') — Hy_ (D)

nokasbiBaet, uto Hy(D", S" 1) = H,_(S"~") npu k> 2. Tlpu k=0 tpe-
Oyemoe yTBepxkleHue chenyeT u3 npumepa 3.1. Ilpu k& =1 BosHuKalOT 1Ba
BapHaHTa TOUHBIX MMOCJIEJ10BATEIbHOCTEI:

0— H(D", 8" —G—G—0 (n>2),
0— H;(D"'S")—GaeG—G—0.

3neck oto6paxenne G — G siasieTcsi K30MOpdU3MOM, a oToGpaxkenne G HG —
— G umeet Bua (a, b) — a + b. Snpo nepBoro oToGpakeHusi HyJeBoe, a PO
BTOPOT0 OTOOpaxKeHHsl COCTOMT W3 3JEMEHTOB BHJA (@, —a), MOITOMY OHO
u3omopgno G. O

3ameuanue. TpyaHOCTH, BO3HHKILIHE TpU pasbope caydasi k = 1, ucue-
3al0T, €CJIM paCCMaTPHBATh MPHUBEIEHHbBIE TOMOJIOTHH, KOTOPbIE OTIPee/SOTCs
Ha c. 27.

O06006111eHHEM TOUHOH FOMOJIOTHUECKOH MOC/EI0BATENLHOCTH ABJSETCS Cle-
aylolasi ajaredpandeckasi KoHCTpykuus. [lycTb 3ajana KopoTkast TouHasi mo-
CJIeI0BATENbHOCTD LIEMHBIX 0TOOpaXKEeHHI:

0—C. ¢, e’ —0
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(nanpumep, Cp, = Ci(L), Cp = Cr(K), C}/ = Cx(K)/Cr(L)). Toraa moxHo orpe-
NeJuTh ceasolsaroujuil romomopduam Oy Hp(C!) — Hp_1(CL). A unmenno,
nyctb 2, € C}/ m 0}z =0. Torna 2)/ = picp ansa nekoroporo ¢, € Cp n 0=
= 0}/z)) = pr(Okcr). Tloaromy Okc = ix—ic,_; Mna Hekotoporo ¢;_, € C,_ .
[Tonoxum 0.2) = c,_,. KoppekTHOCTb 3TOrO OMpejie/ieHnst Ha yPOBHE IOMO-
JIOTHH W TOYHOCTD TIOCJIEI0BATENBHOCTH

2 HY(CL) L5 Hi(Co) 225 Hy(CY) 25 Hy_y (CL) 25

JI0OKa3bIBAIOTCSI TOUHO TaK »Ke, KaK U Uil TOYHOH M0CJIe0BATENbHOCTH Mapbl.

[Tpumep 3.3. llycmv K — cumnauyuanoHolii KOMNACKC, U NYCHlb
0—G'— G — G"— 00— Kkopomkas mounas nocaedosamesbHocHb abe-
aesvlx epynn. Toeda s03HuUKaem KOpOmMKas MOUHAL NOCAe008AMeEANb-
HOCHb YeNHbLX KOMNACKCOB

0 — Cu(K; G') — Cu(K; G) — Cy(K; G") — 0.

Csszvisaiouuti eomomoppusmn B.: Hp(K; G") — Hp_(K; G) nasvisarom
romoMopguamom Bokiireiita.

HauGosiee uHTEepecHble MpUMepbl roMOMOP(hH3MOB BoKiiTeliHa aaT Tou-
Hble M0CJIeN0BATEILHOCTH

0—2"%72 —7,—0 wu 0 —Zn— 2y — Zm — 0,

KOTOpbIEe ONpenessitoT roMoMopduambl Hy(K; Zy)—He— 1 (K; Z) v Hi (K Zm)—
— Hy 1 (K Ziy).

Hast romomopduama a: A — A’ moxuo onpenenntb kosdpo Cokera =
=A"/Ima.

Ganaua 3.2. JlaHa KOMMyTaTHBHAsl MarpaMma ¢ TOUHBIMH CTPOKAMH:

0—A—B—C—0

I

0—A— B — C'—0.
JloKaxKuTe, UTO CYLIECTBYET TOUHAS MOCJIEN0BATENLHOCTD
0 — Kera — Ker 8 — Kery — Cokera — Coker 3 — Cokery — 0.

Jlist TpOHKYM CUMIIMIMAJBHBIX KoMIleKcoB L} C Lo C K MOXHO MOCTPOUTh
TOUHYI0 20MOAOUHECKY IO NOCACO0BAMEAbHOCTIL MPOLKU

s Hi(Lg, Ly) 5 Ho(K, Ly) 25 Hy(K, Lo) 25 Hoy (L, Ly) — ..
caenyoium o6pasom. Mizomopduam

Co(K)/Ci(Lg) = (CL(K)/Ci(L1)) / (Cu(La)/Ci(Ly))
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oKasbIBaeT, YTO UMEET MECTO KOPOTKasl ToOUHas MocJea10BaTeJIbHOCTb

0 — Cy(Ls)/CulLy) = Co(K)/Ci(Ly) 2 CL(K)/C.(Ls) — 0.

ITa KOpOTKas TOUHasi MOCJEI0BATENbHOCTD LEMHbIX KOMIIEKCOB HHAYLHPYET
YKa3aHHYIO TOUHYIO MOCJIE0BATENLHOCTE TOMOJIOTHIL.

[Ipu paGoTe ¢ TOUHBIMH MMOCJENOBATEILHOCTAMU YacTo ObIBAeT MOJIE3HO
cJejlyiolilee YTBepKIeH e,

Teopema 3.2 (5-nemma Crunpona). [lycmo 3adana Kommymamus-
Has duaepamma abeaesolx epynn ¢ MOUHbIMU CIPOKAMIL

[eY [e% [e% ay
A5 A =5 A3 =5 Ay =5 As

®1 2 »3 P4 $5
Bll &Blgiég&éhiB{)

[Tpednoaoacum, 4mo oy, P9, @y, 5 — uzomopgusmel. Toeda w3 — usomop-
dusnm.

HNokasartenabcTBo. Pacemorpum rpymmsl Ay = Ao/Imay n A} =
= Keray; Bj u Bj onpenesnstiorcsi anajornuno. JlokasaTeibCTBO CBOAMTCS
K 6oJiee MPOCTOH CHTyalluH

’ ’
. Qs
OHA'Q*%A;;*‘%AQHO

lwé ) l% , lwi
0B, 2B, 2B 0.

3nech @4 U @)y cHoBa U30MOpPGhHU3MBL. FlcHO, UTO
Ker s C Ker(B303) = Ker(y}a3) = Ker(aj) = Im(ab),

nostomy Ker o3 = Ker(psag) = Ker(8545) = 0, 1. e. 3 — MoHoMopduam. Kpo-
me toro, Im(B4p3) = Im(p)as), rie of — snumMopdusm 1 ¢} — naoMophuam.
[Tostomy 34p3 — smumopduam n Bz = Im g3 + Ker 35. Ho

Ker 3 = Im By = Im(355) = Im(pzay) C Im g3,

nostomy Bz =Im s, T.e. @3 — 3numMophuam. O
GaMeuaHnue. dS-jieMMa OCTaéTcs CrpaBeVIMBON H B TOM CJlyuae, KOT/a
JMarpaMMa KOMMYTaTHBHA C TOUHOCTbIO 10 3HaKa, T.e€. woor; = £0p| U T. L.
JlelicTBUTENIbHO, B JI0KA3aTeJIbCTBE yUaCcTBYIOT ToJbKO rpynmbl Ker u Im, Ko-
TOpble He U3MEHSIIOTCS TPU 3aMeHe TOMOMOpgH3Ma ¢ Ha —¢.
C moMolIpio S5-JIeMMBI JIErKO J10Ka3bIBAeTCs CAeIyIollee YTBEPKIEHHE.
Teopema 3.3. [Ipednorosxcum, umo omodpaxcerue nap [: (K, L) —
— (K’, L") makoso, umo undyyuposannoie un omobpascenus K — K’



26 [masa I. Cumnuvuma/bHble TOMOJIOTHH

u L — L' asasromea eomomonuueckumu sxsusarenmuocmant. Toeda
omobpascernue [.: Hy(K, L) — H,(K’', L) — usomopgpusm.

JlokaszaTesabcTBO. PaccMOTpUM CJIeyOLLYI0 KOMMYTaTHBHYIO JHa-
rpaMmy € TOUHBIMH CTPOKAMHM:

Hi(L) —2 Hy(K) 2 (K, L) —2 Hy_y (L) — Hy_y (K)

[s lnso ' [s lnso [s l? [ lnso [s luso

I P« Os s
Hy (L") — Hp(K') — Hp(K', L") — Hp— 1 (L) — Hp—1 (K').
M3 5-eMMbI CllelyeT, UTo CpejiHsisl BepTHKaJbHAsh CTPEJKA TOXKe SIBJSETCS
M30MOPPHU3MOM. O
3anaua 3.3. Iana koMMyTaTHBHasl auarpamMma adeJieBblX Ipyr

0—— Ay 25 A, 24, —0

yPQ l%ﬁs lw
Be Bs
0— By — B3 — By, —0
C TOUHBIMH CTPOKAMH.
a) JlokaxkuTe, UTO €CJIM Yo U Y4 — MOHOMOPGHU3MBI, TO (Y3 — MOHOMOP(UIM.
6) JloKaxKuTe, UTO €CJIU (9 U Y4 — SMUMOPPU3MBI, TO Y3 — SNUMOPPUM.
Ganaua 3.4. Jlana KOMMyTaTHBHas juarpamma

o [e%
A5 Ay =5 Ag

[ lw& [

1
By — By — Bj
C TOYHBIMH CTpoKamu. JloKaxkure, 4To @9 HHIAYLHPYET U3OMOPPU3M

(O Ker(cpg,ozg)/(Keron + KGI'QOQ) — (Im w2 N Im S, )/ Im(chOé]).

Ganaua 3.5 [Mal]. a) [lyctb naHbl JBe KOMMYyTaTHBHbIE IHATPAMMbI
13 5-JieMMbl CTHHPOJA, B KOTOPBIX COOTBETCTBYIOIME TOMOMOP(HU3MbI OJIMHA-
KOBBIE, KDOMe H30MOP(USMOB ¢h =1 U f = 1. Jlokaxkure, uTo TOraa

() +my i (x) = 2x
st Jiio6oro x € As.

6) Tlpeamosoum, uTo AaHHbIE JUArPAMMBI SIBJISIIOTCST AHArpaMMaMu KO-
Jiell i UX roMOMOP(hH3MOB. JIOKaXkKHTe, 4TO B 3THX AHATPAMMAX H30MOPQPUIMbI
71 ¥ 7)o MOTYT ObITh Pa3HBIMH TOTJIA U TOJILKO TOTJIA, KOTJIA CYIIECTBYET HETPH-
BHAJIbHBIA aJUIMTUBHBIH romomopduam d: As — As, mia kotoporo dae = 0,
a0 =0 u d(xy) = (dx)y + x0y + (dx)(dy) st Beex x, y € As.

B) [IpuBennTe nMpuMep ABYX AUArpamMM U3 a) C Pas3JUUHbIMH TOMOMOP(U3-
MaMHW mp U 12.



§ 3. OTHOCHTE/IbHBIE TOMOJIOTHH 27

3.2. llpuBenéHHbIE TOMOJOTHH

D opMynHpOBKH U I0KA3aTebCTBa MHOTHX TEOPEM YIPOLIAIOTCS, €CJIH BMe-
cTo rpynn romoJioruit Hy(K) paccMaTpuBath rpymnnbl npugedéHHblx TOMOJIOTHI
H(K), KOTopble MOXKHO ONpeeaUTh CJIeLYIOUMMH SKBHBAMCHTHBLIMH CMOCO-
6aMHu.

Onpenenenue 1. Ipynna H(K) — saapo romomopduama  p.:
Hp(K) — Hp(x), rne p: K — x — oTo6paxeHnue kommiekca K B 0JJHOTOUEUHOE
MPOCTPAHCTBO.

Onpenenenune 2. 3ameHum orobpaxenue dy: Co(K)— 0 Ha oToOpa-
x)enue e: Co(K) — Z, rne e(v) = | nas mo6oit Bepuinbbl v. Ecav ¢; € C1(K), T0
edic; =0, Mo3TOMY /IS HOBOTO LIEMTHOTO KOMIIJIEKCA TOKE MOYKHO ONpeesUTh
rpynmnbl romodtoruit A, (K).

OtobpaxkeHue € HasblBAlOT ayemenmayued. Takoe Ha3BaHWe (augmen-
tation — yBesueHne) CBSI3aHO ¢ TeM, UTO Mbl YBEJMUMBAEM LIEMHOH KOM-

[J1eKC

9

-— Ci(K) — Co(K) — 0,

3aMeHdAd ero Ha LLGl'[HOﬁ KOMIIJIEKC
s C1(K) 2 Co(K) — €1 (K) — 0,

rie C_1(K) =Z.

DKBUBANEHTHOCTH ONpejieenHii | n 2 caenyet us Toro, uto Hy(K) = Hy(K)
npu & > 1, a oro6paxenue pg: Co(K) — Co(x) =Z coBnajaer c €.

Ecau i: * — X — j060e otoGpaxkenue, To pi = id,, nosromy

Ho(K) =1m p. @ Keri, = Ay(K) ® Z.

Takum o6pasom, Ho(K) = Ho(K, *).

Tounast mocJ/ie0BaTeBHOCT NMAPbl HMEET MECTO M JJIsl MPUBEIEHHBIX IO-
MOJIOTHH.

[pumep 3.2 nokaswiaet, uto Hy(D", S"~') 2 [,(S"™) npu Beex k.

Mu1 yxke mokazainu, uto H(K, L) = H,(K U CL) npu k > 2. Ucnonbays
MpUBEIEHHBIE TOMOJIOTHH, MOKHO MoKasath, uto Hy(K, L) =2 Hy (K U CL) pu
k=0wul.

Ynpaxuenue. [lyctb cumninumanbHelil komisieke K (He o6s3a-
TeJIbHO CBsI3HBIN) BaoxkeH B R”™. Iokaxute, uto H;(R", K) = H;_(K) npu
i>2wu H(R" K)= Hy(K). Bosee Toro, myTh, KOHILHI KOTOPOTO JiexKar
B K, npeacraiser HyJeBoll sseMeHT rpynnbl A (R”, K) Torna M TOJBKO
TOrJla, KOrja 3TH KOHLBI JIeXaT B OAHOH KOMIIOHEHTE CBSI3HOCTH KOMIJIEK-

ca K.
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3.3. IlocaenoBareabHocTb Maiiepa—Bbetopuca

Tounasi nocsenoBarenbHocTh, Mailepa—Bberopuca cBsi3bIBaeT roMoJOrun
o0beJIMHeHUs] JIByX CHUMIUIHIMAJbHBIX KOMIJIEKCOB Ky U K|, UX MepeceueHust
M MX camux. B npocrefimiem ciayuae, Korna Ky U K| COCTOSIT M3 HECKOJIbKHUX
TOYEK, MOXKHO BOCIOJIb30BAThCsl XOPOLIO H3BECTHOU (hOPMYJIOH BKJIOUEHHI
1 uckaouenuit: N = Ng + Ny — Nyy, tne N — KosmdecTBo Touek B Ky U K,
No n Ni — konndecTtBa Touek B Ky u K, Nig — KoJsinuecTBO Touek B Ky N K.
Ha si3bike TOouHBIX MocJieoBaTeIbHOCTER 3Ty POPMYJy MOXKHO 3amnucarb Tak:

0 — Ho(Ko N K1) — Ho(Ko) ® Ho(K) — Ho(Ko U K;) — 0.

Jpyro#i mpocToii npumMep TOUHOH M0CJIe10BaTE/bHOCTH TaKOr0 BUJA AAlOT
romoJiorun 6ykera K = Ko V K; 1ByX CUMIJIMLMAJBHBIX KOMIJIEKCOB. B 3TOM
c/yuyae yxKe Ha ypoBHe Lerneil umeer mecto usomopduam Cp(K) = Cp(Kp) &
@ Cr(Ky) npu k& > 1. Kpome Toro, snpo rpanuutoro romomopgusma B Ci(K)
SIBJSIeTCSl MPSIMOM  CyMMOH sjep rpaHUuHbIX romomopduamo B Cj(Kp)
u B C(K)). [Tosromy st io6oro k > 1 uMeercsi KAHOHMUECKHH H30MOP(H3M
Hi(K) = Hp(Ko) & Hp(K)).

[Tocsie 5TUX MPUMEPOB MOXKET BO3HHKHYTb MPENOJIOKEHHE, UTO HMEET Me-
CTO TOUHAS TOCJEI0BATENbHOCTD

0 — Hp(Ko N K1) — Hp(Ko) © Hp(Ky) — Hp(Ko U Kp) — 0.

Ho ecan npeacrasuth okpykHocTh S! kak o6benunenue asyx ayr Ko u K,
nepeceueHre KOTOPBIX COCTOMT W3 JIByX TOUEK, TO MpH k = 1 Takoil TOUHOW
MOCJ/IEIOBATEJBHOCTH He CYLIECTBYET. B IeHCTBUTENILHOCTH Ha R-MepHbIE TOMO-
JIOTHH KOMILIeKcoB Ky U K| HErmocpeCcTBEHHOE BJHSIHHE 0KA3bIBAIOT HE TOJIBKO
k-MepHble roMmoJsioruu Komiiekcos Ko N Ky, Ko 1 K, Ho u ux (k — 1)-mepHble
FOMOJIOTHH, U TIPaBUJIbHAS TOUHAS MOCJEI0BATENbHOCTb 3aMUChIBAETCS Clely-
IOLHM 06pPa3oM.

Teopema 3.4 (Maitep—Brberopuc [Ma2], [Vi2]). [lycmo K — cum-
nauyuaarvHoli komnaexc, Ky u K| — makue eeo nookomnaexcol, umo K =
= Ko UK. [Toromum L = KyN K,. Toeda umeemcs mournas nociedosa-
MmeAbHOCN1b

o= Hp(L) — Hp(Ko) © Hp(Ky) — Hp(K) — Hp_ (L) — ...

JlokaszaTeanbcTso. [Tocnenosarensnocts Matiepa—BbeToprca Bo3-
HHUKAeT U3 TOUHOH MOoCJIe0BATE/IbHOCTH

0— Co(L) Y271 L (Ky) @ Cu(Ky) Y2, €L (K) — 0, (1)

KoTopyto Mbl ceifuac onuuieM. Kommnieke C.(Ko) @ C.(K|) cocTouT u3 rpynn
Cp(Ko) @ Cr(K)); rpaHuuHblil roMOMOP(HH3M B HEM — MpsiMasi CymMMa rpaHHu-
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HbIX roMoMopduamoB, T.e. A(c’, c') = (0c?, dc'). Orobpamenns jo: L — Ko
Uiy: Ky — K — ecTecTBeHHbIE BKJIOUEHHUS.

[TpoBepum TouHOCTb NocenoBatesbHocTr (1). MonomopdHocTh oTOGpa-
KeHust (jo, —jj) OueBHIHA. DNMUMOPGHOCTb 0TOOpaXKeHus (g, i1) CaelyeT U3
Toro, uto K = Ky U K;. lefictButensho, mycts ¢ = Y. a;AF € Cp(K) u ¢* —
CymMMa Tex cJiaraembix, st Kotopbix AF C Ko. Torna nocurenem uenn ¢ — ¢°
cayxut Ki u (io, i1)(c?, ¢ =) =c"+ (c — %) =c.

Ocraéresi mpoBepUTb TOUHOCTb B cpeiHeM ujieHe. O6Gpa3 oToGpakeHus
(o, —/71) cocTouT U3 Lenek Buaa (¢, —c), rae ¢ —uenb B L. S1ipo oto6paxeHus
(ig, i1) cocTouT U3 Lieneil Buaa (¢, —c), rae ¢ —uenb B Ky N K = L.

SlcHo Tak:ke, uTo romoJiorun tenHoro kommaekca C,(Kp) & C.(K;) uso-
Mopubl H. (Kp) & H.(K)). O

Jl/1st mprBeEHHBIX TOMOJIOTHI TOXKE MMEET MECTO TOUHAsI MOCJeN0BaTe b~
Hoctb Matiepa—Bbetoprica. D10 ciieflyeT U3 TOro, UTO €CJIM Mbl IOJIOXKHM
(jo, —j1)(n) = (n, —n) u (ip, i1)(m, n) = m + n, TO NOJYYUM KOMMYTATUBHYIO
JMarpaMmy ¢ TOUHBIMH CTPOKAMH

0 ——— ColL) 2% CoKo) @ ColKn) — Co(K) 0
J'E/‘ J,EOEBEI lak
(io.i1)
Z YASY/ Z 0.

(fo,—i1)

0

C nomoltiplo TOUHOH nocsenoBatesabHocTH Maitepa—Bbetopuca s npu-
BEeJIEHHBIX TOMOJIOTHH JIETKO BBIUMCJ/ISIIOTCS IPYIIbl TOMOJIOTHI HAJICTPOHKH.

Teopema 3.5 (usomopduam Hancrpoiikn). [Tycme K — cumnauyu-
anrvHolil komnaeke, XK — nadempoiika nad K. Toeda 0aa awoboeo k > 1
umeemes, karonuueckuii usomopgusm Hy(XK) = Hy_ i (K).

JloxkasateabcTso. [IpencraBum XK B Buae Ko U Kj, rie Ko u K| —
KoHycbl Han K, npuuém Ko N K} = K. 3anuuieM nocjenoparesnbHocth Maiie-
pa—BbeTopuca /st TIPUBEIEHHBIX TOMOJIOTHIA:

Hy(Ko) @ He(Ky) — He(SK) — Hp— 1 (K) — Hyp—1(Ko) ® Hp— 1 (Ky).

[TpocTpancTBa Ky 1 K| cTArMBaeMbl, MOSTOMY KpaiHHe UJieHbl MOCJIE/I0BATE b=
HOCTH paBHbI HYJII0, 8 3HAUHT, CpejiHee 0TOOPaXKeHHe — H30MOP(H3M. O

GaMeuanue. Mbl UCNONb3YeM MPUBEAEHHBIE TOMOJIOTHH, TIOTOMY YTO
MpPU UCMO/Ib30BAHUM OOBIUHBIX TOMOJIOTHH MPUXOAUTCST OTAEJbHO pa3éupath
cayuan k= 1.

3anaua 3.6. Bbluncsure romosioruu Topa 72

Samaua 3.7. Iokaxure, uto H(S? x S9, SP v §9) = H,(SPT9) nns
Bcex k> 1.

3anaua 3.8. Bbluucaure romosioruu npocrpaHetsa S” x §9.
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3anaua 3.9. a) Boiukcaute romosiorku onosHenus yaia B S? (oTBet
He 3aBMCHT OT BblOOpa y3Ja).

6) PacemoTpum B S? 3aliensiende, cocTosiliee M3 A CBSA3HBIX KOMMOHEHT.
Bbrunc/iute roMoJIOrid 0MOJHEHUS STOTO 3allenJieHus (OTBET 3aBUCHUT TOJLKO
oT ).

3anaua 3.10. Ilyctb M" — rnaakoe MHoroo6pasue. Ilokaxkure, 4TO
Hy(M" \ int D"y =2 H,(M") npu | < k< n—2 (3necb D" — wap, pacro-
JIOXKEHHBIH B HEKOTOPOH Kapre.)

Bamaua 3.11. Ilyecte K — cumnauumanbibiii komrseke, £ ={L,, ...

.., Lp} — Takoe cemelCTBO €ro MOJKOMILIEKCOB, UTO BCE MX MepecedeHust
AUMKJHUHBL U OHU TIOKpbiBatoT K. JloKa)kuTe, UTO TPYMIbl TOMOJOTHH KOM-
nJiekca K u30MopHbI rpynnam roMosioruii Hepea*®) nokpoitus L.

Y teopembl Maiiepa—BbeTopuca ectb Takoe o6oblleHHe (omHocumens-
Has nocaedosamenvrocmos Matiepa—Bovemopuca).

Teopema 3.6. [Tycmo Lo C Ko u Ly C K| — nodkomnaexcol cumniu-
yuaavroeo komnasexca K. Toeda umeem mecmo mounas nociedosamens-
HOCIMb

.~ Hp(Ko MKy, Lo Ly) — Hp(Ko, Lo) ® He(Ky, L)) —
— Hpy (Ko UKy, LoUL) — Hp (Ko N Ky, LoNLy) — ...

JloxaszaTesabcTso. OTHOCUTENbHAS MOC/eI0BaTebHOCTE Matiepa—
Bbetoprca Bo3HHKAET U3 KOPOTKOH TOUHOH MOCJ/e10BaTeNbHOCTH
0 S KN KD liomin) Cx(Ko) o Co(KD) (o) Cu (Ko U KY)
C.(LonLy) C.(Lo) ~ Cully) Ci(LoULy)
KoTopasl ycTpoeHa cJjienytoliiM obpasoM. [Iist Kaxk/1od 4eTBEPKH abeJsieBbIX
rpynn Hy C Hy, Gy C Go, tie Hy C Gy u Hy C Go, onpejiesieHo KaHOHUYECKOe
orobpaxenne pakroprpynn G/H, — Go/Hy. Oto6paxkenust jo, ji ¥ ig, i} —
KaHOHUYECKHe 0TOOPaXKEHHsT TaKOTO BHJIA.

Ecmu ¢ € Cy(Lo) N Cu(Ly), T0 ¢ € Ci(Lo N Ly). Tlostomy (jo, —j1) —
MOHOMOPHU3M.

[Tposepum, uto (ig, i1) — snumopduam. [lycts ¢ = > a; A € C,(Ky U K)),
¢ — cymma Tex caiaraembix, ast Kotopbix AF C Kp. Torna uenb ¢ — ¢ nexur
B C.(K}). TITosromy nape (c?, ¢ — c®) MOKHO CONOCTaBUTL 2/1eMeHT cpejHeit
Tpymnmbl U3 nocJenoBaresibHocTh (2). O6pa3 3Toro s/jaeMeHTa npu 0ToOpakeHuu
(io, i) coBnanaer ¢ ¢ (mod C.(LoU Ly})).

[IpoBepum TouHOCTb B cpenneM uieHe. O6pas oToGpaxkenus (jo, —j;) co-
CTOMT M3 OTHOCHTesbHBIX werned Bupa (¢ mod Ci(Lo), —c mod C. (L)), e
¢ —1uenb B Ky N Ky. Snpo orobpaxkenust (i, i) COCTOUT M3 OTHOCHTE/b-
nbix teneit suaa (¢? mod Cy(Lo), ¢! mod C.(Ly)), rne ¢® +c' € C.(LoULy).

—0, (2

0

*) Onpe/e/ienne HepBa MOKPLITHsI MpUBeeHO B yacTu | Ha c. 122.



§4. Koromosoruu u opmyJibl yHHBEpCasbHbIX KO((PULMEHTOB 31

SlcHo, uto 06pa3 coxepxkutcs B sape. Paccmorpum sgemeHt sapa. Ilyctb

&Y — cymma Tex caaraembix uenu c® + ¢!, kotopwle sexar B C.(Lg), ¢! =
= —(c" 4+ &%+ ¢"). Torna ¢' € C.(L,), nosToMy B KauecTBe ¢ MOMKHO B3SITh
A+ =—(c'+ah. O

§ 4. KoromoJsoruu u ¢opmyJibl yHUBEpPCaJIbHbIX
Ko3(p1HEeHTOB

4.1. KoromoJoruu

[Tycts K — cumnuumadibhblil Kommngeke, G — abenesa rpynna U Cr(K) =
= Cy(K; 7). Tomomopduam c*: Cy(K) — G nasbiBalor k-mepHoil Kouenvio
¢ Kosduurentamu (uau co 3HadeHusiMu) B G. [pynmy k-mepHBIX Kolemneil
o6osnauator C*(K; G) = Hom(Cr(K), G).

Teker, KOTOpBIA MPUBOJAUTCSA HHXKE MEJKUM LIPUPTOM, OTHOCHTCS K Gec-
KOHEUHbIM CUMIJIMIMAJBHBIM KoMIJiekcaM. [Ipu mepBoM UTEHHH €ro MOXHO
MPOMYCTUTb.

CewmeiicTBy abeseBbix rpyi {Go} MOXKHO CONOCTaBUTb UX npamyio cymmy @ Ga

«@
u npsanoe npoussedenue [ [ Go. DieMeHTaMH 0GEHX ITHX PYIII CayKAaT HAGOPBI (Za);
«
CJI0XKeHHe OTIpejiesisieTcsl MOKOMIOHEHTHO. PasHulia Mex1y HUMH 3aKJI0UaeTcsl B TOM,

yro rpynna @ Ga COCTOUT U3 TeX HaGOPOB, B KOTOPBIX ZGq # 0 JIHIIb /IS KOHEUHOTO
[e3
MHOXKECTBA HHAEKCOB v, a rpymma || Go coCTOMT U3 Bcex HaGopoB. Jlyisi KOHEUHbIX ce-
[e3
MEHCTB TPy MEXK/y MPSIMbIM [IPOU3BEICHUEM U NIPSIMON CYMMOK HET HUKAKOH pa3HHLLb.

[TycTh HHIEKE o HyMepyeT k-MepHble cHMILIEKChl Komriekea K. CoryiacHo onpese-
nenwo rpynm uernedt Cp(K; G) = @ Ga, tie Go = G. Ho C*(K; G) =[] Ga, Ga =G.
[e3 @

JleficTBUTENIbHO, KOLlENb — 3TO (PYHKIHMS Ha CHMIJIeKcax co 3HauenusaMu B G. Kaxknomy
cummiekey AF conocrapnsieress npousBosibHOE 3HAUCHHE; CPe STHX 3HAUCHHA He
00513aTe/IbHO JI0/PKHO ObITb JIMIIb KOHEUHOE YHUCJIO OTJIMUHBIX OT HYJISI.

B kauectBe rpynmbl 1enell 6Gepércs mpsiMasi cymMMma, a He MpsIMOe MPOU3Be/ieHHe,
MOTOMY UTO JJISl TPSIMOTO TIPOU3BELEHHS HEJIb35 ONPEEIUTh IPAHHYHbII FOMOMOP(hH3M.
IT0 CBA3AHO C TEM, UTO NpsIMasi CyMMa CBOOOIHBIX abeJIeBbIX TPyI cBOGOHA B OTJIHUHE
OT MPSIMOTO TIPOU3BEIEHHSI.

[Ipenrnosioxum, uto rpynna G siBJSIETCsl aJJIMTUBHON TPYIIOH KOJIbLA C eIHHUILIEH.
Torna cummiekey A% moxHo conoctauth k-Mephyio Kotenb (AX)*, kotopast npuu-
maer suadenne | na A% u snavenne 0 Ha BCeX OCTAMBHBIX k-MepHBIX CHMIIEKCAX.
[Tostomy J1106y10 k-MepHYIO KOLlellb MOXHO 3amnucatbhb B BHE (DOPMaJIbHOH CyMMbl
> Zo(AR)*, Te go € G. DTa cymMMa He 0053aTeILHO COCTOHT U3 KOHEUHOTO UMC/Ia
cJ1araembix.

[ycth ¢ € Cp(K) n c* € CH(K; G). 3nauenne romomopcusma ck na se-

MeHTe ¢, Mbl GyeM o6osnauath (c*, c;). Takoe cnapuaHue MO3BOJISIET COMO-
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cTaBuTh rpaHuuHomy onepatopy 0: Cpi1(K) — Cp(K) nBOHCTBEHHbIH onepa-
Top 6: CH(K; G) — C*t1(K; G), onpesenus ero ¢ nomoibio GhopmyJbl

<6ck, Chi1) = (ck, OCht1)-

OO6paTtuTe BHUMaHHE, UTO ONEPATOp & MOBLILIAET PA3MEPHOCTh, a orneparop 0
TIOHMKAET.

Ynpaxnenne. Jlokaxute, uto Kollelb dc* npuHuMaer Ha cuMmiexce
[v0, ..., Upy1] 3HAUEHHE

k41

Z<Ck, [Uo, ey Zj,‘, ey Uk+1]>.

i=0

3ameuanue Hnorna oneparop §: CH(K; G) — C*1(K; G) onpene-
JISIIOT C MOMOLLBIO (hOPMY.JIb

(6c®, cput) = —(=D)*(c*, Depp).

Takoii BbiGOpa 3HAKa OCHOBAH Ha CJEYIOLIEM COTJIALIEHUH, MPeLJoKEHHOM
MakJ/ieliHOM: eCJ/Ii TIepecTaBJSIOTCS JBa CHMBOJIA Pa3MEPHOCTEH 1 U m, TO
HY>KHO BBeCTH 3HaK (—1)™"; npu 3ToM oTOGpaXKeHUsIM O U § MPUMUCHIBAIOTCS
paamepHocTH —1 1 +1. MbI 3TOrO CorvallleHHs! He TIPUIEPKUBAEMCST TI0 JIBYM
npuurHaM. Bo-nepBbiX, ABOACTBEHHOCTb OTOOpaKeHHUH O M § HCMOJb3yeTcs
OY€Hb YacTo, MO3TOMY BBOJWTH JJIsi TOH JNBOHCTBEHHOCTH JOMOJHHTE/bHbIN
3HaK HeyJ100HO. Bo-BTOpbIX, BOMPOC O TOM, KaK H3MEHSeTCs 3HAK IMpH Me-
pecTaHOBKe KaKMX-TO CUMBOJIOB, JIOCTAaTOUHO cojiepxkartesieH. Kaxplil pas oH
CBSI3aH C HETPUBUANBHBIMH PacCyXKIeHUSIMH, KOTOpble HEOOXOAMMO MPOBECTH.

U3 paBenctBa 90 = 0 cyenyer pasenctso 6§ = 0. [Tostomy mMoxHO onpe-
JIeJIUTh TPYMIBl KO2OMOA0UL

H*(K; G) = Z*(K; G)/B*(K; G), HY(K; G) = Z"(K; G),

rie Z¥ u B! — ampo u o6pas romomopdusma 0: C* — CkF+1. Dnementnl
rpynn Z* u B naswiBalor Koyukaami u KoepaHuyami.

[Tpumep 4.1. INycmo K — ceaznoiii cumnauyuanrvroii komnaexc. To-
2da HY(K; G) =G.

HokaszateanbcTBo. Ilyets ¢; = [vg, v1]. Torna dcy = [v1] — [vo]-
[ostomy (5¢°, ¢1) = (¢, dcy) = (¢, [v1]) — (c°, [vo]). Takum oGpasom, pa-
Benctso dc” = 0 osuauaer, uto Kouenb ¢’ NPUHUMAET OJMHAKOBLIE 3HAUEHUS
B JIOObIX JIByX BEpIIMHAX, COEJIHHEHHBIX peGpoM. [lyisi CBS3HOTO CHMIUIMLMA-
aJIbHOTO KoMriekca K 3To 03Hauaer, uto Kollenb ¢ MpHHUMAaeT oJMHAKOBble
3HaueHust Bo Beex Bepiunnax. [Tostomy Z%(K; G) =G. O

Teopema 4.1. [lyemv G — addumusnaa epynna noasa F. Toeda
H*(K; G) — dsoiicmsennoe npocmpancmso oas Hy(K; G).
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HlokasaTeabcTso. [pynnel CH(K; G) u Cp(K; G) siBasiioTes JuHei-
HBIMH TIPOCTPaHCTBAMU Haj nojeM F, npuuém C* — npoficTBennoe npoctpan-
ctBo A1 Cp. OToGpaxkeHue O JIMHEHHOE, U OTOOPaXKEHHE § eMy COMpSKEHO
(nBofictBenHo). [losTomy HyxHO noKasaTh, uto eciu A: U — V u B: V —
— W — quneiinbie oto6paxenust, 1st kotopeix BA =0, to Ker A*/Im B* —
JBOHCTBeHHOE mpocTpancTBo Ast Ker B/ Im A.

Jlunefinbie pynxunn Ha Ker B — 310 simuerinble hyHKIWK Ha V, paccmaTpu-
BaeMble C TOUHOCTbI0 110 PyHKIMI Buja g(Bx); dpyHkuuu Buaa g(Bx) obpasyior
npoctpanctBo Im B*. Jluueiinbie gynkuuu Ha Ker B/Im A — 310 JinHeiiHbie
¢byukunu Ha Ker B, auisi kotopbix f(Ax) = 0 njst Bcex x; QYHKUMH, [1J1sT KOTOPbIX
f(Ax) =0, o6pasytot npoctpanctBo Ker A*. O

Cnencreue. Ecau G — addumusnas epynna noss F u odno us
auneiinox npocmpancms H*(K; G) u Hy(K; G) Had F Koneuromepro, mo
H*(K; G) = H,(K; G); amom uzomopgusm ve KaHOHUUECKIULL.

Cumniuumnaibioe orobpaxkeHue ¢: K — L MHIyLUHUPYyeT TOMOMOpP(HU3M
©*: HX(L; G) — H*(K; G), neficTByioluii B IpOTHBONOJIOKHOM HaNpaBJIeHHH.
TleiicTerTenbHO, Kouenu ¢k € C*(L; G) cootsetctyer kouenb o*c* e CH(K; G),
a5 Kotopoit pfck(A) = c*(p(A)).

[IpusedérroLe TPyNbl KOrOMOJIOTHI OMpPEAESIOTCS TTOCPENCTBOM 3aMeHbI
ayrmentaumu €: Co(K) — Z npoiicTBennbIM otoGpaxenuem &: G — COUK; G),
rie E(co) = ge(co).

[pynnel omuocumenvroLx Kolenell ONpenesstioTcsl CeAylonM 06pa3oM:

CHK, L; G) =Hom(Cy(K, L); G).

[pynna oTHOCHTENbHBIX KOLlernel sIBJsieTCsl MOJArpynmnon B rpyrnne abCcoJoTHbIX
kouenei. OHa COCTOMUT M3 Kollenel, obpatatouxesi B HyJb Ha Cp(L). Ha-
MOMHUM, UTO TPyINna OTHOCHTEJIbHBIX Lenel ABJsieTcs haKToOprpynmnoi rpynbl
abcoJoTHbIX Lernel. [1pu 1BOHCTBEHHOCTH (aKTOPrpyrne COOTBETCTBYET MO/~
rpymnna.

B oTHocHTeNbHOM cJ/lyuae KOrpaHUUHbIH FrOMOMOP(HU3M TOXKe OnpeesseT-
Csl Kak JBOHUCTBEHHbIH rpaHuuHomy. OmHocumenvHoie TPYNIbl KOTOMOJIOTHI
OrpeJessIioTCsl eCTeCTBEHHBIM 00pa3oM.

Ynpaxuenue. Jlokaxure, UTo ec/u KaxkJasi KOMIOHEHTA CBSI3HOCTH
npoctpaHcTBa |K| coaeput XoTsi Gbl 0JIHY KOMIIOHEHTY CBSI3HOCTH MPOCTPaH-
ersa |L|, To HY(K, L; G) =0.

Kopotkasi Tounasi nocJsenoBaTe/bHOCTb

0 — Co(L) 25 Cu(K) 25 Cr(K, L) — 0 (1)

MHAYLMPYeT J1BOUCTBEHHYIO MMOCJe10BaTeNbHOCTh

0 CH(L: G) < C*(K; G) L~ C*(K, L G) — 0. @)
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DTa 1ocJ/e0BaTebHOCTL TOXKE TOUHAs, HO JI0KA3aTelbCTBO 3TOTO YTBEpPXKIe-
HUSI TpeOyeT onpeneséHHbIX ycuaui. BoJee Toro, 10KazatesbCTBO TOUHOCTH
MOCJE0BATENLHOCTH (2) UCMOJIb3YeT OJIHO ClelUalbHOe CBOUCTBO TOCJEN0-
BaTeJbHOCTH (1), a HMeHHO eé paclienuMocTb. TouHyl0 MOCJ/eN0BaTENbHOCTD

® P . .
0— A5 B — C — 0 HasblBalOT pacuienumoii, ecan jisi Heé BbIOJIHsETCS
JMo60e U3 TPEX IKBUBANIEHTHBIX YCJIOBHUH, COPMYJUPOBAHHBIX B jeMMe 4.1.

® b
Jlemma 4.1. llyemv 0 - A — B — C — 0 — mounas nocaedosa-
meavHocmo. Toeda caedyroujue ycao8us IKBUBANCHNIHOL:
a) ama nocaedosamesbHOCMb umeem sud™*)

0—A-aec-c—0, (3)

ede [ — ecmecmeenHoe 8KAIOUEeHUe, D — eCMeCcmBeHHas NPOeKyus;

0) eomomopguam @ umeem Aesulii 0OpaAMMbLI, M. e. cyujecmsyem eo-
momopusm ®: B — A, daa komopoeo Py = idy;

B) eomomopguam 1 umeem npaseili obpammuolil, m.e. cyujecmayem
eomomoppusm V: C — B, 019 komopoeo Y¥ =idc.

JlokazaTedbcTBO. $ICHO, UTO /s TOCJIEIOBATENLHOCTH BHA (3)
BBIMIOJIHSIIOTCST CBOHCTBA 6) U B). JleHCTBUTENBHO, MOXKHO TOJI0KUTh P(a, ¢) = a
u W(c) = (0, ¢). [TosToMy ocTaércsi MpoBEPUTh, UTO €CJHM BHIMOJHEHO CBOK-
cTBO 0) WJH B), TO MOCJENA0BATENLHOCTL HMEET BUJL (3).

[Tpennonoxum, uto ® =idy. [Tokaxem, uto B Takom cayuae B = Im o @
@ Ker ®. JlioGoil ajeMeHT b € B MOXHO NpeACTaBUTb B Buie b = o®(b) +
+ (b — p®(b)), tne p®(b) €Imp u b — pP(b) € Kerd. Kpome Toro, ecJu
belmpnKerd, 1o b=p(a)u0=>(b) =Pp(a) =a, nostomy b =0.

[Ipennonoxum, uto YW = idc. [Tokaxkem, uto B Takom ciyuae B = Ker) &
@ Im W. JlioGoii s/1eMeHT b € B MOXKHO NpeACcTaBuTh B Bue b = (b — Wi (b)) +
+ W(b), tne b — Uih(b) € Keryp u Uih(b) € ImW¥. Kpome Toro, ecan b €
eKeryNImW, 0o b =V (c) u 0=1(b) =9¥(c)=c, nosromy b =0. O

Sanaua 4.1. Jloxaxute jemmy 4.1 ¢ NOMOIIBIO H-JIeMMBI.

Sanaua 4.2. [lano paccioenune**) p: £ — B co cjoem F.

a) [okaxkurte, uTO ecJiM cyllecTByeT ceueHue S: B — E£ (T.e. pos =
= idg — ToxK/IecTBeHHOE OTOGpaxeHue rpymnbl B), 1o m,(E) =2 w,(B) & m,(F).

*) ToBopsi hopmMasibHO, 3TO O3HAYAET, UYTO CylecTByeT u3omopdusm f: B — A @ C, st Koto-
pOro KOMMYyTaTHBHA CJIeylolas quarpamMma:

[ wa

O%A%A@CTCHO.
L

**) OnpenesieHde paccJjoenust nato B yactd [ na c. 178.
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6) Hokaxkure, uTo ecjiM CyllecTBYeT perpakuust r: £ — F, 1o m,(E) =
= (B) © ma(F).

B) JlokaxkuTe, uto ecju cJjoil F crsarnBaem B rnipoctpaHcTse £, To 7, (B) &
271y (E) & ma—1 (F).

Jlerko mpoBeputh, uTo ecau rpynma C cBoGoaHasi, TO TOUHAs TOCJeN0Ba-
tesstoers 0 —» A % B Y C 0 pacuenuma. JleidcTBUTeNbHO, 0TOOpaxKeHHe
¥: C — B MOXHO NOCTPOUTH CJeytolumM o6pa3oM. Bribepem B C 6asuc u A
Ka)K10ro 6a3ucHOro ajieMeHTa ¢ nojoxum ¥(c) = b, rae b — npou3BoJbHbIN
SJeMeHT MHOXKecTBa 1~ ! (c).

[pynna C.(K, L) cBoGoanasi, mo3ToMy TOuHasi rocJenoBaTebHocTb (1)
pacuienuma.

Teopema 4.2. a) Ecau nocredosamenvrocmo A->>B 2,C—0 mou-
HQ, MO 080UCMBEHHAA NOCAeD0BAMEAbHOCNTb

Hom(A4, G) <2~ Hom(B, G) <%~ Hom(C, G) — 0

mooice MouHa.
® P

6) Ecau nocaedosamesvrnocms 0 — A = B — C — 0 mouna u pacuje-
numa, mo 080UCMBEHHASL NOCACO0BAMEAbHOCHTL

0 — Hom(4, G) <% Hom(B, G) <> Hom(C, G) — 0

mooke MOYHA U pacujenuma.

HNokasaTenabcTBo. a) Ilokaxem cuauana, uro Kert) = 0. Ilyctb
¢ € Kerep, 1.e. 0 =14(¢) = ¢ 0. D10 o3nauaer, uto ¢(P(b)) =0 aas Beex
b € B. Ilo ycaoButo ¢ — snumopeusm, nosromy & = 0.

[Tokaxem Tenepp, uTo Im¢ = Kerg. Ms pasenctsa ¢ o ¢ = 0 caeny-
eT PaBeHCTBO @ o ¥ =0, nostomy Ime) C Ker@. Ilycts, nanee, b € Ker,
T.e. 0=@(h) = b o . D10 03Hauaer, uto b(Im ) = 0, N1OITOMY MOKHO OMpe-
fennth romomopduam b’ : B/ Im ¢ — G. ToMoMOpdU3M 1) HHAYLHPYET H30MOp-
dusm ¢': B/Imp — C. Paccmorpum romomopduam b’(y')~! € Hom(C, G).
cHo, yto

PO =b"W) =

[MOCKOJIbKY AuarpamMmma

KOMMYTaTHUBHA.
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6) Ilyctb ®: B — A — romomopduam, s koroporo ®¢ = idy. Torna
KOMIO3ULHS OTOOpaKeHHH

Hom(A, G) -2 Hom(B, G) -2~ Hom(A, G)

ToxaecTBeHHa. [losToMy @ — smuMopduaM, T.e. NBOHCTBEHHAsl TOCJEN0Ba-
TEJILHOCTb TOUHA. JICHO TakKe, uTo romomMopcusm P eé paciuenJser. (]
Ynpaxuenue. Jlokaxure, uTo s TOUHOH nocnenoBaTeabHoctd 0 —

— Z % 7, npoiicTBeHHas M0C/e10BaTeNbHOCTD 0 «— Hom(Z, Z) «— Hom(Z, Z)
He TOYHa.

B 3aksmouenue Beuncaum rpynnsl Hom(A, B) B HeKOTOPBIX MpOCTEHIINX
cJIyyasix.

(1) Hom(Z, G)= G, nockosbKy roMoMopduam ¢ : Z — G NOoJHOCTbIO OTpe-
nensiercst ssnemeHToM @(1) € G, KOTOPBI MOKET GBITb MPOU3BOJIBHBIM.

(2) Hom(Z,, Z) = 0, nockosbky ecau ¢: Z, — Z — roMmoMopduam, To
np(l) =0, a snauut, (1) =0.

(3) Hom(Z,, Zn) = Z4, tne d = HOJl(n, m). IleHCcTBUTENLHO, TOMO-
MophusM ¢: Z, — Zy TOJHOCTBbIO ompejesercss sjemeHToM (1), KoTo-
pblil JIOJKEH YIOBJETBOPSITL cooTHollenuio ny(l) =0 (mod m), 1.e. ¢(l) =
=0 (mod m/d). Takum oGpasom,

eye{o 2, 27’", W}.

Anasornuno (3) nokaswizaercs, uto Hom(Z,, G) = Ker(G =5 G).

Ynpaxuenue. C rnomouibio Teopembl 4.2 Mosyunte TOUHYIO MOCJE10-
BaTeJIbHOCTb Maiiepa—BbeTopuca /s KOroMOJIOTHH.

S3amaua 4.3. Ilycrb mA ={ma |a € A} — noarpynna aGesneBoil rpyrn-
nel A. lokaxure, uto Hom(A, Z) =2 Hom(mA, Z).

Banaua 4.4. Jlokaxure, uro rpynna Hom(Q, Q/Z) uecuétna. (3nech
Q — rpynmna pauMoHaJIbHBIX YMCEJl OTHOCHTEIBHO CJIOXKEHHS.)

4.2. TeH3opHOe NPOU3BEJEHUE U TOMOJIOTUU
€ NPOU3BOJIbHBIMU KO3 huumeHTamu

Ipynnbi koromosoruit H*(K; G) ¢ npousso/ibHbIME KO3(hMULIHEHTaMH Mb
OmpeeuiIl UCXO/sl U3 Tpynm Leneil ¢ kKoddduimentamd B Z. AHaJOTHUHBIM
o6pasom rpynmbl romosioruil Hp(K; G) ToKe MOXXHO ONpeNeNuTb UCXOJs U3
rpynn uener ¢ kosdguurentamu B Z. [1pu stom rpynmnel Hom(Cr(K), G) 3a-
Menstotest Ha Cp ® G, e ® — men30proe npoussederue abeieBblX rpyn,
KOTOpOe OrpeieisieTcs cienytounm o6pasom. [lyets A u B — aGesieBbl rpyri-
nbl, (A, B) — cBoGoanasi aGesiea rpyrra, 6a3ucoM KOTOPOF CIy»KaT 3/J1eMeH-
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Tl MHOKecTBa A X B; R(A, B) — noarpynna B F(A, B), nopoxnéHHasi sJe-
mentamu Buaa (a + @', b) — (a, b) — (@', b) u (a, b +b’) — (a, b) — (a, b').
Torna A ® B = F(A, B)/R(A, B). CMexHbIii KJIacc, COAEPKALIME 3/1eMEHT
(a, b), oboszHauaoT a ® b. Menee dopmanbio A ® B MOXHO ONpeaeauTh
KaK Tpyriy, MOPOXKAEHHYIO JIeMeHTaMH a ® b, CBSI3aHHBIMH COOTHOIIEHHSIMH
(a+d)eb=axb+d bnaxb+b)=axb+axb’

Sameuanue. [pynna A ® B MOXKeT cofepKaTb 3JeMeHT a; @ by + . ..
...+ ap ® by, KOTOPbIH HeJb3s MPEACTABUTL B BUIE @ & b.

Jlerko mpoBeputb, uto Z ® G = G; uzomopduaM 3anaércs popmysoi
n®g—ng. HehctBuTtesbHo, Q@ g¢=1® g+ ... +1® g=1® (ng).
[TosTomy sto6oii ssemeHT rpynnbl Z @ G =2 G umeeT BUA | @ g; MeXLy 3TUMU
9JIEMEHTAMH HeT HHKAKHX COOTHOLIEHHH.

UyTh GoJiee CJIOKHBIE PACCyXKIEHHs MOKasbiBatoT, uto Z, ® G = G /nG.
JleficTBUTENIbHO, JIOOOH 3J7eMeHT rpynmbl Z, @ G uMeer BuI | ® g, npuuém
| ® ng =0. B uactiocty, Z, ® Zpy = Zgq, tne d = HOIl(n, m). Kpome Toro,
Z, @ Q=0.

HenocpencTBenHo U3 ornpesiesieHusl TEH30PHOTO MPOU3BEAEHHST JIETKO BbI-
BOJISITCS CJIEYyIOLINE 1B CBOHCTBA.

1. Ecau orobpaxkenne ¢: A x B — C buauneiino, T.e. p(a + o', b) =
=pl(a, b) + (@', b) u p(a, b + b’') = p(a, b) + ¢(a, b’), To cyiecTByeT ro-
mMoMopdusm @: A ® B — C, nast Kotoporo @g(a ® b) = ¢(a, b).

2. 1nst moGbix aByX romomopeusmos ¢: A — A’ up: B — B’ cyuiectByer
romomopusm p ® ¢¥: A ® B — A’ ® B’, misi kKoroporo (p ® ¥)(a ® b) =
= p(a) ® ¥(b). JleiicTBUTENbLHO,

poplat+ad)®b-—aeb-ad b=
= [p(a) + ()] @ P(b) — p(a) @ Y(b) — p(a’) @ Y (b) = 0.

J/1s1 TeH30pHOTO MPOU3Be/leHHsT CIIPaBeIUBA CJeylolasi Teopema, ABOk-
CTBeHHasl Teopeme 4.2.

Teopewma 4.3. a) Ecau nocaedosamevrocmo A-2>B 2,C—0 mou-
Ha, Mo nociedo8amenbHOCHb

A6 22 Bec 2L ceG —o,

ede 1 =idg, moace mouna. .
6) Ecau nocaedosamenvrocmo 0 — A 2> B 25 C — 0 mouna u pacuje-
nuMa, Mo nocaedosamesbHoCNb

0—A0622. B0 co6—0

mooace mMouHa U pacuwenuma.
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JdokaszaTeabcTso. a) [lokaxem cHauasa, uto ¢ ® 1 — snuMopdusm
u ero anpo copnanaer ¢ Kery @ G. Tomomopdusm ¢ @ 1 uHayurpyer romo-
Mopduam

Ve 1:B®G/(Kert®G)— C @ G.

JlocTaTouHo MpoBepuTh, uto 1 ® 1 — usomopduam. Onpenesnnm oToGparkeHne
U:CxG—B®G/(Keryp @ G) caenyronmm obpasom: nosoxkum ¥(c, g) =
=b® g+ Keryy ® G, rie ¢(b) = c. DT0 onpeliesieHre KOPPEKTHO, TOCKOJBKY
ecn Y(by=c,0b@g—-b'@g=(0b-b')® g, rie b — b’ €Kery. O106-
paxenue WU GUIMHEAHO, T03TOMY OHO HHAYLHPYeT romoMopdusm ¥: C @ G —
— B ® G/(Kery ® G). Orobpakennsi ¢ @ 1 u ¥ B3auMHO 0GpaTHBI.

Takum o6pasom, Ker(p @ 1) =Kery @ G =Imp ® G = Im(p ® 1); no-
cJieJiHee PaBEHCTBO CJelyeT U3 Toro, uto rpynna Im(e ® 1) nopoxiena sne-
MeHTaMK BUJa p(a) ® g.

6) Ilyctb ®: B — A — romomopuam, mmst koroporo $¢ = id4. Torna

((I)®1)0(50@1):@50®1:idA®idG:idA®G,

nosTomMy ¢ ® | — mMoHomopuam u otobpaxkenre ® ® 1 paciiensisier TOUHYIO
MOCJIeI0BATENbHOCTb TEH30PHBIX MPOU3BEIEHHI. O

Ynpaxuenue. Jlokaxure, uTo s TOUHOH rocnenoBaTeabHoct 0 —
— Z — Q uHIyuMpoBaHHas mocJaenoBatebHoCTh 0 — Z ® Zy — Q ® Zg He
TOYHA.

4.3. Tpynnbl Tor u Ext

[pynnbl roMoJIOTHIt ¥ KOTOMOJIOTHH C MPOW3BOJILHBIMH KO3(h(HIIMEHTaMH
BbIpAXKAKOTCS Uepe3 TPyIIbl FOMOJIOTHI ¢ Koa(duienTamu B Z. B 3TH Bbipa-
»KeHusi Bxonat onepaumu Tor u Ext, conocrapasionye nape aGeseBbix rpyrmn
A u B a6esessl rpynmbl Tor(A, B) u Ext(A, B). OTMerum, 4To 1Jisi KOHKPETHBIX
BbluKMCJ/IeHn# goctatouHo 3HaTh Tor(A, B) u Ext(A, B) nia A, B=17Z, Zy, Q
u R.

[pynner Tor(A, B) u Ext(A, B) onpenesnsiiorest cieyionmm o6pasom. Abe-
JieBy rpynmny A MOXKHO 3a/aTh 06pa3yoLIUMK U COOTHOLIEHHSIMU. DTO O3HAUAET,
UTO CYILIECTBYET TOUHAS MOCJIEI0BATEIbHOCTD

0—R-FLia—0, (1)

rie I 1 R — cBoGosHble abeseBbl rpynmbl (rpynna F nopoxiaeHa o6pasyto-
MU, R — COOTHOIIIEHHsIMH; Tpymnna R cBOGOJHA, MOCKOJbKY OHA sIBJIsSeTCS
noarpynmnoi ceo6oaHoi rpynnsl). Tounyio nocsenoBatenbHocTs (1) HasbiBa-
10T 8060010 pe3osbsermoil abenesoil rpynnbl A. Tounast mocienoBatesb-
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HocThb (1) MHAYLMPYeT TouHbIE MOC/eN0BATENBHOCTH
RoB &L FoB 22 A0 B —0,
Hom(R, B) —— Hom(F, B) <~ Hom(A, B) — 0.

[onoxum Tor(A, B) = Ker(i ® 1) u Ext(A, B) = Cokeri = Hom(R, B)/Imi
(o6paTuTte BHUMAaHHE, YTO B 00OMX OIMpEeJIeHHsIX UCII0/b3YeTCsl TOMbKO 0TOG-
paxenue i: R — F). Takum o6pasom, rpynmsl Tor(A, B) u Ext(A, B) nomnos-
HSIIOT paccMaTpUBaeMble TOYHDIE MOCJE0BATELHOCTH 10 TOYHBIX MOCJIEI0Ba~
TeJIbHOCTEH

0—Tor(4,B)—ReB 2 FreB L A0B —0,
0 — Ext(4, B) — Hom(R, B) —— Hom(F, B) <’- Hom(A, B) — 0.

[Ipexxne Bcero Hy>KHO TIPOBEPHUTh, UTO TakK ornpesenéHuble rpymnmsl Tor(A, B)
u Ext(A4, B) He 3aBucsr ot BbiGopa cBOGOAHOH pe30J/ibBeHTh (1).

JJemma 4.2. a) [aa aob6oeo eomomopgpusma p: A — A’ npoussono-
Hole c80000HbLe pesoabsermol abeaesolx epynn A u A" Mo#HO 00noAHUMb
00 KomMmymamusHot duaepammol

0—R-F".0a—20

Lo I e

0— R S F 54 —0.

0) Ecau vy u ) — ewé 0o0na napa eomomopguamos, 0ONOAHAIOUUX
c80000HbIe pe30abBeHmbl 00 KOMMYMAMUBHOU duaepammel, mo cyuje-
cmeyem eomomoppusm Dy: F — R’, 0aa komopoeo i’ Dy = oy — vy u Dyi =
=1 — 1.

HoxaszaTeabcTBOo. a) Boibepem B cBoGOJAHBIX abesieBbIX Tpymnnax
R wu F Gasucbl {ro} u {fg}. OtoGpaxenne p’ — snumopduam, nosromy B F’
CYULECTBYIOT 3sieMeHThl fg, mist kotopbix p'(f5) = @p([). Mns Gasucubix
3/1eMEHTOB MONOKHM ¢o(f5) = [5, @ 3aTeM NPOLOIKHM @) 10 TOMOMOP(H3MA
rpynn F — F'. Torna p’wo = @p.

[To ycaoBuio pi = 0, moaromy p’poi(re) = @pi(re) = 0. V3 pasenctsa
Ker p’ =Imi’ cnenyer, uto B R’ cyliecTBYeT 3JIeMEHT 7., /1 KoToporo i’ (r]) =
= i (ra). [onoxum @) (ry) = rl,. Torna i’ = poi.

6) BeiGepem B F Gasuc {[a}. o yeaosuio p’(o — 10)(fa) = @p(fa) —
— op(fo) =0.Tlostomy B R’ cyuiectyer ssement {r’,}, uisi koroporo i’(r!) =
= (vo — ¥0)([o). Tonoxkum Dy(fy) = rl,. Torna i’Dy = @y — 1ho. Caenoa-
tesibHo, i'Doi = (o — 1o)i = i’ () — 1;). OToGpaxenue i — MOHOMOP(HU3M,
nostomy Doi = @1 — 9. O
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TskesoBecHast popmyJIHpoBKa JieMMbl 4.2 10MyCKaeT BeCbMa €CTeCTBEHHYIO
MHTepIpeTalmIo Ha s13blKe FOMOJIOrMuecKol ajire6pbl. PaccMoTpum n1st 3TOr0
0CJIe0BaTebHOCTh FOMOMOP(HH3MOB

..—>0—>0—>RL>F

Kak 1lenHoi Kommieke C, (3necb Co=F, C; =R u C, =0 npu k> 1).
Jlemma 4.2 yrepxniaer, uto ji06oil romomopdusm ¢: A — A’ unpyuupyer
uentoe orobpaxenue C, — Cl, KOTOPOE €IMHCTBEHHO C TOUHOCTBIO JI0 LEMHOH
roMOTOMUH. B TakoM cJjiyuae ofHO3HAYHO ONpeesieHO HHAYLHPOBAaHHOE OTOO-
paxenue romodgiorui H,(Cy) — H,(C.). Bosnee Toro, 0H03HAYHO OMpe/Ie/EeHbI
orobpaxenust romosioruii H,(Cy @ G) — H.(C, @ G) n H.(Hom(C., G)) —
— H,.(Hom(C,, G)). Hac uHTepecytoT UMEHHO 5TH TOMOMOP(U3MbI, TOCKOJbKY
H(Cy ® G) = Tor(A, G) u Hi(Hom(C., G)) = Ext(4, G). OTMeTuM Takxe,
uto Ho(C. ® G)=F @ G/R® G2 A® G u Hy(Hom(C,, G)) 2 Hom(A, G).

KoppekrhnocTs onpenenenusi rpynmsl Tor(A, B) cienyer Ternepb U3 TOTO,
yro (id)y = id u (p)« = by, st Ext(A, B) nokaszateqbCTBO aHAJIOTHYHO,
TOJIBKO B 3TOM cJiydae (o), = 1. s.

Bernesum rpynnsl Tor(A, B) u Ext(A, B) B HEKOTOPBIX MPOCTEHIINX CJIy-
yasix. [Ipexne Bcero ormMetum, uto ecau rpynna A co6onnasi, To Tor(A, B) =0
u Ext(A, B) =0. B vacrnoctu, Tor(Z, B) =0 un Ext(Z, B) =0.

Jlnst rpynnbl A = Z, MOXKHO pacCMOTPETh CBOGOHYIO PE30JbBEHTY

0—22%72—7,—0.

Bbruucaum cuauana Tor(Z,, B). Jlio6o# 3jemeHT rpynnbl Z @ B MOX-
HO MpeacTaBuTh B Buae | ® b. Ham HyXKHO BBIUHCJUTL $APO OTOOpAKEHHSI
|®@b—n®@b=1 nb. dcHo, 4To OHO COCTONUT U3 3JeMeHTOB | ® b, 1JIs KO-
Topbix nb = 0. Takum o6pasom, rpynna Tor(Z,, B) nzomopdua Ker(B =% B).
B uwactnocty, Tor(Z,, Z) =0 v Tor(Zy, Zm) = L, m)-

Bbiuncanm reneps Ext(Z,, B). Slcno, utro Hom(Z, B) = B u yMHOXKeHHIO
B 7Z Ha 1 COOTBETCTBYET roMoMopdu3mM B — B, npu KOTopoM b nepexout B nb.
[Mostomy Ext(Z,, B) = B/nB. B uactnoctu, Ext(Z,, Z) = Z, v ExX{(Z,, Z»,) =
= Z(rz,m)-

3anaua 4.5. Ilyets A=7ZF @ T, rne T — Koneunast aGesieBa rpyma.
Jlokaxure, uto Ext(A, Z) = T.

Teopema 4.4. a) [lycmo aberesa epynna A obaradaem mem c8oti-
emson, umo Ker(A =5 A) = 0 das ao6oeo n € N. Toeda Tor(A, B) =0 das
aroboil epynnol B.

6) [1ycmo abenesa epynna B obaradaem mem csolicmsom, umo nB = B
das aob6oeo n € N. Toeda Ext(A, B) =0 0daa aroboti epynnot A.
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JokasaTeabcTBo. a) BeibepeM B A MponsBo/ibHYI0 KOHEYHO MTOPOXK-
nénnyto noarpynny A’. Torna A’ — cBoGoaHasi aGesieBa rpyrmna, Mo3ToOMy JJisi
J1060H CBOOOJHOHN PEe30JbBEHTbI

0—R-—F2.B_—0

noJiydaeM KOMMYTaTHBHYIO JAHarpammy

AeoRrR ¥ A eF

| | (2)

AR a0F

¢ MoHOMOpP(HBIM oToGpaxkeHueM 1’ @ i. BepTukasbHble CTPeJKH B 9TOH nua-
rpaMMe ToXKe MOHOMOP(HbI, MOCKOJNbKY R W [F— cBoGoaHble rpymnmbl. YToO6b!
JI0Ka3aTb MOHOMOP(HOCTb 0ToOpaxkeHust 1 ® i, paccmMotpuM B A ® R mpous-
BOJIbHBIM JIEMEHT W =] @ 1| + ...+ A @ Ip. prnny A’ MOKHO BbIOpATh Tak,
yToObI OHA COJleprKaia JEMEHTHI A, ..., Ap. TOr1a U3 KOMMYTAaTHBHOCTH JiHa-
rpammbl (2) ¥ MoHOMOpHOCTH oToGpakeHuit 1’ @ i ¥ MpaBoH BepTHKAJIbHOM
cTpesiku caenyet, uto (1 ® i)(w) # 0.

6) s cBOGOHON pe30JIbBEHTHI

0—R-—F L2 a0

nosiyuaem romomopdpusm Hom(F, B) — Hom(R, B); TpeGyeTcs n0Kasath ero
snumMopeHocTh. [lyeth w: R — B — HekoTophiil rToMoMopdu3M. Bribepem y €
€ F\ R v npolo/kuM ¢ Ha rpyrny, TOPOKIAEHHYIO R U Y, CJeyIoluM 06-
pasom:

1) ecmu my € R nns Bcex m € N, to nosioxkum @(y) = 0;

2) eciu my € R 1is HekoTtoporo m € N, To Bei6epeM MUHHUMa/IbHOE YUCJI0
n € N, obianaroiiee 3TUM CBORCTBOM, U MOJOXKUM @(y) = b, e b — 371eMeHT
rpynnsl B, 1 Kotoporo nb = p(ny).

[TponoskeHue romoMopduama ¢ Ha BClo rpyriy F Ternepb MOXKHO MMOCTPO-
WTh 110 MHAYKLMK (ecad rpynna F/R He KOHEUHO MOPOXKAEHHASI, TO WHIYKIIHS
TpaHCUHUTHAS). O

Cnencreue. llyemoe G =Q, R uau C (3mu nosas 3deco pac-
CMAmMpPUBAIOMes MOAbKO KAK epynriol OMHOCUMEAbHO cAodcerus). Toeda
Tor(G, B) =0 u Ext(A, G) =0 0aa nioborx abeaesoix epynn A u B.

[1pu BbUKCJIEHHH TPYTIIT FOMOJIOTHE M KOTOMOJIOTHE ¢ KO3 dulentamMmu B G
C TIOMOIIBbIO (hOPMYJT YHHBEpCAJbHBIX KO3(h(HUIMEHTOB BCTPEUYAlOTCsl TPYMITbI
Tor(A, G) u Ext(4, G). Eciu G =Q, R wm C, to paserctBo Tor(A, G) =0
caenyer u3 toro, uro Tor(A, B) = Tor(B, A) nas mo6bx abeseBbIX TPyM
A u B. Ormerum, uro Ext Takum cBoiictBoM He oOGganaer. Hanpumep,
ExX(Z, Z,) =0 v ExtX(Z,, Z) = Z,.
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Sanaua 4.6. lokaxurte, uto Tor(4, B) = Tor(B, A); 10T H30MOpdpH3M
KAHOHUUECKHH.

A6enesy rpynny T HasbiBalOT nepuoduieckoi, ecau ajst jaoodoro ¢ € T
CYLIECTBYET HATypaJsibHOE UHCJIO 1, Aisi KoToporo nt = 0.

Sanaua 4.7. Hoxaxure, uto ecnu Ext(T, Z) = 0 u T — nepuoanyeckas
rpynna, o T =0.

P
Sanaua 4.8. JIokakuTe, 4To eCJi nocJeaoBategabhocts 0 — A 25 B 25

W
—C TOYHa, TO MOCJe10BaTeJIbHOCTb

0 — Hom(G, A) -2~ Hom(G, B) -~ Hom(G, C)

TOXKE TOUHa Jyisl 000l abeseBoi rpynnsl G.

Ab6esieBy rpynny G Ha3bIBalOT deaumoil, ecav Jst I060T0o HAaTypasbHOTO 7
orobpaxenue G — G, 3ananHHoe QOpMyJIoH g +— ng, siBAsETCs 3MUMOPGHU3-
MOM.

Sanaua 4.9. Jlana tTounas nocgaenosatesbHocTh 0 — A B 4, C—0.

a) HoxaxuTre, uto s Jito60# cBo6oAHON abesieBOi rpynnsl /7 nocJjenoBa-
TeJILHOCTb

0 — Hom(F, A) <~ Hom(F, B) -%~ Hom(F, C) — 0

TOYHA.
6) Hokaxkute, uto a/s Ji0O0H NequMoi rpynibl G Mocjae10BaTebHOCTD

0 — Hom(4, G) <% Hom(B, G) <> Hom(C, G) — 0

TOUHA.

CgoGoaHyto pe3osibBeHTy abesieBoil rpymmbl A uacTto Ha3bIBAIOT NpoeK-
MUuBHOU pe3oab8eHmol. IDTo CBSI3AHO C TeM, UTO €CTb JABOHCTBEHHOE I10-
HSITHE — UHbEKTHBHASI Pe30JibBeHTa. A UMeHHO, TOUHYIO TOCJ/Ief0BaTEbHOCT
0—-A—G—H—0,rme GuH — nenimble abeJieBbl IPYIIibl, HA3bIBAIOT
UHBEKMUBHOL pe3oabsermoli abesieBoil rpymbl A.

MubekTnuBHAsi pe30sibBeHTa CYLIECTBYET JJisi Jil000i abesieBoil rpymnibl A.
JleficTBUTENIbHO, (haKTOpPrpynna AeJUMON rpynnbsl — AeanMas rpynna. [Tosromy
JIOCTATOUHO BJIOKHTL A B HeKoTOpYIo fesumyto rpynny G. [Tyets A = F /R, tie
F— cBo6onnas rpynna. [pynna F siBasietcst npsiMoi CyMMO#H HEKOTOPOTo UMcJ1a
rpynn Z. Baoxum F B rpynny G, Kotopasi SBJSIETCs MPSIMON CYMMOH TOTO 2Ke
camoro uucsa rpynn Q. B rpynne G ectb noarpynna, cooTBeTCTByIOlIAs R.
daxroprpynna G/R conepxut noarpynny A.

[pynny Ext(A, B) M0oxKHO onpenesnTb He TOJNBKO C MOMOLIBIO MPOEKTHB-
HOH pe30JIbBEHTHl Tpynmbl A, HO M C MOMOIIBIO HHBEKTHBHOH Pe30JIbBEHTHI
rpynnbl B. A umenno, nyctb 0 — B — G — H — 0 — UHDbEKTHBHAsST Pe30Jib-
BeHTa rpynnbl B. CornacHo 3aaaue 4.8 HHAYUMPOBAHHAS MOCJEI0BATENbHOCTD
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0 — Hom(A, B) — Hom(A, G) — Hom(A, H) touna. [Tostomy eé MoxKHO
JIOTIOJIHUTB JI0 TOUHOMH MOCJ/Ie/0BaTE/bHOCTH

0 — Hom(A, B) — Hom(A, G) — Hom(A, H) — Ext(4, B) — 0.
Ganaua 4.10. Hokaxure, uto E\x/t(A, B) 2 Ext(A, B).
Ganaua 4.11. [lana touHas rnocJjenoBaTebHOCTb abeneBbix rpynn 0 —
— A — B — C — 0. JlokaxuTe, uto /s 060l abeneBoil rpynnbl X cylile-
CTBYIOT JIBE TOUHBIE MOCJIE0BATENLHOCTH
0 — Hom(X, A) — Hom(X, B) — Hom(X, C) —
— Ext(X, A) — Ext(X, B) — Ext(X, C) — 0,
0«— Ext(A, X) «— Ext(B, X) «— Ext(C, X) «—
«— Hom(A4, X) «— Hom(B, X) «— Hom(C, X) «— 0.

4.4, ®opmyJbl YHUBEPCAJIbHBIX KO3 (UILIMEHTOB

[pynmbl romMoJiordii ¥ KOrOMOJIOTHH C MPOU3BOJILHBLIMH KO3 QHULIHEHTaMK
BbIPAXKAIOTCST Uepe3 IPYIibl FOMOJIOTHI ¢ Kod(duuuentaMud B Z. A UMeHHO,
CIpaBEeINBO CJEeNyIOlee YTBePKIEHHE.

Teopema 4.5 (dhopmysbl yHHBepcasNbHBIX KO3(D(HUIMEHTOB). /{48 At0-
6ot aberesotl epynnot G umeronm mecmo mMmouHsie nocaedos8amesbHOCHU
0— HL(K)® G — Hp(K; G) — Tor(Hp—(K), G) — 0,

0 — Hom(Hy(K), G) — H*(K; G) — Ext(Hs_, (K), G) — 0,
ede Hyp(K) = Hp(K; Z). 9mu mouHole nocaedosamesvHoCmu pacuyenis-
10Mces, n0aMomy umelom mecmo (He KAHOHUYecKe) U30MophU3MoL

Hp(K; G) = (Hp(K) ® G) & Tor(H,— (K), G),
H*(K; G) = Hom(H,(K), G) @ Ext(H,_,(K), G).

ﬂ OKas3aTeJbCTBO. paCCMOTpl/IM TOYHYIO MOCJ/Ie10BAaTE/AbHOCTL LEI-
HbIX KOMITJIEKCOB
J, . Jr 9 Jr

0 Zy ——— Cp Br | — 0

J’ =0 JB 18:0

0— Zp—y — Cpy -5 Bpg — 0

l l l

3nech umeercs B Buy, uto C, = Cp(K; Z) u 1. 1.
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[pynna By_; cBoGosiHasi, MOTOMY MOCJ€ TEH30PHOIO YMHOXKeHHsl Ha G
CHOBA M0JlyyaeM TOUHYIO [0CJ/1e10BaTelbHOCTD!

0—7, 062,06 22LB, |G —0.

Kopotkasi Tounasi nocJieoBaTeIbHOCTh LEMHBIX KOMIJIEKCOB HHYLHPYeT TOU-
HYIO TMOCJIEJIOBATENbHOCTL TOMOJIOTHH. YUMTBIBAasi, YTO TPYNIMbl TOMOJOTHH
LIeMHOT0 KOMIJIeKCca C HYJIEBbIMH IPAHUUYHBIMK FOMOMOP(HU3MAMH COBMAAAIOT
C TpyrnnaMu Uere, nojsyyaemM TOUHyIO M0C/el10BaTebHOCThb

. — B RGC—Z, 00— Hy(C,®0G)— B, 1 9G—Z;,_ 103G —>...

HenocpencTBeHHO U3 onpejeseHnsl CBA3bIBAIOIEr0 TOMOMOP(pHU3Ma B TOUHOH
MOC/IeI0BATE/IbHOCTH TOMOJIOTHH BHJHO, UTO 37eCh oToOpaxkeHue By ® G —
— Zp ® G MHAyUMPOBAHO BJOXKEHHEM j: By, — Z,. [TloaTomy noJsiyuaem Tounyto
110CJ/1e/10BaTe/bHOCTD

0——2,®G/Bp@G — Hy(Co ®G) — Ker(By_y © G 125 2,1 © G) —0.

3nech Z, @ G/Br®@ G=H,® G w Hy(C,, ® G) = H,(K; G). Kpome Toro,
Ker(B,—1 ® G LLIN Zp_1 ® G)=Tor(Hp_(K), G), NoCKOJIbKY TOUHasi MocJie-
JIOBAaTEJbHOCTD

0—Bp1 — Zpy — Hpey — 0

sIBJISIETCS] CBOOOIHON pe3oJibBeHTOl ajis rpynnbl Hy_| = Hy_ (K Z).
Jl151 KOTOMOJIOTHIH aHAJIOTHYHO TI0JIy4aeM TOUHYIO MOCJ/Ie0BaTeNbHOCTh

0 «—— Hom(H,(K), G) «— H*(K; G) «— Ext(H,_,(K), G) «— 0.

[TpoBepuM, UTO 3TH TOUHbIE TOCJEOBATENLHOCTH pacllenJsitoTes. B TouHoi
MoC/IeI0BATEJbHOCTH FOMOJIOTHI roMoMopduam ¢ Hp(K) ® G — Hp(K; G) na
YPOBHE LIUKJIOB yeTpoen caetyowwnnm o6pasom: (3 AF) @ g) =3 n; gAL.
Tpebyetcs noctpouts romomopusm ®: Hy(K; G) — Hp(K) ® G, nns KoTo-
poro ®¢ = id. Tounasi mocJjienoBaTeNLHOCTD

OHZkLCki’Bk_]HO

paciienJsieTesi, MocKoJbKy rpynna By_| cBo6oana. [lyers /: Cp, — Z, — pac-
uenJsiolee otrobpaxenue, T.e. /i =idz,. Ecian koMnosuuuio oto6paxeHuit

Ce2G N7, 96—H,®G

OrpaHMUUTb Ha LMKJbI Kommiekca C, ® G, To noJyueHHoe oToOpaKeHue MH-
nyuupyet romomopduam ®: Hy(K; G) — H(K) ® G, nockodbKy npu oto6pa-
)Kenuu [ ® 1 rpaHula MepexouT B rpaHuLyy. SICHO TakxKe, UTo €C/id » | 1; Af —
wika B Cg, 10 Po((XmAF) @ g) = (X nigAF) = (X miAf) @ g.
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JLJ1s1 KOroMOJIOTMiH PacLIeNUMOCTb TOUHOH MOCJIe10BaTEbHOCTH CJELYeT U3
Teopembl 4.2 6). O

Cunencriue. Ecau G=Q, R uau C, mo Hy(K; G) 2 H,(K) ® G
u H*(K; G) = Hom(H(K), G).

[Ipu Bbluncsenun rpynn Tor u Ext mMoxkHO noJib3oBartbesi ClleylOLIMMH
JIOCTATOYHO OUEBHIHBIMH H30MOP(hH3MAMHU:

Ext(A; & Ao, B) 2 Ext(A,, B) ® Ext(4y, B),
Tor(A; @ As, B) = Tor(A,, B) & Tor(As, B).

SaMmeuanue. st 6eCKOHEUHBIX CeMERCTB abesieBbIX Py HMEIT Me-
CTO CJeyIolHe U30MOP(U3MBL:

Ext <@Aa, B) =[] Ext(4a. B);  Ext <A, HB) = [J Ext(A4, Ba):;
Tor <éAa, B) = éTor(Aa, B); Tor <A, éB) = éTor(A, Ba).

Sanaua 4.12. Jlokaxure, uto ecau H{(K; Z) 27" & Ty, rne T) — Ko-
Heunas rpynna, to H'(K; Z) = 7.

3anpaua 4.13. lyets Hi(K; Z)=27" & T; w H(K; Z) =Z"™ & T', rne
T; u T" — koneunble rpynnbl. Jlokaxure, uto m; =n; u T' =2 T;_y.

Sanaua 4.14. Pemnrte 3anauy 4.13 ncxoasi HerMmocpeaCcTBEHHO U3 ONpe-
JieJIeHUsl TPy TOMOJIOTHI 1 KOTOMOJIOTHH, He oOpaulasich K opmyJe yHUBEp-
calibHbIX KO3 (HIIMEHTOB.

Ganaua 4.15. Ilyctb X U Y — KoHeuHble CUMIIMLHAJIbHBIE KOMIIJIEKCHI,
v nyctb f: X — Y — HenpepbiBHOe oTOGpaxeHne. JloKaKUTe, 4TO eCyii 0T0O-
paxenue [.: H{(X) — H(Y) nynesoe, To oto6paxenue [*: H'(Y) — H'(X)
TOXKe HyJIEBOE.

§ 5. HekoTopble BbluKMCAE€HUS

5.1. dyHnameHTadbHBIN KJacc

Muorue romoJiornueckie cBoHCTBa MHOTO0Opa3uil CBSI3aHbl C TEM, UTO JJIs1
3aMKHYTOro OpHeHTHpyeMoro MHoroo6pasust M" rpynna H,(M"; Z) netpusu-
aJlbHa W MOPOKJEHA OJHUM KJ1aCCOM IOMOJIOTHI; JUIsl TPOU3BOJILHOTO 3aMKHY-
TOr0 MHOroo0pasusl aHaJIOTMYHOE YTBEepXKJIeHHE BEPHO /ISl TOMOJIOTHH € KO-
stdunmentamMmu B Zo. TaKUMHU Ke TOMOJIOTHUECKMMM CBOHCTBAMM 00J1afaioT
1 TICeBJIOMHOr006pasus™).

*) Onpenenenne ncesjoMHoroo6pasus aaHo B uactu [ Ha c. 123. Hanomuum, uro smo6oe riaakoe
MHOroo6pa3ie MOXKHO TPHAHIYJIHPOBaTb, A TPHAHIYJMPOBAHHOE MHOroOGpasue sIBJISETCS TCeB-
JoMHoroo6pasueM. [losToMy Bce MPHBOJMMBIE HHXKE TEOPEMbl O MCEBAOMHOr00OPA3HsIX BEPHBbI
W JUISL TJIAJIKUX MHOTOOOpasuii.
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Teopema 5.1. [Tycmo M" — ncesdomnoeoobpasue, G — npous-
80abHas aberesa epynna.

a) Ecau kpati M™ ne nycm, mo H,(M"; G) =0.

6) Ecau M"™ 3amxHymo, mo

G, ecau M™ opuenmupyemo;
H,(M", G) = %2
Ker(G = G), ecau M" nHeopuenmupyemo.

HoxaszateabctBo. Ipynna H,(M"; G) cocrour u3 uenei ¢, =
= > a;Al, a; € G, qna Kotopbix Oc, = 0. TIpearnosoxnm, 4To CHMIIEKCHI
A u A umerot o61iyio rpaHb A1 CoriacHo yc/10BHIO HepasBeTBJAEHHOCTH

rpanb A"~! gBisieTcs rpaHbio TOJILKO THX JBYX CHMIIEKCOB, MO3TOMY OHa
BXOJHUT B Jc, ¢ Koahduumentom £a; + a;; ecju opueHTaluun cUMIJIeKcos Af
u A7 corsiacoBatbl, T0 KO>(pULHEHT paBeH £(a; — a;), a eC/In He corsacosa-
Hbl, TO OH paBeH *(a; + a;). Koadduument £a; + a; MoxeT GbITh paBeH HyJIIO
JIMLIB B TOM CJlyyae, Koria a; = %a;. [109ToMy U3 ycJIoBHs CHJILHON CBSIBHOCTH
caenyet, uto ecau Oc, =0, T0 ¢, =Y aAl, rie cymmMupoBaHUe BeAETCs MO
BCEM 7/1-MEPHBIM CUMILJIEKCAM.

Ecan cumnyieke A"~! npunamiexxut kparo MHorooGpasust M”, T0 OH BXOJUT
B Jc, ¢ Ko3dduurenrom +a. [Tostomy u3 pasencrsa dc, = 0 cienyert, uto
a=0,T1e H,M" G)=0 nnsa mo6oit rpynnsl KosppurenToB G.

M3MeHHB MPpH HEOOXOUMOCTH OPHEHTALMK HEKOTOPbIX CUMIIJIEKCOB, MOXKHO
CUMTaTh, UTO ¢, = »_ aAl'. Ecsiu ncesnomuorootpasue M" 3amkuyto u 2a # 0,
10 Ocy, =0 Toraa u TOJILKO TOTJA, KOra BCe CHUMILIEKChbl A OpUEHTHPOBAHbI
corsniacoBanHo; ecyu ke 2a =0, to dc, = 0. Tlostomy ecan M" opuenTu-

~

pyemo, To H,(M"; G) 2 G, a eciu M" neopuentupyemo, to H,(M"; G) =
~ Ker(G =2 G). O

JInsi MpOU3BOJILHOTO 3aMKHYTOro MceBnoMHoroo6pasuss M" romoJiornue-
ckuil knace uukna Yy AF B H,(M"; Zo) nasbBaloT hyHOAMEHMANbHOIM KAQC-
com (Gosee (hopmasibHO STOT LUK/ cJiefoBato Obl 3amucartb Kak y 1 - Al
| € Zo). lnst 3aMKHYTOTO OPHEHTHPOBAHHOTO MNceBaoMHoroo6pasust M" romo-
JIOTHUeCKUH Kacc uukaa y A B H,(M"; Z) (opueHTalMn BCeX CHMIIEKCOB
Al coryiacoBanbl ¢ opueHTalueil MHoroo6pasust M™) Toxe HasbiBaloT ¢yHda-
menmanoHoim Kaaccom. PyHnamMeHTaNbHbII Kaacce nceBaoMHoroodpasus M"
o6osnauator [M"]; ayist rpynibl KO3QPUIMEHTOB Zg MHOTA UCMOJb3YIOT 060~
3navenue [M"]s.

Sanaua 5.1. Jlokaxute, uto ecin M" — 3aMKHYyTOe OpHEHTHpyeMoe
MHoroo6pasue, To yrBepKaenue 3aaaud 3.10 na c. 30 octaércsi BepHbIM U NPH
k =n — 1. CyulecTBeHHa Jii 3[€Cb 3aMKHYTOCTb MHOroo6pasust M"? A ero

OpPHUEHTHPYEMOCTh?
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Jlnsi nceBaoMHOroo6pa3uil ¢ KpaeM TeMH »Ke CaMbIMM METOJAMH MOXKHO
JIOKa3aTb, UTO

G, ecau M" opHUeHTHpYeMO;
H,(M", OM"; G) = %2
Ker(G == G), ecau M" HeopueHTHPYEMO.

JleficTBUTeNIbHO, ecsiu cumieke A"~ npunaiexxur OM™, To oH faét HyeBoil
BKJ1aJL B OTHOCHTEJIbHYIO LeMb. PyHIaMeHTaNbHbIH KJacC B OTHOCHTEJbHbIX
rpynnax roMoJioruil onpeseJisieTcst TOUHO Tak ke, Kak U B aOCOJIIOTHbIX.

[Tycts M" u N" — 3aMKHyTble OpUEHTHPOBAHHbIE MCEBAOMHOr000pasHsl.
Oto6paxenue f: M" — N" nepeBomuT pyHnaMmeHTaNbHbIH Kaacce [M"] B Heko-
Topbiii ssement rpynnbl H,(N"; Z), a 10606 3JeMeHT 3TOH TpyNibl UMeeT
Bua k[N"], k € Z. Uenoe uucno deg f, nas xoroporo (deg f)[N"] = [.([M"]),
Ha3bIBAIOT crmenervio oTobpaxenusi [. Ecan ncesnomuoroo6pasuss M" u N*
3aMKHYTble, HO He 06513aTeJIbHO OPUEHTHPYEMbIE, TO aHAJOTHUHO MOYKHO Orpe-
JIeNIUTh cmeners no modynio 2.

GaMeuaHnue ITO onpejiesieHHe CTENEHH SKBUBAJEHTHO OMNpEIEIEHHI0
CTerneHu Kak uuca npooGpasoB TOUKH C YUETOM 3HAKa, KOTOPOE MPUBOJUJIOCH
B yactu | Ha ¢. 125.

Ecan M"™ u N" — nceBromHoroo6pasusi ¢ Kpaem, To Ajsi OTOOpaKeHHs!
fo(M", OM™) — (N, ON™) ToxKe MOXKHO PacCMOTpeTh 06pas PyHIaMeHTaIlb-
Horo kjacca [M"] B rpynne H,(N", ON™; Z) (unu B rpynne H,(N", ON™; Zs))
¥ OMpeNesuTh CTeNeHb (MK CTeNeHb Mo MOJYJIo 2).

Teopema 52. [ycmoi,: H,(OW")—H, (W) — ecomomopcpusm,
UHOYYUPOBAHHDLLL ecmecmBeHHblM eKkA0uerHuem. Toeda ecau nceg0oMHO-
eoobpasue W' opuenmupyemo, a eco xpaii OW"*! cesasen, mo i, =0
das epynn koagguyuenmos Z u Ly, a ecau OHO HEOPUEHMUPYEMO, MO
iv =0 0aa epynno koappuyuenmos Zs.

IlokasaTenbcTso. Ipynna H,(OW™!) uuknnueckas, nosromy no-
CTaTouHO NpoBepuTh, uto B W' dhynnamentanbubiit wnka [0W 1] apaserca
rpaHUIell HEKOTOPOro LMKJA. SICHO, UTO OH SIBJSETCS TpaHuled (yHIaMeH-
tanbHoro wikaa [W ], Ecau ncesnomnoroo6pasue W™ neopuentupyemo,
TO ero (hyHJ1aMeHTaJbHbIA LMK/ ONPeesiéH TOJIbKO JUIst TPYIIbl KO3 hHIHEeH-
TOB Zs. O

Caencreue. Ecau [: OW"H' — M" — oepanuuenue Hekomopoeo
Henpepolero2o omobpaxcenus F: W' — M" npuuém ncesdomno2006-
pasue W't opuenmupyemo, a eco kpaii OW"T! cessen, mo degf =
=0.

JlokasaTeJbcTso. [omomopduam f,: H,(OW"™) — H,(M") npen-
CTaBJisieTcsl B BUJe KOMNO3ULMH [, = Fi,, nostomy f, =0. O



48 [masa I. Cumnuvuma/bHble TOMOJIOTHH

3anaua 52. ConocraBum otobpaxkenuio f: S" — S" oroGpaxeHne
Y[ X5" — ¥S", kotopoe 3anaHo Ha S" x {t} mocpenctBom [ ajisi Bcex f.
Jokaxure, uto deg f = deg Xf, ncnosib3yst K30MOPHU3M HAJCTPONKH.

5.2. KaeTouHbie roMoJOrum

Ecan na cummamimanbioM Kommiekce K 3anana ctpykrypa C W -Komriek-
ca X, npuuém Kaxablii OCTOB X* qpnsiercst noakommiekcom B K, TO FOMOJIOTHE
Kommsiekea K ¢ kosdduuuenTaMmu B Z MOXKHO BbIUMCJHTD, HCTIONB3Ysl LEMHOM
kommnieke C,, B kotopom Cj, — cBoGojHas rpymnna, obpasyiole KOTOpPoH
HAXOIAATCS BO B3aUMHO OJHO3HAYHOM COOTBETCTBHH C K-MEpPHLIMH KJETKAMH
KoMIiekea X . DTo cyllecTBeHHO 06J/1eryaeT BbluMc/1eHHe FoMOJIOMHE, TTOCKOJb-
Ky KOJIHUECTBO KJAETOK B X MOKeT GbITh BO MHOTO Pa3 MeHblle, 4eM KOJHYECTBO
cummiiekcoB B K. Hanpumep, MuHUMasbHas TpUaHry suus cdepbl S” comep-
xut 271 — | cumnsiekcos (Bcex pasmepHoCTeil), a MUHMMAJbHOE KJIETOUHOe
pa3bHeHHe COCTOMT BCEro U3 JIBYX KJIETOK (77-MepHOH W HYJbMEPHOMH).

Jemma. Ilpu i # k cnpasedauso pasencmso H;(X*, X*~1) = 0,
u Hy(X* X*=1y — ce0600nasn aberesa epynna, obpasyioue Komopoii
HAX00AMCA 60 B3AUMHO OOHO3HAUHOM COOMBEMCMBUL ¢ R-MepHOLMU
Kaemkanu X.

JlokasaTesbcTso. Jliobas uens ¢; € C;(X*, X*~1) omnosnauno npe-
cTaBsieTcsl B BUJE (KOHEUHOH) cyMMbl Leneil ¢, € C;(e®, dek), rne {ek} —
k-mepnbie kiaetku X. Tlpu stom dc; = 3 Ocio. Kawpas rpynna C;(ef, de*)
umeet suz C;(D*, S¥=) nna nexoropoii Tpuanryisiumu aucka DX, Crienosa-
tenbho, H;(X*, X¥=1) —npsimas cymma rpynn H;(DF, S¥=1). O

Tounas nocse0BaTebHOCTb Mapbl (X A1 X*)

i (XA XR) — Hy (X% — Hy (XY — Hy(X5HY XF)
nokasbiBaet, uto H;(X*) = H;(X**t!) npu i # k, k + 1. Tlosromy Hj_;(X*) =
=~ kal(Xk—H) = Hk,I(X/H_Q) == kal(X)-

[onoxkum Cp = Hy(X*, X*~1) u onpenenum otodpaxenue Oy : Cp — Cp_;
cJIe/lylolMM 06pa3oM. 3anuiieM TouHble nocjejaosartebhocT nap (X*, X41)
u (X*=1, X*=2) ropusontanbHo u BepTHKAMLHO:

0

l

0 — Hp(X*) — Cp — Hpy(X*7') — Hpy (X*) — 0.
Cr—1

Hp—o(X*=2)
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Oro6paxenue Oy Cp — Cp_ ompesiesisieTcst KaK KOMIO3HIHS TOPU3OHTA/b-
HOFl M BepTMKanbHOH cTpesku. Ipynmy Hy(X*) moxkno paccmarpubath Kak
noarpynny B Cy. [pu 310M Hy,(X*) otoxknectBasiercs ¢ Ker y, MocKo/bKy ecJiu
» = hy', rne h— monomopduam, To Ker p = Ker ¢’. OT0XK1€CTBUB aHANIOTHYHO
Hp— 1 (X*=1) ¢ Kerdg_1, nonyunm Hy_(X*) =2 Ker 0y_1/Im 0.

Oro6paxenue 0y : Cp, — Cp_ ycTpoeHo cienytoimm o6pasom. [1yctb 06-
pasytotiieii cX € C, cooTercTByeT KieTKa ek . PaceMoTpiM aGeooThyio Lerb
[ek], npencTapasiollyio oTHOCHTEIbHBIA (yHaaMeHTaNbHbI Kiace (eX, Oek).
Ha yposne romosioruiit H,_(X*~!) umeem pasencrso d[e*] = Zrzag[egfl].
B rtakom cayuae dck = Zrzagcgfl. Yucso n,s paBHO CTeleHU 0TOOpaKeHHs]
Sk=1 egfl/aegfl = S*=! uuayuMpoBaHHOro XapakTepHCTHUECKHM 0ToGpa-
JKeHHeM KJIeTKH ek .

Pagenctso 90 = 0 caenyer us toro, uto 99[ek| = 0.

[omosiorn ¢ Koa(dueHTaM B Zg BBIUHCJSIOTCS aHAJOTHUHO; B 3TOM
cJlyyae BMECTO CTerleHH GepéTcsl cTeneHb Mo MOAYJIo 2.

B kauecTBe npumMepa BbIUKCIUM FOMOJIOTHH 3aMKHYTbIX IByMEPHbBIX MOBEPX-
Hoctel. [pynnbl Hy 1 Ho Mbl y2Ke BbIUHUCJIHIIH, TO3TOMY 3alMEMCST BbIUMCJIEHH -
eM H].

Mpumep b.1. H(nT?) =7 u H\(nT?% Zs) = Z3".

JlokaszaTesbcTBO. Bocrosb3yemesi CTaHIAPTHBIM TIpeCTaBIeHHEM
nT? ¢ nomoubio 4n-yroJbHuka. B TakoM c/yyae KOMIJIEKC JUlsl BbIUHCJAEHHs!
KJIETOUHBIX TOMOJIOTHH UMeeT BUJ

z 27 2.7 0

3nech 0 = 0, MOCKOJILKY HyJIbMepHasi KJeTKa POBHO 0JiHa, U 0y = 0, MOCKOJIbKY
B IpaHHUIly JBYMEPHOH KJIETKH Kaxk[as OJHOMEpHAsi KJEeTKa BXOJUT JBAXKIbl,
NpUUEM C TIPOTHBOMOJOKHBIMU OPHEHTALHUSAMH.
Jloist pyninbl KO3hGUIHMEHTOB Zg BbIUMCJEHHS] aHAJIOTHUHBI. O
Jlnst cdepbl ¢ 1 pyuKamu 2n1 LHKJIOB, TIOPOXKAAIOLIMX IPYIIY OJHOMEPHBIX
FOMOJIOTHH, MO2KHO BbIOPATh TaK, KaK MokasaHo Ha puc. 3. UToObl 10KasaTh 310,

Puc. 3. basucnole yuxaol
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.

Puc. 4. basuchoele yukaol Ha 00HOI pyuke

HY?KHO MPOBEPHUTb, UTO YKA3aHHbIE LIUKJIbl FOMOJIOTHUHBI CTOPOHAM 411-yroJib-
HHUKa, U3 KOTOPOTO CKeuBaercs cdepa ¢ pyukamu. PaccMoTpuM cHauana oaHy
PYUKY, H3 KOTOpOH Bblpe3aH nuck (puc. 4). Te-
nepb SICHO, YTO UHMKJIAM, H300payKéHHBIM Ha
puc. 3, COOTBETCTBYIOT LMKJIbI, H300PAKEHHbIE
Ha pUC. O; TH LMKJbl FOMOJOTHUHBI CTOPOHAM
MHOTOYTOJIbHUKA.

Mpumep 52. H(mP?*) =72Z""' @ Zy u
H{(mP?; Zy) = Zy'.

HokaszaTtedabcTso. Komnieke as Bbi-
UMCJ/IeHHsT KJIETOUHBIX FoMoJioruil mP? umeet BHjL

722, 7m %7 0.

Puc. 5. basucnole yuxaot Ha  3nech cHoBa Op = 0, Ho Oo(l) = (2, ..., 2),

MHOSOY2ONbHUKE MOCKOJIbKY KaxKjast oJHOMepHasl KJIeTKa BXO-

JIUT B TpaHHUIly JBYMEPHOH KJIETKH JBaXK[Ibl,

npuuéM ¢ OJHOH M TOH ke opueHTauuedl. I[pynmy Z™ nyxHo npodak-

TOPU30BaThb MO TOATPyINIe, MOPOXKIAEHHOH sjeMeHTOM (2, ..., 2). Ilycrtb
er=(,0,...,0), ...,e4-1=0,...,0, 1,0 ue,=(, ..., 1). Torna

@y, ..., am)=(ay —am)er + ...+ (@n—1 — am)em + Amen.
YeqoBue (ay, ..., ay) € Im0y sKBHUBaNeHTHO TOMY, uTO a; — am,m =0, ...
ciey Q1 — @y =0 1 ay, =0 (mod 2). TTostomy daxroprpynna Z™/Im dy
13oMopdHa 7"V @ Zy: 006pasyoLUMK TPYMIbI /i cayXKar ey, ..., em—1,

a oOpasytollel rpynnbl Zg CHAYKUT €.
Jnst rpynnbl KOSPPUUHEHTOB Zo, KaK W B NpelblIylleM Mpumepe, dy =
=0. O
Jast 6ytbiku KiefiHa LMKIBL oo U 3, TIOPOKAAIOIIMe TPYIITY TOMOJIOTHH
¢ Koa(puureHtaMu B Z, uzo0paxeHbl Ha puc. 6. [Ipu 3TOM Ha ypoBHe ro-
Modioruil 23 = 0, mocKoJIbKy rpandiia aucra Mébuyca, 3alITPUXOBAHHOTO Ha
puc. 6 (a), romosiornuna 203.
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o 74

(a) (©)

Puc. 6. basucuoie yukaol Ha 6ymoiake Kaetlina

Ganauva 5.3. BbludcauTe rpynmbl TOMOJIOTHH 3aMKHYTHIX JBYMEPHbIX
noBepxHocTel ¢ KosdhuLneHTaMu B Z,, p # 2.

3anaua 5.4. Bblukcaure rpynmbl KOrOMOJOTHH 3aMKHYTbBIX JIBYMEPHBIX
MoBepXHOCTeN ¢ Ko3(humeHTaMu B Z.

Ganaua 5.5. [lyeth H —Tesio ¢ g pyukamu, T.e. TPEXMEPHOE TeJIo,
orpaHHueHHoe CTaHAapTHO BJOXKeHHOH B R3 cdepoit ¢ g pyukamu. [najako
proxkum H B S u pacemotpum X = S3\ H. Jokaxure, uto H(X) = Z8;
ONMIIUTE TeOMETPHUECKH 00pasylollde 3TOH TpyIbl.

[Tpumep 5.3. Cnpasediuso pageHcmso

HA(CP") = Z npuk=0,24,...,2n¢
0 6 ocmaabHbLX CAyUAsX.

HoxazateabctBo. Ha CP" moxHo 3anath ctpykrypy CW-kom-
nnekca ¢ kaetkamu CP*\ CP*=! (cm. wacth 1, c. 136). Tpuanryisitmio MHO-
roo6pasust CP", nasi KoTopoit Kaxawlii octop X ¢+ = X2k — CP* apnsercs
CHMIIMUHMA/ILHBIM MOAKOMILIEKCOM, MOYKHO TOCTPOHTb TeM Ke CaMbIM CIoCO-
6oM, Kak B yacTH | cTpousiach TPHAHTYJIsILMS MHOMOOGPA3Hs C KPaeM.

LlenHoil KOMTJIEKC /sl BEIYMC/IEHHS K/JIETOUHBIX FOMOJIOTHII TIPOCTPAHCTBA
CP™ umeer BuIL

Z7—0—Z—0—...—0—2Z—0—7Z—0.

[pynrbl roMOJIOTHI TaKOro LIEMHOrO KOMIIEKCa COBMAJaloT C TpyInaMu
Lenem. O

[Tpumep 54. a) Hor(RP") =0 npu k>0 u Hopy (RP") =7y npu
n—1
0<hk< —;
6) Hp(RP"; Zo) =Zo npu 0 < k < n.
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JHokaszateanbcTBo. 3amaaum Ha RP" crpykrypy CW -kommsekca
¢ knetkamu RP*\ RP*~! (cm. wacts I, c. 135). Torna C, = Z npu 0 < k < n.
LlenTpa/bnas cummerpus cdepbl S¥~1 coxpausier opuentalmio npu yéTHOM &
¥ U3MEHSIeT OPUEHTALUIO MPH HeuéTHOM k. [To3TOoMy rpaHHuHbIi roMOMOpPhU3M
Op: Cp, — Cp_y nepeBogut 1 B 1 + 1 =2 npu uérhom 2 u B 1 — 1 =0 npu
HeuéTHOM k. LlemnHO# KOMIJIeKe /st BHIUHCJIEHUS KJIETOUHBIX TOMOJIOTHH KOM-
nyiekca RP" npu uéTHOM 1 UMeeT BUJL

7227 Y720 . 71X 71 %7 0,
a le/l He‘{éTHOM 11 OH UMEET BUL
z Y727 . . 727 %7 0
CJieoBaTeNIbHO,

Z ansa k=0wu k=n, rue n HeYETHO;
Hy(RP") = { Zy 1as HeuéTHbIX k, e 0 < k < n;

0 B OCTaJIbHbLIX CJjyydasix.

Jlnist Ko3phULUMEHTOB B Zg BCe rpaHuuHble roMOMOphU3Mbl HysieBble. [

3anauva 5.6. Bouucaure rpynmsl roMosioruii n-MepHoro topa 7" ¢ Ko-
s¢pduurentamu B Z.

Ganaua 5.7. Bbluwcaure rpynmbl KoromoJoruii kommniekca RP" ¢ xo-
s¢pduLmeHTamMu B Z.

Ganaua 5.8. [lpuBenure npuMep HECTATHBAEMOro AlLMKJUYHOTO JIBY-
meproro CW -komnjiekca ¢ ogHoMepHbiM octoBoM S' v ST

5.3. Unpekc nepeceuenus u usomopdusm Ilyankape

[Tpennosioxkum, 4To 3aMKHYTOE OpHEHTHPOBaHHOe MHOTo0Gpasue M" nBymsi
pasHbIMH criocoGaMi pa3OUTO Ha KJIETKH TaK, UTO MEXJy OTKPbITbIMH R-Mep-
HBIMH KJIETKAMH OJIHOTO pa30MeHHs1 U OTKPBITBIMU (11 — k)-MepHBIMH KJ1eTKaMH
JIpyroro pa3bUeHHsl UMeeTcsl B3aMMHO OJIHO3HAuHOe cooTBeTcTBHe. COOTBET-
CTBEHHbIE OTKPBITbIE KJIeTKH OyjieM o603Hauath o; v o} . [Ipeanonoxum, nanee,
4T0 0; N 07 =& NpU i # [, @ KIETKA 0} U 0] TPAHCBEPCAJILHO MepeceKarnTcst
B OJIHOI TOuKe. Bynem Takxke npejrnoJsaraTb, 4YTo KJIETKH 0; U 0 OPUEHTHPOBA-
Hbl TaK, UTO €CJIH €], ..., €, U E], ..., Ex—p — TOJOKHUTEIHHO OPHEHTHPOBAH-
Hble 6asucbl®) sl 0; U ISt 07, TO ey, ..., €, €1, ..., Eg—f — OJOKHTEILHO
OpHMEHTHPOBaHHBIN 6aszuc aas M". HakoHel, npeanoJ/ioKum, uto rpymnmna Kosg-
(DULIMEHTOB SIBJISIETCS AJUIMTHBHOW IPYINMNON KOMMYTATHBHOIO acCOLMATHBHOTO

*) Jlast cumniekca [og, ..., U] NONOKUTENILHO OPUEHTHPOBAH Gasuc v — vy, ..., Up — 0.
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Kosblia R ¢ enunuLedl. B takoM ciayuae juist eneil Y a;o; U Y bio} MOXKHO
OTPEJIeJIUTh UX UHOEKC nepeceuerus

<<Z digi, Zbiai*>> = Z5i/aibj = Zaib[.

Tpebyemyto napy kierouHbix pazduennit K u K* MOXXHO MOCTPOUTh, HAMPH-
Mep, ciaenytolm o6pasom. B kauectBe K BO3bMEM MPOKM3BOJILHYIO TPHAHTY.IsI-
o Muoroo6pasusi M". Ilycts K’ — GapulieHTpHUeCcKoe MojpasiesieHle 3Tok
tpuanryasuun. s kaxaoro cummiekca A* tpuanrynsuuu K paceMoTpum
MHOYKECTBO BCeX cuMIiekcoB M3 K’, mepecekaioumx A* B TouHocTH 110 ero
6apuuieHTpy. Mix o6benntenne npencrapisier co60i 3aMKHYTYIO (12 — R)-Mep-
nyio kaetky (A*)*. Takue knetku o6pasylor pasbuenme K*.

C moMmolliblo MHJEKca MepeceueHust MOXKHO MOCTPOUTb OUJIHHEHHOe 0TOO-
pakeHue

o: Hy(M"; Ry x H,_p(M"; R) — R.

A VMeHHO, pacCMOTPHUM KjeTouHble pa3buenust K U K*, peanmusyeM Kjaacchl
romogioruit o € Hy(M"; R) n 3 € Hy_p(M"; R) unknamu > a;o; v »_ bio}
v onpenenum (o, ) Kak HHIEKC TepeceueHus 3TuX Lenei (uukaoB). Tenepb
HY2KHO MPOBEPUTD, YTO TOT MHIEKC MepeceueHnsi He 3aBUCUT OT BbiGopa LUK-
JIOB, MIPEJICTABJISIOINX TOMOJIOTHUECKHE KJacChl v H .

Jlemma. [lycmo A; u A; — cumnaexcol pasmeprocmeri k u k — 1.
Toeda

(04, A7) = (=DF(A;, D(A))).

HoxaszaTedabcTBso. [Ipexe Bcero oTMeTHM, UTO BbIpaXKeHHUsI B 06eHX
YacTsX paBeHCTBA OTJMYHBLI OT HYJs TOTAA H TOJBKO TOrAa, Koraa A; — rpatb
cummiiekca A;. Tlpn stom (04, A7) = (£4A;, AT) =£1 u (A;, 0(AY))) =
= ((A;, £A}) = £1. Ocraéres BBIACHHTb, C KaKUM 3HAKOM BXOAT A; B OA;
n A7 B O(AF).

[Tycth vg — GapuieHTp cumiekea A;, v — GapHLUeHTp cummIeKkca A;.
Torna A; u O(A7) nepecekatotest B Touke vg, a OA; n AF nepecekarorcs
B Touke v). Ilyetb vy, ..., vy — BepimHbl cummiekea A;. MoXHO cunTaTh,
YTO OPUEHTALIMH CUMIJIEKCOB [Vg, U, ..., Ur| U AA; COMJIACOBAHbI U, KPOME TOTO,
A =Aj+..., ne. Aj=]vy, ..., vg]. Ilyers [0, vo, Vg1, ..., Uy] — OmHH
3 CHMILIEKCOB, H3 KOTOPBIX COCTOMT KieTka A, IPHUEM ero OpHeHTaLHs Co-
rJacoBaHa ¢ opueHTaluel 3Toil kietku. Torna 8(A}‘):[vo, Uty ooy Unl+een,
rJle MHOTOTOUMeM 0O03HaUeHbl KJEeTKH, He TepeceKatolipecs ¢ A;.

EcJ/in nocJie MosioyKUTeIbHO OPUEHTHPOBAHHOTO Gasuca cumliekca A; B3sTh
MOJIOKHTENIbHO OPHEHTHPOBAHHBI 6asuc Kiaetku O(AY), TO mosyuum moso-
YKUTEJILHO OPUEHTUPOBAHHBIN Gasuc cumIuiekca [vg, vy, ..., v,]. Ecan noche
M10J102KHTeJIbHO OPHEHTHPOBAHHOTO 6a3uca cummiekea A; = [vy, ..., U] B3Tb
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MOJIOKHTEILHO OPHEHTHPOBAHHEIN 6a3uc cUMILIeKea [0, Vo, Upt1, - - -, Un], TO
B peayJibTate ToJyuuM cienyioulee. [Ipexkae Bcero 3ameTHM, U4TO CHMIJIEKC
[0§, V2, ..., Uk] cOmepKUTCS B CUMILIEKCE [Uy, ..., U] W OPHEHTHPOBAH CO-
riacoBaHHo. TakuM 06pa3oM, B pe3yJsibTaTe Mbl T10JydaeM MOJOKHUTENbHO OpH-
€HTHUPOBAHHBIA 6a3uc CUMIJIEKCA

! k /
[0, U2y -y Upy Uptly -y Un] = (—=1)*[00, vy, U2, - .., Unl.
Ocraérest 3aMeTHTb, UTO CHMILIEKC [Ug, (), Vg, ..., Uy| CONEPHKHTCS B CUM-
niekce [vg, vy, Vg, ..., Uy] U OPHEHTHPOBAH COTJIACOBAHHO. O

M3 nemMbl cjeayeT KOpPpeKTHOCThL ompeneseHust ¢(«, [3), Tak Kak ecsn
cp=090c¢" ndceg =0, 10 {cy, co)) = (O, col) = E(c’, Dea)) = 0.

Hcnonbaysi kiaetoutble pazbuennsi K u K*, 1enu Y a;0; MOXKHO COMoOCTa-
BUTb Lienb » . a;0;. Ho ¢ TOuKM 3peHust roMOJIOTHH Takoe COMOCTABJICHHE He
MHTEpEeCcHO, MoToMy uto uenu (Jo)* u J(o*) Jexkar B pa3HbIX MPOCTPAHCTBAX
(ecm dimo =k, to dim(@o)* =n — k+ 1, a dimd(c*) =n — k —1). bBo-
Jlee eCTeCTBEHHO LIeMH Cp = Y. @;0; CONOCTaBHTh Kollenb ¢" % mis Kotopoki
(c"k 0¥y =a;, 1.e.

]
n—k * *
<C s E bioi > = E aibi = <<Ck, E bioi >>
(MHbIMK c/IOBaMH, 3HaueHHe Kolenu ¢"~* na 1anHoOl Lenu paBHO eé HHJeKCy
riepecedenyst C Cp; TakKas KOlleMb CYILIECTBYeT U efrHCcTBeHHa.) Torna

(6" 7* dy_py1) = ("7, Ody_pr1)={Ch, Ody_p11 ) =(—1)* (D, dyr11)),

T.e. Lenu dcp conocTaBssieTcs: Kolenb +¢" %, Drto, B yacTHOCTH, 03HAUa-
€T, UTO LMKJY COMOCTaBJsIETCS KOLMKJ, a rpaHulle — Korpanuua. Cjienoa-
TeJIbHO, U30MOP(U3M MMPOCTPAHCTBA k-MepHBIX Liernell B K Ha MPOCTPAHCTBO
(n — k)-mepHbix Kolleneil B K* unayuupyer usomopcuam rpynns Hy(M"; R)
Ha rpynny H"=*(M"; R).

Hast rpynnbl Ko3hhuuuenToB Zy 06 OpHEHTALUsIX 3a60TUTLCS HE HYXKHO,
MO3TOMY JIIsi 3aMKHYTOTO, HO He 00513aTeJIbHO OPHEHTHPYEMOTO MHOT00Gpasus
MOYKHO OTPEJIEIUTh HHEKC MepeceueHunst Mo MOJIYJII0 2 U MOJIYUUTh H30MOP(H3M
Hy(M"; Zg) = H"™F(M"; Zy).

Mbl 10Ka3a/u cleyoliee yTBepKIeHue.

Teopema 5.3 (usomopcusm Ilyankape). a) [lycmo M" — 3amkny-
moe opuenmupyemoe mHo200b6pasue, R — addumusHas 2pynna KoMmy-
MamusHoeo accoyuamusroeo Koavya ¢ edunuyeti. Toeda Hp(M™; R) =
=~ H"=k(M"™; R).

6) Hycmo M" — zamknymoe mrHoeoobpasue. Toeda H,(M"; Zg) =
= H"H(M"; Zs).
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Cnencrtrue. a)llycmo M" — 3amknymoe opuenmupyemoe mMHo20-
obpasue, F —addumusrnas epynna Hekomopoeo noas. Toeda H,(M"; F)=
= H,_(M"; F).

6) Ilycmov M" — zamknymoe mrHoeoobpasue. Toeda H,(M"; Zg) =
= Hy o (M7 Z).

[Toarpynmy, o6pa3oBaHHyl0 3J€eMeHTaMH KOHeuHoro nopsiaka B Hy(M") =
= H,(M"; Z) wiu B Hk(M”; 7Z), Ha3bIBAIOT KpyHeHueM.

Ganaua 5.9 (uBoiictBenHocTh [lyankape). Ilyerb M" — 3amkHyTOE
opHeHTHpyeMoe MHorooGpasue, Hy(M™) =2 Z% @ T, u H*(M") = Zb @ T*,
rae Tp u T% — kpyuenusi. Jlokaxute, uto ap = Qpn_p, bp =bu_p, Tp = Ty_p_1,
Tk Tn—ktl y T1 =0,

Hcnonbayst nzomopduam [lyankape u opMysbl yHHBepcabHBIX KO3(DdH-
LIMEHTOB, MOXKHO JI0Ka3aTh CJIeyIOll1e CBOUCTBA TPYMI FOMOJIOTHH H KOFOMO-
JIOTHH MHOrooOpasui.

Teopema 54. a) Ecau M" — zamxHymoe (cea3roe) mHoeoobpasue,
a R —addumusnas epynna KOMMYMAMuUEHO20 ACCOYUAMUBHO20 KOAbYA
¢ eduHuyeil, mo

HY (M"; R) = R 045 opuenmupyemoeo mHo2oo0bpasus M";
' R/2R  0as Heopuenmupyemoeo mroeoobpasus M".

6) Ecau M" — zamxHymoe opuenmupyemoe mHoeoobpasue, mo
epynna H,_1(M"; Z) He umeem kpyuenus, a ecau M" — 3amxnymoe
HeopueHmupyemoe (c8a3H0€) MHO2000pasue, mo nodepynna Kpyvexus
8 H,_|(M"; Z) usomopgpra Zs.

Hoxaszateabctso. [pynna Z"(M"; R) nopoxjaeHa KolensiMi, 1BOH-
CTBEHHBIMH OJIMHAKOBO OPHEHTHPOBAHHBIM f-MepPHLIM cuMmMiekcam B M™. T1pu
TOM JIBE KOLIENH, JBOHCTBEHHbIE OJHHAKOBO OPUEHTHPOBAHHBIM f1-MEPHBIM
cUMIieKcaM ¢ obulell (n — 1)-MepHOl rpaHblo, OTJIMYAIOTCS HA KOTPAHHLLY.
[TosTomy 1715t opueHTHpyemoro MHoroo6pasust H" (M"; R) 2 R, a nJisi HeopueH-
THpyemoro MHoroo6pasust " (M"; R) = R/2R, noCKoJIbKY B HEOPUEHTHPYEMOM
cJyyae /sl Kouenu c¢”, NBOUCTBEHHOH CHMIIEKCY, BOSHMKAET COOTHOLIEHHE
2c" =0.

Jliisi opHeHTHpyeMoro MHOroo6pasusi corsiacHo Haomopgusmy [lyaHkape
T,—1 = T"'=0, a 151 HeOpHEHTHPYEMOro MHOTOOGPa3Hsi corsiacHo 3anaue 4.13
To_1 2T =17s. O

Ynpaxuneunne. Ilycts M* — zamknyToe opuentHpyemoe MHOrooGpa-
aue. Jlokaxkute, uto ec/iu rpynna H,(M*) ne umeer kpyuenusi, To Bce ocTajbHble
rpynnbl Hy(M*) Toxke He UMEIOT KpyueHHs..

Ganaua 5.10. Ilycts M" — 3amMKHyTO€ OpPHEHTHPyeMoe MHOrooGpasHe,
npuuém ero Hajactporika LM" romeoMopdHa HEKOTOPOMY 3aMKHYTOMY OpHEeH-
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THpyeMoMy MHoroo6pasuio. [lokaxute, uto M" — eomoroeuueckas cgepa,
T.e. Hy(M") = Hp(S") nasi Beex k.

3ameuanue. [omosornueckass cdepa He oOsizaTesqbHO TOMeOMOpdHA
cthepe. Haubousiee usBectHas romosioruueckas cgepa, He romeomopgHasi cge-
pe, — TpéxmepHasi cepa [lyaHkape; eé pasjiduHble ONMHCAHHUS MOXKHO HalTH,
naripumep, B [I13]. Mimeercsi 6eckoHeuHo MHOTrO MonmapHo He roMeoMOp(HbIX
TPEXMEpPHBIX roMoJioTHUecKuX cep. MHTepecHo, uTo JByKpaTHasi HaACTpO¥-
Ka HaJl JI0GoH TpEéxMepHoil romosioruueckoil cchepoii romeomMopdna chepe S°
(dnBapac).

Busuneiinoe otobpaxenue ¢: Hp(M") x Hy,—p,(M") — Z, noctpoeHHoe
C MOMOIIILI0 MHJIEKCA TMepeceueHunsi, 00J1aaeT CJeAYIOIHM CBOICTBOM HEBbI-
POKJIEHHOCTH.

Teopema 5.5. [lycmo M" — 3amkHymoe OpueHmMupo8aAHHOE MHO-
eoobpasue. Toeda awboii eomomoppusm h: Hy(M™) — Z moxucHo npeo-
cmasumo 6 sude h(a) = (o, By), ede By € Hy—p(M"). Iaemenm [, onpe-
deasemcs comomoppuamom h 00HO3HAUHO ¢ MOUHOCMbIO 00 IAeMEeHMma
KOHe4H020 nopaodKa.

JlokaszaTesbcTso. TouHasi moc/jenoBaTesibHOCTh

0 — Ext(Hp_(M"), Z) — H*(M"; Z) — Hom(H,(M"), Z) — 0

MOKa3bIBAET, UTO FOMOMOP(H3MY /I COOTBETCTBYeT JleMeHT rpynnbl [ ¥ (M™; Z),
onpesie/IEHHbIA ¢ TOUHOCTbIO 110 3qeMeHTa rpynnbl Ext(H,—(M"), Z); nocaen-
HsIsl TPyINa KOHeuHa. SICHO TakxKe, uTo paBeHCTBO fi(a) = (e, () BbIMoJIHAETCS
JUISl BCEX < TOrJA W TOJIbKO TOTZA, KOTJA KOUeMb, COOTBETCTBylOLIAs Mpeji-
CTABUTENIO KJlacca TOMOJIOTHH [3, JIeXKUT B KJacce KOrOMOJOTHH, KOTOPbIH
oroOpaxaercsi B A.

Ormerum, uto eciu mfB =0, 10 me(a, 8) = p(a, mP) = 0, nosromy
(o, ) =0. .

Eciau M"™ — 3aMKHyTOEe OpHeHTHpyeMoe MHOrooGpasue W rpynna Kosg-
(huLMeHTOB [ SIBASIETCS AIUIMTUBHOH TPYNIOH HEKOTOPOTo MoJisi (MM ecJu
F =7y B cnyuae, korna MHoroo6pasue M" HeopHeHTHPYyeMO), To GUJIMHERHOE
orobpaxenue ¢: Hp(M"; F) x Hy_p(M"; F) — F HeBbIpOXK/IEHHO B 00bIYHOM
cMbICIIE.

Teopema 5.6. Jliwboe aunetinoe omobpaxcenue h: Hp(M"; F) —
— F moocro npedcmasumo 6 sude h(a) = (o, Br), ede aremenm By €
€ H,_p(M"; F) onpedeaén o0Ho3HaAUHO.

JokaszaTesabcTBo. JluHeliHoe oToOpaKeHHe A SIBJSIETCS 3JEMEHTOM
nBoKcTBeHHoro K Hy(M"; ) npocTpaHCTBa, T.e. 3JE€MEHTOM I[POCTPAHCTBA
H*(M™; F), xotopoe usomopdno H,_,(M"; F). I1pu 3rom usomopbusme A ne-
pexoauT B (3. O
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CanencrBue. B npocmpancmeax Hy(M"; F) u Hy_p(M"; F) moaxcro
golbopamo dasucel oy, ..., am U B, ..., Bn mak, umo (o4, B;)) = ;.

JlokasaTteabcTBO. baguc «y, ..., o, BbiOMpaeM MNPOU3BOJILHO,
a B KayecTse (3; 6epEéM 3/1eMEHT, COOTBETCTBYIOLLUA JTHHEHHOMY OTOOParKeHHIO
hj (3 xiar) = x;. Torna (ou, B)) = @(ai, By) = hj(au) = dij. O

AHaslOrHUHO MOXKHO JIOKa3aTh, uTo ecan M" — 3aMKHyTOe OpHEeHTHpye-
Moe MHOrooGpasue, To B cBoGoaHbIX rpyrmnax Hy(M™) /T, v H,_p(M™)/Ty_p,
rne Tp v T,_p — NOArPYNIbl KPYUEHHS, MOXKHO BbIOpaTh 0a3uChl i, ..., Quy

151 ﬂ], ey ﬂm TakK, 4yTO <<Oq, ﬂ/» :5,‘/‘.

Koadduupnent 3auennenus

[lycThb ¢ M Cy — 3aMKHyTble OpPHEHTHPOBAHHbLIE KpHBble B S3. MM MOK-
HO COIMOCTABUTb OJIHOMEPHbIE LUKJbI (C KO3 hUIIHEHTaMH B 7Z), KOTOPblE Mbl
ToxKe Oynem o6osHauaTh ¢; W co. IlycTh d — nABymepHasi 1enb, JJisi KOTO-
poit dd, = c;. Wnneke nepeceuenusi (d, co)) HasblBalOT K0IPhuyermon
sayenaenuss KpUBLIX | U Co M o6o3HauaioT lk(cy, cg). Jlerko mpoBepuTh, uto
uHaekc nepeceuenusi ((dy, o)) He 3aBUCHUT OT BbiGopa Lemnu d|. JleficTBUTENbHO,
ecau d{ — apyras uenb, Ajst Kotopoit 0d| = dd;, 10 d{ — d| — uuKJ, a 3Ha-
YMT, rpaHuLa (MOCKOJLKY JAByMepHble roMoJioruy cdepbl S® nysesbie). [TycTb
e — TpéxmepHasi Lenb, s Kotopoit d{ — d; = de. Torna ((d| — di, c9)) =
= (Oe, c2)) = (e, D)) = 0.

HetpynHo yGenuthbesi, uto Takoe ornpejesieHre KoadduiMeHTa 3auernJe-
HUST SKBUBAJIEHTHO JPYroMy orfpejesieHuIo, puBeiéHHoMy, Harnpumep, B [[13].
Hanomuum, uto Tam Ko3¢hhULHEHT 3aLeneHdsi 3aMKHYTbIX OPHEHTHPOBAHHbBIX
KpuBbIX J U K onpenesnsiercs Tak. PaccMOTpUM JHarpaMMy OpHEHTHPOBAHHOTO
3allenJieHust, 00pa30BaHHOTO STHMH KPHUBbIMH. DyjieM yuMThIBaTh TOJBKO T€ re-
PeKpECTKH, Ha KOTOPbIX KpuBasi J poxoauT noj K. Takue nepekpécTKH ObIBAIOT
IBYX THIOB (puc. 7). [Is1 KaXKI0ro paccMaTpuBaeMoro rnepekpéctka BO3bMEM
COOTBETCTBYIOLIEE 3HAueHue &; = =1 W cjoxkuM Bce uuchaa g;. [losyuennoe
B pe3yJibTaTe UNCJ/I0 HA3bIBAIOT KOI(M(MULIHEHTOM 3alerieH s 3aMKHYThIX OpH-
€HTHPOBaHHbIX KpuBbIX J U K.

NS

e=1 e=—1

Puc. 7. Jlsa muna nepexkpécmros
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Uro6bl y6emuThesl B 9KBUBANIEHTHOCTH 3THX JABYX OTpeieseHHl, pacroJio-
JKUM KPHBBIE €| U Co TaK, YTOObI OHU BBIXOJIMJIM U3 MJIOCKOCTH IMarpaMMbl JIHILb
B MaJlbIX OKPECTHOCTAX nepekpécTkoB. [To-
BEPXHOCTb d| MOXKHO BbIOpaTh TakK, UTO-
66l oHa Oblja pacroJioykeHa HaJl MJIOCKO-
CTbIO JIHarpaMMbl 3a WCKJIIOUEHHEM MaJlbIX
okpecTHocTel TepekpéctkoB (puc. 8). Hac
MHTEPECYIOT TOJbKO MEPEKPECTKH, HA KOTO-
pbIX KpHUBasi ¢ MPOXOIMT Han c¢;. VIM Kak
pa3 COOTBETCTBYIOT TOUKH MepeceueHns Kpu-
BOH co ¢ mnoBepxHoctbio dj. Co 3HaKamu
ToXKe Bcé B mopsiike. Hanpumep, Ha puc. 8

Puc. 8. [losepxrocme d, 6asuc ey, eg, €| MOJOKUTEIHLHO OPUEHTUPO-

BaH (Mbl M0JIb3yeMCs TEMU 2Ke 0603HaUEHH ST~
MH, UTO W MIPH OMpeJIeJeHHH UHIeKCa MepeceueHus ); 3T0 KakK pa3 COOTBETCTBYET
TIOJIO?KUTETLHOMY THITY TIepeKpécTKa.

Koadduument 3auennedus KpuBbix J U K MOXKHO ONpPeNeNUTb ¥ MHOTH-
MM ipyrumu crioco6amu. [Toctpoum, nanpumep, otoGpakense f:J x K — S?
cJieyouum 06pasom:

Ky = 1x)
IK(y) =Tl
(/ 1 K Mbl OHOBpPEMEHHO paccCMaTpPUBAaeM K KakK OKPYXKHOCTH, M Kak 0ToGpa-
wenust J, K: ST — R3).

Sanaua 5.11. [okaxure, uto deg f = £ 1k(/, K). YKaxute, Kak Hy>KHO
BLIOpaThL opHenTalky Topa J x K u cdepbl S?, 4ToObl BLINOAHSAIOCH PABEHCTBO

deg } = Ik(/, K).

[(x, y)=

KOI‘OMO.J'IOI‘PIV[ C KOMINAKTHbIMH HOCHUTEJAMHU U TOMOJIOTUH
C 3aMKHYTbIMHU HOCHUTEJAAMH

JIsisi HeKOMIAaKTHBIX MHOroo6pasuil Teopema o6 uzomopduame [lyankape
B TOM BHJe, KaK OHa Oblia copMysHpoBaHa, HeBepHa. DTO BHIHO yxKe Ha
npumMepe MHoroo6pasusi R”. Tem He MeHee, U151 HEKOMIAKTHOTO MHOr006pasus
TOXKE MOYKHO MOCTPOUTH JIBOHCTBEHHble pa3bHeHHsl, ¥ MOCJe 3ITOrO MOXKHO
MOMBITAThCS COMOCTABUTbL LEMH ¢ Kouenb ¢" % a kouenn ¢~ % wenb cy.
31ech Hac, eCTECTBEHHO, OXKUIAAET Heyjlaua, HO MOXKHO TPOCJENHTb 3a TeM,
YTO MPOUCXOJHUT, U MOMBITATLCS ITO UCMPABUTD.

Hanomuum, uro no onpenesnenuio obasi UeMNb Cp SBJASETCS CYMMOH KOHeU-
HOTO YHCJa CHUMIIJIEKCOB, MO3TOMY, KOTJla Mbl COTIOCTABJISIEM LEMHU C, KOLEMb
¢"~k B cyyae HEKOMIAKTHOrO MHOrOOGPA3Hs y HAC MOJMyUaloTCs He Bee Kolle-
MM, a JIMLIb KOLEMH, KaXKas U3 KOTOPbIX 00pallaeTcs B HyJb HA CHMIIEKCaX,
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JieXKallluX BHe HEKOTOPOTO KOMIAKTHOTO MHO)KecTBa. Takue KOLermHu Hasbl-
BAIOT KOUENAMU ¢ KOMNAKMHOIMU HOCUMeAsSMU. $SICHO, UTO MpUMEHeHHe
orepaTopa § K KOLIENH ¢ KOMIAKTHbIM HOCHTeJIEM JIAéT KOLleMb ¢ KOMNAKTHbBIM
HocuTes1eM. [To9TOMYy ¢ MOMOlLIbIO Kolleneld ¢ KOMIAKTHBIMU HOCHTEISIMH MOXKHO
MOCTPOMTH TPYMINbl KO2oMOA02Ull ¢ Komnakmuomu Hocumesmu HE(K).
Ecan K u K* — nBolicTBeHHble pa3bUeHHs OPHEHTHPYEMOro MHoroo6pasus,
TO Mbl Mostyuaem usomopduam Hy(K; R) = H'*(K*; R); nsomopchusm 1meer
MECTO y2Ke Ha ypoBHe (Ko)uernen.

[TonbiTaeMcs Terepb cOnocTaBUTh Kotenn ¢~ uens c,. Korma bl cono-
CTaBJSIM LEMU KOUEMb, Y HAC TMOJYYHIOCh HEUTO MEeHblIee, UeM MHOXKECTBO
Bcex Kotlerell. Terepb, HA060POT, MOMYUUTCST HEUTO GoJIblilee, YeM MHOXKECTBO
BCeX Lleneil. A MMeHHO, T0JIyyaTcsl He KOHEUHble CyMMbl CHMILIEKCOB Y a; A%,
a TIPOM3BOJIbHBIE CYMMbI £-MePHBIX CHUMILJIEKCOB, B KOTOPbIE KaXK/bli CHMIIIEKC
BXOJIUT C OMpeeEHHBIM KOI(DMUIIMEHTOM, HO CAMUX CHMIJIEKCOB MOXKET ObITh
6eckoHeuHo MHoro. Takue «llenu» Ha3bIBAIOT UenAMU ¢ SAMKHYMbIML HO-
cumeasimu, NOTOMy 4TO OObeIMHEHHe BCeX CHMILIEKCOB, BXOASIIMX B LeMb
C HeHyJeBbIM KO3((HIIMEHTOM, MpeJICcTaBiseT coO00H 3aMKHYTOE MHOXKECTBO
(BO3MOXKHO, HEKOMIMAKTHOE).

OTMeTHM, UTO MPH ONpeleJNeHUN LeNell ¢ 3aMKHYTbIMH HOCHTEJISIMU JJIs1
MPOU3BOJIbHBIX CUMIMJIHIHANBHBIX KOMIJIEKCOB HYXKHO JIOMOJHUTEJNbHO MOTpe-
60BaTh, YTOOBI KaxIast TOuKa MpHHAJ/IEKaNa JHIIb KOHEUHOMY UHMCJY CHM-
MJIEKCOB, BXOASLMX B cymMMy Y. a;AF. Mnaue MokeT okasaTbesi, uto Hekwii
CHUMILJIEKC $IBJISIETCS] TPaHblo GeCKOHEUHOTO 4YHCJa CHMIUIEKCOB, BXOJSIINX
B cymmy Y. a;AF u nostomy uenn 8(2 aiAf) HeJb3sl onpenenutb. Ho s
TPHAHTYJUPOBAHHBIX MHOr0OOPA3Uil KaXKIblil CUMIJIEKC IBJISETCS IPAHBIO JHILb
KOHEUHOTO YHCJIa CHMILIEKCOB, MO3TOMY 06a YCJIOBHSI SKBUBAJEHTHbI.

C ToMolIbIo Lenell ¢ 3aMKHYTHIMH HOCHTEJISIMH MOKHO TTOCTPOHUTDH TPYTIIbI
2OMON0ULL C B3AMKHYMOIMU HOCUMENAMU H,g‘(K). Ecmu K u K* — npoii-
CTBEHHble pPa3bHeHHs] OPUEHTHPYEMOro MHOro06pasusi, TO Mbl MOJyYaeM H30-
mopuam H(K; R) 2 H"*(K*; R); n30MOp(H3M HMEET MECTO yIKe Ha ypOBHE
(ko)ueneit.

3ameuanue OO6pature BHuManue, uto rpynnsl H*(K) n H(K), B o1-
JIMUMe OT OOBIYHBIX TPYMNN KOTOMOJIOTHH M TOMOJIOTHH, He SIBJSIIOTCS TOMO-
TOMHUECKUMH MHBapuaHTtamu npoctpaHctBa K. Hanpumep, H!(R"; Z) = Z
u H(RY, 7) = 7.

5.4. Peanusauus roMoJoru4eckmux KJaaccoB NoBepXHOCTeN

Jlast mo6oit rnaakoit Kpusoit f: S' — M? moxHO pacecMoTpeTh roMoMop-
dusm f.: Hi(S') — H{(M?). Bynem ropoputb, uto Kpupas [ peaausyem
romosiornueckuii knace [.[S'] € H{(M?). JlocTaTouHo OuYeBMAHO, YTO ecJiu
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JIOMYCTUTH camoriepeceKaloliiecsi KpUBble, TO MOXKHO peasin30BaTh JItOGOM To-
MOJIOTHUECKHII KJacC 3aMKHYTOro JByMepHoro muoroo6pasus M?. Tlostomy
3ailMéMcsi BOMPOCOM O peasii3allii rOMOJIOTUHYECKUX KJACCOB Hecamorepece-
KalOLMMHUCS KPUBBIMH. Mbl OrpaHHUUMCS PACCMOTPEHUEM TOJILKO OPHEHTHPY-
€MbIX MHOT00Gpa3ui.

Bynem HasbiBaTh romoJiornueckuil kaacc « Haja Z NpUMUMUBHLIM, €CH
a#mpB, tne meN, m>1, n — HeKOTOPbIH rOMOJIOTHUECKUH KJacc Haj Z.
Otmetum, uto ecaiu ma =0, T0 o« = (m + 1), MOITOMY 3/J1€EMEHT KOHEUHOTO
nopsiika He MOXeT ObITb PUMHUTHBHBIM.

Teopema 5.7. [Ipednorosxcum, umo 3amMKHymas Hecamonepeceka-
owascs kpusas [ peausyem eomonoeuueckutl kaacc o € Hi(M?), ede
M? — samknymoe opuenmupyemoe muoeoobpasue. Toeda aubo o =0,
AU60 v — APUMUMUBHOLI 2OMOA02UYECKUL KAACC.

HNokaszatenbctbo (Camenbcon). Ecam kpusasi [ pasbusaer M?,
t0 o = (. JleficTBUTENbHO, BO3bMEM OJIHYy M3 uacTel, Ha KOTOpble KpuBas f

pas6uBaer M?, W npeicTaBuM eé B BUJE JIBY-
MepHOU lenu. [paHuia 5TOi Lenu sBJsieT-
g s NpeJCTaBuTeIeM IOMOJIOTHYECKOTO KJac-
! ca a.
Ecan kpuBasi [ He pas6usaetr M2, To cy-
11IECTBYET 3aMKHYyTasi HecaMmorepeceKarolas-
csl KpHBasi g, TpaHCBepCaJibHO MepeceKaio-
was [ poBHO B 0j1HO# TouKe. UToObl MOCTPO-
Puc. 9. [locmpoerue kpusoi g yry, takylo KPUBYIO, HY»KHO B3SITh MaJeHbKHIl

OTPe30K, TPaHCBepCaJsbHO Mepecekaouui f,
M COEIMHHTB ero KoHLbl Kpusoit B M? \ [ (puc. 9). ITycTb ¥ — romosioruueckuii
Knace, peanuzoBanublii kpuoit g. Torna (o, 7)) = £1. C npyroit cTopoHsl,
ec o= mf, 10 (a, 7)) = m{(B, 7). O

Gameuanue. OpHEHTHPYEMOCTbIO MHOr0OOpa3usi Mbl MOJb30BAIHUCH
JJisi TOro, 4toGbl OMpenesuTb wLejoe uucao {(«, 7). Obpasyioliasi rpyrrbl
H{(RP?) = Zy He NpUMHTHBHA, HO OHA peaJu3yeTcs 3aMKHYTOH Hecamorie-
pecekarouleics KpUBOH.

Teopema 58 [Me]. Jlwboii  npumumusHulii  eomosoeuyecKull
KAQCC 3AMKHYMO20 OpUeHmupyemoeo mHo2006pasus M? peaiusyemcs
3aMKHYMOL Hecamonepecekaroujeticst Kpusou.

JlokaszaTeabcTso. UroObl ynpocTuth o603HaueHusi, 6yaem o603Ha-
yaTh KPHUBYHO W TIPEJICTABJEHHbIH €10 rOMOJIOTHUECKHH KJjace oauHakoBo. Ha

cepe ¢ g pyukamu BbiOepeM KPUBbIE iy, ..., g, B1, ..., Bg WY1, - ..\ Vg1
Tak, Kak nokasaHo Ha puc. 10 (s g = 4). Tomosornueckue knaccol af, ...
. Qg, B, ..., Bg ABSIOTCA 00PA3yIOLIMMH OJHOMEPHON TPyl FOMOJIOTHI.

Tomonornueckuit knace ajoy + ...+ agag +bgfB + ... + bgBg Gynem o60-
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Puc. 10. Kpusote na cghepe ¢ pyukanu

3Hauath (ai, by, ..., ag, bg). DTOT KJIacC NPUMUTHBEH TOTA H TOJILKO TOT/A,
xorna HOd(ay, by, ..., ag, bg) = 1.

Jlna kaxio# 3aMKHYTOH HecamorepeceKatollleicsi KpUBOH y Ha JIByMepHOH
opueHTHpyeMoil noBepxHocTH M? MOxHO onpenesuth romeomopduam M? —
— M?, naswiBaeMmblit ckpyuusanuem Jlena Boab KpMBOH . A uMenHo, pac-
CMOTPUM MaJlylo OKPECTHOCTb KPHUBOH 7y M BbiGepeM OJIHY M3 JIByX yacTeH, Ha
KoTopble eé pasbuBaeT y (Ha puc. 11 cjeBa BbiOpaHHas yacTb 3alITPUXOBAHA).

) 500

Puc. 11. Ckpyuusanue [lena

)

Crnenaem paspes BlI0JIb KPUBOH v 1 6yieM iehopMH-
poBaTb BbIOPAHHYIO YacTb €€ OKPECTHOCTH TaK, UTO-
Obl TOUKH BHELIHEH rpaHullbl OCTaBaJUCh HEMOJABHK-
HBIMH, & TOUKM KPHUBOH <y CKoJsb3uiau no . [locse
noBopota Ha 360° Touku pa3pe3a BO3BpallAlOTCS Ha
MCXOJIHbIE MeCTa M B pesyJbTaTe M0JyyaeTcs FoMeo-
mMopduaM. [Toapo6Ho ckpyunBanus JleHa oGcyKia-
torest B [[13] u B [IT1].

Ecnu xpuBasi « TpaHCBepcasbHO TMepeceKaer Puc. 12. Tomoroeuu-
KPUBYIO 7 B OJIHOH TOUKe, TO CKpyuuBaHue JleHa HOCMb YUKAOB
BJIOJIb KPUBOH 7y ME€PEBOJIUT FOMOJIOTHUECKHI KJIacC o
B o & v (3HaK ornpejiessieTcsi BHIGOPOM HarpaBJieHHsT BpAlleHHs TIPH CKPYUH-
BaHuu [lena). Jlerko takxke npoBepuUTb, UTO FOMOJIOTHUECKHUH KJacc 7y, paBeH
+(ap — apsq) (cM. puc. 12). [Tostomy ckpyunBanusi [lena caenyouium o6pa-
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30M ﬂeﬁCTByDT Ha roMoJIorn4eCKHe KJiaCcCbl:

akﬁ)akiﬂk, Br 5 Br + ay;

Br % B + (ar — apg1)y  Brrt —= Brgr £ (g — app).

[ycts (ay, by, ..., ag, bg) — HEKOTOPLIH 3JleMEHT Ipynbl H{(M?). Uc-
nosb3yss anroput™ EBK/MAA, ¢ MOMOIIbIO CKPyUMBaHWH BHOJb «) U [
5TOT 32JeMeHT MoxkHO mepesectd B (di, 0, ag, b, ..., ag, bg), e di =
= £ HO/(a,, b;). AHanoruyHo mMOJyYeHHBIH 3JEMEHT MOXKHO TepeBecTH
B (di,0,ds, 0, ...,dg, 0), rne dp == HOH(ag, be).

Onepauwnn (0, di) 2 (dg. di) 2 (i, 0) 1t (dg, 0, 0, diy1) 2 (dp, Ed,
0, dpy1 £ dp) NO3BOIAIOT IPUMEHHTD aNrOpUTM EBKINAA K uncaaM dp U dpy .
[ToaToMy MOXKHO MOCJIEA0BATENLHO TOJYUHTh 3J1€MEHThI

(0, 0, £ HOJI(d,, d), 0, ds, ...), ..., (0,0, ..., 0, £ HOJII(d,, ..., dg), 0).

Ecnu nexonublit snement (ay, by, ..., ag, bg) npumurusen, To HOA(dy, . ..
..., dg) ==+£1, no3TOMy NoJIy4eHHLIH 3JIeMeHT NpeacTaBjieH KpUBOH tag. ITO
03Hauaer, uTo CyLIeCTBYeT romeoMopduam A: M? — M?, 11st KOTOpPOro 0To6-

paxkenue h,: Hy(M?) — Hi(M?) nepesomut snement (ay, ..., bg) B 3/1eMeHT,
npeacTaB/eHHbI Hecamorepecekaiollericss KpuBoi. O6pa3 3TOH KpUBOH IpH
romeomopduame 71! npeacrasasier snement (ay, ..., bg). (]

§ 6. ditnepoBa xapakrepuctuka u Teopema Jleduieua

6.1. dilnepoBa XapaKTepuCTUKA

[Tyctb K — KOHEUHbIH CUMIHIMANLHBIE KOMIJIEKC pa3MepHOCTH n. Ero
atineposotl xapakmepucmuKoll Ha3blBalOT UUCIO

xX(K)y=ap—a +as—...+(—1)"ay,,

riie @; — KOJIMUECTBO i -MepPHbIX CHMIJIEKCOB B K.
Teopema 6.1. [Tycmo b, = dimH,(K; F), ede F — addumusnas
epynna Hexomopoeo noasi. Toeda

X(K)=bg — by +bs— ...+ (=1)"by.

HokasaTtedabcTso. M3 TouHOCTH MOCJIe10BATENLHOCTH

0 — Zp(K; F) = Co(K; F) 25 By (K3 F) — 0
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caenyert, uto dim Z, 4+ dim By,_; = dim C;, = aj. [Tostomy
X(K) = (=D)fdimZ+ ) (-1 dim B,y =
=Y (=Df(dim Z, — dim By) =
=D (=) dim Hy(K: F),

nockodabky H,(K; F) = Z,/By. O
CrnencrtBue. Jireposol xapaKmepucmukuy eoOMOMONUUECKU IKBI-
BANCHMHOLX CUMAAULUANOHOLY KOMNACKCOB 00UHAKOBOL.
[Tpumep 6.1. x(D") =1.
0 npu weuémuon n;

[Tpumep 62. x(S") =1+ (=1)"= 2 npu wémHom n

Mpumep 63 y(RPY) = 0 npu Hefttémﬂozu n,
| npu uémnom n.
[Tpumep 64. x(CP")=n+1.
Ynpaxuenue. a) [lyctb KoHEUHbIHl CUMMIHUMANBHBIH KoMmyieKe K
MOKPBIT JIBYMs1 noakommiiekcamu K| u Ko. lokaxkute, uto

X(K) = x(K1) + x(K2) = x(Ki N Ky),

JIByMsl criocob6aMH: HerocpeaCTBEHHbIM MOACYETOM KOJHUUECTB CHMIJIEKCOB
B 3THX KOMIJIEKCAX M C MOMOLIbIo rocJenoBaTesbHocTH Mariepa—BbeTopuca.
6) [lycTb KOHEUHbIH CUMIMJIMUMAJBHBIA KOMIJIeKC K MOKPBIT MOJKOMILIEK-

camu Ky, Ko, ..., K. Jlokaxure, 4To
XE) =" x(K) =Y XK K+ D7 x(KinK; 0 Ky) — ..
i<j i<j<k

Sanaua 6.1. Ilycth K u L — KoHeuHble CHMIIMIMAbHBIE KOMIJIEKCHI,
p: K — L — n-nuctHoe HakpbiTHe. [lokaxure, uto x(K) = nx(L).

Ganaua 6.2. Ilyetb K u L — KOHeUHble CHMIJIMLIMAJbHBIE KOMIJIEKCI.
Hoxkazxure, uto x (K x L) = x(K)x(L).

Ganaua 6.3. [lyetb K — KOHeUHbIH CHMIUIMUMAJbBHBIA  KOMILIEKC,
f: K — K — HenpepbiBHOe 0TOOpa)KeHHe, It KOTOPOro otoOpaxcenue [ =
= fo...o [ roxnecteenno. [lokaxure, uto ecau x(K) Z 0 (mod n), To 0T06-

n

pakeHHe [ MMeeT HENOJBUMKHYIO TOUKY.

st 3amMkHyTOrO MHOTrOOGpa3ust M" sijepoBa xapakTepucTHKA OMpesesi-
Jach B yacTH | kak cymMMa HHJEKCOB 0COObIX TOYEK JII0O0T0 TaJKoro BeKTOp-
HOTO MoJis (¢ M30JIMPOBAHHBIMH 0COOLIMH Toukamu). C apyroii croponsl, M”
MOKHO TPUAHTYJIMPOBATb W BLIUMCJNUTD SHJIEPOBY XapaKTEPUCTHKY MOJYUEHHO-
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ro0 CHMILIMLIMAJILHOTO KOMIJIeKca. DKBHBAJIEHTHOCTb 3THX JIBYX OMNpeJeseHHH
BBITEKAET U3 CJIELYIOLIEr0 YTBEPKACHHS.

Teopema 6.2. [Ipednorosxcum, umo 3amKrHymoe mHoeoobpasue M"
mpuareyauposaro. Toeda na M" cyuecmsyem eaadkoe 8eKmMopHoe noae,
0C00bIMU MOUKAMU KOMOPO20 CAYHCAM OAPULCHMPbL CUMNACKCO8 MPUAH-
eyrsyuu, npuuém bapuyenmp k-meproeo cumnaexca umeem unoexc (—1)~.

JlokaszaTeabcTBo. [locTpouM Ha TPHAHTYJMPOBAHHOM MHOTOOGpa-
3un M" BekTOpHOE mnoJie MHAyKUHeH 1o pasMepHocTH ocToBa. [Ipu 3ToM no-
MOJIHUTE/IbHbIE MHTErpaJjibHble TPAEKTOPUM TIpU repexojie ot (k — 1)-MepHoro
0CTOBA K k-MepHOMY /11 6APULLEHTPOB CUMIIJIEKCOB Pa3MEPHOCTH k& («HOBbIE»
ocobble TOUKM) OYAyT BXOISIIMMH, a AJs1 GAPUIEHTPOB CUMIJIEKCOB pa3mep-
HOCTH MeHblile R («cTapble» 0coOble TOUKH) OYIyT BhIXOAAUIMMH. [TocTpoeHue
3TOr0 BEKTOPHOTO TIOJIS JI/IS CUMIJIEKCOB pasmepHocteil 1, 2 u 3 nzobpakeHo
Ha puc. 13.

*r—>—0—<—9

Puc. 13. [locmpoerue s8ekmopHoco noas

B okpecTHOCTH GapHileHTpa CHMIIEKCA PA3MEPHOCTH k TOCTPOEHHOE BEK-
TOPHOE MoJjie UMeeT BUIL U(x) = Ax, rie

A =diag(—1, ..., =1, 1,...,1).
%’_/
k
HMuzeke Takoii 0co60ii Toukn pasen (—1)%. O
Teopema 63. Ecau M — samknymoe mrnoeoo6pasue, mo

X(MQrz—i-l) =0.

JlokaszaTeJbcTso. OIHO 10KA3aTeNLCTBO ITOH TeopeMbl YKe GbLI0
npuseseHo B uacTu 1. JIpyroe 10KasaTeJbCTBO MOKHO MOJYUHTb C MOMOLIbIO
ugzomopbuama Hy(M?>"1: Zg) =2 Hypyy_p(M?"F1; Zy). IeficTButennno, nyctb
bk =dim Hk(M2”+l; ZQ) Torna bk = erH—l—kv [Mo3TOMY

2n+1 n
XMPH) =" (=), = > (=1 by + (= 1) by, ) =
k=0 k=0

:Z(*l)k(bk*b%-'rl—k):o- O
k=0
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Teopema 6.4. I[lycmo M>* — samxnymoe mrnozoobpasue. Toeda
x(M?") = dim H,(M?"; Zy) (mod 2).

JloxasaTesabcTso. IlycTh by = dim Hy(M?*; Zy). Torna by = boy_p,
03TOMY

2n n—1
XM = (=1 bp = b+ (= 1) b+ (= 1) Fboyy) =
k=0 k=0
n—1
= b+ Y (=1)*(bg + b2 = by (mod 2). O
k=0

Teopema 6.5. Ecau damxnymoe mroeoobpasue M™ asaisemca kpa-
en Komnakmmnozo muo2oobpasus W mo x(M™) — uémmnoe 4ucio.

JdoxkaszateabctBo. HyxHo paccmorpeTs Juib caydail m = 2n,
notomy uto unaue y(M™) = 0. Tpuaurynupyem muoroo6pasue W21 u pac-
CMOTPUM 3aMKHyToe MHorooGpasue W2'+! koropoe monyuaercs ns asyx
sksemmaiapos W2t ckneiikoit ux xpaés M*". Onmnospemenno W2+l gp-
JISIeTCSl CHMILIMUMA/ILHBIM KOMIJIEKCOM ¢ roakoMiekcom M?*. Tlpu 3TOM
BCe CHMIUIEKCHI, He Jexale B M2", pas6utbl Ha napbl. CJjenoBaresbHo,
(W24 = (M) (mod 2). Ho x(W?'*1) =0. O

Cnencteue. Muoeoobpasus RP?" u CP> ne ssattomes Kpasmu
KOMNAKMHbLX MHO2000pa3ull.

[Tokakem, uto MHorooGpasusi RP?"+!1 u CP?"*! gpnsores KpasiMu Kom-
MaKTHBIX MHOrooOpasuil. [yt 3Toro MoKHO, HarpuMep, BOCTIOJNb30BaTLCS CJle-
JIYIOLIUM YTBEPKIEHHEM.

Teopema 6.6. [Tycmoe M" — samnknymoe nrnoeoobpasue u o: M" —
— M" — enadkasa unsosouus 6e3 HenodsuIcHuLx mouek, m.e. o(o(x)) = x
u o(x)#x 0aa scex x € M*. Toeda M" — kpaii KoMnaKmuHoeo MHO2006-
pasus.

JlokaszaTesabcTBo. PaccMoTpuM ¢akTopnpocTpaHCTBO

Wt = (M" x [0, 1])/(x, 0) ~ (o(x), 0).

MHBoJIOLMS 0 He MMeeT HeroABHKHBIX Touek, nostomy B W+ okpecthocth
mo6oii ToukH (x, 0) romeomMopdHa 11apy, KOTOPbIH CKJeeH U3 JBYX MOJylIapoB
D" oD Cnenosatensio, W — mnoroo6pasue ¢ kpaem M" x {1}. O

HMupoJiiolny 6e3 HermoABHKHbBIX Touek Ha RP?* 1y CP?"+! crpostes cie-
AyIOLHM 06pasoM:

(X0, X1, -y X2, X2n41) = (=X1, X0, -+, —X2n41, X2u);
U(ZOa Zly +++y 20, 22ﬂ+1) - (_217 EOa sy _22ﬂ+1a 22/’!)

YnpaxHenue. JJokaxkure, 4To OpHeHTHpYyOLAsl HaKpbIBaloLlasi 3a-
MKHYTOTO MHOr006pasHsi sIBJIsieTCs KpaeM KOMIMAKTHOTO MHOroo6pasus.
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Teopewma 6.7. Ecausamxuymoe mnoeoobpasue M>* agisemes kpa-
eM KOMNAKMHO2O MHO2000pA3Usl, MO pPASMEPHOCHL NPOCMPAHCMBA
H,(M?"; Zy) uémna.

HNokaszatenbcTbo. Cornacho Teopeme 6.4 Mbl umeem x(M>') =
= dim H,(M?"; Zsy) (mod 2), a cornacho Teopeme 6.5 unciio (M) uérno. O

Sanaua 6.4. Jlana xoHeuHast TOuHasi MOCJENA0BATENBHOCTb BEKTOPHBIX
MPOCTPAHCTB

fit1 v fi
— Vi — Vi = Vo — .

Tlokaxure, uto > (—1)" dim V; = 0.

Ganaua 6.5. JlokaxuTe, UTO 3HJI€POBa XapaKTEPUCTHKA JOTOJHEHHS
mo6oro saternenus B S3 pasna 0.

Ec/in A — KoHeuHbIi CHMIIMIMAJBbHBIA KOMIJIEKC, a B — ero noJIKOMILIEKC,
TO MOKHO OTIPeNIeNIUTh 3laeposy xapakmepucmuky napol (A, B) cienyionmm
00pasom:

X(A, B) =) (~1)'dimH;(A, B),

TJie TOMOJIOTHH OepyTesi ¢ Ko3(h(hHIHEHTaMH B HEKOTOPOM TIOJIE.

Ganaua 6.6. Jloxaxure, uto x(4, B) = x(A) — x(B).

Ganaua 6.7 [Wal]. Ilyctb K — eBKJIHIIOB KJIETOUHBIH KOMIJIEKC, JJIs
Kotoporo |K|a M", rne M" — 3amkHyToe MHorooGpasue. Paccmorpum ajib-
TEPHUPOBAHHYIO CYyMMY

n n
W)= D (=),

i=0 j=0
rje o;; — KOJIMYeCTBO YNOPsIOUEHHBIX Map HerepeceKaloluXcsl (3aMKHYTbIX)
rpaHeil komriekca K pasmepnoctel i u j. (OTMeTHM, UTO oy = vji M Qi —
3TO YJIBOEHHOE KOJIMUECTBO HEYMOPSI0UEHHbBIX Map HerepeceKarlnuXxcs rpaHei
pasmeprocty i.) Jlokaxure, uro W(K) = x*(M") — x(M"), rae x(M") — sii-
JIepoBa XxapakTepucTHKa MHoroobpasust M".

Gameuanue Yucao U(K) u3 3agaund 6.7*M0KHO HHTEPIPETHPOBATH
KaK 3iJepoBy XapaKTepPHUCTHKY B3pe3aHHOro Kaajpara MHoroo6pasus M".
(Onpenenennie B3pe3aHHOrO KBajpaTa NpUBeleHo B yacTu | Ha c. 177.)

Hepenxo reomerprueckue ycJoBHs BIEKYT pa3HOro pojia YCJIOBHS Ha 3fise-
poBYy xapakTepHcTHKy. OJIHUM M3 TaKUX TPUMEPOB SABJISIOTCS TPaHCHOPMAJb-
nple Baoxkenusi (cm. [Rol]). Baoxenuwe muoroo6pasus M* B R" naswisaior
MPAHCHOPMANbHbLM, €CIH U3 TOTO, 4TO Touka x € M* JexuT B HOpMabLHOM
MoANpocTpaHcTBe B Touke y € M*, caiesyer, uTo HOpMaJbHBIE TOANPOCTPAHCTBA
B TOUKaX X W y coBnanaiT. [IpumMepaMu TpPaHCHOPMAJIbHBIX BJIOXKEHHH CJIy»KaT
cranjapThble Baoxkenuss R¥ u S* g R”.

Ganaua 6.8. JloKaxuTe, UTO UMCJIO TOUEK MepeceueHusi TpPaHCHOPMaJlb-
HO BJIO2KEHHOTO (CBSI3HOT0) MHOr0OOpa3usi ¢ HOPMaJsibHbIM MOAMPOCTPAHCTBOM
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He 3aBHCHT OT BbIGopa HopMaJsibHOro noanpocrpanctea. (Ecan sto uncso pas-
HO 7, TO BJIOXKEHHE HA3bIBAIOT F'-MPAHCHOPMANOHBIM.)

Ganaua 6.9. JloxaxuTe, UTO €C/H J/Is 3aMKHYTOTO MHOT000pasus cy-
ILIECTBYET 7-TPAHCHOPMAaJIbHOE BJIOXKEHHE, TO UHCJIO I UETHO.

3anaua 6.10. JlokaxuTe, uto ec/u /Il 3aMKHYTOrO MHOrooGpasust M*
CylIeCTBYeT r-TpaHcHopMaJbHoe Bjoxkenue, To x(M*) =0 wam r.

3anaua 6.11. Iycts M — samkiyToe MHOrooGpasue, s KOTOPOro
cylllecTByeT TpaHcHOpMasbHoe BoxKenue. Jlokaxute, uto ecan y(M*) # 0, To
Hi(M*; G) =0 a5 Bcex HEU&THBIX .

6.2. Teopema Jleduiena o HeMOABUKHON TOUKE

[Tyctb K — KoHeuHblil cuMIIHLIMA/bHBIA Komiekc, [ |K| — |K|— Henpe-
pbiBHOE oTOOpaxkeHue. MuayunpoBanHoe ortobpaxkenue (f)p: Hp(|K|; R) —
— Hp(|K|; R) siBasieTcsi JIMHERHBIM OMEPaTOPOM B KOHEUHOMEPHOM MPOCTPaH-
CTBe, MO3TOMY MOYKHO paccMOTpeTh ero cael tr(f.),. Yucarom Jleguieya oto6-
paxenus [ nasbiBator unco A(f) = S (= DR tr(f)k.

k>0

Ecan komryieke K JnHe#HO cBsideH, TO (f«)o: R — R — ToK1ecTBeHHOE
orobpaxeHnue, nostomy tr(f.)o = 1.

[Tpumep 6.5. Ecau komnaekc K ayukiuuen 0mHOCUMEAbHO 2Pyl
koagppuyuenmos R, mo A(f) =1 das aoboeo nenpepoienoeo omobpasice-
Hus [:|K|—|K|.

[Ipumep 6.6. Capasediuso pasencmso A(idg) = x(K).

Teopema 6.8 (Jleduena o HenoapuxkHoi Touke [Lel]). [Tycmo K —
KoHeuHblll cumnauyuarorolid komniexc. Ecau A(f) # 0, mo omobpacenue
[: K — K umeem nenodsuscuyo mouxy.

HoxaszateabcTtBo. [lpeanonoxum, uto otoOpaxkeHue [ He HMeeT
HETOABIXKHBIX ToueK. Torna 13 KOMIaKTHOCTH KOMIJIeKca K CJie/ly€eT, uTo HEKO-
Topoe ero mnojpasjiesnedde K’ obGsajaer CjeyolmM CBOACTBOM: Juls Ji0GOH
TOUKH X € |K| paccTosinue Mex1y x U f(X) BO MHOTrO pa3 GoJiblie HauGOoJIbLLIEro
aurametpa cumriiekcoB K’. M3 atoro, B CBOIO oYepeib, CJAEIYET, YTO €CJH
K" — nonpasnenenue K' v ¢: K” — K’ — cuMmmuinunasbHasi anmnpokcuMalust
otoGpaxenusi f, To 1uisi mo6oro cumriekca A’ C K muoxkecrsa A” u p(A”)
He mepecekaiotcsl. Takum o6pa3om, uToObI 0KasaTh Teopemy Jledena, no-
CTAaTOYHO JaTh Takylo HHTeprpeTauuio yncaa A(p), uto ecu A’ N p(A”) = &
auist Beex cummuiekcoB A” C K, 1o A(p) = 0.

Jlemma. a) (Xond [Ho3]) [Tycme K — KoneuHblid cumnauyuaroHoli
komnaexc, . Cp(K, R) — Cp(K, R) — yennoe omobpascenue. Toeda

S =Drtrer = (= DF tr(pa)e.

k>0 k>0
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6) [Sh2] [Tycmo K — koneunvitl cumnauyuaroroiti komniexc, K' — eeo
KoHeuHoe nodpasderenue, o: K' — K — cumnauyuairvroe omobdpaceniie.

Toeda
Ap) =Y (=),
k>0

20e O, — Koauuecmso k-mepuoix cumnaexcos A* C K', 0an komopeix
A* C (AR, ¢ yuémon snaka®).
JoxasateabcTBo. a) JoctaToyHO NPOBEPUTD, UTO

tr Pr = tr(@k|3k) =+ tr(@k)* + tr(@k—l |ka| )

[lyets Cp =Zp @ C. Jlunerinbii 0reparop ¢y MepeBOAUT Zp B Zj, TIOITOMY
OH HHJyLUPYET oreparop Dp Ck — Ck, npu 3ToM trp = tr(pelz,) + tr @p.

[yctb Zy = By @ Zy. Torna Zj, = Hy(K; R) 1 onepaTop B NpoCTpaHCTBe
Hp(K; R), MHIyLMPOBAHHbIH ONEPAaTOPOM @, coBnanaer ¢ (p.)r. [losTomy
tl‘(cpk|zk) - tr(@k|3k) + tr(@*)k _

Oro6paxenue 9: C, — Bj_| nuayuupyet uzomoppusm C, — By_. Pa-
BEHCTBO Opp = 10 MMOKA3bIBAET, UTO MPH 3TOM M30MOpP(U3Me oreparop @p
NePEXOJIUT B ©p_|.

6) Cumminumnanbioe otobpaxenue ¢: K' — K UHIyLHUpPYeT LEMHoe 0T00-
paxenue @p: Cr(K’; R) — Cr(K; R). PacecmoTpum Takke LiernHoe oToOpazke-
nue ip: Cp(K; R) — Cr(K’; R), KoTopoe cormocraBJjsier cummiekcy A C K,
paspesaHHOMYy Ha cuMmiekehl Ap, ..., Ag, ux cymmy Aj + ... + A, (opuenTa-
[IMM 3TUX CHMIIJIEKCOB COTJIACOBAHbI ¢ OpPUeHTalMel cuMIiekca A; hopMasibHOe
onpeeseHue oToopaxKeHus ip 1J1s1 GapULEHTPUUECKOTO MOIpasie/eHUsl IPUBe-
neHo Ha c. 17). Komnosuuus @piy: Cp(K; R) — Cp(K; R) conocrapisieT cum-
niiekey A cymmy cuMiiekcoB p(Aj) + ... + o(As). TTostomy ®f = tr(ppis).
CoryiacHo a) Mbl UMeeM

D (=D tr(prin) = > (=1  tr(pa)s;
k>0 k>0

3/1eChb MbI T0JIb3yeMCsl TeM, uTo rocJie otoxKaectsiaenust H,(K'; R) ¢ Hy(K; R)
TMOCPeACTBOM H30MOP(HU3MA i, 0TOOPayKeHHe TOMOJIOTHE, HHIyLIMPOBAHHOE 11T~

HbIM OTOOpaXKEHHEM (i, COBMANAET C (Py ). O
Teopema Jleduiena cuenyer us yrBep:kaeHusi 6) jeMMbl, MOCKOJbKY €CJn
A'Np(A') = @ nas Beex cummiiekcoB A’ C K/, to &, =0 1715t Beex k. O

[Tpumep 6.7. Hagaomobpancenus f: S" — S" soinoansemes pasen-
cmso A(f) =1 + (=1)"deg [, nosmomy ecau deg [ # (—1)"*!, mo omo6pa-
oceHue [ umeem HenOOBUNCHYIO MOUKY.

*) Ecam cumniiekebl A% 1 @o(A*R) oiHakoBo opHeHTHPOBAHEL, TO GepETCH 3HAK MUIIOC, a eCJH
OHH TPOTHBOIOJIOKHO OPUEHTHPOBAHbI, TO GEpPETCS 3HAK MHHYC.
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Canencteue. Ha cipepe S** me cywecmsy- x v(x)
em Henpepoul8Ho20 BeKmMOpHOe0 noas 6e3 0cobbLx T (x)

mouex.

JokaszateabcTBoO. Ilycth v — BekropHOe
nose Ha S*', v(X) — BEKTOp 3TOTO TOJsI B TOUKE
x €8%", [(x) — Touka nepeceuenust S ¢ Jayuom, uiy-
ILIMM U3 LIEHTpa cepbl B KOHell BeKTopa v (x) (puc. 14).
slcHo, uTo [~idge, nostomy deg f=1%#—1=(—1)>"*1,
CaienoBate/ibHO, 0TOOpaXKeHHe [ UMeeT HemoJIBHKHYIO
TOUKY Xo; NpH 3ToM U (xg) = 0.

Sameuanue Hanomunwm, uto Buactu I (c. 222

Puc. 14. [locmpoenue
omobpancenus [

¥ 3aMeyaHue Ha ¢. 223) npUBefieHbl 60Jlee seMeHTapHble 10Ka3aTeqbCeTBA TOTO,
yTo Ha cepe S He cyllecTByeT HeMpepLIBHOrO BEKTOPHOTO MoJst 6e3 0Co6bIX

TOUEK.

[pumep 6.8. /s epynnol koagpdpuyuernmos R npocmpancmeo RP>"
ayuKkALUHO, noamomy aoboe omobpadxcerue [: RP? —RP> uneem neno-

0BUMCHYIO MOUKY.

Sanaua 6.12 [Pe]. Ilyctb K — KOHEUHbIH CHMIJHIMAJIBHBIN KOMII-
Jeke, f: K — K — HenpepbiBHOE 0TOOpayKeHHe, p — NPOCTOE UUCJIO, MPUUEM

[P=F[o...of. Hokaxure, uto A(f”) = A(f) (mod p).
——

p



Inasa Il

KoJb1io KoromoJoruu

§7. YMHOXeHHe B KOTOMOJOTHUSIX

[IpuMeHeHHs KOTOMOJIOTHA BO MHOTOM CBsi3aHbl C TeM, UTO Ha MHOXKe-
ctBe H*(K) = @ H*(K) ecTb He ToabKO CTPYKTypa Ipyrmibl, HO U CTPYKTYpa
KoJIblla, 3ajaBaeMasi ymHoxcernuem Koamoeoposa—Arexkcardepa, KoTopoe
B MocJiefiHee BpeMsl 0OBbIYHO HA3BIBAIOT CUp-ApoU3sedeHuem. DTy OrepalHio
sriepbie BBesi A. H. Kosnmoropos [Kol], [Ko2] u Anexcannep [Al3]. 3arem
onpejesenue 3Toi onepauuu ycosepuenctsosaiu UYex [Ce] u Yurnn [Wh4].

Jlo Kosamoroposa u Asiekcaniepa Obljia M3BECTHA OMepalldsi YMHOMKEHHS
B roMoJiorusix MHorooGpasu#i (nepecedenue uukiaoB). M3omopdusm [lyanka-
pe TIpeBpalllaeT 3TO YMHOXKEHHe B TOMOJIOTHSIX B yMHOXKeHHe Kosimoropo-
Ba—Ausiekcanyepa. KoHeuHo, 3HauuTesbHAsh UacTh TMPHJIOYKEHHH YMHOXKEHHS
B KOTOMOJIOTHSIX CBSiI3aHa MMEHHO C 3THM JaBHO HU3BECTHbIM YMHOXKEHHEM, HO
€CTb U JIpyrue MPUIOXKEHHs, KOTOPbIE OTHOCATCS HE K MHOMOOOPA3HSIM.

UToObl OMpeiesIUTh CUP-NPOU3BEJIeHUE Ui CHMIIMLMAJILHOTO KOMIIJIEKCa,
HY>KHO 3aHyMepOBaThb €ro BepIIMHbI. DTO ONpeje/eHHe He MHBapUAHTHO Ha
ypOBHE Kollernei, HO OHO HHBApPUAHTHO Ha YpOBHe KoromoJioruii. Jlyist jokasa-
TeJIbCTBA MHBAPUAHTHOCTH HaM MOTpeOyeTcsl BCIOMOraTe bHbli 06beKT — To-
TaJIbHbIA LEMHOH KOMILIEKC.

7.1. ToMoJiOrMH TOTAJBLHOTIO LEMHOr0 KOMIMJeKca

B HekoTopbIX ciyuasix GbiBaeT yI0OHO MpejrnoJararh, uTo 3ajaaHa Hymepa-
M1 BepLIMH CUMIIeKca. BaxkHedine npumepbl MOJOOHBIX CHTYaALHE — Onpe-
JieJIeHe YMHOYKEHHST B KOTOMOJIOTHSIX H JIOKA3aTeIbCTBO H30MOP(HOCTH CHHTY -
JISIPHBIX U CHUMILIHLMAJBHBIX rOMOJIOrHi. [/t 9THX Lesiel monpobyem omnpeje-
JINTb TOMOJIOTHH CUMILIMUMATLHOTO KOMIUIEKCA, PACCMATPHUBAsT HE OPHEHTHPO-
BaHHbIE CUMILJIEKCDI, @ YNOpsiIoueHHble HA0OPHI (g, . . ., V), THE Vg, ..., Up—
MOMapHO pasJ/iHuHble BEPIMHBI HEKOTOPOTro cuMIiekca. [Ipoctediiunii npumep
MOKa3bIBAET, UTO 3Ta TOMbITKA HeyjauHa. JleHCTBUTENbLHO, MPH TaKOM TOJI-
xone mis K = [vg, v1] nosayuaem, uto rpynna Kerd; nopoxieHa 3/eMeHTOM
(vo, v1) + (v1, vg), a ImJy = 0.
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[IpuuriHa 3TOH Heyaaud JA0CTATOUHO MOHSITHA:
Mbl (DaKTHUYECKH 3aHSJINCh BbIYHUCJIEHHEM TOMO-
Jgoruit CW -kommjiekca, roMeoMOphHOro OKpyK-
HOCTH (puc. 15). YauBuTeNbHBIM 00pasoM Mo- 4 o
JIO’)KEHHe OYeHb JIeTKO MCIIPaBJIsIeTCs: J10CTaTOu-
HO OTKa3aTbCsl OT, Kasajoch Obl, eCTeCTBEHHOTO

YCJIOBHSI, UTO BEPIIMHBI Vg, ..., Uj JOJKHBI ObITh

MOMapHO Pa3JjiHuHbl. DTO JIEHCTBUTENLHO HEOXKH-

JIaHHOE fIBJIEHHE, MTOTOMY UTO Terepb ISt BblUMC-  Puc. 15. CW-komnaexc,
JieHds1 romoJioruil Komruiekca K = [vg, v] uc- eomeomopdHoLii
NoJIb3yeTcsi OECKOHEUHBIN LIEMHON KOMIJIEKC, HMe- OKpYdHcHOCmU
ot 2841 o6pasyrolmx pasmepHocTy £ 1151 Beex

k=20,1,2, ... Ho 3aro Temepb, no KpaiiHell Mepe, OJHOMEpHasi TpyI-

na TOMOJIOTHH OKasblBaeTcsl TakoH, Kak HyxkHo. [leficTBUTesIbHO, Tpymnmna
Ker0; nopoxiena ssementamu (vg, vy) + (v1, 0g), (vo, vg) U (vy, U1), HO
Bce oHM BxomaT B Imde: (vg, vo) = O(vo, vo, Vo), (vi, v1) = O(vy, U1, V1)
i (vo, v1) + (v1, Vo) = 9(vg, V1, Vo) + A(vo, Vo, Vo).

Lennoit kommieke C.(K), NOpoKAEHHLIH YNOPsOUEHHbIMH Habopamu
(vo, -.., Ug), THE Vg, ..., Up — BEPILIUHBI OJIHOTO U TOTO Ke CUMIlIeKca B K
(cpenu HUX MOTyT ObIThb COBMajaiolile), OyJleM HasblBaTbh MOMAALHOIM WK
YnopsadoUeHHbLM LIeTTHBIM KoMriekcoM. Tpannunbiii rovomopduam s C., (K)
orpejiesisieTcsl TOUHO Tak e, Kak U s C.(K).

Teopema 7.1. [lycmv K — cumniuyuanroHolli KOMNACKC, BEPULLLHbL
Komopoeo 3anymeposarol™). Toeda epynnol eomoroeuil yenHolx KOMNACK-
co8 C,(K) u C,(K) Kanonuuecku usomopgHot.

JNokasaTeanbcTso. Pacemorpum romomopusm ¢: C.(K) — C,(K),
NP KOTOPOM (vg, . .., Up) IEPEXOUT B [Vg, . .., U], €CJIHM BCE TOUKH U, . .., Uj
pasiuuHbl, ¥ B 0, ecsu cpe 3THX TOYEK eCcTb coBnajaatole. MoxHO npose-
PHTB, UTO @ — LIEMHOE 0TOOPAXKEHHE; 3TO JeJaeTcsl TPUMEPHO TaK Ke, KaK MpH
JI0KA3aTeJIbCTBE TOTO, UTO CUMILIALMANbHOE oToOpaxeHue K — L uHIyuupy-
et uenHoe otoopaxenue C.(K) — C.(L): cHOBa Hy»KHO OTAEJbHO PACCMOT-
peTb cJjyvai, Korjga Cpeiad Touek vg, ..., Up €CTb POBHO JIBE COBIMAAAIOLLHE.
Paccemotpum Takke romomopdnam @: C,(K) — C,(K), nuayuuposanHbiii Hy-
Mepanuell BeplIMH KOMIUleKca. A MMeHHO, MbI MpeJroJaraeM, uto OpHeHTa-
LMl CUMIIeKCa 3a1aéTcsl yNopsioueHHbIM HaGOPOM BepLIMH, HOMEPa KOTOPbIX
WIYT B TIOPSIIKE BO3PACTAHHS; OPUEHTUPOBAHHOMY CHMMIIJIEKCY COMOCTaBJISI-
€TCsl UMEHHO 3TOT yNopsiioueHHbl HaGop BepluMH. OtoGpaxkeHne @ Toxe
LenHoe.

*) loctaTouHo mpearnoJarath, YTO MHOXKECTBO BEPLIMH CHMIUIMLUMAILHOTO KOMIJIEKCa JIMHEHHO
YHOPSILOUEHO.
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Oro6paxenne p®: C.(K) — C.(K) Toxnectsenno. Oto6paxenne ®p He
TOXKJIECTBEHHO, HO OHO LIEMHO TOMOTOMHO TOXKAeCTBeHHOMY. UTOOBI 10Ka3aTh
3TO, Mbl BOCMOJIb3YEMCSl TAKUMU K€ PACCYKAECHUSIMHU, KaK U TPH J1I0Ka3aTesb-
CTBe TeopeMbl 00 aUMK/IWUHBIX HocuTessAx (Teopema 2.1 nHa c. 16). Ho Bme-
CTO TOTO UTOOBI COMOCTABJATH cUMIIEKCY A C K alMKJIHUHBIA MOJAKOMIJIEKC
L(A), Mbl comocTaBUM yrnopsiiodeHHOMY Habopy BepuiMH v = (vg, ..., Up),
SIBJISIIOIIMXCS BepIlIMHAMU cuMiiiekca A, C K, 1lenHOo# MoAKOMIIIeKC C’*(AU) C
C C*(K). [Tpu 3TOM BBIMOJHSIIOTCS CJeylolle CBOHCTRA:

1) ecin A’ C A, 10 C,(A) € C(A);

2) nennoit kKommieke C, (A,) siBasiercs HocuteneM teneit Sp(v) o = id(v).

Ecan vy — Bepumna, 10 P (vg) = vy = id(vp). [TosTomMy octaérest npose-
pHTh, uT0 eyt 2 — KA B Cp(Ay), k= 1,102 =8d, tne d € Cpy1(Ay). Ka-
noit e ¢ € Cp(Ay) MOXKHO cOmocTaBuTh Lerb (Vg, ¢) € Crp1(Ay). [Tpn 510M
0(vg, ¢) = ¢ — (vg, Oc) B cayuae k > 1. Ecau ke 2 — umkia, to 2 = 9(vg, 2),
nockoJbky 0z = 0. (]

Jllo6oe cummnnimManbHoe oToOpaenue f: K — L HHAYyUMPYeT TOMOMOp-
duam fr: Cr(K) — Cp(L), 3anannbiii hopmynoii

Fe((@o, -\ o)) = (F(o), ..., [ ().

Jlerko mpoBeputh, uto [, — LenmHoe oToGpaxKeHHe (MPH MPOBEpPKe He HYXKHO
3a60TUTLCS O TOM, UTOGbI TOUKH f(v;) U f(v;) ObUIM PA3IUUHBI).
Jlerko TakxKe npoBepUThb, UTO AHarpamma

H(Co(K) 2 1L

- I

H(K) He(L)

KOMMyTaTHBHA. JlefiCTBUTEIIbHO, y2Ke Ha yPOBHE Lieneil BbINOHAETCsT PABEHCTBO
fro = gofk N3 paBeHcTBa [ip. = <p*f* caenyer paBeHcTBO P, f. = f D,
nockosbKy @, = ¢! (Ho TOJILKO Ha ypOBHE FOMOJIOTHA, a He Ha YpOBHe Lieneil).

7.2. OnpenesieHHe YMHOKEHUS B KOTOMOJIOTHUSIX

ToranbHbIA 1IEMHONH KOMIJIEKC €CTeCTBEHHbIM 00pa3oM 3adaéT KOLEMHON
Komrieke. Koromosiorun ToTasibHOTO LEMHOT0 KOMIJIEKCa TOXKe KaHOHHUECKH
M30MOP(hHbI CUMIJIHIHAJILHBIM KOTOMOJIOTHSIM. DTO CJIEJlyeT U3 TOT0, UTO LEMHO
FOMOTOITHBIE 1IeMHble 0TOOPAXKEHHST HHAYLMPYIOT HE TOJIbKO OJIMHAKOBbIE 0TOO-
paKeHUsi TOMOJIOTHH, HO M OJIMHAKOBblE OTOOpaXKEHHsT KOromoJioruii. Ytoobl
J10Ka3aTh 39TO, MPEXKJle BCEro OTMETHM, UTO LenHoe oToOpaxenue ¢,: Cp — C),
MHJyLMpYeT KoLlenHoe oToGparxente ¢ : Hom(C},, G) — Hom(Cy, G). Ilyctsb
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©p W 1 — LIEMHO TOMOTOMHBIE LieMHble oToOpaxenust U o = ok — ¥, Torna
€CJIH €9 — LMKJI, TO

{ac', co) = (¢!, (DD + DA)cy) = (c', ADcy) = (dc", Des).

ﬂCHO, 4yTO €CJiu Cl — KOUHMKJI, TO MocJeqHee BbIpa>KeHrue paBHO HYJIIO.

[Tpennosoxum, uto rpynna Ko3hhUIHeHToB R SIBJsSIETCS JJIMTUBHON TPyI-
MoH KOMMYTaTHBHOTO aCCOLMATUBHOIO KoJblia ¢ efiuHuled. Torna ans kouenen
c” e CP(K; R) u ¢ € C1(K; R) MoxHO OTIPeNIeNIUTh UX CUp-npoussederie
¢? wcl e CPTI(K; R) cieayomm oGpasom:

<Cp cha (UOv R Up+q)> = <Cpa (UOa ceey Up)> : <Cq7 (Upa Up+la ) Up-i-({));

anech (¢”, (vo, ..., up)) u (¢, (Up, Upti, ..., Uptq)) PACCMATPHBAIOTCS KaK
3JIEMEHTBI KOJIbLA H GEPETCsl UX MPOU3BEIEHHE.

Jlist onpeesiéHHOro TakuM 00pa3oM YMHOXKEHHsI KoLernel eldHHLIeHd sB-
nsierca Kouens ¢, nmpuHMMalomias 3Hauenue | € R Ha Kaka0i BeplIHHE U.
Kotuenb ¢V siBnsierest KOUMKIOM. JIeHCTBUTENBHO, eCd ¢ = > ailvir, vie], TO
Ocy =3 a;v;; — Y a;ivje, 0TOMY

<5co, c) = (co, acy) :Zai —Zai =0.

Gameuanue Cup-npousBeeHHe MOXKXHO ONPENEJHTb U B HECKOJIBKO
Gogiee obueit cutyauuu. [lyers ¢? € CP(K; G) n ¢? € C1(K; G’). Torna ko-
uenb ¢ vl € CPT(K; G @ G') 3apaérest hopmy.ioit

(Cp cha (007 R U,U+q)> = <Cp7 (UO’ R Up)) ® <Cq7 (Up’ Up+l’ R Up-i-({))

B Ttom cayuae, korna G = G’ = R — ajyiuTHBHAsi rpynna KOMMYTaTHBHOTO
KOJIblIA C €MHHUIIEH, YMHOXKEHHE B KOJble 3al1aérT oToOpaxkeHne R ® R — R
¥ Mbl TPUXOJIUM K TIPEJbIAYyLIEMY OTIpeaeeHUIO.
SlcHo, uTo cup-npousBeneHHe OUIMHEHO W accounaTuBHO. OKasbiBaeTcs,
€ro MOXKHO TepPEeHeCTH B KOrOMOJIOTHH 6J1arofiapsi cJielytollieMy CBOUCTBY.
Jlemma. d(c? vc?)=(5c?)wc? + (=1)PcP v (6c9).
HoxagaTedbcTBso. 3HaueHus kouenei (6¢”) v c? u (—1)7c? v (dc9)
Ha (Vo, ..., Upsg+1) PaBHbI

ST D@0, O 0 ) (Ot -y Vptgtt)
0<i<p+1
151
(=D > (D) TP (o, e U)o Bi e Upgg)-
pLi<p+q+1

[TocsieiHuil usieH MepBoil CyMMbl COKPAILIAETCs C MEPBLIM YJIEHOM BTOPOH CyM-
Mbl, & CyMMa BCE€X OCTa/bHbIX UJEHOB ITHX CYMM Kak pa3 paBHA 3HAUEHHIO
xouenu d(c” v c?) Ha (vo, ..., Upygs1). (]
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Bripaxenue mist §(c? v ¢?) mnoxasbiBaer, uto ecau 2P u z9 — KOUMKJIBI,
To §(2” v 29) Toke KoUMKI. Kpome Toro, KoromoJioruueckuii Kjaacc cup-rnpo-
U3BeJIeHHS] JIBYX KOLMKJIOB 3aBUCHT TOJILKO OT X KOTOMOJIOTMUECKHX KJIACCOB,
MOCKOJILKY

(2P +6cP Yozl =27 Lzl +5(cP U 29),
PO+ =P L2+ (—1)PE(zP wcdTh.

Takum o6pazom, cup-npon3BeeHre onpeieaeHo st KOrOMOJIOTHH.

HenocpenctBeHHo U3 onpeseseHn# BUIHO, uTo ecd [: K — L — cummiu-
HajbHOE 0TOOpaXKeHue, TO f*(cp vcl)= (f*c”) v (f*cq), rie f* — MHIyUH-
poBaHHOe 0TOGpaKeHHe KOTOMOJIOTHH TOTaJIbHOTO LIEMHOTO KOMIJIEKCa.

Uzomopdusm ¢*: H*(K) — H*(C,(K)) no3BossieT nepeHecTH cup-npo-
M3Be/leHHe B CUMILIHIIHA/bLHBIE KOTOMOJIOTHH. A HMeHHO, ecu «, 3 € H*(K),
TO Mbl OMpeNeNUM « v (3 Kak 3jemeHT U3 H*(K), uisi Kotoporo ¢*(a v ) =
= (p*a) v (¢*B). Ha ypoBHE KOLUMKJIOB CUP-TIPOU3BE/IEHHE B CUMITIULHAJLHbIX
KOTOMOJIOTHSIX YCTPOEHO TaK: KOLUMKJI 2P w 27 JIeXKUT B TOM Ke caMOM KJjacce
KOTOMOJIOTHE, UTO M KOLMKJ 2, 3ajlaHHbIi (hopMyJioi

(2, [v0, -y Vpgql) = (27, [vo, - o, Up1) - (27, [Up, Uptty oo vy Upgql). (1)

3Jech npesrnoJaraercsi, YTo BepLIMHbI CUMIJIHIHANBLHOTO KoMIlIeKkca K 3aHy-
MEpPOBaHbl U Mbl 3aMMChIBAEM BePLIMHbI OPUEHTHPOBAHHOTO CHMIJIEKCA B T10-
psinke Bo3pacTaHus ux HomepoB. MHaue dopmyna (1) He 3anaér HHMKaKoro
KOLIMKJIA Z, TOTOMY UTO MPH [ePeCTaHOBKEe BEPLUHH Uy, ..., Uptq [IPABasi 4acThb
M3MeHsIeTCST HeTpecKa3yeMbIM 06pa3oM.

ToTa/bHBIA LEMHON KOMIJIEKC HaM OblJl HYXKEH [T UMCTO TEXHHUECKHX
uesnei. Ternepb st CUMIIMIMATLHBIX KOTOMOJIOTHH CUP-TIPOU3BE/IEHHE MOXKHO
Omnpesie/IuTh caelytoluM obpazoM. DukcupyeM Hymepauuio BEpUIMH W MO-
JIOXKHM

(Cp cha [Uiov ceey Uin+¢/]> = <Cp’ [Uio’ Tt Uin]) ’ <Cq’ [Uip’ Vipprr = os Uil’+‘i]>’

rie ig <ip <...<lipyq. Takoe yMHOXKEHHE KOLenel 3a1aéT KOPPEKTHO orpe-
JIeJIEHHOE YMHOXKEHHE KJ1acCOB KOTOMOJIOTHH, KOTOPOe He 3aBHCHT OT BblOOpa
Hymepauud. ToTaJbHbIA LEMHOH KOMILIEKC Hy:KEeH TOJIbKO Il JI0Ka3aTeJsb-
cTBa 3TOro (hakTa M sl J10Ka3aTesJbCTBA €CTECTBEHHOCTH CUp-NpOH3Besie-
HUSI B TOM CMblcje, uTo ecau [: |K| — |L| — HerpepbiBHOE 0TOGpaKeHHe, TO
[lav B) = [*(a) v [*(6).

YMHOXxKeHHe B KOrOMOJIOTHsIX 06J1aJaeT CJleylolMM CBOHCTBOM KOCOKOM-
MYMamusHocmu.

Teopema 7.2. EcmuacHP(K)upBeHI(K), moavpB=(—1)Pigua.

JokaszateanbcTBo. [lyeth 27 n 29 — KOUMKIBI, MpPeACTaBJSIONIME
au . Boluncaum 2”7 w 29, ucnonb3ys oHy Hymepauuio Bepiuvt K, a 29 wz? —
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HUCIIOJIb3YS APYTryto, a UMEHHO MPOTHUBOIION02KHYIO. B pe3yJibTaTte MnoJiydum

(2P v 2?, [vo, ..., Upsql) = (27, (0o, .-, 0p]) - (27, [Up, ooy Uptgl)s
(27w 2P, [Vpgq, -5 V0]) = (27, [Vptq, -, Upl) - (27, [Up, .., Vo]).

Slcno Takske, uto vy, ..., vo]= (1)Ut 2wy, ..., v u (p+q)(p+qg+1)—
—plp+1)—qlg+1)=2pqg. 0

JIJ1s1 OTHOCHTEJIbHBIX KOTOMOJIOTHI CUP-MTPOU3BEJIEHHE OTIPEJIENISIETCST TOUHO
TakK ke, Kak u Jyist abcototbiX. [Tpu atom eciin o€ HP (K, L) u BEHT (K, Lo),
0 v B e HPTI(K, Ly ULsy). HelictBUTeNIbHO, MycTh 27 W 27 — KOLMKJIBI,
npeiacTapjsiomme o U G, [vo, ..., Uppq] — cummiexke B Ly U Lo. Cumnuiekc
[Vo, .-+, Upt+ql, KaK u moO6oil cummnieke u3 Ly U Lo, LeIUKOM JIeXKHT B L
ui B Lg. B nepsom ciayuae [vg, ..., v,] NeKUT B Ly, a BO BTOPOM cJydae
[Vp, ..., Upyqg] J€KHT B Lo. CoieoBaTeNIBbHO,

(2P w2l [vo, ..., Upsql) = (27, [V0, ..., Up]) - (27, [Upy .oy Uptq]) =0.

[Tostomy Koumka 2”7 v 27 jexut 8 CP1TI(K, Ly U Ly).

Bamaua 7.1. Ilyets «, 8 € H*(K, L). Hokaxure, urto (a|x) v 8 =
=« v 3, rie algx — o6pa3 3JjeMeHTa « MPUH €CTECTBEHHOM TroMOMOp(hH3Me
H*(K, L) — H*(K).

n
3amaua 7.2. a)llycrs K = | L;, rie L; — cTsiruBaembie MOJKOMITIEK-
i=1
col. Jlokaxkure, uto aJst J0ObIX 1 37eMeHToB «; € HPI(K), p; > 0, npousse-
JIEHHE QU] U . .. U (v, PABHO HYJIIO.

6) JloKaxKuTe, UTO KOrOMOJIOTHUECKOE YMHOXKeHHe B LK TPUBHAJ/BLHO, T. €.
cup-npousBesieHue JI0ObIX JIBYX KOTOMOJIOTHUECKHX KJAaCCOB MOJOXKHUTENbHON
pa3MepHOCTH PaBHO HYJIIO.

3anaua 7.3. Ilycth MHoroo6pasre M* Bnoxeno B S”. JloKaxuTe, uto
B Kosblie H*(S™, MF) npouspenenye JoObIX ABYX KJAacCOB MOJIOMKHTETLHOM
PasMepHOCTH PaBHO HY.JIIO.

Banaua 7.4. Ilyeth A C X — noaxomIuieke, siBJSIIOIIMICS PETPAKTOM.

a) Hokaxute, uto H.(X) =Imi, @ Kerr, u H*(X) = Keri* @ Imr*, rne
i: A — X — ecTecTBeHHOe BKJtoUeHHe, r: X — A — peTpakuusi.

6) B cayuae koromosioru#i nokaxure, uto Keri* —uneasn, a Imr* — non-
KOJIBLIO.

Ganaua 7.5. Onuunte ymMHOKeHHe B KoJiblie [ *(X V Y), ecain u3BecT-
Hbl YMHOXKeHHs1 B Kogbliax H*(X) u H*(Y).

Ganaua 7.6. Ilyers p, g > 1. Hokaxurte, uto S” vV §7 = (57 x {xo}) U
U ({yo} x SY) He siBaIsieTcs1 peTpakToM npousBeneHuss S” x S7.

Ganaua 7.7. a) [okaxure, uTo NMpu m < 1 CTaHAAPTHO BJIOXKEHHOE
npoctpanctBo RP™ C RP" He ABJsIeTCs] PeTPAKTOM.
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6) Jlokaxxure, uTo npu m < 1 CTaHAapTHO BJ0XKeHHOe npocTpaHcTBo CP™ C
C CP" He sBsieTCsl peTpPaKkTOM.

7.3. KoJiblia KOroMoJIorui IByMepHbIX MOBEPXHOCTEM

Bbiurc/ium Tenepb KoJiblla KOTOMOJIOTHH 3aMKHYTBIX JIByMEPHbBIX MOBEPX-
HOCTEH HCXOJs HEMOCPEACTBEHHO W3 OMpejlesieHusi cup-yMHoxKeHus. OTme-
THM, UTO €CJIM BOCMOJb30BaThesl U3oMopdu3Mom [lyaHkape W MHTEpNpeTHpoO-
BaTb YMHOXKEHHE B KOTOMOJIOTHSIX JBYMEPHOH MOBEPXHOCTH KaK repeceyeHue
JIBOHCTBEHHBIX LIMKJIOB, TO TPeGyeMblil pe3ysbTaT MOXKHO TOJyYHTh 6e3 Tpyaa
(cm. m. 8.2).

Jliist IByMEpPHbBIX MOBEPXHOCTEH HYXKHO BBIUMCJMTH TOJBKO CUP-TIPOH3BE-
Jlende 3J1eMeHToB rpynnbl H', nocKo/sbKy NpousBeneHHe 3/1eMeHTOB TPy
H' u H? nexur B H? = 0. Tlpex/e ueM 3aHATLCS BLIUUCAEHHSIMH, 0OCYAUM
reOMeTPHYECKHH CMBIC/ KOLMKJIOB U KOTpaHHIL.

KaxxnoMy (OpHeHTHpPOBaHHOMY) k-MepHOMY CHMIUIEKCY CHMIUIHLHANBHOTO
KOMIlJIeKCa COOTBETCTBYET JBOHCTBEHHAs eMy R-MepHasi Kollelb, MPHHHUMA-
ollass Ha HEM 3HaueHWe | W obpalarouiasicss B HyJb Ha BCEX OCTaJbHbIX
k-MepHbIX cummnekcax. Mbl OyaeM paccMaTpUBaTh TOJIBKO KOLLEMH, SIBJSIO-
lMecsi CyMMaMH Kollerei, IBOHCTBEHHBIX PAa3JIMUHBIM CHMIJIeKcaM. Korenn
TaKOT0 BHJA OTOXKJECTBJSIOTCS C HAO0OPAaMH OPHEHTHPOBAHHBIX CHMIJIEKCOB.

Dopmysna (dc!, co) = (¢!, Ocg) mokasbiBaer, uTo ogHOMepHast KoleMb ¢
YKa3aHHOTO BUJIA SBJSIETCS KOUMKJIOM TOTJA U TOJBKO TOTJA, KOT/A J/Is JII0OOT0
JIByMEPHOTO CHUMILJIEKCA JIMOO HH OJIMH M3 TPEX OMHOMEPHBIX CHMIIEKCOB €ro
rpanuibl He BXOMMT B ¢!, m60 B ¢! BXOAAT POBHO [BA M3 TPEX CHMILIEKCOB
rpaHHULbL, TIPUYEM 151 FPYMIbl KO3h(MUIMEHTOB Z OHH J0JKHBI BXOAUTL B ¢!
C pasHbIMU OPHMEHTALIUSIMH 110 OTHOLIEHHIO K OPUEHTALIMH TPAHHUIIbI IBYMEPHOTO
cummiiekca. [Ipumep koumk/aa Ha Tope H3oGpaxkéH Ha puc. 16 (a); mpyroit
KOUMKJI BMECTe C JIBOMCTBEHHbIM €My HA YPOBHE FOMOJIOTHH LMKJIOM M300pa-
KEH Ha puc. 16 (6). DTu NBa KOUMKJIA JBOHCTBEHHbBI LMKJIaM, 00pa3yloUIUM

[

1

(a) (©)

Puc. 16. basucHele koyukael Ha mope
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6a3nc ToMOJIOTHH TOpa, TO3TOMY OHM 06pa3yloT 6a3uc KOrOMOJIOTHH (Kak /sl
KO3(PPULMEHTOB B Z, TaK U JJisi KO3DOUIHEHTOB B Zo).

AHajoruuHbiM 06pas3oM CTPOUTCsT Ha3HC KOTOMOJIOTHI /st CHEpPhI C JIFOOBIM
urcsiom pydek. Ha puc. 17 nzobpakenbl 6asucHble KOUMKIBI U1 OTAENbHON
pyukd. Ha Tom ke pucyHKe crpaBa MokasaHo, KaK OpPHEHTHPOBAHbI 3BeHbS
JIOMaHOH.

Puc. 17. basucHele koyukaol Ha pyuke

Basuc nBymepHbIX KoromoJioruii cepbl ¢ pyukamu o6Gpasyet Jitobas Ko-
Lenb, JBOKCTBEHHAs JByMepHOMY cumIiekey. Ecan cummaexent A?, ..., A%
0JIMHAKOBO OPHEHTHPOBAHBI, TO Kollenb Y a;(A?)* apastercs o6pasyiouiei T0-
ria W TOJbKO TOrna, Koraa ».a; = +1. DTo cjemyer U3 TOro, uto KOUEIH,
JIBOCTBEHHbIE OJIMHAKOBO OPUEHTHPOBAHHBIM JIBYMEPHBIM CHUMIJIEKCAM, KOTo-
MOJIOTHUHbI. Hanpumep, pasHOCTb AByX KolerneH, ABOHCTBEHHBIX OJMHAKOBO
OpHEHTHPOBAHHBIM JIByMEPHBIM CHMIIeKcaM ¢ oblmM pebpom Al spisercs
KOTpaHHLel KollenH, aBokicTBerHoi Al

Dopmyna (a v B, [ijk]) = {«, [ij]) - (8, [jk]) nokasbiBaet, uTo MpH BbI-
UUCJEHHU « v [J HY)XHO pacCMaTpuBaTh JHIb Te JABYMEPHbIE CHMIIIEKCHI,
KOTOpble UMeloT 0611LyI0 TpaHHLly KakK ¢ «, TaK U ¢ [3.

Jlnist BoIGpaHHbIX paHee 6a3UCHBIX KOLMKJIOB B OJIHO-

MepHBIX KOTOMOJIOTHSIX TOPa TaKUX JIBYMEPHbIX CHM-

nJyieKcoB JBa (Ha puc. 18 onu 3amrpuxoBanbl). [1pn 3 2

3TOM 3
(o [01])- (8, [12]) =1, (a, [02])-(B, [23]) =0, 0 I
nockoaibky (3, [23]) = 0. Takum o6pasom, o v f—

0a3UCHBbIA JIEMEHT JABYMEPHBIX KOTOMOJIOTHH Topa. o

Jast rpynmbl - ko3¢ ¢uimeHToB Z U3 KOCO-
CHUMMETPHYHOCTH CUP-TIPOM3BEJIEHHsT CJIellyeT, UTO
a v a=0 115 mo6oro Kjiacca KOroMoJIoruii Heuér-
Holl pasmepHocTH. Ho st rpynmbl KoahdulUMeHTOB Zg GbIBAIOT OJHOMEPHbIE
KJ1aCChl KOrOMOJIOTHE, 1Jisi KOTOpbiX 7 w 7y # 0. TlosTomy mpuBeném nokasza-

Puc. 18. Boiuucaenue
a v (B daa mopa
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0 TesibeTBO paBeHeTB av a=0u v =0 mis Bbl-
OpaHHbIX paHee GA3UCHBIX KOUMKIOB o U 3 B OJHO-
MEPHbBIX KOTOMOJIOTHSIX TOPa, KOTOPOE FOJUTCS KaK /s
rpymnnbl KOSPHUIUEHTOB Z, TaK W JJisi TPYNIbl KO3d-
(bHLIEHTOB Zs.

1 Koumki o KoromoJioriuer Kouukay o (cm. puc. 19).
UToObl 3TO JI0Ka3aTh, BbISICHUM, KaK YCTPOEHa Korpa-
HHULIA KOLEMH, IBOHCTBEHHOH Touke. DopmyJa

@0 (¢, [vo, v1]) = (c”, Ao, v1]) = (c’, v1) = (c’, o)

Puc. 19. Koeomosro- . .
euUHbLe KOYLKABL MOKa3bIBaeT, UTO KOTPaHMLA KOLEMH, JBOHCTBEHHOH

Ha mope TOUKe Wy, NpeACTaBJsieT coO0i cyMMy KoLenel, 1BoM-

CTBEHHBIX |-cummiiekcam Buaa [v, @y, T.e. oTpe3kam,

HarnpaBJeHHbIM B TOUKY @g. [109TOMY ecJii U3 KOLMKJ/IA < BbIUECTh KOTPaHHUILY

CYMMBbI Kollenel, ABOHCTBeHHbIX Toukam 0, 1 U 2, To B pe3yJsbraTe MOJyUHTCS
KOLMKJ .

Ha ypoBHe KOroMoJiorHil BHIMOJIHSIETCST PaBEHCTBO v v v = v v . Ho Hu
OJIMH U3 JIBYMEPHBIX CUMIIJIEKCOB He UMeeT O6IIel rPaHULbl OJIHOBPEMEHHO C
i ¢ . [Toaromy a v o/ =0.

AHasiornuHble pacCy:KIeHHsT MOXKHO TPUMEHHTb K OTAEJbHbIM pyuKam,
NoJb3ysCh TEM, UTO KOLeMb, ABOHCTBEHHAS JIOGOMY JBYMEPHOMY CHMILIEKCY,
ABJsieTCsl 0Opasyloulell IByMepHOU Ipyrirbl KoromoJioruii. B pesysbrare noJy-
yaeM cJieyioliiee yTBepKaeHHe.

Teopema 7.3. B o0HOMepHbLX KO2OMOAOUAX Chepbl ¢ N pyUKAMU
(¢ koagppuyuenmamu 8 Z usu 8 Zo) MOWCHO BblOpAMb 6A3UC «, ..., Cp,
Bi, ..., B mak, umo o; v o; =0, B; v B, =0 0das scex i, j, a; v ;=0
npui#juao; vl =A ede A—obpasyrowas 0symeprolx Ko2omor02ULL.

[Ipu sTOM cup-npousBejieHHe KOUMKJIOB, OTHOCSLIUXCS K PA3HbIM pyuKam,
paBHO HYJIIO y2Ke HA YPOBHE KOLIEMNel Mo OUEBH/HBIM MPHUMHAM.

OGpatuMcsi Terepb K KOrOMOJIOTHSIM HEOPHEHTHPYEMbIX JIByMEpPHbIX MO-
BepxHoCTell. B oT/MuMe OT roMoJoruii ¢ Kos(duiuentaMu B Z JByMepHble
KOTOMOJIOTHH ¢ KO9(hHLMEHTaMH B Zy 3aMKHYTOH HEOPMEHTHPYEMOii oBepX-
HOCTH HeTpHBHA/bHBL. OOpasyiollas rpymnibl AByMEPHbIX KOFOMOJIOMHE YCTPO-
ena tak. Ha MHOroyrosibHuKe, U3 KOTOPOrO CKJeeHa HeopHeHTHpyemas JBY-
MepHasi TOBEPXHOCTL, Bee cummekchl A, ..., A2 MOXKHO OPHEHTHPOBATH
corstacorannbiM o6pasom. Torza kouenn (AF)* u (A)*, KaK W B OpHEHTH-
pyeMOM cJlyuae, KOroMoJornutbl. Ho B HeopueHTHpyeMoM cJyuae HafiiyTcs
aea cumniekca A7 u A%, KOTOpbie Ha CaMOil MOBEPXHOCTH OPHEHTHPOBAHbI
MPOTHBONOJ0KHO. [109TOMY Ha ypOBHE KOrOMOJIOTHI BBLIMOJIHSIOTCS paBeHcTBa
(AP)* = (A% u (AH)* = —(A})*, a snaunt, 2(A7)* = 0. B urore nosyuaem,
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uto Kouenb Y. a;(A?)* sBastercss oGpasyiolieil Ipynnbl KOrOMOJIOTHI TOTA
M TOJIbKO TOT/d, KOTJA YUCJIO » . Q; HEUETHO; eCJIM XKe UHCJIO » . a; YETHO, TO
5Ta KOLEMb NMPEACTABJAET HYJEBOH KJAaCC KOTOMOJIOTHH.

BbIuHC/IMM KOJIBLIO KOFOMOJIOTHil noBepxHocTH mP? ¢ Kosdduuuentamu
B Zs. Kaxkomy ncty Mé6uyca, BKIeeHHOMY B S%, COOTBETCTBYeT OJIHO Mpsi-
Moe cJjaraemoe Zg B OJHOMEPHBIX TOMOJIOTHSIX M KOromoJiorusix. st ju-
cra Mébuyca, BKeeHHOTrO B cdepy, 6a3UCHBIH LMK/ TPEJICTaBISIETCS JIMaro-
HaJiblo TpsiMoyrosibHuka (puc. 20). Ha puc. 21 GasucHblil LMKI H300paKEH
MyHKTHPOM; JBOHCTBEHHbIH €My KOLMKJ < H300paK€H Ha TOM »Ke PHCYHKe
JIOMaHOH.

Y
7
Puc. 20. basucnHetii yuka Puc. 21. basucnotli koyuka
Ha aucme Mébuyca Ha aucme Mébuyca

[1pu BbIUMCJIEHUH v\ v MOYKHO TIOCTYIHTb TaK e, KaK U B cJyuyae pyu-
KH, T. €. 3aMeHHTb (v Ha KOLMKJ &/, KOTOPbIA MOJiyuaeTcst U3 v j106aBJieHneM
HEKOTOPbIX KOrPaHHLL KolleneH, IBOHCTBeHHbIX ToukaM. Ho B HeopueHTHpyeMOM
cJlyyae MOJIHOCTbIO Pa3BECTH KOLMKJIbI B Pas3Hble CTOPOHBI He YIAETCs, MOTOMY
uto A u B Ha puc. 22 (a) — 3To ojiHa W Ta ke Touka. JJo6aBUM K o Korpa-

A A Ao .| A 0

(a) (©)
Puc. 22. Basucnelil koyuka o na aucme Mébuyca
HHLIbI Kollerned, IBOUCTBEHHbIX Toukam Ay, Ao, ..., Ay. B pedysbraTe nosyuum

KOUUK o, u3oGpaxénubiii Ha puc. 22 (6). C KoUuKIaMH « U ' HMeIT 00-
LLlyl0 TPAHHILy TPH IBYMEPHbIX CUMILIEKCa; HA pUC. 22 (6) OHM 3alUTPUXOBAHBI.
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SaHnymepyeM Ux BepiluuHbl. [I1s Tako# HyMepaluu, kKak Ha puc. 22 (6), nojayuum
(v, [012]) =1;
(ava, [123]) =0, nockosbky (o, [23]) = 0;
(avwd, [134]) =0, nockoabky (o', [34]) = 0.

[TosTomy Koumks o v o mpejcTaBisier 06pasyollyto IByMEPHOH PyMiibl KO-
romoJioruii. Mbl I0Kasa/u cjefyloliee yTBepKaeHHe.

Teopema 7.4. B odHomepHblx KO2OMOAOUAX C KOADDuyuenmany
8 Zg chepol ¢ 8kaeerHbimu m aucmanu Mébuyca moaicHo solopame basuc
Q. o mak, umo o v o =0 npui#ju o v o =A, ede A—obpa-
3youas 08ymepHolx KO2OMOA0UL.

Banaua 7.8. Ilyets M} u M3 — 3amknyTble opHeHTHpyeMble AByMep-
Hble TIOBEPXHOCTH, OTJHUHbIE OT chepbl S2.

a) Iyctb [: M? — M3 — nenpepbiBioe otoGpaxkenue. JlokaxuTe, uto ro-
Momopduam [ : H?(M32) — H2(M?) nosHocTblo onpesiessieTcst roMoMopgus-
mom [ HY(M3) — H(M?).

6) Jlokaxute, uto cyuiectsyer romomoppuam fi: H'(M3) — H'(M?3), ko-
TOPBIA He MOXKET ObITh MHIYLMPOBAH HUKAKKM HENPEPLIBHBIM OTOOpaXKeHHeM
f: M? — M3

§ 8. ToMoa0ruM U KOroMoJ0rMu MHOroo6pasuii

Baxkneiinnyio posib Mpu u3yueHUH TOMOJIOTHH 1 KOTOMOJIOTHIH MHOT006pasuii
urpaet usomopcgusm Ilyankape, KOTopblil BbiparkaeTcsi uepe3 cap-npon3Bejie-
Hue. Cap-npousBejieHHe ONpeeasieTcs AJsi MPOU3BOJbHBIX CUMIJIMLIHAJBHBIX
KOMIJIEKCOB, HO OCHOBHbIE €ro NMpUMEHEHHs CBsI3aHbl ¢ MHOroo6pasusimu. s
MHOTrooOpasuil cap-npou3BeieHHe Nocye 0TOXKAECTBJIEHUST KOTOMOJIOTHHA C To-
MOJIOTHSIMH TTOoCpecTBOM u3oMopduaMa [lyaHkape npeBpaiiiaercsi B oToGpa-
xenne Hp(M™) x H(M") — Hpy1—n(M"), KOTOpOE conocTaBisieT nape LHK-
JIOB Hx nepeceuenue. Mcropuuecku cap-mnpon3BeeHue NosiBUJI0Ch HMEHHO KaK
00001LeHHEe HA MPOU3BOJIbHBIC KOMILICKCh MEepeceyeHusl UUKIOB B MHOrM000-
pasuu.

8.1. Cap-npousBeneHue
Cap-npousBejienne — 310 GUIHHEHHOE OTOOpaKeHHe
~tHP (K5 R) x Hyiq(K; R) — Hy (K R),

rie R — aJulMTHBHAsH Tpyrnna KOMMYTaTHBHOIO acCOLUMATHBHOIO KOJbLA C e/l1-
nuter. Cap-npousBeeHHe MOXKHO KOPPEKTHO OMPENeNUTh Ui TOTaJbHOTO
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IeMHOTO KOMTIJIEKCa, a 3aTeM MepeHeCcTH B CHMIINIHA/bHbIE TOMOJIOTHH H KO-
romoJiorud. Ho Mbl He GyjeM MOBTOPSITH 3Ty MpPOLEYPY, a cpasy PUKCcHpyeM
HyMepaluio BePILUH KoMIJieKea U OyieM paboTaTh ¢ CUMIIMIUAIbHBIMU LEMsi-
MH U KOLIETSIMU, He MTOBTOPSIsi IPOBEPKY KOPPEKTHOCTH Orpe/iesieHn# (Ha ypoBHe
TOMOJIOTHH U KOTOMOJIOTHH).

Mul 6ynem mnpedrnosiarath, 4TO CHMIUIHIMAJbHBIE KOMIIeKe K JIMHEHHO
cBszen. us ¢” € CP(K; R) monoxum

Cp m [UOa tey U,U-’r(]] = <Cpa [U(b R Up-’rf{])[UOv R U(]];

3lech NpeiroslaraeTcsl, 4To HOMepa BEPLUHH Uy, ..., Upyq HAYT B IMOPSIKE
Bogpactanusl. [1pu ¢ = 0 noJsiaraem

c? ~ v, ..., vp] =(c”, [vo, ..., vp]) € RZCo(K; R).

[Iponosmkas sTo oToOpakeHue Mo JIMHEHHOCTH, MoJyyaeM OU/IMHeHHOe 0TOO-
pakeHue

A1 CP(K; R) x Cpyg(K; R) — Co(K: R).

At1o orobpakeHHe MHAYLHpPYeT oToOpaxKeHHe it (Ko)romoJsioruit GJaropapsi
cJlelytolleMy CBOUCTBY.
Jlemma. O(dP ~cpq) =(=1)9(0d? ~cpyg) +dP ~Ocpiq.
HoxaszaTedabcTso. TpebyeMoe paBeHCTBO JOCTATOUHO TPOBEPUTD LIS

Cp+q = [Vo, - .., Upsq]. CormacHo onpeseseHuio
d’ ~0lvy, ..., Vpiq]l =
= Y (=Dd” [vg. -y 0priDvos oo Diy o 0] F
0<i<g—1
+ > (DA, [Ogmts ey Bis ey DpgDD0, L g
4<i<p+q
(—=1)90d? ~ oo, ..., Vpiqg]l =
= (D)7, [0yt -y Opyal) 00, oy Ug1] =
= S DA, [0y s B ey OO0 e O]
g—1<i<p+g

Ecan BTOpylo cymMMy /ISl IEPBOTO BbIPAXKEHHSI CJIOKHUTh CO BTOPbIM Bblpaxe-
HHEM, TO BCe cJiaraeMble, KpOMe CJIaraeMoro ¢ i = ¢, B3aUMHO YHHUTOXKAIOTCSI.
SIlcHO TakxKe, UTO ecJiM K TepBOH cymMMe (JJis IEPBOTO BbIPaXKEHHUsI) 106ABHTh
3TO cJ1araemMoe, To Kak pas nosqyuutcest O(d” ~ [vo, ..., Upiq]). O

Dopmyna qnst O(dP ~ cpiq) NOKA3bIBAET, UTO CAP-IIPOU3BELEHHE OIpesie-
JIEHO 1151 (KO)rOMOJIOTHH.
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Teopewma 8.1. Cap-npoussedenue ecmecmseHHoO 8 MOM CMbLCAE,
ymo ecau [:|K| — |L| — nenpepoisroe omobpascenue, mo f.(f*a~ )=
=an [(B).

JlokaszaTenbcTBO. Tpebyemoe paBeHCTBO BbIMOJHSIETCS YyxKe Ha
ypoBHe (Ko)1erned:

FF 7 A 00, s 0pial) = FullF5CP, [0, -y 0psa) o, - 0g]) =
=(f"c”, [vg, ..., Vptql) fxlv0, - .., U4l =
=(c?, Ilvg, -, vprql) Flvo, - vg] =
=cP ~ [ilvg, oo, Uptql O

Teopema 8.2. Cap-npoussedenue 0dsoiicmserHHo cup-npoussede-
HUIO 8 MOM CMbLCAE, HMO

<04q, BP “’7p+q> = <04q v pr, ’7p+q>~

JlokaszaTtenbcTBO. Tpebyemoe paBEeHCTBO BbIMOJHSIETCS YyxKe Ha
ypoBHe (Ko)lenei:

(9, ¢ ~[vo, ..., Uptql) = (c, (c?, [vg, ..\ Vptrg)[v0s -, Ug]) =
=(c?, [vo, ..., vg))(c?, [vg, ..., Uptql) =
=(c?vc? vy, ..., Upiql)- O

Teopema 83. Cap-npoussedenue u cup-npousgederue C813aHbL
dopmyroli
o’ A (BT A Yptgrr) = (@ v BY) A ypigr

JlokaszaTenbcTBO. Tpebyemoe paBeHCTBO BbIMOJNHSIETCS YyxKe Ha
ypoBHe (ko)ueneil. Ecan vy,444-=[v0, ..., Upyg+r], To 062 BbIpa’KeHHsT PaBHbI

(@, [, .oy U p DB, [Orgpy - ooy Upgger]) [P0, - -, O] O

B orTHocHTe/bHOM cJyuae aHaJlorMUHOE onpejesieHHe cap-rnpou3BeaeHHs
NaéT oToOparkeHue

A HP(K, L]) X Herq(K, Ly ULQ) HH,](K, LQ)

JeiicTBUTeNBbHO, TYCTh CHMILIEKC [Ug, ..., Upyq] JN€KHT B Ly U Lo. Torna on
LHeJMKOM JIeXKUT B Ly Wan B Lo. Ecaim oH siexkut B Ly, To nobasi Kolenb U3
C?(K, Ly) npunuMaer HyJ/ieBoe 3Ha4eHHe Ha CUMILIEKCE [Uy, ..., Upyqy], @ €CIH
OH JIEXKHT B Lg, TO CHMIUIEKC [V, ..., Uy] COOTBETCTBYET HyJ/I€BOMY 3JIeMEHTY
rpymnet Cg, (K, Lo).

BarkHoe 3HaueHue cap-Tpou3Be/ieH s B TOTIOJOMMH MHOr006pa3uii CBsI3aHo
¢ TeM, uTo onpenenéHHbii Ha c. 54 uzomopdusm Ilyaukape H"~*(M"; R) —
— Hp(M"; R), rie M" — 3amkHyTOe MHOrooGpasue (R = Zg, eciiu M" neopu-
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€HTHPYEMO), C TIOMOIIbIO Cap-MPOU3BeLeHHs OTHUCHIBAETCS CJEAYIONMM 06-
pasom.

Teopema 84. Hsomopdusn [lyankape umeem 8uo o'~
~[M"], ede [M"] — ¢pyrndamenmanvrolli karacc mHoeoobpasus M".

HoxaszateabcTtBo. Ilyete K — Tpuanryssiuust mHoroo6pasust M",
K’ — e€ GapulieHTpruecKoe nojpasjeseHie. 3aHyMepyeM BepPLIMHbI KOMIJIEK-
ca K’ Tak, uToObl HaWMeHbLIMe HOMepa MMeJH BEpLIMHbI Komrjiekca K, 3a
HUMU 1M GAPULEHTPbl OJIHOMEPHBIX CHMILIEKCOB B K, 3aTeM GapULEHTpPbI
JIByMEPHBIX CHMIJIEKCOB W T.J. B KauecTBe mpeacTaBUTE/s] TOMOJIOTHUECKOTO
knacca [M"] BeiGepem cymmy > +[vg, ..., Uy], [le CyMMUPOBaHKe BEAETCS MO
BceM cuMIiekcaM K’, BepIIHHbI KOTOPbIX 3allMCaHbl B MOPSIKE BO3pACTaHHMS
MX HOMEpOB; 3HAK COOTBETCTBYET COTJIACOBAHHOCTH OpHEHTAlMi CHMILIeKca
¥ MHOroo6pasusi.

Hymepaumsi Bepiinn Komrsiekca K’ BoiGpaHa Tak, 4To JIOGOH CHMIIEKC

k k

— o' A

[vo, - .., U] comepuTCsi B OJIHOM W3 k-MepHbBIX CUMIJIEKCOB 0;, BXOJSIIUX
B K. Bepumna v, oaHosHauHo 3a/iaér k-MepHblil cumnieke o;. [lpu stom
(n — k)-MepHasi KJeTKa o) TmpeacTaBJsieTcsi B Buie » +[vg, ..., Uy]; 31€Ch

BEpLIMHBI CHOBA 3aTUCcaHbl B MOPsiIKe BO3pacTaHHsi HOMEpPOB.
Ha yposue (ko)uene#i npu usomopdusme [lyankape uernu c, = > a;o;
*y = a;. [Tostomy

conocTasJsietest Kouenb ¢ ~* st kotopoit (¢ ¢, o

c”’an:I:[vo, R :Z@”’k, £[ve, .- va) w0, -, V] =
= <Cﬂik, O’?>O’i = ZQ[U[ = Cp,

uTO W TPeGOBANOCD. U

Tenepb M0xKHO 00BEIMHUTHL 3TH JBa Mojaxoaa K u3omopdusmy Ilyankape
W U3BJIeUb M3 TOTO Ba)KHbIE CJIEJCTBHUS:

1) oto6paxkenue o~ * — o"* ~ [M"] sBasercs n30MopdU3MOM TPYTIibI
H"F(M"; R) na Hyp(M"; R);

2) comocTaBjieHHe LeNu ¢, Kolenu ¢"~* He WHBapHAHTHOE HAa YpPOBHE
(Ko)uernei, HHBAPHAHTHO Ha YpOBHE (KO)rOMOJIOIHH.

MuBapuantHoe onpenenenne uaomopduama [lyankape nospossier 1atb HH-
BapHaHTHOE OMpejiesieHre HHIEKCa epeceueH s LIUKJIOB, MPeICTaBISIOIMX [0~
MOJIOTHYECKHE KAACChl LHKIOB v € Hp(M™; R) vt By_r€Hy_p(M™; R). A umen-
HO, TIyCTh o = &% ~ [M"] u B,_p = 3% ~ [M"]. Torna

(py Baei)) = ("% w BY) A [M"] = (a"F © B, [M"]). (1)
JleficTBUTEIIbHO, MYCTh Ha YPOBHE Lenel oy, = Y a;0; U By—p = > bio}. Torna
(@' 0 3 A [M7] = 0" A (3 A M) = 0 A By =

= <a”’k, Zbiai*> = Zb&a”*k, o) = Zbiai-

n—~k
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Dopmydaty (1) MOKHO mepenucaTb No-Apyromy, uToObl BbIPa3WThb CUP-NPO-
M3BEJIEHHE Uepe3 HHJEKC repeceueHus. A UMeHHo, mycTb A — Takoil 3/eMeHT
uz H*(M"; R), uto A~ [M"]=1¢€ Hy(M"; R) = R. Torna

a"* U BF = (. Baer)A 2)
N3 dopmysibl (1) 1 KOCOKOMMYTaTUBHOCTH CUP-ITPOU3BEIEHHUS CJIELYET, UTO
(ks Bush) = (DB, ). (3)

©opmyaia (3) oueBHIHA HA YPOBHE LIETEH, €CIH B KAUECTBE TpeCcTaBUTeNei
KJacCcoB v U (B,_p BbIOpaHbl Lenu U3 tenHbix KomiiekcoB Cy(K) u C,_p(K*).
[Tostomy opmyna (3) cieayer TakxkKe HernocpeiCTBEHHO M3 WHBAPHUAHTHOCTH
orpejieIEHHs] HHJIEKCa MepeceyeHHsl.

M3BecTHast u3 auneitHol anre6psl popmyda dim(V + W)=dim V +dim W —
— dim(V N W) nokasbiBaer, uto ecau dimV =k, dim W =/ u npocrpaHcTsa
V u W pacnionoxensl B n-MepHom npoctpanctse, To dim(V N W) >k +1 — n.
Ecan dim(V N W) =k + [ — n, 10 roBopar, uto noanpocrpaHctea V u W
mpanceepcarviol. B COOTBETCTBHU ¢ 3TOH TepMHHOJIOTHEN OylieM TOBOPHTD,
YTO R-MepHBIH M [-MepHBIH LMKJbl B A-MEPHOM MHOT006pasvu mpaxceep-
CaAbHbL, €CIIU U151 KaXKJ0H Mapbl CUMIIEKCOB, BXOJSAIIMX B Pa3Hble LMKJbI, HX
nepeceuenue JUGO MycTo, JUOO UMeET pasMepHOCTb k + [ — n. B uacTHOCTH,
LMKJIbl IOTIOJHUTEIbHOH PAa3MepHOCTH TPaHCBepCasibHbl TOTIA U TOJBKO TOTJA,
KOTJla MX repeceueHre COCTOUT U3 KOHEUHOTO UKcJ/ia TOUeK.

Gopmysia (1) UMeeT CJeYIOLLYI0 TEOMETPUUECKYIO HHTEPTIPETALIHIO: eCJIH
y HacC eCTb JIBa TPaHCBEPCAJIbHBIX LMKJIA ay U (B, p JOTIOJHUTEJIbHON pa3Mep-
HOCTH, TO KOIOMOJIOTHUECKHUH KJacc, NBOUCTBEHHbBIH HX MepeCceueHuto, — 3T0
cup-npoussesiene Kaaccop o' f u B nBoiicTBeHHBIX o M [,_p. B Ta-
KOU (pOpMYyJIMPOBKE YTBEPKJIEHHE BEPHO JIJIs TIPOM3BOJILHBIX TPAHCBEPCAJIbHBIX
IMKJIOB, @ He TOJIbKO JIJISi LIMKJIOB JIOTOJIHUTELHOM pasMepHOCTH. JlokaxkeM 3T0.
[TycTb ecTh UMKJBL v ¥ B UM JIBOHCTBEHHBI KOLMKJIIbI ok oy B”_l. Torna

("0 B oo, -y Von—p—i]) =
—k 1

= (aﬂ ’ [007 MR ] Uﬂfk]) : <ﬁﬂ ’ [Uﬂfkv MR ] UQI’L*k*[])'
[TycTb ak:Z)ciaf 7] 61:Eyj0§. Torna Oz”fk:z:xi (o’fe)* u ﬂ”*lzzyj (O—ﬁ)*
Tasiee, 17151 TPAHCBEPCATbHBIX LHKIOB v N B = Ypii—n = 3 ;B0 N of, nos-
TOMY ,an—le—l
[00, -y Unek] = (0%)* U [Un_p, .., Von—p—t] = ())*, TO [v0, ..., Vo] =
= (0% N o!)*. B 6apuieHTpHUeCKHX KOOPAMHATAX KJAeTKa 0¥ 3anaércs ypapHe-
HUAMH X0 = X| = ... = X,_p, a KJIeTKa o' 3a71aéTcsl ypaBHeHHSIMH X,_p = ...
.. = Xon_p—;. TlosTOMy KeTka of N o' 3amaéres ypaBHeHHAMH xo = x| = ...
oo = Xou_p—s. Temepb yme sicho, uto [o* N o']* — 310 cumnieke (vp, ...
ooy U2n—k—1)-

=Y ;B (cF ﬂaf-)*. Takum 06pazom, Hy>KHO TPOBEPUTD, UTO €CJN
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3anaua 8.1. a) Boluncsure Kosiblo Koromosoruit S8 x S* ¢ kosddu-
LMEeHTaMH B Z.

6) Haiinure MujeKc camornepeceuenus auaronand B S* x Sk,

Sanaua 82. Jlokaxure, UTO MPU TOJONKUTEJbHBIX M W f Jioboe
oto6paxkenue [: S"T™M — S§" x S™ yupyuMpyeT TPUBHaAJbHOE OTOOparKeHHe
f*: Hn-l—m(sn % Sm) N Hrz—l—m(sn-i—m).

8.2. Koabua koromosoruii MHOroo6pasui

Msomopdusm [lyankape u popmy.a
o' BF = (ak, Baoi)A (1)

CYLLECTBEHHO 00JIErUaloT BbIUMCJ/EHHE KOJel KOTOMOJIOTHI JIJIs1 MHOTOOOpa3ui
(3nece A€ H*(M"; R) — snemenr, ajist Kotoporo A~[M*]=1,1.e. (A, [M"])=
= 1). Hanpumep, Te BblUKMCJIEHHSs], KOTOPbIE Mbl POBEJH JIJIsi 3AMKHYThIX JIBY-
MEpPHbIX MOBEPXHOCTEH, Terepb CTAHOBATCS MOUTH OUYEBHJHBIMH, MOCKOJBKY
HY>KHO JIMLIb MOCMOTPETh Ha B3aUMOPACIOJIOXKEHHE JIBOHCTBEHHBIX LUKJIOB.

Jlaist cepbl ¢ 1 pyukamu 6a3ucHble UHKJbL v, ..., &y U B1, ..., B, U300~
pakeHbl Ha puc. 23 (a). [TonapHo nepecekaioTCs TOJMbKO LUKJbI ¢ OIMHAKOBLIMH
nomepamu. Ho puc. 23 (6) mokasebiBaer, uto jisi LMKJIA « €CTh LMK o/,
KOTOPBII €My FOMOJIOTHUEH W C HUM He TIepeceKaeTcsl.

[e%1 (67

CACRC

(a)

Puc. 23. basucwnole yukaol Ha cghepe ¢ pyukanu

Jns ncra Mé6uyca, BKJeeHHOTO

B cepy, 6A3UCHBIA LUK < MPeJICTaB-

Jsiercs nuaroHasnblo (puc. 24). Ewmy o

TOMOJIOTHYEH LIHMKJ ¢, KOTOPBIH TpaHC-

BepcajlbHO MepecekaeT & POBHO B OJI- o

HOM Touke. J{J15 MPOEKTHUBHOMN MJIOCKOCTH

a ¥ o COOTBETCTBYIOT JBYM [POEKTHB- Puc. 24. basucHelii yuka Ha aucme

HBbIM MPSIMbBIM. Mébuyca
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BaxkHyto MH(OpPMaLIMIO 0 CTPOEHHH KOJIbLIA KOTOMOJIOTHH 3aMKHYTOTO MHO-
roo6pasust Iaér cielyiollee yTBepxKIeHHE, KOTOPoe HaMH yxKe (DaKTHUeCKH
ObIO J1I0KA3aHO.

Teopema 85. [Mycmoe M" — samxknymoe mrHo2o06pasue, F— HeKo-
mopoe noae, npuuém F = Zg, ecau M" neopuenmupyemo. Toeda 8 npo-
cmpancmeax H"™F(M™; F) u H*(M", F) moxcro soibpamo 6asucel ar, ...
oy, .., By mak, umo o; v B = 0;; A, ede A — basucnoitl asemenm
odnomepHo2o npocmpancmea H"(M"; F).

HoxaszaTtedabctso. M3omopdpusm [lyankape u hopmy.a (1) noxkasbi-
BAIOT, UTO 9KBUBAJIEHTHOE YTBEP2KEHUE TaKOBO: B npocmpancmsax Hy(M™; F)

u H,_p(M";, F) moocno eoibopame b6asucor of, ..., ay u By, ..., By maxk,
umo (o, B7)) = d;j. ITO yTBEPIK/IEHHE COBNAAET CO CJIEJICTBHEM TeOpeMbl 5.6
Ha c. 56. O

AHaJIorHuHbIe PACCyKJIEHHsT C MCMOJIb30BAHUEM T€OPEMbI 5.5 N0KA3bIBAIOT
CJIeyIolee yTBEPKICHHE.

Teopewma 8.6. lTycmo M" — 3amknymoe opuenmupyemoe MHO2O-
obpasue. Toeda 6 c60600HbLx abeaesoix epynnax H"*(M"; Z)/T"~*
u H*(M™; 7)) Tk, 20e T"~* u T* — nodepynnol kpyuenus, mosicro evi6pamo
basucel o, ..., oy U B, ..., Bn mak, umo oy v B; = 0;;A, ede A — obpa-
syrowas epynnot H"(M"; Z).

C nomotibto Teopem 8.5 U 8.6 MOXKHO BBIUHCJIUTL KOJIbIIA KOTOMOJIOTHI
H*(RP"; Zo) u H*(CP"; Z).

Teopewma 8.7. Ilpu0<k<nepynna HX(RPY, Zs) codepacum edun-
CMBeHHbLI HeHyAeBoll Iiemenm of | npuuém

v | npuk+1<n;
o v =
0 npu k+1>n.

JokaszatenbcTBo. Mol yxke 3HaeM, uto Hy(RP"; Zo) = Zo nipu 0 <
< k < n, nosromy H¥(RP™; Zy) = Zy tipu 0 < k < n. Octaéresi npoBepHTh,
yto o U ol # 0 npu k + [ < n. W3 Teopempl 8.5 cienyer, uto af v ol # 0 npu
k + [ = n, nockonbky of 1 ol — eqMHCTBeHHble HeHyJIeBble JeMeHThbl TPy
H*(RP"; Zy) u H{(RP"; Zs). Ecan e k + [ = m < 1, T0O MOXKHO BOCIOJNb30-
BaThCs TeM, uto roMmomopduam H*(RP"; Zg) — H*(RP™; Zsy), nuayunpoBaH-
HbIIl €CTECTBEHHbBIM BJIOXKEHHEM, SIBJISTIETCS M30MOP(HU3MOM KOJiell B pa3MepHO-
CTAX, He MPeBOCXoAALMX m. B koabue H* (RP™; Zy) npoussesenue a® wal or-
JIMUHO OT HyJIsl, TOTOMY OHO OTJIMUHO OT HyJisl U B KoJblle [H*(RP"; Zo). O

Teopema 88. HXCP", Z)=7 npu k=0,2,4,...,2n, a npu scex
ocmanvHolx k epynna Kocomoaoeuii nysesas. [lpu amom moaicHo solopameo
obpasyouue o, o, ..., o® max, umo o** v ol = ”**D npu k+ 1 < n.

HoxaszaTeabcTBO. I[pPynmbl KOrOMOJOTHH JIETKO BBIUHCJSAIOTCS MO
rpynnaM roMoJIOTHi ¢ MOMOILbLIO (POPMYJibl YHHBEPCAJILHBIX KO3 GhHUIIMEHTOB.
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[pynnsl kKoromosioruit CP" He UMEIOT KpyueHHsi, N03TOMy TeopeMa 8.6 npume-
HseTCs K CaMUM rpyrnam Koromogoruit. [yets 52, 3%, ..., %" — o6pasyiouime
rpynn koromoJioruii. CorsiacHo Teopeme 8.6 Mbl umeem [2¢ o 2R = 4521
[pu k+ [ =m < n ananoruuno cayyaio RP" MoxKHO 10Ka3aTh, uto 2% o (2 =
= £3°". Tenepb o6pasylollke ¢ MPaBUALHLIMH 3HAKAMH MOXKHO BLIOPATh TaK:
=t =pvF=2p" b =p>u =44 ... O

Sanaua 83. a) [oxaxure, utro ecad m > n, To Job6oe Hemnpe-
pbiBHOe oToGpaxkeHue f: RP™ — RP" uuayuupyer HyseBoe OTOOpaKeHHe
[*: HR(RP"; Zo) — H*(RP™; Zy) nns Beex k> 1.

6) JoxaxuTe, uTO €cad m > n, To Jioboe HemnpepbiBHOE OTOOpake-
Hue f: RP™ — RP" unayuupyet HyseBoe otobpaxenue f.: Hp(RP™; Zo) —
— Hp(RP"; Zy) nnsi Bcex k > 1.

Sanaua 84. Jlokaxure, 4To ecjid m > n > |, To He CylIECTBYeT Hemnpe-
pbIBHOTO oTOGpaXkeHust g: S™ — S”, nyis Kotoporo g(—x) = —g(x) aas Bcex
x € 8" (meopemna bopcyka—¥rama).

Sanaua 8.5. a)[lokaxure, uto RP" u CP" Hesb3si PeACTaBUTD B BHIE
00beJIMHEHHS 11 CTATMBAEMBIX MMOJKOMIIIEKCOB.

6) IlpencraBbre RP" u CP" B Buse ob6benunenusi n + | cTsruBaeMbix
MOJIKOMITJIEKCOB.

Ganaua 8.6. Ilyers f: CP"—CP" —nenpepbiBHOE 0TOGpaxkeHue. [1o-
Kaxute, uto A(f) =1+ X+ A2+ ... + )\ re A € Z.

anaua 8.7. Iokaxure, 4To ecau n 4€THO, TO J060e HerpepbiBHOE
orobpaxenue f: CP" — CP" umeeT HEMOJABUKHYIO TOUKY.

Ganaua 8.8. Hokaxure, uto crerneHb orobpaxenus f: CP" — CP"
umeer Bua N, rae \ € Z.

Ganaua 8.9. a) JlokaxuTe, UTo NpU YETHOM 71 He CylleCTByeT nuddeo-
mMopduama f: CP" — CP", obpallaioliero opueHTaluto.

6) IMoctpoiite nuddeomopdusm CP+! — CP?"+! | o6pawarommii opuen-
TalMIo.

3anaua 8.10. Idokaxure, uto npoctpanctsa CP? n S? v S* romoto-
MHUECKH He SKBMBAJIEHTHbI, M BbIBEJUTE W3 3TOro, uto paccjoeHue Xornda
S3 — S? He rOMOTOMHO MOCTOSTHHOMY OTOOPaXKEHHIO.

8.3. 1Ba npumepa

31ech Mbl TIPUBEIEM JIBA PUMEPA, MOKA3bIBAIOLIKE, UTO KOAbL A KOTOMOJIO-
TMH He OMpeJessioTCs TeMH JTaHHBIMH, KOTOPBIMH MOJIHOCTBIO 3a/1al0TCs epyn-
noL Koromosioruii. Bo-nepsbix, CW -Komriekebl ¢ U30MOPMHBIMU KJI€TOYHBIMH
LIeMHBIMH  KOMIIJIEKCAMH MOTYT HMeTb HeH30MOop(HbIe KOJIblla KOTOMOJIOTHIL.
C 3THUM cBsi3aHa HEOGXOAUMOCTb 00PAllATHCS HEMOCPENCTBEHHO K CUMIJIHLIU-
aJIbHOM CTPYKType MpH OrpeeseHHH YMHOKEHHST B KOTOMOJIOTHSIX; KJIETOUHOH
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CTPYKTYpbI®) Il 3THX lieJiel He J0CTaTOYHO. BO-BTOPBIX, KOJIbIIO KOTOMO-
Joruil ¢ KosduieHTaMn B Z He OIpeesisieT Kojiell KOrOMOJIOTHH ¢ JpyTH-
MH KO3(p(DHLIMEHTaMU: TPOCTPAHCTBA C U30MOP(MHBIMH KOJIbLEAMH KOTOMOJIOTHH
¢ kosduimeHTaMd B Z MOTYT HMeTh HeH30MOpP(HbIE KOJbLA KOTOMOJIOTHI
¢ Ko3(hhHLeHTaMu B Zg.

Mp1 6yieM Mosib30BaThCs T€M, 4TO ISl JIOGOro KoJbla Ko3(h(hHIHEHTOB
HIXVY)=H{(X)SH (Y) npu i >0, npuuém (x +y)v (X' +y)=xux'+yvy’
JUISl KOTOMOJIOTHUECKHX KJIACCOB MOJIOXKUTEJbHON pa3MepHOCTH (3anaua 7.5).

[Ipumep 8.1. Kiemounsie yenuoie komnaexco. 0ia mopa T? u das
npocmpancmea S' vV S' v 8% usomopghrol, Ho Koavya Koeomoroeuii amux
npoCmMparHcms He U30MopghHol.

JlokaszaTesnbcTBo. KierouHble LenHble KOMIJIEKCH JIJ1sT 060UX MPO-
CTPAHCTB UMEIOT B

7—7®7—7—0;
BCe rpaHHYHble TOMOMOP(MHU3MbI HYJIEBbIE.

Jlns npoctpanctsa S!' v S' Vv S? oxnomepHble Koromosiorku H3oMopdh-
not H'(S' v S, nockonbky H'(S?) = 0. TTosTomy npoussejeHHe JoObIX
OJIHOMEPHBIX KJIAaCCOB KOLMKJOB paBHO HyJI0. A /s TOpa TpousBesieHne 06-
pasyiouwx rpynnsl H'(T?) ne paso nyio. O

Ganaua 8.11. [Hokaxure, uto mpocTtpaHctda S™ x S" u S™ v S" vV
V S"TM YMEIOT OJMHAKOBbIE TPYIIIbl KOTOMOJIOTHH, HO KOJblla KOTFOMOJIOTHH
y HUX pasHble.

[Ipumep 82 Koavya koeomoroeuti npocmpancme RP? u RP? v S?
¢ Koagpuyuenmamu 8 7. uzomopghuol, a ¢ Koagduyuenmanu 8 Zs He
U30MOPPHOL.

HokaszateabctBo. s o60ux MPOCTPAHCTB OJHOMEpPHbLIE TPYMIIbI
KOTOMOJIOTHE ¢ KO3(D(HIIMEHTAaMH B 7 HyJIEBble, OITOMY YMHOXKEHHE B KO-
FOMOJIOTHSIX TPUBHAJIbHOE. B KoJiblle KOTOMOJIOTHI ¢ KO3(dHUIIMeHTaMH B Zg
npocTpanctBa RP3 ecTh 3JeMeHT o, /151 KOTOporo av v avw a # 0. A B KoJlb-
Lle KOroMOJIOTHi ¢ Kosduumentamu B Zo mpoctpanctsa RP? v §3 rtakoro
s/ieMeHTa HeT. JlefiCTBUTEIbHO, TaM €CTh TOJIbKO TaKue HEHyJIEBble 3J1eMEHThI:
o' € HY(RP?; Zy), o v o' € H*(RP?; Zo) u 3 € H3(S?; Zy). O

8.4. U3omopdusm Jledena

Nzomopduam Jlediena o6o6uiaer usomopdusm [lyankape Ha cayuaii Kom-
MaKTHBIX OPHEHTHPYEMbIX MHOrooOpasuii ¢ kpaeM. OH mnpejcTaBJsieT coGoM
uzomMophusm Mexkay rpynnamu H"F(M™) u Hp(M", OM"™) u mexiy rpynna-

*) IMox, KJIETOUHOH CTPYKTYPOH 37ech MOApasymeBaeTcsl 3ajaHHe TOJNbKO MPAHHYHOrO FOMOMOp-
(u3ma, T.e. 3aJaHue KJIETOUHOro LENHOro Komiiekea. Koneuo, eciin 3a1aH He TOJIbKO IPaHHYHbIIl
roMoMopH3M, HO U XapaKTepucTHueckue oroOpakeHus Kietok, To CW -KommJieke 3ajaH ¢ Tou-
HOCTbIO 10 roMeoMOp(hH3Ma, a TeM CaMbIM 3a1aHO M €ro KOJbLO KOrOMOJIOTHIA.
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mu H™*(M", OM"™) u Hp(M"). Oba uzomopdusmMa 3a1aiotcs OJHOH M TOF
x)e opmyaioh x — x ~ [M"], rne [M"] € H,(M", OM™) — dyHnameHTabHbIil
Kaace. [leio B TOM, UTO cap-yMHOXKEHHE

A~ H K, Ly) x Hy(K, Ly U Ly) — Hy(K, Ly),

e K =M"u Ly ULy =9M", moxxHO 3a1aTh ABYMSI pasHbIMH CTOCO6aMH.
Bo-rnepBbix, MOKHO MOJN0KUTL L[| =& u Lo = OM", a BO-BTOPbIX, MOXKHO
MOJIOKHUTL L = OM" u Lo = &.

[1pu noxasaresnbcTBe TeopeMbl 06 H3oMopdusme Jlediena Ham MoHaI0-
OUTCS CJeNytolllee YTBEPKIEHHE, KOTOPOE UacTo ObIBaeT MoJie3Ho MpH padoTe
€ MHOrOOOPA3HSIMH C KPaeM.

Teopema 8.9 (o Boporhuke). [Iycmo M" — kKomnaxkmroe MmHO2000-
pasue ¢ kpaem OM". Toeda cywecmsyem eradkoe saoxcerue F: OM™ x
x [0, 1) = M", daa komopoeo F(x, 0) = x npu x € OM".

JlokaszaTesbcTBO. PaccMOTPUM KOOpJMHATHbIE OKPECTHOCTH B M"
v BblOepeM cpeld HHUX KOHeuHbll HaGop Uy, ..., U, nokpbiBaowmid OM".
[Tycts  {\;} — rmagkoe pasbueHHe eIUHHMIbI, TOJUMHEHHOE TMOKPHITHIO
{U; N OM™}. MuoxectBo U; MOXKHO OTOXKIECTBHTH C MOJAMHOMXKECTBOM B R”
Tak, utobbl OM" 3anaBasioch ypaBHenuem x| =0 u Bektop e; = (1, 0, ..., 0)
Obls1 HanpasJieH BHyTpb M". PaccmoTpum Ha MHoxkecTBe U; BeKTOpHOE ToJie

m
Wi (X1, ...y Xp) = Ai(xe, ..., xy)e;. Ha mHoxecrBe U = |J U; onpenesneno
m i=1
BEKTOPHOE T0JIe Y . W;; 3TO BEKTOPHOE T10J1€ HUTJIE He 00PALLAETCs B HYJIb M Ha
i=1
OM™ nanpasneno BHyTpb M". Ilyctb H;(x) — CIBHMI TOUKM X 32 BpeMsi { MO
TPAEKTOPUH 3TOTO BEKTOPHOTO TMoJisi. M3 KoMnakTHOCTH MHoroo6pasusi OM"
CJIeJIy€eT, UTO MOXKHO BbIGpath € > 0 Tak, uto caBur H;(x) OyaeT omnpenené
17151 Becex x € OM™ uBcex t € [0, €]. Oro6pakeHue
F(x,t) = H/(x) sBasercst TpeOGyeMbIM IJIaIKHM
B0KeHHeM OM"™ x [0, €) — M™. O

[Tycts M — komnakTHOe MHOrOoO6pasue ¢ Kpa-

emM M. PacemoTpum 3aMKHyToe MHOrooGpasue M,
KOTOPO€E TMOJIyUEHO H3 JIBYX 3K3EMILISPOB MHO-
roo6pasust M OTOXJECTBJIEHHEM COOTBETCTBYIO-
IIMX TOYEK WX Kpaés; 3T sKk3emnaspol Oymem N
o6o3nauate M u M’. VI3 Teopembl 0 BOpPOTHHKE
caenyeT, uto B M MOXKHO BBIGPATL TOJAMHONO-
obpasue N ~ IM" x [—1, 1] (OM coorBeTcTBYET
noaMHoxkectBy OM x {0}) TaKk, uTo 3aMbIKaHHe
MHOkecTBa M \ N CoCTOMT M3 IByX HerepeceKa-
foLMXCst moaMHoXKecTB L u L', romeomopdubix M

(puc. 25). MHuoroo6pasue M MOKHO TpHaHry/au-  Puc. 25. Muoeoo6pasue M
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poBaTb Tak, urtoObl ero noamHoroo6pasust N, L u L' OblIH MOAKOMIIEK-
camu.
3amnuiieM OTHOCHTENLHYIO NocJeoBaTebHOCTL Maliepa—Bberopuca

oo Hy(M, LNL"Y — Hy(M, L'y ® Hy(M, L) — Hpe(M, LUL") — ...

B sro# nocnenoatenbHoCTH ) (/\71, LNl Hk(/\7l), nockosibky L N L' = &.
Uto6b mpeo6pas3oBaTh OCTajibHble TPYIIbl FOMOJIOTHEH, Mbl BOCMOJb3yeMCs
uzomoppuamom (A, B) 2 H.(AUC, BUC), rne AU C — cuMiiniiasib-
Hblll Komieke, A 1 C — ero nojpkomrjekcol, B — noakommyiekc B A. DToT
M30MOP(HU3M OUEBHJIEH yXKE HA YPOBHE OTHOCHTEJIbHBIX LIeMe.

Slcwo, uto mapbl (M, M’) u (M, L') romMoTONHYECKH 5KBUBAJCHTHBI
u (M, M'y=MUM, oMU M), nostomy Hy(M, L') = Hy(M, OM). Kpome
Toro, (M, LUL"Yy= (N U(LUL’), 9N U (L UL’)), nosromy Hy,(M, LU L’) =
= Hyp(N, ON). IToxkaxem, uto H,(N, ON) = Hj,_(OM) npu k> 1. Eciu x N
MPUKJIENTD JIBA 9K3EMIIsSipa KOHYCOB HaJl OM, TO TOJNYUUTCS CHMILIHLIHAJbHBIN
KomIieke, romeomopdubiit X(OM). TTostomy Hp (N, ON)Y=ZH (32 (OM), CUC'),
rie C' = C = C(OM). Tounast nocsienoBatesibHocTb napoi (X(OM), C U C') no-
KaabiBaeT, uto Hy(N, ON) = Hp(3(OM)) npu k > 1. Kpome Toro, Hy(X(OM)) =
= Hyp_1(OM).

B HoBo# TouHO MOC/€10BATENHLHOCTH

— Hy(M) — Hy(M, OM) ® Hp(M', OM') — Hy_ (M) — Hy_ (M) —
romomoppuam Hy(M, OM) — Hj,_1(OM) npexactasisier coO00H KOMMO3HLHIO

roMoMOp(hH3MOB

Hy(M, OM) — Ho(N, ON) — Hpy(S(OM), C U C") 2 Hyo 1 (M),

MO3TOMY OH COBIMAJAeT C TOMOMOP(HU3MOM Oy, KOTOPbIH COMOCTABJSET OTHO-
CUTEJILHOMY LIMKJY ero abcosoTHyto rpanuiy. OcTajibHble Ba roMoMopduama
MHJIyLIMPOBAHbI BKJIIOUEHHUSIMH.

3anuuleM el oAHy nocJenonaresbHocTs Mafiepa—Bbetopuca, Ha 3TOT
pa3 abCoJI0THYIO:

o= HYR M) — H™ (M) @ H**(M") — H" *(OM) — ...
ATy TOUHYIO MOCJIE0BATENLHOCTL MOXKHO OTOOPA3UTh B MEPBYIO TOUHYIO MO-
CJIeI0BATEJbHOCTDb CJIEIYIOLIUM 06p830M2
_ Hn—k(M) H”_k(M)@H”_k(M') Hrz—k(aM) N Hrz—k—i—l(/'w) _
|~ [~y | ~tom [~
— Hy(M) — Hp(M, OMY®H (M, OM'y — Hy_ (OM) — Hyp_ (M) —
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B noJsiyuenHoll quarpamme JieBblit KBajpaT KOMMYTaTHBEH, TOTOMY YTO BCe
BCTpeualolkecs TaM onepaluu (B Tom uncie u nepexon ot [M] k [M] u [M'])
MHYLHPOBAHbI BKJIOUEHUSIMH M OTPAHHUYEHHUSIMHU.

Cpennuil KBagpaT To:Ke KOMMyTaTHBEH, OTOMY UTO ecan 2" % — Kouuki,
10 (2" % ~A[M]) = (=) (62" F A [M]) + 2" % ~AO[M] = 2" F ~ [OM].

B npaBom KBajpare BepxHee otoGpakenue H"~#(OM) — H"=*+1 (M) yer-
POEHO CJleTylolMM 06pa3oM. Boabmém Kotwka 2" % € C**(9M). Emy MoxHO
conocTaBuTh Kollenb ¢ % € C"*(M), orpanuuense Kotopoii Ha OM coBnanaet
¢ 2"*. Paccmorpum B C"~#+1(M) kouenn d"~*+! koropas cosnagaer ¢ ¢ *
Ha M v paBHa Hyo BHe M (3TO MOXKHO CJlea1aTh, ToToMy uTo 6¢* % o6patuaercs
B HyJ/1b Ha OM). Hckomoe oToGpaxkenne nmeet Bua [2" %] — [d"*+!]. Hux-
Hee oToOpakenue iy : Hy_(OM) — Hy_ (M) B 3TOM KBajpaTe MHIyLMPOBAHO
BKMouenneM. Slcno, uto d" Rt A [M] = 6¢" % ~ [M] n i (2" % ~ [OM]) =
=i, (i*(c"*) ~ [OM]) = ¢"* ~i.[OM] = ¢"* ~ [OM]. Haxonel, paBeHcTBo
("% ~ [M]) = (= 1)¥(6c" % ~ [M]) + ¢"% ~ [OM] nokasbiBaeT, uto LemnH
(= D)H1§cn=k A [M] 1 c"~* ~ [OM] otauatoTcst Ha TpaHHLLy, T. €. OHH JeXKar
B OJIHOM KJjacce romouioruil. Takum o6pasom, mpaBblii KBaipaT KOMMYTaTHBEH
C TOYHOCTBIO JIO 3HaKa.

MbI OCTPOUIH IUarpamMmmy, KOTopasi KOMMYTaTHBHA C TOUHOCTBIO 10 3HAKA.
Orobpaxkenns ~[M] u ~[OM] B 3T0ii IMarpaMmme SIBJISIIOTCS H30MOPGHIMAMHU
B cHJy TeopeMbl 06 nzomopcuame [lyankape. [TosTomy U3 5-j1eMMBI caefyer,
yto otoGpaxenue H"*(M) 255 Hy(M, OM) sinsierest M30MOPHH3IMOM.

AHa/IOTMYHO MOXKHO MOCTPOUTH AHATPAMMY

L H R @MY — HO R (M, OM) ® H R (M!, OM) — H™* () —
| ~tomi [ Ao [~
—— H(OM) Hyp(M) & H* (M) Hp. (M)

M MoKasath, uTo oToOpaxkenue H"~*(M, OM) o, Hp(M) siBasieTcst H3oMop-

dhusmoM. B pesysibrate nosyuaem cienyiollee yTBEPKAEHHE.
Teopema 8.10 (uzomopdusm Jledwena [Le2]). [Tycmo M" — kom-

naKmmuoe opuenmupyemoe muocoobpasue ¢ kpaem OM". Toeda omobpa-

acerua H'=* M) ML 1., oMy w H =R M, oMy M By (M) asasiomes

uzomopgpuzmani.

Takue ke H30MOP(MU3MbI HMEIOT MECTO U JIJIsi (KO)rOMOJIOTHE ¢ KO3 hHIIH-
eHTamu B R, rie R — amuTuBHast rpyrnna Ko3(hpUIHeHTOB HEKOTOPOro KOJbLIA.

J1J1si HEOPHEHTHPYEMOTO MHOrOOOpA3Hs TaKke H30MOP(PHU3Mbl HMEIOT MECTO
B ciyuae KoaduuuenToB B Zo.

Sanaua 8.12. Jlokaxkute, uto ecau MHoroo6pasue M" crsiruBaemo, TO
ero kpa# siisercs (n — 1)-MepHoil romoJiornueckoi cdepod, T.e. Hy(OM") =
=~ Hp(S") mns Beex k.
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3anaua 8.13. Ilycth M® — KoMnakTHOe OpHEHTHPYEMOe MHOrOOOpasue
¢ HerycTbiM Kpaem OM?3. JlokaxuTe, uTo isi FOMOJIOTHI ¢ KOS(hHIMEeHTaMu
B nose Q pasmepHocTb o6pasa otobpaxenus 9: Hy(M®, OM3) — H\(OM?)
paBHa MoJIOBHHE pa3MepHOCTH npoctpanctsa H, (OM?).

8.5. JlBoiicTBeHHOCTh AJleKcaHaepa

N3 teopembl Jledinena o6 uzomMopgu3Me MOXKHO BbIBECTH €lllE OJIHY BaX-
HYIO TeOpeMy IBOHCTBEHHOCTH.

Teopema 8.11 (nBoictBenHocth Asekcannepa [All], [Al2]). [Tycme
M C S§" — samknymoe nodmroeoobpasue. Toeda H*(M) = H,_,_(S"\ M)
u anaroeuurno Hy(M)= H"*=1(S"\ M) npu 0< k<n— 1.

JdokaszateabcTBo. Hauném c¢ Toro, uro noka:xkeM H30MOP(HU3IM
H*(S", M) = H,_4(S" \ M). BbikosioB u3 S" Touky x ¢ M, OTOXKIECTBHM
S®™\ {x} ¢ R" u npumenum K M C R" Teopemy 0 TpyGuaToil OKPECTHOCTH.
[Tycte M. — oTKpbiTast Tpybuartasi okpecTHocTb MHoroo6pasust M. Torna na-
pa (§", M) romoronuuecku sKBuBajientHa (S”, M.), a npoctpanctso S" \ M
romoronuuecku skBuBajsientHo S" \ M.. Cornacuo usomopduamy Jlediena
H*(S™ \ M, OM.) = H,_1(S" \ M.). Kpome Toro, H*¥(S" \ M., OM.) =
> HR(S", Mo) = H¥(S", M) u H,_p(S" \ M) = H,_,(S"\ M).

Uro6bl MOJIyuuTh MEPBbIH U3 TpeOyeMbiX H30MOP(HU3MOB, PACCMOTPHUM TOU-
HYIO TIOCJ/IeIoBaTe/bHOCTH napbl (S”, M):

ﬁk(sn) _ ﬁk(M) L Hk—i—l(sn’ M) N ﬁk-{-l(sn).

Eciu k ommuno ot n — 1, To H*(S") = H*+1(S") =0, nostomy 6* — u3o-
mopuam. Ciaenosatensho, H%(M) = H*+1(S", M) = H,_,_(S" \ M); 3necn
n—hk—1%0, nosromy Hy_p_1 = Hy_p_;.

B cayuae, kora k = n — 1, paccmatpuBaemasi TOuHasi OC/IE10BaTeIbHOCTD

nannMaeT BUJL
0 — A" (M) 2 H(S", M) s HY(S") = Z.

31eck roMmoMophH3M i* HHAYUMPOBAH BKJOUeHUeM nap i: (8", &) — (8", M).
Paccmorpum Ttakxke BkioueHde j: (8" \ M) — S" M MHAYUMPOBaHHBI UM
roMOMOP(H3M HyJbMEPHbIX FOMOJIOTHH. JToMoMOpdhH3MBL i* U j,. BXOAST B AMa-
rpamMmmy

H™(S", M) - H™(S")

=

Ho(S™\ M)~ Ho(S™),
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B KOTOPOH BepTHKaJIbHblE CTPEJIKH — H3oMopduambl Jleduiena u [lyankape.
Ota quarpaMma KOMMYTaTHBHA C TOUHOCTbIO JI0 3HaKa, nosromy Keri* = Ker j,.
Tomomopduam p.: Ho(S" \ M) — Hy(x), tme * — touka uz S" \ M, mMoxHO

npeAcTaBUTh B Buie komnosutmu Ho(S" \ M) ELN Ho(S™) =N Ho(x), mosto-
My Ho(S™ \ M) = Ker p, = Kerj,. B urore nonyuaem H"~'(M) = Imé§* =
= Keri* 2 Ker j, = Hyo(S" \ M).

Bropoii u3 TpebGyemMbIx U30MOPHH3MOB JIOKA3bIBAETCS aHAJOTHUHO. O

Canencrteue 1. Ecau L — o6pas npu sromcernuu 8 S Heca3Ho2o
MHO2000pasLs, cocmoaujeeo us n okpyscrnocmer, mo Hy(S*\ L)~ H" (L)
> 7" u Ho(S®\ L) =2 HO(L) = 7!

Canencteue 2 [Br6]. [Tyemo M"™! C 8" — cgasnoe 3amknymoe
nodmrnoeoobpasue. Toeda M"™' opuenmupyemo u S™\ M"~' cocmoum
U3 08YX CBAZHOLLY KOMNOHEHI.

Hokaszateqabctso. ConacHo ABOMCTBEHHOCTH AJieKcaHiepa UMeeM
H"™= (M= = Ho(S" \ M"~'). Eciu M"~! — cBsisHoe 3aMKHyTOE HeopH-
enTHpyeMoe MHorooGpasue, To H"~'(M"~') = Z, (teopema 5.4 na c. 55).
C npyroii croponsl, rpynna Ho(S" \ M"~') — cBoGoanas abenesa. [Tostomy
mHoroo6pasue M"~! opuentupyemo, a snauut, H" =1 (M=) =2 Z. Usomopdusm
Ho(S™ \ M"=') = Z osnauaer, uto S" \ M"~! coctout u3 ABYX JIMHEIHO CBA3-
HbIX KOMITOHEHT. O

Sameuanue. JIBoiicTBeHHOCTh AJiekcaHiepa MMEET MECTO He TOJIb-
KO JIIsl MOJMHOr006pasus, HO W JIsi NMPOU3BOJILHOTO Mojkomiiekca K C S”
(cMm. Teopemy 17.7).

Sanaua 8.14. Ilpennosoxum, uto B chepy S”, n > 3, Bl0KeHO m T0-
napHo Hernepecekaiouuxcs cdep S”~2. Ilyetb X — ux gonosnente. Beiuucure
FOMOJIOTHH MPOCTPaHCTBA X.

3anaua 8.15. Cdepa SP npoussosbHo Baoxena B chepy S"T!. Jlo-
Kaxkute, uto mpoctpaHeTBo X = ST\ SP umeer Takue e roMoJIorHH, Kak
cthepa S"F.

3anaua 8.16. Chepol S” u SY npousposibHO BoKeHbl B cepy S
Jlokaxute, uto npoctpanctBo X = S"T1\ (7 LU S7) umeer Takue xe romoJio-
ruu, Kak S""P v ST v S,

KoadduumneHt 3auennenus 1 yMHOXKeHUEe B KOTOMOJOTUSX

KosdduumeHr 3atenyieHuss MOXKHO ONPENENUTb HE TOJNbKO JJIS OKPYXK-
HOCTell, BJOXKEHHBIX B S, HO M JUIsl CBASHBIX 3aMKHYTHIX OPHEHTHPOBAHHbIX
MHOroo6pasufi Mf n Mg, BJIOXKeHHBIX B S”, tne n=p + g + 1. Ilns 3to-
rO HYXKHO TOUTH JIOCJIOBHO MOBTOPHThL ONpeJiesieH’e, MPUBEIEHHOE Ha C. 57.
A umenHo, paceMoTpuM yHaaMeHTanbHble WiKabl [M1] n [MJ] xak unkibl
B S”. TpuBHaJbHOCTb TOMOJIOTHI cdepbl S” B pa3MepPHOCTH p BJEUET, UTO
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cymecrsyer tens W/t uns koropoit W/t = [M?]. Onpenennm koaghepu-
yuenm sayenenus Tk(M?, M3) xax wnnnexe nepecevennsi (W', [M3]).

DTOT MHJIEKC TepeceyeHHsi He 3aBUCHUT OT BbIGOpa LieNH W/lp+'; 3TO J0Ka3bl-
BaeTCs TOUHO TaK ke, KaK M JUIsi OKPY»KHOCTel, BaoxKeHHbIX B S°. Ec/iu Mbl
BO3bMEM LIeMNb W/Q"H, JIIsT KOTOPOH 8W2q+l = [MJ], n paccmoTpum uHIeKC
nepeceuenns ([M/], WQ"H», TO C TOUHOCTBIO JI0 3HAKA MOJYUHM TO 2Ke camoe
YHUCJI0; 3TO CJIeJlyeT M3 JIeMMBl Ha C. 53.

C mnomolpio aBOHCTBeHHOCTH AJiekcaHaepa Kod(PQHULUHEHT 3alerieHust
MOYKHO MHTEPIPETHPOBATH Uepe3 YMHOXKEHHE B KOTOMOJIOTHSIX. DTO JiesaeTcs
caenyoim ob6pazom. Beeném nyist KpatkocTH o6o3Hauenne X = Mf U Mg.
Coruiacto npoficTeennocTn Anekcannepa H*(S"\ X) = H, 1, x(X); 31ech bl
BOCIOJIb30BAIUCh TeM, uto n = p + g + 1. Tlostomy B HY(S" \ X) ectb
KJIaCC, COOTBETCTBYIOLLM (yHIaMeHTalbHOMY Kiaccy [MI], a B HP(S"\ X)
eCTb KJIaCc, COOTBETCTBYIOLMI (yHaamMenTasbHoMy kaacey [Ma]. TTponssene-
HHe 3TMX KOTOMOJIOTHUECKHX KJaccoB Jexut B HPTI(S"\ X) = Hy(X) = Z,
T.e. SIBJSIETCS eBIM YHCJIOM. DTO UYHCJO U eCcThb KOI(D(MHUIMEHT 3aleryieHns
(c TouHocThIO JI0 3HaKa). UTo6kI 10Ka3aTh 3TO, 3aMeTHM, UTO JIBOHCTBEHHOCTh
Autekcanepa CTPOUTCST KaK KOMITO3ULUsST H30MOP(HU3MOB

HPH(S"\ X) — H{(S", X) i>I70(X).

B H(S", M L M) nponssenennio paccmatpuBaeMbix KOroMOJIOrHYECKHX
KJIACCOB COOTBETCTBYeT MepeceueHue Lienen W1P+' " W;H (npenmoJiaraercs,
YTO 3TH LIENH TPaHCBepcasibHbI). JleACTBUTENbHO, ABOACTBEHHOCTD AJleKcaH ie-
pa CTPOHUTCST KaK KOMIO3ULHUST H30MOP(H3MOB

HI(S"\ X) — iy (8", X) 2 A, (X),

nostomy B H,11(S", X) dynnamentansuomy kiaccy [M{] coorserctsyer ro-
MOJIOTHUECKHI KJ1aCC, MPEACTABJIEHHbIH LeNblo WI’HI. Korna mbl 6epém rpa-
uniy nepeceuenust W/ 0 W (cocrosimero us ayr kpusbix), nosyuaercs
o6bennenne asyx nepecedennit W/ 0 [MI] u [MP] 0 W' Ommako mi
He TOJbKO GEepéM rpaHully, HO H TEepPexOiuM K TMPUBEAEHHBIM TOMOJIOTHAM,
a TOTOMy 0CTaéTcst TOJLKO OJHO M3 3THX MepeceueHHil (Hanmpumep, neppoe).
JleficTBUTENbHO, JyTH U3 W/l’”l N WQ‘HI, 06a KOHILIA KOTODbIX JIEXKaT Ha Ofi-
HoM mHorooGpasnd MY wan M3, nawot mynesoii Bkaan. Henysesoii Bkaazn
JIAI0T TOJIbKO Te JyTH, ONMH KOHell KOTOpbIX Jexut na M7, a apyroit — na
Mg. UTo6bl yuecTb Takue BKJIAJAbI, JOCTATOUHO B35ITb OJHO W3 JBYX Mepece-
YeHHl.
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8.6. TpoiiHoe npousBenenue Maccu

[Tyctb Koromosiornueckue kiaceol [a”] € HP(X), [B7] € HI(X) u [y] €
€ H"(X) npencrassensl kKounkaamu a”, 59 u ~". Ilpennonoxum, uro [a”] v
v[B=0u[B7 v [y]=0.Torna a” v 39 =6cPTi=1 u g7 w " = §d9+—!
LIS HeKOTopbIX Koleneil ¢”T9~1 u d9+7=1 O6pasyem Kouenb

z=crti-! vy + (=1’ wditrl

JIerko npoBepuTh, UTO 3Ta KOLENb SBJSETCS KOUMKAOM. [leficTBUTEIbHO, 0y =0
u da” =0, nostomy

67 =0cPHIL Uy 4 ()P (=1)Pal v editT =

=a’ upBluy —a’ U Bl Uy =0.

KoLMK/y 2 COOTBETCTBYeT KOroMoJlorHueckHii knace [2] € HP T4+ =1(X). dror
Knacc [2] onpenenéH He OJHO3HAUYHO: K Kouukaam af, (39 u ~" mbl Mo-
JKeM TIPUOABJATL KOTpaHWlbl, a KpoMe Toro, K Kouensm ¢/T9=1 y ga+r—1
Mbl MOXKeM MPUOGAB/ATb KOUMKJbL. MH0XKECTBO BCeX KOTOMOJIOTHUECKUX KJac-
COB [z], moJiyuaroluxcsi MpU 3TOM, HA3bIBAIOT MPOLUHbIM NpoU3sederuem
Maccu knaccos [a”], [B7] n [¥"] u o6osHauator {[a”], [B7], [¥])-

Teopewma 8.12. Tpoiinoe npoussedenue Maccu Koeomoroeuueckux
kaaccos [af], [B1] u [ Asasemcs asemenmom paxmopepynnol
HPTI+=1(X) no [a?] v HIT—1(X) + HPHI=1(X) o [7].

— —
JlokasaTenbcTBO. BoiGepeM Kolemnu clp+" " cf“ TaK, uTo
—1 —
al w1 =35cl 17 =6c) 97w o6pasyem ¢ MX MOMOIIBIO KOUMKIIBI 21 1 23.
— — —1 —1
Torna z; — 2= (c/ 97 —cJ 717"y un". Bnecn o/ 717 — )T —kotmki, mo-

stomy [21] —[22] € HP I (X) w[+"]. AHaIOrMUHO 10KA3bIBACTCS, UTO €CJIH Mbl
BhiGepem pasubie kotienn T w dd T 10 [21] — [22] € [0 ] HITTT(X).

[lyets Tteneps of = af + da”~". Torma ecom of o B9 = el 10
ol upl zéclpﬂ_l +dar~tupa :6(61”“_1 +aP~1 U B7), nockonbky 639 =0.
Takum 06pasom, MoxkHO mooxkuTh ¢f 797" = ¢/ 4 gr=1' g9 B rakom
cayuae

z—zi=a’" ' Ul Uy (—)da T Ldit T =
=aP tosdiT T (= 1)PsaP o d? T = (= 1)PS(aP T o dd T,
nostomy [29] = [2]. AHaJOrMUHO paccMaTpUBaeTCs cjyyak, Korjia u3MeHseTcs
KOUMKJI "
Paccemorpum, Hakorel, cayuaii, koraa (9 = 3] 4+ 6691, B stom cayuae
— —1 - —1 —1 -
edHITh = P (el G b9 ddTTT = d?TT b9 Oyl Cae-
JOBATENILHO, 29 — 21 = 2(—1)Pa? v b7~ U4 . O
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TpoiiHoe npousBeneHne Maccu MOXKHO MPUMEHHTb It TOTO, UTOOBI JIOKa-
3aTh 3allelieHHOCTh Koaey boppomeo (puc. 26). Cuenyert, npasjia, OTMETHTD,
uTo 1isi OOBIUHBIX KoJiell BoppoMeo 3T0 MOXKHO c/ie/1aTh COBCEM 3JIeMEHTapHO

C MOMOLIbI0 PACKPACOK JHarpamMmbl 3alerlyieHHst

(cm. [ITT1], c. 38). Ho mas mHoromepHoro 0606-
nieHust kKoJell boppomeo yxe HYXHO NPUMEHHTH
TpoiiHOe npousBesenne Maccu.
Jlns BbluMcieHUd HaM YA0OHO 3anaTh KOJiblLa
@ Boppomeo ypaBHeHUsIMH

2
x=0, y*+ % =1 (okpyxKHOCTb S});

g, X
y=0, z°+==1 (okpykHOCTb S9);

Puc. 26. Koavya 42
bopponeo 2=0, x*+ yT =1 (oxpyxHocTb S3).

Puc. 27 nokasbiBaeT, UTo 3TH ypaBHEHHS JEHCTBUTENbHO 3a1al0T Kosblia bop-
pomeo.

Puc. 27. [Ipeobpasosanue duaepammol

Bmecto mpoctpancTBa R3, B KOTOpoe BJOXKEHbI JaHHbIE OKPYKHOCTH,
Ham OyjeT ynoOHee paccMOTPeTh ero OAHOTOUEUHYI0 KOMMAaKTHhHKaLHio S°3.
CornacHo aBoiicTBenHocTH Ausiekcannepa umeem H*(S3\ (S; U Sy U S3)) =
~ ﬁg,k(Sl U Se LI S3). Okpyxuoctu Sy, Seo u S3 monapHo He 3allenJieHbl,
Mo3TOMy MonapHble MPOM3Be/IeH st KOroMoJlorHueckux kiaccos o', 3! u 4!, co-
OTBETCTBYIOLIMX MPH JBOHCTBEHHOCTH AJiekcansepa (yHIaMeHTaIbHbIM Kaac-
cam Sy, So u S3, HyJeBble. B Takoil cuTyalMu MOXKHO OMpPENesUTb TPOHHOE
npoussenenue (al, 31, 1)

[TokaxkeM, uTo st KO3(UIHEHTOB B Zg 3TO TPOiHOE NPOM3BENeHHEe
Maccu oTmuHo oT Hysst. TIpeskjie BCero 3aMeTHM, U4TO OHO JIEXKHT B Tpyrire
H?(S%\ (S} U Sy LI S3)) = Ho(S) U Sy LI S3), nockoabky rpynna a' v H' (X) +
+ HY(X) uq!, rne X =83\ (S U Sy LU S3), nynesasi. JleficTBUTeLHO, PaBHbI
HyJII0 He TOJILKO MomnapHble npousseaenus kaaccos al, ' u ~!) no u npo-
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ussesennst o v al, B o B u 4l Uyl nockonbky okpyxuocti Sy, So u Sy

He3aysJ/leHbl, a MOTOMY S; MOXKHO MavlblM LleBesleHHeM nepesectd B S/ Tak,
uro6bl aucku D; u D], narsnytele Ha S; 1 S, He nepeceKaJuCh.

[lyets wy, wy ¥ w3 — Lenu (OTHOCHTEbHBIE LMKJIbI), COOTBETCTBYIOIIHE
JIMCKaM, HaTsHYTbIM Ha Sy, So 1 S3. [Tpu usomopdusme Ho(S3, Sy LU Sy LI S3) =2
>~ HY(S3\ (S; U Sy U S3)) romosioruueckne Kjacchl 9THX OTHOCHTEJbHBIX
k0B nepexoaar B o', B w4l Tlyers
¢ ¥ d — MONYAUCKH, JUIsi KOTOPbIX B rpyrnmnax
OTHOCHTEJIbHBIX [IeMed UMEIT MECTO paBeHCTBA
w) Nwy =0dc uwe Nw3 = 09dd (puc. 28). Torna
Tpoiinomy npoussenenuio Maccu (!, B!, 41)
B M, (53, S1 U Sy LU S3) cOOTBETCTBYET OTHO-
CUTEeJIbHBIN MK ¢ N w3 + w| N d; Ha puc. 28
5TOT LMKJ BbifeeH. [1pn usomopdusme

Hi(S3, S1 U SsUS3) -2 Ay(S1 LU Sy LU Sy)

FOMOJIOTHUECKHH KJIACC TOTO LHKJIA MEePEXOAUT
B JIEMEHT, OTJIMUHBINH OT HyJIsl, TIOCKOJIbKY €ro  Puc. 28. [lepeceuenue yeneti
KOHLIbI JIEXKAT B Pas3HbIX KOMIIOHEHTaX CBsI3HO-
CTH: OJIMH KOHell JIEXKUT B S|, a pyroil — B S3.

C 1pyroii cTopoHbl, ecau 3auerenne Sy L Sy U S3 C S? tpusnasibHo (T.e.,
B uyacTHOCTH, Sy, So U S3 MOXKHO 3aKJIOUHTb B TPH [OMApPHO He repeceka-
FOLIMXCST [Iapa), TO JUCKH W), W9 W W3 MOXKHO BHIOPATb MOMAapHO HE mMepe-
CeKalolMMUCs, a B TaKOM cJyuae TpokiHoe npousseenre Macen (a!, 81, 4!
paBHO HyJito. TakuM oGpasom, Kojiblla BoppoMeo 06pasyloT HeTPUBHAJIbHOE
3allernJieHue.

AHAJIOTHUHO MOXKHO JIOKa3aTb HETPUBHAJIbHOCTL CJEAYIOUIEro MHOTromMep-

Horo o6o6ulenust KoJsell boppomeo. Ilyctb n=p +q +r, x = (x1, ..., Xp),
y=i,...,yg)uz=1(2, ..., z-). Paccmorpum B R" tpu ccepsl, 3ananHble
ypaBHEHHSIMH
-0 2, L2l _ gaHr—1y.
X =V, Hy” + 4 - (C(bepa 1 )7
o lxl® pr—1
y=0. fel?+ L =1 (cqepa 55,
—0 o, Iyl _ | o
e=0, e+ 20— 1 (epepa 57707,

Jlnst Kaxol napbl 3THX cep CylUlecTBYeT pagiensiolias ux cdepa paamepHo-

ctu n — 1. Hanpumep, ecsiu Mbl BO3bMéM chepy
Il llgl® =l
¥ (1722 (/27

- - I,
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—1 . —1

10 ctepa S{T T nexnt Bre €8, a chepa SJTT' — pryrpn. Takum o6pasom,
paccmatpuBaeMble cdepbl MONapHo He 3aternsienbl. [103ToMy monapHbie npo-
M3BEJICHUS KOTOMOJIOTHUEeCKUX KJjaccoB «f, B9 u ", COOTBETCTBYIOLIUX TPH

. - -1
nBoiicTReHHOCTH AJlexcansiepa dyHaaMenTaibibv kiaccam SYTT S

" S§+q_l, HyJieBble. PaBHbI HyJl0 Takke npousBeneHus o v af, B9 o B9
u " w4, Tlokaxem, uto aisi Ko3duuueHToB B Zo TPOHHOE MPOU3BEIeHHE
(P, 39,47y € H'=1(S" \ S| U Sy U S3) 22 Hy(S; U Sy LI S3) He paBHO HYJIIO.
JIJis 5TOro paccMOTPUM JIMCKK W], We U W3, HATsIHYThle Ha S|, So U Ss:

pa
{(x b2 e =0, + EL <1,
\XHQ

o={r v 21y =0, ]2 + - <1},

T ]
{(x y.2)2=0, x| + B <1},

cHo, yto
wNwe={(x,y,2)|x=0,y=0,|z] <1},
wgﬁwS:{()C,y,Z)Ly:O,Z:O,||x||<1}.
[TycTb
2 X
z{(x,y,Z)le>0,xQ= =xp=0,y=0, |z 41<1},
2
a’:{(x,y,z)|y]>O,y2:...:yq:0,2:0,HxHQJr%gl}.

Torna n/s OTHOCHUTEJbHBIX LeNeld MMET MeCTO paBeHcTBa w) N wg = OC
u wy Nws = dd. Tlosromy TpoitHomy npoussenennto Maccu (a”, 57, v")
COOTBETCTBYET OJIHOMEPHBIH OTHOCHTEJLHBIH LMK ¢ N ws + w; N d. Jlerko
MPOBEPUTH, UTO

Lxo=...=x,=0,y=0, 2z=0},
|

wyNd ={(x,y, z

cnws={(x,y,2)|0<x <
)10<yr <

yYe=...=y,=0,x=0,z=0}.

[TosToMy naHHBI OTHOCHUTEJbHBIH LMK TpPeAcTaBisieT cOO60H MyTh, COEMH-

o —1
HSIOUIMH pa3HbIe KOMﬂOHeHTbI CBA3HOCTH. OJIUH €ro KOHell JIEXKHUT B Sf—i_r

p+q—

K
a japyroii — B Sj
KJlacca roMoJIorHH.

. Takoi HUKJ ABJSIETCA MpeACTaBUTe/IieM HEHYJEBOIro

8.7. ®opma nepeceueHUss U CUTHATYpPa MHOTroo0Opa3us

[Tycth M?" — 3aMKHYTOE OPHEHTHPOBAHHOE MHOTOOGpa3He U&THOI pasMep-
HocTH, F — npousBoJibHoe rose. Torna na npoctpancTse H™(M?*; F) M0XHO
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onpeaesuTb OUINHEHHYIO (hopMy
fa", ") = (a" © B", [M*"]),

rie [M?"] — dynnamentanbblii knace MHoroo6pasusi M2". Tlpu usmenenuu
OpMEHTALIMK (PYyHIAMEHTANbHBIH KJAcC M3MEHseT 3HaK, M03TOMYy OWJIMHElHas
thopmMa [ ToxKe u3MeHsIeT 3HaK, T.e. f_ = —f, rne f_ — cdopma g MHOr00G-
pasusi ¢ U3MEHEHHON OpHeHTaLHeH.

Ha npoiicteennom npoctpanctse H,(M?"; F) umeercs apoiicTBennast hop-
Ma

[*(an, Bu) = (s Bn))-

Hanomuum, uto B ompenesennu uHiaekca nepeceuenusi (o, B,)) yuacTByer
OpHeHTalHsi MHOTO0OpasHst ¥ TIPH H3MeHEeHHH OpHEeHTAIMH HHAEKC MepeceyeHust
M3MeHsIeT 3HaK.

Busnneitnsle opMel f U f* Mbl OyieM HasbBaTh hopmamu nepeceyenis.

dopmy nepeceyeHnst MOXKHO ONPENIEUTb He TOJbKO HaJ MoJieM [, HO W Hajl
KoJbloM Z. JInsi 3toro Bmecto rpynmbl H, (M) caeayeT B3aTh CBOGOAHYIO
a6enesy rpynny H,(M?")/T,, rne T, — noarpynna KpyueHusi, OCKOJbKY Ha
3/eMeHTax KOHeUHOro mnopsiika hopma nepecedenusi obpaiaercs B HyJb.

Hac 6ynyT nHTepecoBath TosbKO hopMbl nepeceuenus: Haja R v Haj Z. M3
(hopMyJibl YHUBEPCAJILHBIX KOSPPHUIUEHTOB CJIEYET, UTO

Ho(M*"; R) 2 H, (M) @ R 2 (H,(M*")/T,) @ R.

KpOMe TOT0, 3JIEMEHTbI KOHEYHOTO MopsiikKa He BJIMAIOT HAa HHAEKC MepeceueHus,

W HENOCPEJACTBEHHO U3 OoMNpeleJeHNusT HHAEKCa IepeceyeHruss BUAHO, YTO €CJIn
2n 2n.

Qp, Bn € Co(M™) 1 ray,, sB, € C,(M?*; R), TO

{(ran, sBa)) = rs{an, Bu)-

[Tostomy copmbl nepeceuennsi Hajg R W Hajx 7 3anaioTcsi OJHOM U TOH XKe
Matpuueii. K3 310ro, B uacTHOCTH, caeayer, uto B H,(M>"; R) MoKHO BHIGpATH
6asuc Tak, uTo hopma rnepeceueHust UMeeT LeJble KO3PPUIUEHTDI.

13 KOCOKOMMYTAaTHBHOCTH CUP-TIPOM3BENEHHsT CJeyeT, 4To (opma rnepe-
CeyeHHs] CHMMeTPHYHA MPH YETHOM /1 U KOCOCHMMETPHYHA TIPH HEUETHOM Al.

[ycth @ — matpuua dopmbl nepeceuennsi nan Z, m = dim H,(M?*; R).
Teopemy 8.6 mMoxkHO nepeopMyJIMPOBATL TaK: CYLIECTBYIOT KBajpaTHble MaT-
publ A u B uan Z nopsaka m, aas kotopblx AT QB = I, — equnuunas
matpuua. CaenoBarenbho, det Q@ = £1.

CcopmynpyeM 10Ka3aHHble CBOHCTBA OPMBI MepeceyeHHnsl B BUIE OTAEIb-
HOH TeopeMbl.

Teopema 8.13. a) Popmua nepeceuernusn 3a0aémcs HegoLPONCOEHHOL
yeaouucieHHol mampuuetl.
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0) [Aasa mroeoobpasus pasmeprocmu 4k ¢opma nepecevenus zada-
émes cummempuyeckoll mampuyetl, a 04 MHO2000pasus pasmepHocmu
4k + 2 — Kococummempuueckoll.

B) [lpu usmenenuu opuenmayuu mHoeo00bpasus opma nepeceuerus
MeHsem 3HAK.

3ameuanue. B ciayuae, Korna MHoroo6pasue HeOPHEHTHPYEMO HJH He
3aMKHYTO, TOXKE€ MOXKHO OIpelesuTh (hOopMy TepeceueHHsi, HO OHa He 00si-
3aTesibHO OyJleT HEBBLIPOXKAEHHOH. KpoMe Toro, B 3TOM ciydae onpejesieHus
(hopMbl MepeceyerHs ¢ MOMOLILIO YMHOXKEHHST B KOTOMOJIOTHSIX U TOCPEICTBOM
nepeceueHus LMKJIOB He SKBUBaJIeHTHbI. Hanpumep, ecain Mbl onpesesiuM dop-
My nepeceuenust 115 aunapa / X S' u st imerta MéGnyca uepes yMHOKeHHe
B KOFOMOJIOTHSIX, TO B 000MX CJIyuasix MOJyuUM HYJIEBYIO KBAJpaTHUHYIO (GOPMY.
Ecau e onpenenuts GopMy repeceueHust MOCPeICTBOM MepeceueHusi LUKIIOB,
TO JJIs1 LMJIMHIIPA [TOJTyUMM HYJIEBYIO KBaJpaTUUHYIO popMmy, a Ajst ucta MEGu-
yca — HenyJsieylo. JleficTBUTeIbHO, Ha Luannape WuKbl {1} x S! u {to} x S!,
rie t # ty, He mepecekaioTcsi, a Ha Jjucte MEGuyca LHKJIbI o M o, H306pa-
»KEHHble Ha pUC. 24, nepecekaloTcs B OJIHOH TOUKe.

N3 cBolicTB (hopMbl NepeceueHust, ykazaHHbIX B Teopeme 8.13, MoxKHO clie-
JIaTh CJIElyIOUIMH BbIBO/I.

Teopema 8.14. Ecau M*+? — samxnymoe opuenmupyemoe mno2o-
obpasue, mo dim Hoy | (M*+2; R) — uémmuoe uucao.

JdokaszaTeabcTBo. Marpuua (opMmbl NepeceyeHds MHOT0OGpasws
M**+2 kococummerpuuna, nostomy eé panr uéren (cm. [[12], c¢. 147). Ho sra
MaTpHLa HeBbIPOKIEeHHaAsl, T03TOMy eé panr paseH dim Hopy (M*F2; R). O

Cnencteue. Ecau M*? — samxnymoe opuenmupyemoe mHo2o-
obpasue, mo e2o siireposa xapakmepucmura x(M*¥*+2) uémna.

JdokaszaTeabcTBo. [l 3aMKHYTOTO OpPHEHTHPYEMOTro MHOT006-
pasust

x(M?") = dim H,(M*"; R) (mod 2).

IT0 J0Ka3bIBAETCS TOUHO TaK Ke, KaK U TeopeMa 6.4 (11 OpPUEHTHPYEMOTo
MHOroo6pasusi paccy»jeHusl CIpaBelJIMBbl He TOJbKO JJIsT Ko3(duiyeHToB
B Zg, HO U JIs K03(hdHiMeHTOB B R). O

Cuenamypoii MHOoroo6pasusi M** naspiBator curnatypy (uHmekc) ero dop-
Mbl TiepeceueHus. HamomMHuUM, UTO CHUrHaTypa CUMMETPHUECKOH OUJIMHEHHOH
dopmbl Hax R onpenensiercs caenyouM o6pasom. [Tosbaysich cuMMeTpuu-
HOCTbIO, BbiGepeM 6asuc, Jisi KOTOPOro f(z x;e;, Zyiei) = > A\ixiy;. Cur-
HaTypa — 3TO PA3HOCTb MEXKJY KOJHUECTBOM TTOJIOXKHUTENbHBIX YHCEN A\; H KO-
JIMUECTBOM OTpHLATe bHbIX. CHrHaTypa (hOpMbl He 3aBHCHT OT BbiOopa Oa-
3Mca, Mo3TOMy CHMTHATypa MHOrooGpasus, KOTopylo oGoaHauaior o(M**), —
MHBAPMAHT OPHEHTHPOBAHHOIO MHOT000pasust. [1pu 3tom o(—M*) = —a(M**),
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rie —M* — muorooGpasue M* ¢ nportusonosioxknoii opuentaimeit. [Tostomy
CIpaBEINBO CJeNyIOlee YTBePKIEHHUE.

Teopema 8.15. Ecau o(M*) #0, mo ne cywecmsyem eomeomop-
pusma [: M* — M*  obpawaroujeco opuenmayuio (m.e. comeomoppus-
ma, 045 komopoeo [.[M*] = —[M**]).

M3 teopembl 8.15 cresyet, uto He cyllecTsyeT romeomopdusma CP?* —
— CP?", o6paruaioliiero opueHTaimio, nockosbky o(CP?") = +1. (Ipyroe no-
Ka3aTesJbCTBO ITOTO YTBEPKJEHUS NPUBEIEHO B pellleHnH 3anauu 8.9.)

Ha wmuoroo6pasun CP™ umeercsl BbljieJeHHast OpPUEHTAlMsl, OTOMY UTO
CP™\ CP™=! =C™, a B KOMIJIEKCHOM MPOCTPAHCTBE €CTh BbleJeHHas OpH-
eHTalusl (Bce KOMIIEKCHbIe Mpeo6pa3oBaHys, paccMaTpuBaeMble Kak Mmpeot-
pazoBaHusl Han R, HMEIOT MOJIOKHUTEJbHBIN onpenenntens). O6bUHO Tpe-
noJsiaratot, uto CP™ cHabKeHo UMEHHO 3TOH opueHTauued. B Takom ciyuae
o(CP?") = 1, nocKo/IbKy OpMeHTallus, 3a1aBaeMasi napoii TpaHCBepcaibHO Me-
peceKalolXcsl f1-MepPHBIX KOMIJIeKCHBIX moanpoctpancts B C2, cornacobana
¢ opuenTauueit C*.

3anaua 817 (Hosukos—Poxaun). Ilycts M{" u M3" — samkuyTble
opuenTHpyemble MHorooGpasusi. Jlokaxute, uto o(M{" # MJ") = o(M}") +
+ o(M3").

Bocnosib3oBaBuines uzomopdusmom Jlediena, Mo:KHO 10Ka3aTh CJaeylo-
lllee CBOHMCTBO CHMTHATypbl MHOT006pasuisi, KOTOpOe SIBJSIETCS] KPaeM JPYroro
MHOroo6pasusl.

Teopewma 816 (Tom [Thl]). Hycme M* — samxnymoe opuenmu-
pyemoe mHoeo000paaue, KOMopoe sa8Aiencs Kpaem KOMIAKNMHO20 OpueH-
mupyemnoeo mroeoobpasus W*+! Toeda o(M*) = 0.

JdokaszaTesabcTBo. PaccMOTpHUM KOrOMOJIOTHUECKYIO U FOMOJIOTHYE-
CKylo nociefoBatesbhocTy napbl (W41 M4%) y oro6pasum nepsyio nocaeso-
BaTeJILHOCTb BO BTOPYIO MocpeacTBoM HzomopduamoB [lyankape u Jleduiena:

H2k (W e+ " HQk(M4k)LH2k+I(W4k+I’ My
J"-\[W4k+1] J'N[M4k] J'/_\[Watlwrl]

Hopet (WY M) 2y (M) s 2 (W46

[1pu nokasarenbctBe n3oMopcuaMa Jlediiena Mbl POBEPSIH, YTO 3TA AHA-
rpaMMa KOMMyTaTHBHA C TOUHOCTbIO JIO0 3HaKa. K13 TouHOCTH W KOMMyTaTHBHO-
ctu caenyert, uto Imi* = Im 0, = Keri,.

Ecm o, B € Imi*, 10 (v B, [M*]) = 0. B camom neste, eciu o = i*(a)

u B =i*), To
(aw B, [M*]) = (i*(a v b), B, [WHH]) = (5%i*(a v b), [WHH!]) =0,

NocKoJbKy §*i* = 0.
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Cuienytolii mar paccy»jieHuil yao6Ho NpoBOJHTb, H30ABUBIIHCH OT Kpy-
yeHusl, T.e. paccMaTpuBas (KO)romoJsiorun ¢ Kosdduuuentamu B R. B Ta-
KoM cayuae H2E(M*) u H?(W*+1) apasiotes MHEAHBIMH NPOCTPAHCTBAMH,
JBOFCTBEHHBIMH TIpocTpaHcTBaM Hop(M**) u Hop(W*+1) TIpu s1OM 0TOGpa-
JKEHHUSA [, U [* IBOUCTBEHHBI APYT APYTY.

Jlemwma. lycmo omobpascenue [*: W* — V* dsolicmsenno omoo-
pascenuio f:V — W. Toeda (Im f)* = W*/Ker f*.

HoxaszaTeabcTBo. JluHeilHble gyHKuuu Ha Im f — 310 JUHeliHble
¢yukunu Ha W, paccMmaTpuBaeMmble ¢ TOUHOCTbIO 10 (yHKIMH, o6paliaio-
upxcsi B Hysb Ha Im f. PaBenctBo (f*(n), v) = (n, [(v)) nokasbiBaet, uTO
Ker f* — 310 dhynkuun Ha W, obpaiatouyecst B HyJib Ha Im f. O

Hcnosibays 91y Jiemmoii, nosyuaem (Imi*)* 22 Hop(M**; R)/ Keri,. Ecau
yuecTh, uto Imi* = Keri,, T0 u3 3roro caenyet, uto dimImi* = dim Keri, =
= 5 dim Hyp (M ).

dopma mepeceuenust HeBbIPOXKIEHHAS], [TOTOMY Pa3MEPHOCTb MOJMPOCT-
paHCTBa, HAa KOTOPOM (popMa 06palllaeTcsi B HyJib, He MPEBOCXOIUT MOJOBUHbI
pPa3MEPHOCTH MPOCTPAHCTBA, PUUEM PABEHCTBO JIOCTHIAETCS JIMIIb B TOM CJIy-
yae, KOrjla CUrHaTypa paBHa HyJIo. O

8.8. Tomomoppusm Bokmreitna u usomopusm Ilyankape

OcHoBHast TeopeMa 3TOro MyHKTa GyjeT MpUMeHeHa B CJIEIyIOLIEM MyHKTe
JUIsT KJaCCH(MKALMK JIHH3 C TOYHOCTBIO 10 TOMOTOMHYECKOH SKBUBAJEHTHOCTH.

[lycts K — cumminumadnbibiii kommieke, 0 - G' — G — G"” — 0 — tou-
Hast TIOCJIe/I0BATEIbHOCTh abesieBbix rpyni. Toraa BO3HUKAET TOUHAST MOCJE/0-
BATEJbHOCTD LEMHBIX KOMIJIEKCOB

0 — Cr(K; G') — Cp(K; G) — Cr(K; G") — 0.

Kak Mmbl y:Ke roBopusM, csibiBaolmii romomopdusm Si: Hy(K; G") —
— Hy_(K; G') nasbiaior romomopduamom Bokiireiina. J{jist KOUEMHbIX KOM-
TJIEKCOB TOXKe BO3HHUKAET TOUHAsl TOCJ/el10BaTEbHOCTD

0 — Hom(Cy, G') — Hom(Cy, G) — Hom(Cp, G”) — 0,

rie Cp = Cp(K). CBsi3blBaiollMii roMoMopcu3M Jis TPYMI  KOTOMOJIOTHH
B*: HH(K; G") — H*TY(K; G') Toxe HasbiBaloT eomomoppusmon Bok-
wmelina.

Teopema 8.17. [laa 3amkHymoeo opueHmupyemoeo MH020006pa-
sus M" eomomopusm boxkwmeiina Kommymupyem ¢ uU30MOpHUIMOM
[yankape ¢ mournocmoto 0o 3uaka, m.e. ecau o € H*(M™; G"), mo

(57 k) A [M"] = £, (0 ~ [M"]),
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ede [M"] € H,(M"; G') — ¢pyndamenmarvroiii karacc. (3deco npednosaea-
emes, umo G', G, G" — addumusHoie epynnel Koaey ¢ eduruyetl.)

HoxaszaTeabcTBo. Ha ypoBHe (KO)UMKJIOB TOMOJIOTHUECKHH M KO-
FOMOJIOTHUECKHH TOMOMOP(U3MbI BOKIITEHA YCTPOEHbI CJEAYIOIIMM 06Pa3oM.
B ciiyuae romosoruit ast uukaa 2, ¢ kosdduurentamun 8 G” = G /G’ BbiGu-
paercsi peACTaBJSIIONIast €ro LeMb 25, ¢ Kos(duunentamu B G 1 el conocran-
Jsiercst 92, — UMK ¢ Kosdduurentamu B G’ C G. B ciyuae KoromoJsioruii st
Kounkaa (2%)” co snauennsimu B G” BHIOMpaeTCsi MPeACTABJSIONIAs €r0 KO-
Henb z* co snauenusimu B G W efi conocTapsieTcst KOUMKI 62F co 3HauennsiMu
B G' CG.

Ha yposne (ko)uene# nzomopduam I[lyankape ycrpoen caenytoimm o6pa-
3oM. Ilycts K u K* — nBoiicTBenHble pa3zbuenuss M". Torna uenu cp € Cr(K)
conoctagJsiercst Kotlenb ¢ % € C"~*(K*). T1pu 9T0oM Lienu dc, conocTapsier-
s Kolenb 8¢ * (tounee, (—1)#5¢"~*). Ecaim MBI BOCMO/Ib3yeMCst PH BLIUKC-
JIEHUU rOMOJIOTHYecKoro romomopduama bokiireitna paszbuenrem K, a pu Bbi-
YUCJIEHHH KOTOMOJIOTHUECKOTro roMoMopduama bokiireiiHa — pasouennem K*,
TO JIETKO TIOJTyuuM TpefyeMoe. O

Banaua 8.18. Ilycts a? € HP(K; G") u b7 € HI(K; G"). lokaxu-
Te, UTO

B*(@” v b?) =p7(@") v b + (=1)Fa” v 57 (b7).

8.9. JluH3bl

[lycts p ¥ g — B3aWMHO TMpOCTble HATypaJibHble 4ucCJ/a, MpUuém p = 3.
Ha eaunuunoii chepe S? € C? 3ananum jeiictsre (6e3 HeMOABMIKHBIX TOYEK)
rpynnbl Z, ¢ o6pasyiolel o, MoJ0K1B

o(z, w) = (™7 z, 2™/ Py).

DakToprnpocTpaHCTBO 10 STOMY JIEHCTBHIO SBJSETCS TPEXMEPHBIM MHOr00Gpa-
3MeM; ero Ha3blBalOT AUH30L W o6o3HauaoT L(p, q).

B [TI3] noapo6HO o6bsicHeHO, 4uTO JIMH3Y L(p, ) MOXKHO NPENCTaBUTb
B Buae CW -xomrmuiekca ¢ OJHON KJIETKOH B KaxK10H W3 paamepHocted O, 1,
2, 3. A umenno, Bo3bMéM wap D®, pasiesium ero sKBaTop Ha p paBHbIX yacTefi
M OTOXJECTBUM TOUKH HHXKHEH ToJsiycdepbl ¢ TOUKAMH BepXHel moJycdepbl
CJIEYIONIMM 06pa3oM: HIXKHIOW nosycdepy noBopaunBaem Ha yroa 2mq/p,
a 3aTeM OTpakaeM eé CHMMETPHYHO OTHOCHTeNbHO 3KBaTopa. [lpu atom p To-
yek JieJIeHHsT 9KBAaTOpa CJUBAIOTCS B OJHY TOUKY; p YT, Ha KOTOpble pa3jienéH
IKBATOP, TOXKE OTOXKIECTBJSIOTCS. B pesysibraTe nosyuaeM HyJbMepHYIO KJleT-
Ky H OJIHOMEPHYIO KJETKy; B KauecTBe JIByMEpPHOH KJeTKH GepéM, Hanpumep,
HHyKHIOWO nosycdepy. B rpanuity kaetkn D3 1BymMepHasi KaeTka BXOANT ABAXKIbl,
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MPUYEM C MPOTHBOMOJOXKHBIMU OpHeHTalusAMU. [To3TOMY 11enmHOoi KoMMJIeKe Jis
BBIUUCJIEHHS KJIETOUHbIX TOMOJIOTHH L(p, ¢) UMeeT Caeylolnil BU

Cs -2 Cy 20 ¢ -5 Co — 0,
rne C; 2 7Z. IlosroMy romosoruu L(p, g) ¢ Ko3hhuLmeHTaMl B Z TaKOBbI:
Hy=7, Hy=0, H =Z, Hy=17Z.

Hnst L(p, g) rOMOJIOTHH M KOrOMOJIOTHH ¢ Ko3dduuueHTamMu B Z, Jer-
KO BBIUMCJISIOTCS 6e3 (hopMyJibl YHUBEPCAJIbHBIX KO(DMHUIIMEHTOB, MOTOMY UTO
LLeMHOH KOMIIEKC ¢ Ko3(hULIMEHTaMU B Z, UMeeT OueHb NPOCTOH BHIL

Cs -5 Cy -5 ¢ -5 Cp— 0,

re C; =2 Z,. Hostomy Hi(L(p, q); Z,) = H*(L(p, q); Z,) = Z, upn k=0,
1, 2, 3.

[pynnbl TOMOJIOTHI M KOTOMOJIOTMH He TMO3BOJSIOT Pas3/HuuTh JIHH3bI
L(p, g1) v L(p, g2). Ho romomopdusm BokiureitHa (., CBS3aHHbIA ¢ TOUHOH
MOCJIEI0BATENBHOCTDIO

OHZP&ZPZ —Z, — 0,

B HEKOTOPBIX CJIyyasiX T03BOJISIET 3TO CIesaTh.

Teopewma 8.18. B epynne Ho(L(p, q); Z,) mosxcHo svibpame 3ae-
menm a mak, umo q((a, f(a)) ==+1 €Z,.

HoxaszateabctBo. [lycTth ¢ — onucaHHas Bblllle AByMepHast KJeTKa
CW -xomniekca L(p, q), d — onHoMepHasi kneTka. B kauecTBe a BbiGepem
FOMOJIOTHUECKHH KJace, TpeacTaB/eHHbl UHMKaAoM (Mo moayato p) |- ¢, rae
1 € Z,. dnement B.(a) € Hi(L(p, q); Z,) CTpOUTCS CJICLYIOLIMM 00Pa3OM.
Paccmotpum ka1 - ¢ kak uenb ¢ kospduumentamu B Zy2, T.e. Oynem
cuutath, uto 1 € Z 2 (1 MOxkHO 3aMennTh Ha J060#H saement Bua 1 + kp). [To
yenosuto O(1 - ¢) — uuka ¢ kKosppuumentamu B Z, C Z,», tie noarpynna Z,
B Zp> COCTOMT U3 3/1eMeHTOB BUa [p, [ € Z,. JlefictButenbho, (1 -¢) = p - d.
DyieMeHT [« (a) TpeAcTaBJeH LHKIOM p - d, KOTOPHIH Mbl pacCMaTpHUBaeM Kak
WHKJ ¢ KO3(pdHLMenTaMu B Zp; 151 3TOTO 3JEMeHT [p € Z,»> Hy»KHO 3ame-
HUTb Ha [ € Z,. B utore nosyyaem, uto sjemeHT (.(a) TpeacTaBJieH LHMK-
Jaom 1 -d.

Bbluncsiuth HenocpencTBeHHO HHeKe nepeceuenus: (¢, d)) HeJsb3si, MOTO-
My UYTO UIHMKJIBI ¢ U d He TpaHCBepcasbHbl. [losToMy BMecTo uKia d MbI
paccMOTPUM JPYrodl LUKJ, KOTOPBIH TOMOJIOTHUEH LMKy gd W TiepeceKaeT ¢
TpaHCBepCalbHO.

[lycte N u S — ceBepHbiil U 10XKHBIH MoJI0C, A — HeKOTOpasi TOUKa K-
BaTopa, B — Touka sKBaTOpa, mosyuenHast u3 A mosopotom Ha yroa 2mwq/p
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(puc. 29). IpaHuua nByMepHOH LlenH, 3allTpH-
XOBAaHHOH Ha puc. 29, cocToUT U3 oTpeska NS
u nyr SA, AB u BN. B L(p, q) nyru SA u BN
OTOXKJIECTBJAIOTCS, TPUUEM UX OPUEHTALIMH MPO-
THBOTIOJIOXKHBI; SICHO Takxke, 4To Toukd N u S
oroxaectsasores. Ilostomy uuka NS romo-
goruued wukay AB. Ho uukn AB coctout u3
g wikioB d. Lluka NS TpaHcBepcasbHO mMepe-
CEeKaeT LMKJ ¢ B OJHOH TOUKe, M03TOMY

q{c, ) = (c, gd)) = (¢, NS)) = £1

(Bce paBeHCTBA 3/1€Cb MO MOJYJIO P). O
Canencrsue Bepynne H'(L(p, q); Zp)
MOJCHO 8blOpamo asemenm o mak, 4mo qo v B*(a) = £A,, ede A, €
e H3(L(p, q); Zy) — aaemenm, das komopoeo A, ~[L(p, q)], = 1.
HoxaszaTedabcTso. MHoroo6pasue L(p, g) OpUeHTHPYEMO, TOCKOJIb-
Ky H3(L(p, q)) = Z. ITo3TOMy rOMOJIOTHUECKHIT H KOTOMOJIOTHUECKUI TOMOMOP-
¢husmbl Bokuireitna KOMMYTHPYIOT ¢ U3oMophr3MoM [lyaHkape ¢ TOUHOCTBIO 10
3HaKa. O
3 Teopembl 8.18 1 e€ cyieICTBUS JIETKO BLIBOIUTCS CJEYIOLIEE YTBEPIKIEHHE.
Teopewma 8.19. [Ipednoroxcum, umo aunzel L(p, q1) u L(p, g2) eo-
momonuuecki sksusasenmnol. Toeda q, = +a’qs (mod p).
INokasaTeabcTso. Bobepem snements o u ag 8 H'(L(p, q1); Zp)
us H'(L(p, q2); Z,) Tak, uto

giog v B (o) =£A, 1, qaas v [ () =FA 0.

[Tyets [: L(p, q1) — L(p, g2) — romoTonuueckast 3KBUBajieHTHOCTb. Torna
[*(Ap2) ==%A, . Sanuwem snement [*(ag) B BUIE aqay, a € Z,. Torna

gron v B (o) = A, = £[*(A,0) = £a’gea; v 5% (ay),

nostomy q; = +a’qo (mod p). (PaBenctBo [*3* = B*[*, KOTOPBIM Mbl BOC-
M0JIb30BAJIUCh, JIETKO MPOBEPSIETCs] HA YPOBHE KOoLlerned. ) O

Gameuanue. B uactu [ (n. 18.6) nokazaHo yTBepkaeHHe, oOpaTHOE
teopeme 8.19: eciu g = £a’gs (mod p), To mmnusbl L(p, gi) v L(p, gs) To-
MOTOMHYECKH SKBHBAJIEHTHBI.

Puc. 29. /lsymepras yeno

§9. Teopema KionHeta

Teopema Kionnera noasoJisieT Bbipa3uth romoJiorku K X L uepe3 roMoJiorun
K u L. Y He€ ecTb CpaBHHTEJILHO MPOCTAsl YacThb, CBSI3aHHAsI C Bblpa)KeHHEM
uenHoro kommiekca C.(K x L) uepe3 uenHble Kommiekebl C.(K) u C.(L),
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M HeCKOJIbKO GoJiee cjloxKHasi aireGpandecKkasl 4acTb, CBsI3aHHAsl C BbIpaxKe-
Huem romoJioruii komruiekca C, (K X L) uepe3 romosiorun KomrmekcoB C, (K)

u Cu(L).

9.1. LlenHoit komnaekc C, (K X L)

Ecusin usecthbl uenHble Kommekebl Cy(K) 1 C (L), TO 0 HUM MOXKHO MO-
cTpouth 1enHoi Kommeke Cy (K X L) 1J1s1 BBIUMCJIEHHS KJAETOUHbBIX TOMOJIOTHH
K x L. Knetounbie roMmosioru K X L BbIUUCJAATH yaoOHEe, UeM CUMIULHUAIb-
Hble, TOTOMY UTO MPOU3BEEHHE OTKPBITLIX KJIETOK SIBJSIETCS OTKPBITON KJIETKOM,
a MpoM3BeJleHHe CUMIIJIEKCOB — 3TO He CHMILJIEKC.

Mul 6yaem npeanonaratsb, uto K 1 L — koHeunble CW -KoMIJIeKChl, TOTOMY
uto aJs1 6eckoHeuHblX C W -KOMMJIEKCOB TOMOJOTUST MPSIMOrO MPOU3BEAEHHUS
K x L moxet He coBnaaath ¢ Tonosorueit K x L kak CW -kommnekca.

OTKpBITBIMU k-MepHBIMH KjeTKaMu K X L §IBJSIIOTCS MpsIMble TIPOHU3Bee-
ust o x 7, rne p +q ==k, o” u 77 — orkpeiThie knetTku K u L. OcHoBHAas
TPYIHOCTb CBsI3aHa C BbIpayKeHHeM rpaHuyHoro romomopduama B C.(K X L)
yepe3 rpaHnyHbie roMoMopduambl B C,(K) u B Ci(L).

SlcHo, uto O(DP x D7) = (D? x dDY9) U (0D x D9) u (D? x 0DY) N
N (ODP x D7) = SP~! x S9=1; 3nech O — reomerpuueckas rpauuua. [lpu
BbluHc/eHHH O(o” x 79) Hac He HHTepecyloT KJeTKH pa3mepHocTH (p — 1) +
+ (g — 1) =k — 2, nostomy

O(o” x 17y =00 x 79 £ 07 x O79.

OcTaérest BBISICHUTL 3HAKH.

[Ipexxne Bcero Hy>kKHO BBECTH COIVJIALLEHHE O TOM, KaK OpPUEHTaLusl KJIETKHU
VHYLHPYeT OpHEHTALMIO e€ TpaHHLbl, U BOOOllle, KaK OpHeHTalusl MHoroobpa-
3Ms1 MHAYLMPYeT OpHeHTaLuIo ero kpas. s cumniekca [vg, ..., U,| OpHeHTa-

n

1Ml TpaHuLLbl 3afaércs hopmydioit O[vy, - . ., Uy]= Z(—l)i [vo, - -y Diy oo vy U]
i=0

Mpl OyneM cuuTtaTh, UTO OPUEHTAlMsl CUMIeKca [vg, ..., U,y] 3anaéres Tew,
uto 6aguc e; = vy — vy, ..., €, = Uy — Up TOJIOKUTENHHO opreHTHpoBaH. [1pu
5TOM OpPHEHTallusl CUMILIeKea [vy, ..., U], JeXallero Ha ero rpaHuile, 3aja-
ércst TeM, uTo 6a3uc €9 — e} =UVg — Uy, ..., €y — €] = Uy — U] TIOJOXKHUTENBHO
OpUEHTHPOBAH, T.e. HA3UC €9, ..., €, MOJOKUTEJbHO OPUEHTHPOBaH. B Takom
BUJE corjallieHde o6 WHAYyUMPOBAHHOH OPHUEHTALMH JIETKO MEePEeHOCHTCS Ha
MPOU3BOJILHOE OPUEHTHPOBaHHOE MHOTOOOpa3ue M" ¢ kpaem OM". A uMeHHO,
nycTh OpHeHTalst MHoroobpasust M" 3anaércsi 6asucom ey, ..., e, Kacaresb-
Horo npoctpaHctBa T,y M" B HekoTopoil Touke x € OM", npuuém BeKTOp €
HanpasJieH HapY:Ky, 8 BEKTOPbI €9, ..., €, JeXaT B KacaTeJbHOM MPOCTPAHCTBE
K Kpato. Torna opuenTaums kpast 3anaércst 6asucom ey, ..., ey,.
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[TycTb nmosioxKuTeIbHBIE OpUEHTAlMK KeToK o u 79

3anatorcst 6asucami ey, ..., e, H €y, ..., £5. OpHeH-

TalUMIo KAETKH of X 79 3ananum 6asucom ey, ..., ep,

€1, ..., &. Opuentaunsa 0o 3anaéres 6Gasucom

eg — ey, ...,ep —er (cm. puc. 30). Opuenrauus A

OoP x 19 3apaérest 6a3ucom 0 ——
g —e€y,...,ep—e, el =8|, ..., E — €], (1)

3Ta OpHeHTaUus coBnagaet ¢ opuenrauueit (o” x 7).  Puc. 30. Opuenmayus
Opuenrauus o” x 019 3anaéres 6asncom CpaHUYbL KACMKIL

el —€1,6—€l, ..., €y —E,E2—El, ..., Eg — El. (2)

[TepectaBum B 6asuce (1) Bektop £) — e; Ha nepBoe MecTo. MaTpulla nepexoja
OT roJiyueHHoro 6asuca kK 6asucy (2) umeer BUJ

0 1 0 0
0 0 1 0
00 o0 ... I

[TosTomy 3HaK opueHTauuu 6asuca (2) orHocutesbHO 6a3uca (1) pasen (—1)7.
B wurore nosiyuaem

Oo? x 1y =0c” x 79 + (—1)’a? x O7.

Tenepb 3agaua BeluKcaeHUsI TOMOJIOTHH K X L CTaHOBUTCS uMCTO ajrebpanue-
CKOH.

9.2. Anre6paunyeckas teopema KionHera

[Tycts C. u C!! — HeotpuuaTesibHble LEMHbIE KOMIJIEKCHI C TPAHUUYHBIMH [0~
momopusmamu &' u 9", VIx mensopHoim npoussederiem Ha3biBaOT LEMHOM
komrieke Cy, e Cp = @ C,@CJn

p+q=*k

e, @cg)=0"ch,@c) +(=1)Fc,®d"cy.

3Hak (—1)” Bo BTOpOoM cJjaraemoMm ofecreudBaeT BbIMOJHEHHE PaBEHCTBA
00 =0.

Lennoit kommieke Cy Mbl Gyem o6osnauath C, @ C!. Anasoruunoe 060-
3HaueHue Mbl GyJeM HCIOJIb30BaTh JIJIsl POU3BOJILHBIX IPajyHPOBAHHBIX abe-
aesblx rpynn A, =@ A, u B, =@ By, 1. e. 6ynem cuutats, uto (A, ® By, =
= @ A, ® B,. Ananoruuno onpenenum (Tor(A,, By))r = @ Tor(4,, By).

ptq=k p+qg=*k
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Teopema 9.1. [Tycme C, u C! — ceobo0nbie HeompuyamenvroLe
yenmvie komnaexco. Toeda umeem mecmo mouHas nOCACO08AMEAbHOCb

0— (H.(CHRH.(C))e— Hr(CL® C) — (Tor(H.(CY), Hu(CY)))e—1 —0.

Ima mouraa nocaedosamesbHOCIb PACUEeNALeMC, HO He KAHOHUYECKLL.
JlokaszaTenbcTBo. PaccMoTpuM TOUHYIO MOC/Ie10BaTeIbHOCTh
6/

OHZ;LC;%B;,l—@.

ITa 10¢J1e10BaTebHOCTb pacllensercs, MOCKOJbKY rpyrnmna B;_l cB0OO/IHAS.
[TosTOMY TOUHOCTL COXpAHUTCsI NIOCJIE TeH30PHOTO yMHOXKeHHs Ha Cy'. TTpsimas
CyMMa TOUHBIX MOCJIE/IOBATENBHOCTEH ABJISETCS TOUHOH MOCJ/1e10BaTe/bHOCTBIO,
[105TOMY I10Jly4yaeM TOUHYIO [10CJIel0BATEJNLHOCTD

0— P z,0chH e P c,ech P D B,0c)) —0.

p+q=k p+q=k p+qg=k—1
(1)

Pacemorpum entble Kommekesl Z, @ C u B, @ C!/; B atux xomruiekcax
rpanuunblii romomopdusm umeet sui £1 ® 9", JlefictButensro, 9(z), ® ¢;) =
= (=1)7z, ® 9"¢;/, mockosbky 9z}, = 0. Orobpaxenns i’ @ 1 u 9" @ | apas-
I0TCS LLEMHbIMH, IO3TOMY H3 KOPOTKOH TOUHOH nocJenoBatesnbHocTH (1) nosy-
yaeM TOUHYK TOMOJIOTHUECKYIO TOCJ/IE/I0BATENBHOCTh

= Hy (B, © C) =5 Hp(ZL @ C) — H(CL ® CY) —

Qp—1

— He (BL®CY) —— Hp((Z. @ C) — ... (2)

[okaxem, uro H,(Z;, @ CY) = (Z, @ H.(CY))r. Tpynna Zj, coGonnas, no-
3TOMY H3 TOUHBIX MOC/EI0BATENLHOCTEN

/!
0— Z) — Cy “ B, —0,

0— B;Ll - Z;Ll - H(;LI(C;I) —0

noJiyuaeM TOUHbIE MMOCJ/eN0BaATE/IbHOCTH

®6
0—2,02] —2,9C] —=Z,2B]_ | —0, (3)
0—2Z,®B; —>Z;®Z;’7l — Z,®@H; (C]) —0. (4)

M3 TouHO#l nmocJ/enoBaTesbHOCTH (3) ToJyuaem

Ker(£1 © d)) =Ker(1® 9]y = 2, ® Z!,
Im(£l®d!)=Im(l ©d) =2, ® BI_,.
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[TosTOMy TouHast MocJieIoBaTeNbHOCTD (4) UMeeT BUJL
0 —Im*l® 8;') — Ker(£1 ® 8{/,1) — Z;, ® H;',I(ka') — 0.

Caenoatesibho, Ker(£1 ® 8(’]’_])/Im(i1 ® ) = Z, ® H/ (CY), a snaunr,
H(Z, ® CY) = (Z, ® H.(C)))e.

Awnagnoruuno nosydaem Hy(B! @ C!') = (B, @ H.(C)),. Henocpenctaento
U3 OMpeJie/ieHHsT CBS3bIBAIOLIEr0 rOMOMOPMHU3MA vy MOJIYUaeM, UTO MPH TAKUX
OTOXK/IECTBJIEHUSIX OH HMEET BHL

i@ 1 (BL@H(CY))e — (ZL @ Ho(C)))e,

rne j: Bl — Z! — ectectBentoe BKJjoueHne. [1oaroMy 13 cBOGOAHON pPe30Jib-
BEHTBI

0—B, —Z —HC. —0

oJiydaeM TOUYHYIO MOCJIeA0BATE/IbHOCTDb

0 — (Tor(H+(CL), Ho(C))k — (BL @ Ho(CL))p =
5 (ZL @ Ho(CY))e — (Ho(CL) ® Ho(CL))p — 0,

a snaunt, Ker o, = (Tor(H.(CZ), H.(C!)))r n Cokeray, = (H.(CL) @ Hi(C))p.
[Tocsie BCceX 3THX BBbIUMCJIEHHH M3 TOUHOH FOMOJIOTHUECKOH MOCJ/Ie10BaTENbHO-
ctu (2) noJsiyuaeM TOUHYIO MOCJIE0BATENLHOCTD

0— (H.(CH@H.(C))e—Hp(CLRCY) — (Tor(H.(CY), Hi(CL)))p—1—0.

OcTtaérest mpoBepHUTb, UTO MOJIyYeHHAsT TOUHAST MOCJIEI0BATENLHOCTb pac-
uenyisiercst. Jljisi 3T0ro BocnoJibayemcsi TeM, uto 1entoi kommnieke C. cBo-
GOAHBIA (0 CHX TOP Mbl MOJIb30BAJMCh TOJLKO TeM, YTO CBOOOJIEH IIEMHOMN
komrieke CL). [ycts I': Cl, — Z, u 1": C!! — Z!! — pacuenusiionne 0to6-
paxenusi. Torna orpanunuenne otobpaxkenust [’ @ [ na Z! ® Z!' wnnyuupyer
roMOMOpP(U3M

Z/ ® Z//

’ "
e ¥y ey

= H.(C)) @ H.(CY).

ITOT roMOMOP(HU3M SABJSETCSH PACUIENUIFIOUUM O0TOOPaKeHHEM. O

9.3. Tomosioruu NpsIMOro nNpou3BeaeHus

O6benuHss anrebpanueckyio Teopemy KioHHeTa ¢ BbIUMC/EHHEM LIEMTHOTO
kommnekca C.(K x L), nonyuaem cjieayiolilee yTBepKIeHHE.
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Teopema 9.2 (Kwonner [Kul], [Ku2]). lTycme K u L — xoneunole
cumnauyuatoHele Komnaekcol. Toeda umeem mecmo mouHas nociedosa-
MeAbHOCb

0— (Ho(K) ® Hi(L))y — Hp (K x L) — (Tor(H(K), H.(L)))r—1 — 0.

Ima mouran nocaedos8amesbHOCIb PACU,eNnAfiemcs, HO He KAHOHUYECK.

Sameuanue. Cienyer oTMETUTD, uTO 06e cTaThk KioHHETa MOsIBUIHCH
10 Toro, kKak dMMH Hértep oOpaTuna BHMUMaHHe Ha TO, UTO TOMOJIOTHH SIBJISI-
totcst rpynnamu. [Tostomy B ero craThst MAET peub o uucjax bertu u uncnax

KpYyueHHsi, a He O Ipyrnax.
[Tpumep 9.1. Cnpasedauso pasencmso H,(T") = Z(k)
JloxaszaTenabcTBO. [IpUMEeHHM HHAYKUMIO TI0 1 U BOCHOJb3yeMCsl

tem, uto T"*t! =T" x S'. Tlpu n =1 yreepxaenne BepHo. Kpome Toro,

Tor(H.(T"), Z) = 0. ITosTomy

Hi (T = (H(T") @ Ho(S") & (He— 1 (T") ® Hy(S)) =
= Hp(T") & He—1(T").

OcTaérest BOCMOJIb30BATHCST TEM, UTO (nz 1) = (Z) + (ki 1). O

Jliist roMmoJiorHit ¢ Ko3(pUIIHEHTAMH B aJJIMTHBHOM TIpyrine 1oJist £ MOXKHO
MIOBTOPHTB J10Ka3aTe/IbCTBO ajredpanueckoil TeopeMbl KioHHeTa, NpHuém MHO-
rMe paccyzKaeHHsl yIpoCTsTCs, MOTOMY UTO Ha 3TOT pa3 Mbl OyJ1eM UMeTb JeJ10
C JIMHEHHBIMUA OTOOPaXKeHUSIMU BEKTOPHBIX MpocTpaHcTB. Ecau V u W — Bek-
TOpHbIE MpocTpaHcTBa Han F, To ompeneaum V ®p W kak rpymnmy, kotopas
noJiydaercst u3 rpynnel V @ W, ecsiu BBeCTH JIOMOJHUTENbHOE COOTHOLIEHHE
A QW =0® Aw wis moboro A € F; rpynna V ®r W sBjsieTcsi BEeKTOPHBIM
npoctpanctBoM Haj F. [ToBTopum nokasaresnbecTBO anrebpanueckol Teope-
mbl Kionnera, 3amenuB cBoGojHble LenHble kKommiekebl C, u C! na C, ® F
u C!! ® F u 3aMeHsisi BCIOZY B I0KA3aTeNbCTBE ® HAa Qp. BMJIOTh 10 BblunCie-
HHUS s1ipa 0TOOparKeHust o, BC€ ocTaércst 6e3 u3ameHeHuid. Ho ternepb n3 TouHol
110CJ/1e/10BaTeJIbHOCTH

0—B,9F —2Z7,8F —H,(C,®F)—0

noJiydyaeTcsl ToOUHasi nmocJie10BaTeJIbHOCTb

0— (B, ® F) ®F Hy(C!l @ F) = (Z}, @ F) @ Hy(Cl @ F) —
— H,(CL ® F)®p Hy(C!! ® F) — 0,
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T.e. B 3ToM cayuae Ker oy, = 0 u rpynna Tor nponanaer. B pesysbrare nosyuaem
He KOPOTKYIO TOUHYIO MOCJIeI0BATE/IbHOCTb, 8 KAHOHUYECKUE U30MOP(U3M

P Hy(CLeF)@r Hy(C! @ F) = Hy(CL ® C! @ F).
pt+q=~k
Ho C.®C!'®@ F = (C, ® F) ®r (C!! ® F), nostromy

P H,(K; F)@r Hy(L; F)= Hy(K x L; F).
p+q=k

Ganaua 9.1. JloxaxuTe, 4TO MPOU3BELEHHE IBYX 3AMKHYTbIX MHOTr00G6-
pasuil OpUEHTHPYEMO TOTJA M TOJbKO TOT/A, Koraa o0a 3TH MHOrooGpasus
OPHEHTHPYEMBI.

Sanaua 9.2. Jlokaxute, uto cdepa S” He sBJsIETCS MPOU3BEIEHHEM
JIBYX MHOT006pasuil MoJI0OKHTENbHOH Pa3MepHOCTH.

Sanaua 9.3. Ilyetb n > m > 1. JlokaxuTre, uTo BCe rOMOTONUUECKHE
rpynmnbl mpoctpaHeTB S X RP™ u ™ x RP"™ u3oMopdHbl, a rpynibl FOMOJIO-
THH Yy HUX pasHble.

Ganaua 9.4. JloxaxuTe, yTO BCE FOMOTONHUYECKHE IPYIIbl MPOCTPAHCTB
5% x RP* 1 RP? uzomopdHb, a TpymIbl FOMOJIOTHI Y HHX PasHbie.

Sanaua 9.5 [Mil]. I[lycts A u B — KoHeuHble CBsI3Hbl€ CHMIIHIHAIb-
Hble KOMIIEKChI. JloKaxKkuTe, uTo

He(AxB)= B (HiA) e AiB)e P Tor(Hi(A), H;(B)).

itj=r itj=r—1

9.4. Teopema KioHHeTta 1711 KOromoJiorui

Koromousoruu npsiMoro npou3BesieH st MOKHO BBIUHCJSITH € TOMOLIBIO (hop-
MYyJIbl YHHUBEpPCAJbHBIX KO3(h(HUIHEHTOB U TeopeMbl KioHHeTa /51 TOMOJIOTHH.
Ho MoxXHO M HenmocpeacTBEHHO MOJMYUHTb /sl KOTOMOJIOTHE TOUHYIO MOCJe-
JI0BaTeJbHOCTb, aHAJIOTHUHYIO TOUHOH nocJ/efoBaTenbHocTH KionHera ans ro-
MoJiorui. Mbl OrpaHuuMMCsi pacCMOTpeHHeM rpynn kosdduuuentos Z u F
(ammuTHBHAS TpyMma moJs).

[yers C, = Co(K; Z) u C! = C.(L; Z), tne K n L — KOHeuHble CHMILIH-
LMasbHble KoMIeKehl. Pacemotpum kouenubie kommnsekebl C'* = Hom(C, Z)
u C"* =Hom(C”, 7Z), a Takxe ux tensoptoe npoussenenre C'* @ C"*. Jlo-
60# KollenHo# KommyieKe C* MOXKHO (hopMasibHO paccMaTpuUBaTh Kak LEMHOH
komrsieke Dy, rie Dy = C™% (npu Takom M3MeHeHHH HyMepaluH rpaHHUHbIi
romomMopu3M OyaeT 1eHCTBOBAaTL B HYXKHOM HanpasJjeHuH). Ycjaosue Dy =0
npu k < ¢ 3KBUBajeHTHO ToMmy, yto C! =0 npu [ > —c. Jlns Bcex paccmat-
pUBaEMBbIX KOLIEMHbIX KOMIJIEKCOB TAKOE YCJOBHE BBIMOJHSIETCS, OTOMY UTO
K n L — KoHeuHble CHMIJIMLHAIbHbIE KOMIJIEKCHI.
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[Ipumennm anre6pandeckyio Teopemy Kiontera, popmasibHo paccMartpuBas
KOLEMHbIe KOMIIJIEKChl KaK LenHble. B pesy/ibTaTe MosiyuuM TOUHYIO MOCJEN0-
BaTEJIbHOCTD

0 — (H(C"™) @ H(C"))i — He(C™ @ C"7) —

— (Tor(H,(C""), Ha(C" ))gst — 0.
OO6paTtuTe BHUMaHKE, UTO UMCIO £ — | 3aMeHusIoCh Ha R + | 13-3a H3MeHeHus
Hymepauuu: ecit (—p) + (—g)=(—k)— 1,70 p+g=Fk+ 1.

K coxanenuio, mosiyueHHasi TouHasi OCJIE10BATENBHOCTb — 3TO HE COBCEM
T0, uero Mbl xotesu. 3aech H,(C'™) = HP(K; Z) w Hy(C"") = HY(L; Z), kax
v Hy:kHO. Ho Koromosioruu npousBesieHusi K X [ BBIUMCJISIOTCS € MOMOILbIO
kouenHoro komruiekca Hom(C., ® C/, Z), a He ¢ NOMOLIbIO KOLEMHOr0 KOM-
nnekca C'* @ C"* = Hom(C!, Z) ® Hom(C”, 7Z).

Onpenenum romoMophusm

0: Hom(C., Z) ® Hom(C!, Z) — Hom(C. @ C, Z)
cJIelylolM 06pa3oMm:

0" @), el = (7 e, ey

sech npeanoaaraercs, uro (¢'”, cly =0, ecau p £ r, u ("7, ¢!y =0, ecau

q#s.

Jlemma. Tomomopgpusm 0 — koyennoe omobpascenue, m.e. 66 = 9.
JlokaszaTteanbcTBo. [lo onpenenennto

5(6/!7 ® C//f{) — 6/6117 ® C//q + (_l)pclp ® (5”6”[{.
[Tostomy

(60(c"" @ "), ¢l @cl)

<9 C/P R cC //Q) 8(0 ®C”)> —
<C /Uv 8’0 >< //l]7 ;/> ( ) < ; C/><C//l]7 8//C§/>,
@ e ey + (1) e ) =
<C ; 8/6;>< //l] //> ( ) < /><C”q, 8”0;I>.

05(c’"" @c""), L @cl)

B rnosiyueHHbIX BbIpaXKeHHSIX y BTOPBIX CJlaraeMbIX MOTYT OKa3aTbCsl pasHble
suaku. Ho ecam p #r, 1o (¢'?, /) =0. O

ﬂoxameM uT0 § — n3omopcuam. [1pexkae Bcero oTMeTHM, UTO €CJH €y, . ..

., ep — Gaanc mpoctpanctsa Z", to Gasuc B Hom(Z", Z) o6pasyior o1o6-
pameHm{ ', mns1 Kotopblx €'(e;) = d;;. Tlosromy Hom(Z", Z) =2 Z", npuuém
BbIOOp éasuca OJIHO3HAUHO 3a1aéT 3TOT u3oMopdusm. Bribpas Gasuchl B C;
u B Cg, nonyunm usomopdusmel Hom(C),, Z) = C, n Hom(C[, Z) = Cy.
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basucw B C), u B C;/ 3anator 6asuc B C}, @ CJ/, nostomy
Hom(C/,, Z) ® Hom(C/, Z) = C}, ® C;/ = Hom(C}, ® C//, Z).

SlcHO Takke, uTO TaK onpeneJéHHbIil H30MOP(hU3M coBraaaer ¢ 6.
B uTore nosiyuaem KaHOHHUECKHH H30MOP(HU3M

Hy(C"™ ® C"") — HY(K x L; Z),

MHYLHPOBAHHBIH TOMOMOPhH3MOM 6.

Ecan B kauecTBe rpynmnbl Ko3p@ULUHEHTOB BMeCTO Z B35Th aJUIMTHBHYIO
rpymmy nosist £, To BCe paccyKJIeHHsi MOXKHO MMOBTOPHTb /ISl JIHHERHbIX MPO-
CTpaHCTB. B pesysibrarte mosyunm n3oMophuam

P HP(K; Fy®p HY(L; F) — H*(K x L; F).
ptq=k

9.5. YMHoxeHue B KoromoJorusx u reopema KioHnera

Huaronanbhoe orobpaxenue d : |K|— |K x K|, 3anantoe dhopmydioi d (x) =

d«

= (x, x), MHAYUHPYeT TOMOMOP(U3MbI TOMOJOTHI U Koromosiorui: . (K) —

d—"»H*(K x K) u H*(K x K) d—»H*(K). Jl/1s1 KOromMoJsioruii MOXHO pac-
CMOTpETb KOMMO3ULHI0 ToMOMOpP(dHU3Ma d* U KaHOHMYECKOTO MOHOMOp(H3Ma
H*(K) ® H*(K) — H*(K x K) u3 teopembl Kionnera. B peaysbrare nodsy-
YUM KaHoHHUecKuil romomopdusm H*(K) @ H*(K) — H*(K). O6pa3 snementa
o ® [ TIpy 3TOM TOMOMOp(H3ME COBMAAAeT ¢ « v (3, HO MPOBEPKA 3ITOrO
JIOCTATOUHO CJIOXKHA, MOTOMY UTO oToGpaxkeHue d He cummJMuMabHoe. Hike
MPUBEJIEHO JI0KA3aTebCTBO, OCHOBAHHOE HA METOJE alMKJIHUHBIX MOJEJIEH.

J11s1 TOMOJTOTHH 3Ty KOHCTPYKIHMIO MPUMEHHThb HeJb3sl, TOTOMY YTO TOMO-
MopuaM d. NeHCTBYeT B MPOTHBOMONOXKHOM HaTpaBJeHHH:

Ho(K) @ Ho(K) — Ho (K x K) <% H,(K).

[To 3T0¥ MpUUKMHE YMHOXKEHHE B TOMOJIOTHSIX, B OTJIHUHE OT YMHOXKEHHS B KO-
FOMOJIOTHSIX, MOYKHO OTIPEJIEJIUTh TOJBKO B HEKOTOPBIX CTELHAJbHBIX CJyuasix.

Teopemy KionHeTa Mbl J0Ka3ajid He TOJILKO jisi KO3(MUIMEHTOB B Z, HO
u 1 KoahduumreHToB B F, riae [ — ajyiuTHBHAS Tpynna HekoToporo noJs. [1pu
TOM B KOHCTPYKIHH MCIOJb30BaJach W MyJIbTHIIJIMKATHBHAS CTPYKTYpa MoJs
(HaripuMep, NpH OMpesieieHHH TOMOMOPgH3Ma, aHAJOTHUHOTO 6 Nt KO3(pdu-
uuenToB B Z). [Tostomy st KoromoJioTHil ¢ KosddpuiineHTaMu B I TOXKe ecTb
KaHOHUUECKH onpesenénHoe ymHoxkenne H*(K; F) @ H*(K; F) — H*(K; F).
OHo TOXKE COBMAJAeT ¢ CUpP-NPOU3BENEHHEM.
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Teopema 006 aUMKJIMUHBIX MOJENSIX

MeToJi alMKJIHUHBIX MoOjeJel, paspaboTaHHblil Jitnen6eprom u Maksedi-
HoM [Ei3], siBasiercst 0600LieHHEM MeTo/la aUMKAWUHBIX HocuTesel. Hanbosee
€CTECTBEHHO TeopeMa 06 alMKJINYHBIX MOJENsIX (hOPMYyJIMPYETCs Ha sI3bIKe Ka-
Teroputl U (pyHKTOPOB.

Kameeopus C cocTouT U3 06vexmos u mopghusmos hom(X, Y), 3ananubix
It Kaxnoi napbl 00bekToB X u Y. Ilpu sTOM /51 /0GBIX NBYX MOpPH3-
mMoB f € hom(X, Y) u g € hom(Y, Z) no/mken ObiThb onpeneaéH Mophusm
go [ €hom(X, Z) 1 10JKHBI BBITOJIHATLCS CJIEAYIOLIHE YCIOBHS:

) (hog)of=ho(go )

2) B hom(X, X) ectb snemeHT idy, nas koroporo foidy =fuidyog=g
anst Beex [ € hom(X, Y) u g € hom(Y, X).

Kosapuanmmnoiii pynkmop T u3 kareropuu C B Kateropuio D conocras-
JsieT Kaxaomy o0bekty X kateropuu C o0bekT T(X) kateropuu D u KakaoMy
mMopduamy [ € hom(X, Y) — mopdpuam T(f) € hom(T(X), T(Y)). ITpu stom
JIOJDKHBI BBIMOJHATbCA cenytoume yeaopus: T (idy) = idrxy v T(f o g) =
=T()oT(g).

Koumpasapuarmmoltl oynKmop oTauuaeTcsi OT KOBAPUAHTHOTO TEM, UTO
T(J) € hom(T(Y), T(X)) u T(J o g) =T(g) o T(]).

[Tyctb 71 u To — KoBapuaHTHble (PyHKTOPbLI H3 KaTeropuu C B Kateroputo D.
Ecmecmsenrnoe npeobpasosanue T: Ty — To comocTaBiisieT KaxI0My 00beK-
Ty X kareropuu C mopduam 7(X): T1(X) — To(X) Tak, uto ausi no6oro Mmop-
¢dusma f: X =Y (1.e. f €hom(X, Y)) KommyTaTBHa cJeyiollas AHarpamma:

1) 227y (v)

o | ) |7
ToX) 28 7y ().

Kameeopueti ¢ mMoOeasimu HA3bIBAIOT KATETOPUIO, B KOTOPO# BbIIeJIEH Kjace
00beKTOB M = {M}; 3TH BbieeHHbIe 0G'bEKThI HA3bIBAIOT ModeAimu. PyHK-
TOp (KOBapuaHTHbIM) T M3 KaTeropuu ¢ MOJEJSIMH B KaTeropHio CBOGOJHBIX
HEOTPULIATEbHBIX LEMHbIX KOMIIEKCOB U HX LEMHbIX OTOOPaXKeHHH HA3bIBAIOT
€80000HbIM OTHOCHTEJIbHO MoJleJiell M, ecsin VISl KaxK10ro & MOXKHO BbIOpaTh
noaMHoxkectBo M, C M u B kaxno# rpynne Cp(My), Mo € My, MOXHO
BLIGPaTh /1eMenT ef tax, uto snementsl T (f)(e?) € C1(X) nonapuo pasauumbl
1 o6pasytoT 6asuc rpynnbl Cp(X). 3aech noapasymenaercs, uto [ npoderaer
BCe 3JIeMeHThl MHOKecTBa hom(e”, X), a o npoGeraeT Bee HHEKCHI 3IeMEHTOB
MHOKecTBa M.

@yukrop T HA3BIBAIOT QUUKAUYHGIM OTHOCHTENLHO Mojesedl M, eciu
Hp(T(Mn)) =0 npu £ > 0.
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Ecsin dyHKTOp CBOOOIEH OTHOCHTENLHO MOjies el M, TO OH CBOGOJIEH H OT-
HOCUTeNIbHO Mogeelt M’ D M, a ecin QYHKTOp alMK/IHYEH OTHOCHTEbHO
Mozesielt M, To OH aUMKJIHUEH W OTHOCHTEJbHO Mojesned M’ C M.

[Tpumep 9.2. Paccmompum Kamesopuro cCumMnALyUANbHOLX KOM-
NnAeKCo8 ¢ YnopaoOdHeHHoIMI BEePULULHAMI U CUMAMIUUANOHOLX Omobpa-
JCeHULl, COXPAHAIOWUX NOPAOOK Bepuur. PYHKMOp, cOnoCmasiiowui
KaucoOOMY CUMAAUYUANOHOMY KOMAACKCY €20 YenHOol KOMNAeKc, c80600eH
u ayukauuen omuocumervio modesei M ={[0, 1, ..., k]}, k=0,1, ...

Teopema 9.3 (06 auukanuHbix mojensix). [lycmo ¢ynkmop T ceo-
60den, a pynkmop T' ayukauuen omuocumenrono modeseii M. Toeda aio-
6oe ecmecmsennoe npeobpasosarue p: Hy(T) — Ho(T') undyyuposaro
HEKOMopblM ecmecmsernolm yennoin omobpascenuem 7. T — T'. boaee
moeo, a0bole 08a ecmecmaenHolx yennolx omobpascequs 7, 7: T — T,
UHOYyupyoue @, eCmecmseerHHo YyenHo 20MOMONHoL.

HoxagzateabcTtBo. Ipynna Hy sBiasercs (axkToprpynnoil HyJb-
MEpHbIX Lierel, nostomy umerorcst snumopdusmbl p: To(My) — Ho(T (My))
n op's T)(Ma) — Ho(T'(My)). Ilnst Kakporo BbIOpaHHOTO 3jemMenTa €l €
€ To(My) cymectsyer snement 7p(el) € T5(Mg), nist Kotoporo p'1o(ed) =
=pped).

Anementbl T(f)(e?), rae [ € hom(Mg, X), o6pasyior 6asuc rpynnbl To(X).
[onoxum 7o(T(F)(€2)) = T'(f)(10(el)); s1a hopmyna oaHosHauHo 3a1a8T ro-
Momopouam 7o To(X) — T(X). M3 ectecTBeHHOCTH TPe0Gpa3oBaHust ¢ U TOTO,
uto T(f) u T'([) — uentble 0TOGpaKeHHUsI, CJEIYET, UTO TOMOMOP(U3M T HH-
JyLMPYyeT B HYJIbMEPHBIX TOMOJIOTHSIX HCcXoHOe oTobpaxkeHue ¢: Ho(To(X)) —
— Ho(Tj(X)).

Tomomopduamsl 7;: Tx(X) — T, (X) Oynem CTpoUTb HHAYKLHMeH 1Mo R Tak,
YTOOBI BHITOJMHSJIOCH PABEHCTBO 0Tk = Tp—10. A MUMeHHO, Uil KaKIOTro 3a-
naunoro snementa eX € Ty(My) paccmorpum Tp—1(0ek) € T/ [ (My). Jlerko
MPOBEPUTH, UTO CyllecTBYeT Lenb cX € Hy(M,), 1as kotopoit dck = 7,1 (dek).
[Ipu £ =1 370 caenyet U3 TOro, UTo 79 MHAYLUPYET OTOOPaXKEHHE HYJIbMEPHbIX
rOMOJIOTHI, a TIpu & > | — u3 Toro, uto O7,_1(8e’) = 7,_9(00e*) =0, a no
yeqonuio Hy_ 1 (T'(Mg)) = 0. TTonoxum 74 (eX) = c* u noctpoum romomopdmsm
Tt Tp(X) — T/(X) ¢ MOMOIIbIO OMUCAHHOM BbIlIIe KOHCTPYKIHH.

Hast uennbix ortobpaxkennid 7, 7: T — T’ HHAyUMPYIOUMX OAHO H TO
Ke ecrectBeHHoe npeoOpasosanue ¢: Ho(T) — Ho(T’), uennasi romoronusi
Dy Tp(X) — T; . (X) ctpountest ananoruuno. Mbl XOTHM, UTOObI BBIMOJHSIHCH
paBeHctBa 0Dy = 19 — Ty, ODp = 74 — T — D10 iput k > 1. [Inst noctpoerus
Takoro roMmomopduama Dj nocTaTouHo, 4tobel sl 0600 BHIGPAHHOTO 3Jie-
MenTa ef uenb 7,(ef) — T(ek) — Dp_10ek (nennb mo(el) — 7(e?) npu k = 0)
Obla rpauutiei. [Ipu £ =0 TpeGyemMoe CBOHCTBO CJeLyeT U3 TOTrO, UTO Ty U Ty
MHIYLUHPYIOT OJIHO U TO YK€ 0ToOpaKeHHe romoJioruil. A npu k > 1 numeer mecto
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paBEHCTBO
01 — 0T — ODp_10 = 110 — Tp_10 — ODp_10 = Dp_900 = 0;

0CTaéTCst BOCMOJb30BATHCS aUMKJANYHOCTbIO (yHkTOpa T, O

JuaroHanbHas annpokcumauus AjekcaHaepa—YUTHU

[lyers d: |K| — |K x K| — nnaronanbHoe otoGpaxkenue, d.: H.(K) —
— H.(K x K) 2 H.(C.(K) ® Ci(K)) — MHLyLMPOBaHHOE WM OTOOpaKeHHE
romoJiornii. Ha ypoBHe 1enei dy conocraBnsieT BepllHHe U LeMb U & v. By-
JIeM Ha3blBaTh 0UA2OHAAbHOL annpoKcumayuetl noboe ecTeCTBEHHOE [IeHOe
orobpaxenue 7: Cy(K) — C.(K) ® C.(K), nepeBojsiliiee v B v ® v.

®yuxrop C,(K) cBobosen oTHOCHTebHO Mojenel M = {A*} (cm. npu-
Mep 9.2), a pyHkrop C,(K) ® C.(K) auuK/JIHUeH OTHOCHTENLHO 3THX MOJeJeH.
[Tostomy coriiacHo TeopeMe 06 aLMK/IMYHBIX MOJENSAX Jio6Gasi qHaroHajbHast
annmpoKCHUMalHsl HHAYLIHPYET B TOMOJIOTHSIX oToOpaykeHue d..

st Bbluncsienuit ynobHa duacorasvHas annpoxkcumayus Arexcanode-
pa—Yummnu, Kotopast 3a1aétcst GopMyok

7[00, 01, - 0a) =D V0, - ] @ [ -, v,
i=0

Hy»HO JHlIb MPOBEPUTD, UTO 3TO OTOOPaXKeHHe LEMNHoE, T.e. 70 = O7. SlcHo,
uTo

(9]0, 1, ...,ﬂ])iT(Z(*l)i[O, o ...,n]):
=Y D0, 1@ ]+
i<j
+3 D0 @l
i<j
o0, 1, ...,y =93> [0, ..., 1@}, ....n] =
=) D010, iy ]+

+ Z (=070, ..., 0 .. j1®, ..., n]+
i<.j#0

+ > D0 @ ]
iz],j#n

+> (=00, . i ] @ ],
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BTopoe BbIpaxKeHHue OTJIM4aeTcCsi OT MepBoro }lOﬂOJ]HHTeJ]bHOﬁ CyMMOﬁ

+0] @1, ..., n]
—[0]®[L, ..., n] —[0, 11®[2, ..., n]
+10,1]1®[2, ..., n] +00,1,2]®13, ..., n]

+ (=00, L =2 @ [n =1, Al + (=)0, 1, ..., n— 1] ® [n]
+(=DMO, 1, ..., n—1]®][n],

HO 3Ta CyMMa paBHa HYJIIO.
Oro6paxenne C,(K) — C.(K x K), npencrasssioliee co60i KOMMO3ULHIO

0,1, .con]e— > [0, il @i oy n]— > [0, ] X iy ..., nl,

MH]yLIUPYET B TOMOJIOTHSIX O0ToOpaykeHHe d, a B KOFOMOJIOTHSIX — OTOOpaxKe-
Hue d*. VI3 3T0oro yxe Jierko BbIBECTH, UTO KOMIIO3HUIIUSI OTOOPaXKEHH

H*(K) @ H*(K) — H*(K x K) “ H*(K)
Jaét cup-npousseseHue. JleficTBUTENbHO, Ha YPOBHE KolLlernel 3Ta KOMMO3HIUS

conocTassieT Kouenu ¢” ® ¢4 kouenb ¢P 9, 15 KoTopoi

(Pt [, U1, -y Upigl) =
- <9(c” @), > oo, oo, vl ® o, U,,+[,]> -
:Z<Cp, [0, -5 vp ), [Up, -\ Uptgl)-

[TocsienHee paBeHCTBO cJlelyeT M3 TOTrO, UTO OCTaJslbHble cjaraemble obOpalla-
I0TCS1 B HyJib. Takum o6pasom, ¢”T9 = ¢P ¢, uto u TpeGoBaIOCh.

9.6. BHemiHee KoromoJioruueckoe nNpou3BeJ€HUE

[Tycets K 1 L — KoHeuHble cUMMIHIIMAJbHBIE Komriekebl, C*(K) n C* (L) —
CHMIJIHLIHAJIbHBIE KOLleMHble KoMrieKebl, C* (K X L) — KJIETOUHBIH KOLIeMHOH
kommnieke. Kouensim ¢” € CP(K) u ¢? € C9(L) MOXKHO COMOCTaBUTb KOLleMb
cP x ¢ € CPTI(K x L) caenyioimm 06pasom:

(7 x e, AP X ATy = 8ppi8qr (7, AP ) (!, AT,

N3 paBenctBa O(AP x A9) = 0AP x A7 + (—1)PAP x QA7 cnenyert, uto
0(cP x ¢9) =dcP x ¢? + (—1)PcP x 6c?. TlosTomy mosyuaeM romMoMopguam
rpynn HP(K) x HI(L) — HPTI(K x L), HasbiBaeMblil BHEULHUM KO2OMOAO-
CUUECKUM YMHONICCHUCM.



118 I'naBa II. Kosblio KoromoJioruit

Jlerko mpoBepuTh crenylollie CBOHCTBA BHEIHETO KOrOMOJOTHYECKOTO
YMHOKEHHUS:

1) (ax f) xy=ax(8x7)

2) ecam py: K x L — K —ectectBennas npoekuus, 1o pi (af) = af x 1;;

3) ecqin oto6pakenue T: X x Y — Y x X 3anano dpopmynoit T'(x, y)=(y, x),
o T*(87 x af) = (1)l x 3.

Brelirnee koromosioruueckoe yMHOKEHHE TECHO CBSI3aHO € CUP-YMHOXKEHH-
em. A umenno, a” v 89 =d*(a” x (47), rae orobpaxenue d*: HPT9(K x K) —
— HPT9(K) ungyuupoBano AMaroHaJbHbIM oToOpaxkenueM d . JIefiCcTBUTELHO,
(d*(aP x B7), APT! = (a? x 37, d(APT9)). OToGpaxenue d He KIETOUHOE,
nostomy d (APT7) Hy)KHO 3aMEHUTDL Ha HATOHAJBHYIO AMMPOKCHMALHIO AJeK-
caHjepa—YUTHU. B pesysbrare nosyyum

<d*(ap X ﬂl])’ [00v sty Up+q]> =

p+q
:<a” x B9 oo, oo o] X o, up+q]>=

i=0

=(a? x 89, [vg, ..., Up] X [Up, ..., Upgql) = (P v B9, [vo, ..., Upiql),
4TO U TpeOOBAJIOCH.

[1pu BblUMCAEHHH KOJIEll KOTOMOJIOTHI MPSIMBIX MPOU3BEACHUH CHMIJIHLIN-

aJIbHbIX KOMIJIEKCOB YaCTO ObIBAET MOJIE3HO CJIe/ylollee YTBePKIEHHE.
Teopema 94. B koavye H*(K x L) gonoansemcs pagerncmso

(o' x B1') v (af? x B) = (=172 (0] af?) x (B]' © 5).
JlokaszaTenbcTBo. Bocnonbsyemes tem, uro
(af" x B]") v (ah? x BF) = dj . (o] x ') x <a§2 x B3)) =
= dKXL(Oé{?I X ﬂql X O[Q 32)
(af" v al?) x (8] v BP) =di(a]" x al?) x df (ﬁq' x 7).

Slcno Takke, uto di ;. = (idg X T x idy) o (dk x dr). [lostomy

(@' x Bl v ey x B7) =
= (dx % dL) (idg xT xidp)*(af" x B]' x af? x 53*) =
= (=) (dx x dp)*(af" x af® x ' x fy’) =
= (=1)""(dk Xd[) di(a]" x af?) ><d/ (B' x py). O

Cnencreue. EcawaeH*(K)upeH*(L), mo pgav pff=axp.
Hokasatenbctso. [lpexie Bcero BOCNONb3yemMcs TeM, UTO pja =
=oax 1y u p;B =1k x B. YuuTbiBas, uTo B pacCMaTPUBAEMOM CJlydae ¢ =
= po =0, nonyuaem (a x 1) v (g x ) =(avl) x (lxwP=axp. O
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Sanaua 9.6. a) Beiuucaure Kosblo Koromosorud RP™ x ... x RP™
¢ Ko3uientamu B Zo.

6) Bbluncaure kosblio Koromogioruit CP™ x ... x CP™ ¢ ko3dulimeHra-
MH B Z.

Ganaua 9.7. Hoxkaxure, uTo ecau XoTs Obl oaHa u3 rpynn H*(K)
u H*(L) He uMeeT KpyueHHsl, TO yMHOKeHHe B KoJsiblie H *(K X L) nosHoCTbIO
onpesesisieTcst YMHOXKEeHHsIMH B KoJibliax H*(K) u H*(L).

3anaua 9.8. Ilyers K =RP? L =RP?V S® u Ly = RP3. Jlokaxure,
uto Kosibla f1* (L) u H*(Lg) usomopcnl, a kosibuia H* (K x L) u H*(K X Lo)
He H30MOP(HBbI.

CurHatypa npsiMmoro npou3BeJeHus

C 1oMolIbI0 BHELIHEr0 KOrOMOJIOTHUECKOTO YMHOMKEHHSI MOXKHO J10Ka3aTh
TEOPEMY O CHTHAType MpsiMOro MPpOU3BeIeHHsT IByX MHOTOOOpa3uil. byjiem cuu-
TaTh, uto o(M") =0, ecin n He nesurcs Ha 4.

Teopema 9.5. Cnpasedauso paserncmso c(MP x N9)=a(MP)o(N7).

JokaszateabcTBO. Ecau p + g He aenutcst Ha 4, TO OAHO M3 YH-
cesl p U g He nenurcst Ha 4, nostomy o(M? x N9) =0 u o(MP)o(N9) = 0.
B nanbHefitiem 6ynem cuutath, uto p + g = 4k. Jlasi koromoJioruit ¢ Kosghpu-
urentamu B R corylacHo Teopeme Kionnera

2k
H* (M7 x N9y =2 @5 (H'(M?) @r H* 7 (N9)).
i=0
Ecau i + j # p, To Ppopma nepeceueHusi IPUHUMAET HA 3J1eMEHTaX o/l ® ﬂ?k_i
u ozé ® ﬂgk_’ HyJieBoe 3HaueHue. [To3ToMy paccMoTpuM pasiioxKeHHe Mpo-
ctpanctsa H2#(MP x N9) B cymMMy IPOCTPAHCTB BH/a
(H'(MP) @r H*~H(NT)) @ (HP =/ (M?) @ HHHZP(N)), ()

e i < p, uewé npoctpanctsa HP/2(MP) @g H9/?(N7), KoTopoe ecTh TOJIbKO
B TOM CJlyuyae, KOTJla UHCa p U ¢ UETHBL. DTH MPOCTPAHCTBA B3aHMHO OPTOrO-
HaJIbHbl OTHOCHTEJIBHO (POPMBbI I1epeceueHus.

JlokaxkeM, uTo Ha KaxKaoM noanpoctpaHctse (1) popma nepeceueHust numeer
HYJIEBYIO CHTHATypy, T.e. curHatypa o(MP x N7) paBHa cHrHaType orpaHu-
yenusi OPMBI Tepeceuennsi Ha noanpoctpanctso HP/2(MP) @r HY/2(NY).
[lycts i < p/2. Buibepem B H(MP) 6asuc {as}. [ycts {a}} — nsoiicTBen-
HbIii 6asuc npoctpanctsa HP~H(MP), 1. e. (a5 v o, [MP]) = &,5. Ananoruuno
BoiGepem B HZ~H(N7) Gasuc {B;} u B H?**=P(NY) BoiGepem apoiicTBeH-
Helil emy 6asuc {8;}. B npocrpanctee (1) B KauecTBe 6asnca MOXKHO B3sITh
BEKTOPBl BUAA o ® O 1 af ® B, Popma nepeceuenust obpariaercst B HyJlb
Ha BCex rnapax 0a3HCHBIX BEKTOPOB, KpoMme map BHAa (as @ B¢, af ® Bf).
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Teopema 9.4 nokaseiBaet, 4To Ha Takoi nape 6a3UCHBIX BEKTOPOB (hopMa MpH-
nuMaer sHauenue (—1)dmArdimed — (_)Ck=D(p=0) qeyo Takke, uro dopma
nepeceuenust cumMmeTpuueckasi. [lostomy B BoiGpaHHOM Gasuce OrpaHuueHHe
opmbl epeceuenusi Ha npocTpaHcTBo (1) 3agaérest npsiMolt CyMMO# MaTpHil

(=14 <(1) (1)), rne d = (2k — i)(p — i). CurHaTypa KayKaoH Takoil MaTpuIbl

paBHa HyJIIO.

Ecan uuena p u g neuétunl, To mpoctpanctso HP/2(MP) @r HI/2(NT)
OTCYTCTBYET, nostomy o(M? x N7) = 0.

Ecuiv uncna p u g npu nesiennu Ha 4 1aloT octaTok 2, To hopMbl repeceue-
Hust Ha npoctpancteax HP/2(MP) u H9/?(N9) KococumMmeTpuueckie. 3Hauur,
B 9THX MPOCTPAHCTBAX MOXKHO BBIOpaTh GasvChl Tak, 4To (hopMa nepeceyeHus

. . 0 1
OyJeT 3ajaBaThCsl MPsIMOM CyMMOH mMatpull { _| ). Orpanunuenne Hopmbl

nepeceyeHust Ha TeH30pHOe MPOU3Be/IeHHE IBYX ABYMEPHbBIX MPOCTPAHCTB C Ta-
KUMH MaTpHLAMH repecedyeHtst 3a1aércst MaTpHUen

00 0 —I
0 1 o1\ [ oo 1 ol
=1 0)®21 o)== 01 0 o)
1 00 0
3HaAK Ml/lHyC 3/1eCb MOABHJICA H3-3a TOrO, 4UTO YHUCJIO g . % He‘{éTHO. JIeF-
KO TMPOBEPUTb, UTO CHUTHATypa MOJIyueHHOH MaTpHllbl paBHa HyJito. [Tostomy

o(MP x N7) =0.

Hakowner, nyctb o6a uncia p u g aensitest Ha 4. Boibepem 6asuckl B npo-
crpanctsax HP/2(MP) u H9/2(N9) tak, utoOb MaTpHLb MEpeceueHnst B 3THX
6a3ncax OblIK MaroHasbHbl. Bo3bMEM TeH30pHOE MPOH3Be/IeHHe 3THX 6a3HCOB
v 3anuiiemM Matpuily A orpaHuueHusi GopMbl MepecedeHnsi Ha MPOCTPAHCTBO
HP2(MP) @ HY/?(N9). TIycTh r U s — KOJMUECTBA MOJOKHTENbHBIX J1HATO-

HaJIbHBIX 3/1eMeHTOB /151 hopM Tiepeceuenns B [ P/2(MP) w H9/?(N9). Marpu-

a A JuaroHaJibHasi ¢ S + (E — I’) (z — S) [MOJIO2KHUTEJIbHBIMHU 3JIEMEHTaMHu

2 2

Ha AHaroHa/ Iy u r(% - s) +s (g — r) oTpuuaresbHbIMH. E€ curnatypa pasHa

(= ()6~ (5<)) =ovmneuws :

HeBbipoxkaeHHble OMIMHEHHbIE OTOOPaKeHUS

Busnnneitnoe oro6paxkenne f: R x RS — R" HasbBaloT HesoiposcoeH-
HolM, ecad U3 Toro, uto f(x, y) =0, caenyer, uto x =0 win y = 0. bu-
JIMHEHHOMY HEBBIPOXKIEHHOMY oToOpaxkeHuio f: R™ x RS — R" moxHO co-
noctaBuTh otoGpaxenne F: RP™™! x RPS~™! — RP*! a umenno noso-
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xum F({x}, {uy}) = {af(x, y)}. DTo onpeneneHne KOPPEKTHO, MOCKOJbKY
TAx, py) = Auf(x, y).

CoryiacHo peleHuto 3a1aun 9.6 KoJIbLO KOroMoJioruil mpoctpanctsa RP" x
x RP™ ¢ xoadduupentamu B Zg W30MOP(MHO KOJIbLy MHOrOUJEHOB Zo[u, v],
npohakTopuzoBaHHoMy 1o cootHowenusM u" T =0 u o™t = 0. Hcnonnays
3TO CBOHCTBO, MOXKHO MOJYUHTh HEKOTOPbIE OrPaHUUEHHs Ha UlCaa 7, S, 1, JIIs
KOTOPBIX CYIIECTBYET HEBBIPOXKIeHHOe OunHelHoe oToOpaxkeHne R x R® —
— R". ITu orpanuueHusi ObuiM MoJyueHbl oaHoBpemeHHo Lltudenem [St7]
u Xondom [Ho8]; ux craTbu mocTynuiu B pefakiuio xypHana « Commentarii
Mathematici Helvetici» B onuH 1 TOT e J€Hb.

Teopema 9.6 (tudens—Xond). Ecau cywecmsyem HeguLpO’C-

o n
dennoe Ouaunerinoe omodpascerue [: R" x RS — R", mo uucao (k)

4émHo 044 8cex R, yoosaemsopaoujux Hepagencmsan n —s < k <r.
JlokasaTenabcTso. Pacemorpum B H(RP™~! x RPS™!; Zy) romo-
JIOTHUECKHE KJIacchl a U b, Tpe/icTaBeHHble LIMKIaMK RP! x {x} u {x} x RP!
Koromosornueckue knacchl o M (3, TBOHCTBEHHbIE (B CMbIC/e JIMHEHHOH aJi-
reGpbl) KJaccaM a W b, MyJIbTUTUIMKATHBHO MOPOXKJIAT KOJIBLO KOTOMOJIOTHI
npoctpanctsa RP™™! x RPS~!. Tlyeth ¢ u vy — o6pasyiolye 0JHOMEPHbIX
rOMOJIOrHil 1 KoromoJioruii mpoctpanctea RP"~!. Jloctatouno a0kasaTh, uto
F*~v = a + (. [1elicTBUTEIbHO, U3 ITOTO PaBeHCTBA cJeiyeT, uto 0 = F*(v") =

n
=(a+pB)"=3 (Z)akﬂ”*k. [Tostomy ecim k <run—k<s (re.n—s<
k=0

n
< k <r), TO unCgI0 (k

[Ipexxne Bcero nokaxem, uto Fya = c¢. JIJs1 3TOro A0CTaTOUHO MPOBEPUTH,
yto F,a # 0. Tomosoruueckuii Knace, npeacTab/ieHnblil netnéi B RP ! neny-
JIeBOi TOIJIa M TOJILKO TOTJIA, KOTJIa TIPH TOJHATHH 3ToH netiu B S"~! nosyua-
eTCsl He3aMKHYThIH MyTb. B paccmarpuBaemoii cutyaumu yciosue f(—x, y) =
= —[(x, y) obecrneunBaeT He3aMKHYTOCTb MOAHATUS neTu. [Tostomy F.a = ¢
u anajornuno F.b = c. Takum obpasdom, (F*vy, a) = (v, F.a) = (v, ¢c) =1
u (F*v, b) = 1. [lostomy F*y=a + (. O

Sanaua 9.9. Jlokaxure, 4To €C/M CyIIECTBYyeT HEBbIPOXKIEHHOE GUIH-
HeiiHoe oToGpaxenne R x R" — R", To n = 2% nis nekoroporo k.

Sanaua 9.10. a) JlokaknuTe, 4TO CYIIECTBYET HEBBIPOXKJIEHHOE OUIIH-
Hefinoe ymMHoKeHHe R x RS — R+s—1

6) JloKaxKuTe, UTO €CJIM UMcJia r U § YETHBI, TO CYLLECTBYET HEBBIPOXKIEHHOE
Gunnnelinoe ymHoxkenue R x RS — R/+s=2,

B) JloKayKuTe, UTO €CJIM YHCJa r U S JeJsTcs Ha 4, TO CylleCcTByeT HeBbI-
POXKJIeHHOE GHMHeliHoe yMHOKeHHe R x RS — R7 54,

r) okaxkure, 4To ecjii uuca r U S AeasaTcs Ha 8, TO CyLIeCTBYeT HeBbl-
poKaeHHOe GUIHHelHOe yMHOKeHHe R x RS — RI+5—8,

) YETHO.
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[IlpumeHeHUs cUMNIULUMAJBbHBIX TOMOJOTUHA

B s1oii rniaBe o6cyKAalOTCsl passvuHble TPHJI0KEHHS CHMIIMLHAJIbHBIX
romoJsiornii. OCHOBY 3THX NPHJIOXKEHHH cocTapJjsieT OoJsiee MoapoGHOE Hecdle-
JI0BaHHE CBOHMCTB CHMIIMLMAJIBbHBIX TOMOJIOTHE U KOTOMOJIOTHI U BBeJeHHE Ha
HHUX JOMOJIHUTEJbHBIX CTPYKTYP.

§ 10. Tomonoruu U roMmoTONMUU

31ech paccMaTpUBAIOTCS HEKOTOpble B3aHMOCBSI3H MEXKJY TOMOJIOTHSIMH
u romoronusmMu. Ilpexne Bcero nokasbiBaercsi Teopema IypeBuua 06 H30-
MopcHoctH Tpynn 7, (K) u H,(K) nas (n — 1)-CcBSI3HOr0 CHMIIHLHMAJIBHOTO
Komrjiekca K. 3aTeM CTPOUTCS annapar TeopUH NPensTCTBHH, KOTOPbIH MpuMe-
HSIETCS JJIs1 HHTEPIIPeTaLMK TPy KOTOMOJIOTHI KaK FOMOTOMHUECKHUX KJIACCOB
oToOpakeHWil B npocTpaHcTBo Thna K (m, n).

10.1. Teopema I'ypeBunua

Onpenenum otobpaxkenue h: m,(K, x9) — H,(K), tne K — cummiuuu-
aJIbHbIA KoMIJieke M xo € K, cjenytowm o6pasoMm. PaccmoTtpum cepouns
w: (8", sg)— (K, xp). OH uHIyLHPYET TOMOMOPGhH3M FOMOJIOTHH @, @ H,(S™)—
— Hy(K). Tlonoxum hA(p) = @« ([S"]), tne [S"] — dyHaaMeHTabHbIA KJacc.
[oMoTonHbIE OTOOpAXKEHHS Yo U Y| HHIAYLUPYIOT OJHHAKOBbIE TOMOMOP(U3-
Mbl TOMOJIOTHI, no3Tomy h(pg) = A(p), T.e. oToOpaxkeHnue A J1eHCTBUTENLHO
OrpeJiesieHo JJIsi FOMOTONUUECKON rpynbl 7, (K, xp).

[1poBepum, uto /i — romomopuam rpynm. Cdepounsl ¢ U ¢ Mbl Oynem
paccmarpuBaTh Kak oTtobpaxenus (D", 0D") — (K, xo). Mbl 6ynem npen-
nosarath, uto cdepa S” ckjaeeHa W3 ABYX wWapoB D", TPUAHTYJHMPOBAHHbBIX
CTOJIb MEJIKO, UTO OTOOPaXKEHUSI ¢ U 1) TOMOTONHbBI CUMIJIMLIHAJIBHBIM OTOO-
PaXKeHUsIM; TMPEINoJaraeTcs TakKe, uTo 00'beJMHEHHEe TPUAHTYJISILMH 111apoB
Naét TpuaHTyJsLuio cdepbl. B TakoMm ciyuae romosioruueckue Kiacchl A(y)
u h(v)) npeacrasiens ukaamu Y (A ) n % ¢(AYg), rne A, n Ajy; — cum-

(03
MJIeKChl TPUAHTYJSILMHA [E€PBOr0 M BTOPOro 1lapa, a roMOJIOMMUeCKHi KJjacc
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h(e + 1) npencrasien uukaom y_ @(Af,) + %: ¢(AYg). Totomy h — romo-

Mopcuam rpymn. Ero HaseiBaloT ecomomopguzmon lypesuua.

[omomopduam A, Kak U cama rpymmna m, (K, xo), 3aBUCHT OT BbIOOpaA OTMe-
yeHHO# ToukH xg. Ho 3Ta 3aBHCHMOCTb He OueHb CyllecTBeHHas. A MMeHHO,
€CJIM Y — MPOU3BOJIbHBIN MyTb U3 X B X|, TO CJEAyOLIast AMarpaMMa KOMMY-

TaTHBHA:
Ve

Tn (K ’ Xo)

7Tﬂ(K7 xl)

h h
H,(X).

Teopema 10.1 (Ilyaukape). Ecau K — c84A3HbUL CUMRAUYLAAbHBLLL
komnaexc, mo eomomopguzm h: w(K) — H(K) — snumopghusm, adpon
komopoeo cayacum kommymanm®) [ (K), 71 (K)] epynnot 7 (K).

HokaszateabcTBo. Dynem mnpenmnosaratb, uto OTMEUEHHAst TOU-
Ka xp — BeplidHa Kommiekca K. JlokaxeM cHauana snumopdHocTb. [TycTb
Al! = [voi, v1i], THe Vg; U U}; — BeplIMHbI KoMIliekca K, U ZaiAl! — LHKJ.
Torna 0 =9(X. a;Al) =Y aivy; — > a;ve;. TIycTh 7o — NyTh U3 OTMEUEHHOH
TOUKH X( B BEPIIMHY U,, WAYLMEH 10 pé6pam Komruiekca K. DTomy Myt
COOTBETCTBYET LeNb Yo € C(K). [TyTb 70; Ai‘fyﬁ' — MeTJis ¢ HauaJoM Xg. SICHO,
uTo

A(TToudlE") =" aiGo + Al =),

W3 paBeHcTBa Y a;01; = D ajUp; CJAEIyeT paBeHCTBO Y a;¥1; = Y. a;Joi, MO-
CKOJIbKY Uo — CBOGOJHBIE 00pasytouine rpynmnbl Co(K). Mrak, Mbl noctpouJu
3/1eMeHT (yHIaMeHTaJILHON Pyl KOTOpbIi oToOpakaetcs B Y. a; Al
O6pas3om romMmomopdusma A sBasieTcs abeseBa Tpynna, Mo3TOMy €ro apo
cojiepKuTcst B KommyTante rpynnbl 7 (K). [lyeth w — nerist B K ¢ Haua-
aoM Xg, ast Kotopoit A(w) = 8(3 a;A?). Jliwbas netas B K ¢ Hauasnom
B BepIIMHE MOMOTOMNHA MeTJe, uiayllel no pédpam. [ToaToMy MOXKHO CuUHTATb,

uto w = [[ 70,1, TA€ Yjo.j1 — OpUeHTHPOBaHHOe pebpo kommiekca K. Jlns
OJIHOMEPHBIX LIeMel HMEET MECTO PAaBEHCTBO
E Jjo,j1 = E a; (Fio,i1 + i1 2 + Yiz0), (1)

I7e Yo, — OPUEHTHUPOBAHHDIA OJHOMEPHBIH CHMIUIEKC [Uq, Ug].

[lycTb Yo — MyTb M3 OTMEUEHHOH TOUKHM X( B BEPLUMHY U, (€CJH Vg = Xy,
TO MYyTb 7, NOCcTOsIHHBIN). [TycThb, nanee, fyayaﬂyﬁ_l — obpa3 neru ’}/a’}/aﬂ’}/ﬁ_l
B axkroprpynme 7 (K) 1o KoMMmyTaHTy; 3Ta dakroprpynna abeseBa. PaBeH-
ctBO (1) BbINosHsAETCA A5 0OPA3YOLUX Yo,8 CBOOOJHONA TDPYIIbI, TO3TOMY

*) KoMMYymManmom rpymibl HA3BIBAIOT MOArPYIINy, NOPOXKACHHYIO s/1eMenTamu Buta aba~ b=
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aHaJIOrMYHOe PaBEHCTBO BbITIOJHACTCS AJIs1 9JE€MEHTOB ’ya’}/aﬁ’}/ﬁil; 3anuuem
9TO PABEHCTBO B MYJIBTHUIIJIMKATUBHOM BHJIE:

- - - 1\“
H%‘o%’o,/ﬂ/l :H(%o%o,n%l “ Vi1 VinieVie '%2%2,50%0) .

M3 3aMKHYTOCTH MyTH w CJELYET, UTO

]._.[7/07/0/17/1 H’y/O/l

Kpowme Toro,

iy —1 —1 —1
YioYi0i1 Vit Vit VinieVie " YieVizioYio = YioYio,i1Vi1i2Vi2i0%i0 = I,

MOCKOJIKY TSl Yj0 ;171197250 CTATMBaeMa (cM. puc. 31). CaenosareibHo,

w =1, uto u TpeGoBaOCh. O
Teopema 10.2 (Iypesuu [Hu]). Mycmo K — cumniuyuaroroii Kom-
naexc, 0aa komopoeo my(K) =m(K)=...=7m,_1(K) =0, n > 2. Toeda

eomomopgpusm lypesuua h: m,(K) — H,(K) — uzomopgpusm.
HoxaszaTedabcTso. CHauasa NpoBepUM, UTO FTOMOMOP(HU3M /i — 31~
mopusm. Ilyers > a; A} € C,(K) — npousBosbblil uukia. 3 paseHcts
m(K) =m(K) =... = m_1(K) =0 caeny-
€T, UTO TOXKJeCTBeHHoe oToOpaxeHne K — K
Ti2il - romotonHo otoGpaxenuio [: K — K, mepe-
BojsitieMy octoB K"~! B oTmeuennyio TOuky
X0 € K (cM. yactb I, m1oKa3aTesbcTBO TeOpeMbl
Yaiitxena). MoxKHO CuMTaTh, UTO X — BEPLLIM-
Puc. 31. Cmseusanue nemau  na komnaekca K. Torjna orpanuyeHue oTo6-
paxkennss [ ua K"~! spjsercsi cuMmIMLM-
aJibHbIM OTOOpa)KeHHeM, MOITOMY CYLIECTBYeT CHMIUIMUMAJbHAS annpoOKCH-
mauus g: K™ — K, orpanuuenue xortopoii na K"~! copnagaer ¢ J,
T.e. g(K"") = xo.
Hrak, g: K™ — K — cumn/uuuabioe oto6paxkKenie, KoTopoe roMoTor-
HO TOXK1ecTBeHHOMY U niepeBoaut K"~ ! B xq. [TycTh ¢; — orpanuyenue otoGpa-
KeHus g Ha Al'; ¢; MOXKHO paccMatpuBath Kak cdeponn (D", 9D™) — (K, xo).
Sleno, uto Y aih(pi) = g« ([ aiAl]), rae [ a;A] — romosoruueckuii
KJaace, NpeicTaBjdeHHbll UuKaIoM . a;Af. Ho oroGpaxeHue g rOMOTOMNHO
TOKIECTBEHHOMY, MIo3TOMY g, ([3 a; AF]) = [3 a; AY].
[IpoBepum Ternepb, uto A — MoHOMOpdH3M. PaccmoTpum oToOpakeHue
w: 8" — K, nas kotoporo ¢, ([S"]) = 0. TpebGyercsi n1okasath, 4To @ TMpes-
CTaBJISIET HYJEBOH 3JeMeHT rpynmbl m, (K). OTobpakeHHe ¢ MpH 3TOM MOXKHO
CUMTATb CHMILIHLHAILHBIM.

7i0,i1

7Yio
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Jlemma. Cyuwecmsyem cumnauyuaroroll komniexe L' > S" g ko-
mopom yuxa [S"] eomoroeuuen Hyao, npuuém omobpadcerue p MONKHO
npodoasxcumo na L'

JlokasaTeabcTso. [lyets Ha yposHe teneit ¢, ([S"]) = (3 AT,
e cpem cummiekcos AT C K moryT 6biTh 1 cobnanatonwme. B kauectse
nepBoro MpuG/Kendst K L"T! BosbMéEM HecBsisHoe oObenuHeHHe cdepbl S”
W CHMIIJIEKCOB A;’*l, KKl 3 KOTOPBIX OTOKIECTBJISIETCSI C COOTBETCTBYIO-
UM CHMIIJIEKCOM Af“ C K; orobpaxkeHue ¢ MpojoJrKaercsl Ha A;’*l Kak
TOXKIECTBEHHOE OTOOpaXkeHHe. B MojiyueHHOM CHMIUIMUHANLHOM KOMILIEKCE
kA 2, = [S"] =SS OAM! romonornuen [S™] u . (2,) = 0.

Caenyiotiee npubanxkene Kk L' noctpoum Tak, uToObl LMK 2, CTal
romosiornyen uukay w, = > A, re (A7) C K"='. TIpeanonoxum, uto 2, =
=Y AL up(AL) ¢ K1 1e. A7, romeoMophHO 0TOOpaKaeTcs Ha HEKOTO-
pblit cummieke U3 K. M3 paBencTBa . (2,) = 0 ciienyer, uTo HEKOTOPBIH APYroi
cumnieke A7, romeoMopdHo 0ToOpaykaeTcst Ha TOT e CaMblil CHMIIIEKC, HO
opuentauuu cumiiekco A7 - u Al npotrsonosioxkubl. [Ipuknenm K Af
u A7, TpuanryuposanHyio npusmy A" x [, Kotopast OpueHTHpOBaHa TaK, uTo
Ha A" x {0} = A7, una A" x {I} = Al MHIyUMPYIOTCSI Hy»KHbIE OpPHEHTa-
. Ha A" X [ oToGpa)keHue ¢ TMPoAO/KAETCsT Tak, YTO BCe TOUKH {x} X [
otobpakaioTest B oty u Ty ke Touky. Torma (A" x [) = AL + AL + cn,
TJie 1eMb €, COAEPXKUT TOJBKO CHMIIJIEKCHI, /ISl KOTOPBIX BBITIOJHSETCS YCJI0-
BHe (A") C K"!. 3ameHnM B UHMKJIE 2, LelNb Agl + A’;Q Ha TOMOJIOTHY-
HylO ell uenb —c,. Iloc/ie HeCKOMIbKHX TakWX onepauui noJjydnM tpedyemblil
LUK Wp,.

Haxkownell, 106aBuM K MOJIydueHHOMY Ha TPEAbILYLIEM LIare CHMIJIHIHAIb-
HOMY KOMIIJIEKCY KOHYChI HaJl BCEMH cuMIieKcaMu A BXOISLIUMU B LHKJ Wp,.
[Tycts V — o6beantHenne Bcex Takux cummiekcoB, CV — konyc Hax V. Ko-
Hyc CV auMkiaMueH, Mo3TOMY UHMKJ @, Telepb roMoJornyeH Hymo. Ocraéres
nponokuTh o Ha CV . Otobpaxenue ¢: V — K nponosmkaercs Ha CV torna
1 TOJILKO TOTJIA, KOTJIA (0 TOMOTOITHO MOCTOSIHHOMY oToGpazkeHuto. [To ycioBHio
o(V)c K"='. Us pasencts mo(K) =7 (K) = ... =m,_1(K) =0 cienyer, uto
TOXKIeCTBeHHOe oToOpaxkeHHe K — K romoromHo ortobpaxkenuto f: K — K,
nepesossieMy octos K"~ B xo. [Tostomy orobpaxenne p: V — K"~! c K
TOMOTOTHO B K MOCTOSTHHOMY OTOOpaXKeHHIO. O

I[Myets @: L"F! — K — nenpepoisHoe oto6paxkenue, S” C L' u [S"] =
= 0Cyq1 ANS1 HEKOTOPOH UenH Cu4) € Cuy(K). 3aMeHUB  HA rOMOTOMHOE
oToGpakeHHe, MOXKHO cuuTath, uto o(L"~!) = xo. Torna Kaxkaomy cumriekcy
A" C L't cootBetetByer ortoGpaskenne (A", AA") L5 (K, xg), mostomy mo-
nydaem romomopuam @, : C, (L") — 7, (K).

Iposepum, uto &, ([S"]) — 3T0 roMOTONMUECKHIT K1ace 0ToGpaKeHus S 2
2 K. Tlyers A", ..., A} — e cumnekcel B S™, a5t Kotopbix @(AF) # xo.
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Ecmu k& < 2, To TpeGyeMoe yTBepKIeHHEe HEMOCPEICTBEHHO CJIEyeT M3 orpe-
nenenuil. [Tpu 2 > 2 M0KHO BOCMOJIb30BAThCSA UHAYKIKEH MO .

Hrak, nyxHo 10Ka3aTh, uto @, ([S"]) = 0. Ilns moboro cumniexkca A"+
C L™ snement @, (OA™!) cooTBeTCTBYeT roMOTONMUECKOMY K/accy 0TOO-
paxcennsi AT L K. D10 oTOOpaxkeHHe TOMOTOMHO MOCTOSHHOMY, MOTO-
My u4To OHO mpojoskaercss Ha A" Tlostomy ®,(0A"!) = 0. Ilycts
Copt = S @AM Torna @,([S"]) = ®u(dcns1) = 3 ;@ (AT =0, uto
1 TpeOOoBaJ/IOCh. O

Sameuanue. [lpuBenénnoe 3mech N10Ka3aTebCTBO TeopeMbl [ypeBnua
cJieflyeT B OCHOBHOM cTtathe B. A. Poxsuna [P]. B opurunasbHom nokasaresib-
ctBe [ypeBnua paccMaTpuBajuCh He CHMILIHLMAJIbHbIE
KOMIIJIEKCHI, a TpocTpaHcTBa GoJiee 061I1ero BHIA.

[Tpumep 10.1. IlyToBCKUM KOJMAKOM Ha3bi-
saiom CW-komnaekc K, xomopoili noayuaemcs
omoocdecmsaieHilesm CIMOPOH MpPeyeosbHUKA, KAK
nokasano Ha puc. 32. lllymosckoti koanak cmseu-
saem.

HokaszaTenabcTso. PyHnameHTasbHas rpym-
na m(K) nopoxaeHa ojHOH obpasyiolleil a, npu-
Puc. 32. lllymosckol.  ygm 31a 06pasylollas ylOBJETBOPSET COOTHOLICHUIO

Koanax a’a”' =1, 1.e. a = 1. Takum o6paszom, Kommieke K
OJIHOCBSI3€H.

LlenHoil KOMIJIEKC JJIsi BBIUMCJIEHHST KJIETOUHBIX TOMOJIOTHI KoMriekca K
UMEeT BUJL, ...HOHOHCQiC] —0,rne Co=27Z, C; 27Z u 0 — uzomop-
¢dusm. I[Tosromy H;(K) =0 npu i > 1. M3 teopembl [ypeBuua caenyer, uto
mi(K) =0 nast Bcex i > 1. [TosTomy, Bocnosib30BaBIIMCh TeopeMoil YaiiTxena
(uactb I, c. 195), nosnyuaem, uto K — cTAruBaeMoe MpoCcTPaHCTBO. O

apnaua 10.1. Iokaxure, uTo 3aMKHYTO€ OJHOCBSI3HOE TPEXMEpHOE
MHOrooGpasue M? roMoTonHueckn SKBUBaIeHTHO S°.

Ganaua 10.2. Ilycte M" (n > 3) — 3aMKHyTO€ MHOrOOOpasue pa3mep-
HoctH 1, npuuém 7, (M") = 0 npu k < n/2. Jlokaxure, uto M" roMoTOmuuecKu
9KBUBaJIEHTHO cepe S”.

Sanaua 10.3. a) [oxkaxure, UuTO HAJACTPOHKA HaJ aAUMKJIHUHBIM
CW -kommiekcoM CTsiTHBaema.

6) [lpuBenute mpuMep HECTSHBAEMOrO MPOCTPAHCTBA, HAACTPOHKA Hal
KOTOPbIM CTSIFHBaeMa.

a

10.2. Teopus npensaTcTBUM

[Tyctb X — siMHEHHO CBSI3HOE TOMOJIOTHUECKOe MPOCTPAHCTBO, K — CUM-
MIMIMANbHBII KOMIJIeKe, L — ero noakomieke, K" — n-MepHbII 0OCTOB KOM-
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naekca K. TTpeanonosxim, uto na K = K™ U L 3anano oto6paxenne [: K" —
— X. Mbl XOTHM BBISICHHTb, MOXHO JIH €r0 NPofo/KUTL Ha KT, Tlpn n =0
MpoJoJKEHHE 0TOOPAKEHHsT B JIHHEHHO CBSI3HOE MPOCTPAHCTBO CTPOUTCS OUe-
BUJHBIM 00pa3oM, 1nostomy OyjeM npeanoJarathb, uto 7 > 1.

Ham npuaérest cknaabiBaTh 3JeMeHTbl rpynn 7, (X, x) ¢ pasHbIMH OTMe-
YeHHBIMH TOUKaMH X € X, mosToMy GyJlieM Tpeirnosarath, YTo MPOCTPAHCTBO X
romotonuuecku rn-npocto*). Hast n =1 310 o3Havaer, uro rpynna m(X, x)
KOMMYTaTHBHA.

Conocrasum otoGpaennio f: K" — X kouens ¢"t!(f) € C"™H(K; my(X))
caenyoum obpasoM. Paccmorpenue Lienell v Kollened aist K npeanoJiaraer,
uto Bee cummyiekchl K opuentrpoBanbl. Opuentauus cumriekca A C K
MHyLMPYeT OpHeHTaluio rpanuibl OA"T! a2 8" nostomy orpanuuenue oTo6-
paxennst [ na OA"T! onpenensier HekoTopblil 3JeMeHT rpynmbl m,(X). Mbl
nonaraeM, uto Kouenb ¢"t!(f) npunumaer na cumniekce A" zuauenue,
paBHOE 3TOMY JIEMEHTY TPyNMbl m, (X).

HenocpencTBenHo U3 onpesiesieHust BUIHO, UTO 0ToGpaxKeHHue [ MOXKHO Tpo-
JOJKUTE Ha cumieke A C K torna u Tosibko Toraa, Koraa ¢ (f)(A™!) =
= 0. B uactnoctu, ecin A" C L, 1o ¢"FI(f)(A"F!) = 0, nockosbky Ha L
otobpaxkene [ 3amano. Caenosartennto, ¢"tl(f) € C*H(K, L; m,(X)) C
C C"Y(K; m,(X)). B nanbueiimem kouenb ¢! (f) mbl Gynem paccmatpubath
VMEHHO KaK OTHOCHTeJbHYIO Kollenb. Eé HasblBaloT npenamcmauem K 1po-
JIOJKEHHIO oToOpaKenus [ na K"+,

Sanaua 10.4. Hokaxure, uto S” x §9= (57 Vv §9) U; DP*4 rne oto6-
paxenne [: SPHI=1 — §P v §9 ye roMOTONHO MOCTOSAHHOMY.

Teopema 10.3. 5¢"t(f) =0, me. ¢"t(f) € ZMU(K, L; m,(X)) —
OMMOCUMeNbHbLIL KOYUKA.

JlokaszaTeabcTBoO. Hyxno mposeputb, uto c"1(f)(OA"?) =0
s qo6oro (n + 2)-mepHoro cumniiekca B K. [lpexie Bcero oTmeTum,
YTO 71-MepHBIHl OCTOB CHMIIMLHMANLHOMO Kommyiekca DA™ ~ S"™ gpngercs
(n — 1)-CBSI3HBIM MPOCTPAHCTBOM. DTOT OCTOB TOMOTOMMUECKH SKBHUBAJEHTEH
S"*1 ¢ BBLIKOJMOTBIMH TouKaMu (M3 Kax1oil (n + 1)-MepHoii rpanu cummiexca
A"? prikanbiBaeTcsl 0JHa BHYTPEHHsI1 TOUKA), a BbIKaJblBaHHe TOUKH o M3
(n + 1)-meproro muoroo6pasuss M"*! ne BausieT Ha rOMOTONMUYECKHE TPYTITIbI
Oy Ty -y Tp_1. JleHCTBUTENBHO, TPH R < 11 TI060€e 0TOOparkeHHe St mrt!
FOMOTONHO OTOGPaXKEHUIO, He 3aJieBalolleMy Yo, a npu B < n — | yo6yto romo-
tonmio B M"T!| cpaswiBatontyio 18a otobpaxkenus S¥ — M1\ {yo}, Mmoxno
3aMeHHTb Ha TOMOTOTIHIO, He 3aeBalOLLy0 Y.

Myers DA™ = 3" A1 Cornacro onpenesiennio saement ¢+ (f) (A7)

rpynmnbl 7, (X) COOTBETCTBYET OTOGPaXKEHHIO 8A§’+1 Lx. Paccmotpum cum-

*) OnpefesieHne roMOTOMMUECKH 1-MIPOCTOr0 MPOCTPAHCTBA NpuBeaeHo B yacTu [ Ha c. 185.
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NJMLMA/BHBIH KoMmmieke B — n-mephblii octoB JA"2. Bosbmém B 7,(B")
3JIEMEHT @y, COOTBETCTBYIOLIMI romeoMopduamy S* — 8A;’+1, coxpaHsioliie-
My opueHTauuio. flcHo, uto romomopdusm f.: m,(B") — m,(X) nepeBoaut «;
B c”“(f)(Af“). IT0 03HAYAET, UTO KOMMO3ULHUSA 0To6pa>KeH14ﬁ

—1
wika AT — knace B Hy(B") " 1,(B") L5 ma(X),

e h — romomopdusm Typesnua, naét saement ¢"+'(f)(A'T!). 3nech wbi
noJib3yemMcesi TeM, 4To npoctpaHctBo B (n — 1)-cBsi3Ho, noaTOMy h — u3o-
mMopuam nipu n > 2. Eciu n =1, To otobGpaxkenue f.hA~' ToxKe orpejeseHo
KOPPEKTHO, MOTOMY UYTO MO YCJOBHIO rpynmna mi(X) aGeneBa, a 3HAuuT, f.
otoGpaxaet KommyTanT rpynnbi 71 (B2) B 0. Takum oGpasom, ssement A~ (2)
OnpeJiesIéH ¢ TOUHOCTLIO 10 npubas/enus saementa [m(B?), 7 (B?)], a sae-
MeHT f.h~!(2) onpenenén onHozHauHO.

Anement ¢"T1([)(OA"T?) pasen o6pasy roMoJOTrHUECKOrO Kaacca LMK/a
ST OA =90 A"™2 =0 npn romomopduame f.A~!, nostomy ¢+ (f)(OA"H?) =
=0 O

Koromosiornueckuii knace kouukna ¢"t'(f) Gynem o6osnauats C"HI(f).

Teopema 10.4 (dinendepr [Eil]). Pasencmso C"T'(f) =0 sxksusa-
aenmuo momy, umo omobpaxcenue [: K" — X moxcro npodosncumo Ha
K"+ npedsapumenvro usmenus eco na K" \ K"

HNokasateabctro. Ilyets [, g: K" — X — 1Ba otoOpaeHus,
cosnagaiomme na K" ' Onpenennm pasauuaiowyio koyeno d"(f, g) €
€ C"(K, L; my(X)) caenytomm o6pa3oM. Bo3bMéM 1Ba sK3eMlIsipa CUMIIEK-
ca A" C K" u ckaenm ux no rpanuie A" C K"~ TlepBblii 5K3eMmIsip Mbi
OTOXKJIECTBUM C BepxHel noJiycdepoil, a BTOpoil ¢ HUuXKHel; opueHTalus cdepbl
corjacoBana ¢ opueHTalell Broporo cumriekca. OTo6pasim MepBbIil 5K3eM-
nasip A" mocpencTBoM [, a Bropoii nocpenctsom g. Ha A" o6a oTo6paxkeHus
COBMAJAIOT, MO3TOMY MOJyYaeM HernpepbiBHOEe oTobpaxeHue S" — X. Coor-
BETCTBYIOLLMH €My 3JieMeHT rpyrbl 7, (X) U ecTb 3Hauenue kouenu d”(f, g)
Ha A"

PaBenctBo d"(f, g)(A") = 0 35KBHBaJEHTHO TOMY, UTO OTOGpaxKeHHe
O(A" x I) — X, kotopoe copnagaer ¢ f Ha A" x {l}, ¢ g nHa A" x {0}
¢ [loan = gloar Ha OA" x {t} npu Bcex f, MOXKHO MPOJOJLKHTb Ha
A" x [, 1.e. orobpaxkenuss A" — X u A" £, X MOXKHO CBSI3aTh FOMOTOIMH-
e, HenoaBxKHOH Ha OA". B uwacrnocru, d"(f, g)(A") =0, ecin A" C L,
T.e. d"(f, g)(A") neiicTBUTE/IbHO SIBJISIETCSI OTHOCUTEJILHOU Kollenbio. Kpo-
Me Toro, paBeHcTBO d"(f, g)(A") =0 sKBHBaJIEHTHO TOMY, '-ITO 0TOOpaXKeHUst
[ ¥ g MOXKHO COeMHHTL TOMOTOMHUEN, HEMOABKHON Ha K"~

Jdemma 1. [as awboeo omobpascenus [: K" — X u 0as aobol
koyenu d" € C"(K, L; 7r,,(X)) Haiidémes omobpancenue g: K" — X, cos-
nadawowee ¢ | na K", dasa komopoeo d"(f, g) =d".
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HokasarteabcTtso. g kaxkmaoro cummiekca A" C Kn orobpaxe-
HHE g MOXKHO BbIOpATh Tak, uToObl oToOpaxKeHue S"” — X, 3ajiaHHOe Ha BepXHeH
noJiycdepe mocpeicTBOM f, a Ha HUXKHeH — MOCPEACTBOM g, NPEJACTaBJISIIO
JIAHHBIA 3J1eMeHT rpynnbl 7, (X), npuuém ans cummiekca A" C [ 3jeMeHT
rpynnsl 7w, (X) HysneBoil, T.e. MoxkHO mosnoxuTh g = f. TpeGyemoro Bcerna
MOKHO JOOUTbCS, MOCKOJIbKY 7, (X) — rpynna. O

Jlemma 2. Cnpasediuso pasencmso 6d™(f, g) = c"T(g) — c"T1(]).

JlokasaTesbcTso. daement (¢"T1(g) — c"T1([))(A™H!) pasen pas-

HOCTH TOMOTONHYECKMX K/JaccoB oToOpaxenuii QAT £x woart Lox,
[lycts OA™ ! =57 A, Torna saement d™(f, g)(OA"!) pasen cymme n + 2
FOMOTOIMHUECKUX KJ1acCcoB oToOpaxKkeHHi S — X, KaxKJ0e U3 KOTOPbIX Ha BEpPX-

Heil mosycdepe yetpoeHo kak Af LX, a Ha HWXKHell —Kak Af X, i=1,
,n+ 2.
Hanpumep, npu n = 1 0J1MH 3JIEMEHT Mpe/CTaBSETCS CyMMON FTOMOTONHYE-
CKHX KJ1aCCOB JIByX KPHUBbIX, M300paKEHHbIX HA puc. 33 (a), a Apyroi s/eMeHT

(a) (©)

Puc. 33. O0unaxossle comomonuueckue KAaccol

NpeacTaB/sgercss CyMMOH TOMOTOMUUECKHUX KAAaCCOB TPEX KPUBbIX, H300paKEH-
HbIX Ha pHC. 33 (6). DTH 3JIeMEHTbl PABHbI, TOTOMY UTO Pe3YJbTaT CJO0KEHHS
TOMOTONHYECKHX KJIACCOB IBYX KPHMBBIX IO YCJOBHIO He 3aBHCHT OT BbIGOpa
OTMEUEHHON TOUKH. [/ TPOM3BOJIBHOTO A TOXKE MOJIyyaloTCsl OJIMHAKOBbIE [0-
MOTOIMHUYECKHE KJ1acChl. (]

Tenepb MOXKHO MepelTH HEMOCPEACTBEHHO K JI0KA3aTeNbCTBY TEOPEMbI.
[Tycets C*H(f) =0, 1.e. ¢"t'(]) = 6d" JUIst HeKoTopoit Kouernn d". ComaCHo
Jemme | cyiectByer otobpaxenne g: K" — X, conaznaoutee ¢ f na K"~
st kotoporo d"(f, g) = —d". Torna coryiacHo jieMMe 2 Mbl HMeeM

c"t(g) =6d"(f, g) +c"T'(}) = —dd" + dd" =0,

T.€. 0TOGpasKeHHe g MOXKHO MPOJOJIKHTL Ha K",
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[Tpennonoxnm Tenepb 4TO CYLLECTBYeT 0TOOpaxeHue g: K" — X, copna-
natoee ¢ f ua K"~!', kotopoe MOKHO Npoo/KuTh Ha Kt Torﬂa et (g)=0
" () = ") = e (g) = —0d"(], g), 1.e. C"HI(]) =0. O

3ameuanue. B nanbueiiiem Ham noHano6utes pasenctso d"(f, g) +
+d"(g, h) +d"(h, ) =0. OHo N0Ka3bIBaeTCs C MOMOIILIO TEX Ke PACCyXK-
JIeHHH, uTO U JiemMma 2.

10.3. Teopema Xondpa—YutHu

B uactu | nokazana teopema Xorca o TOM, UTO MHOXKECTBO FOMOTOITHYE-
CKHX KJaccoB otoOpaxeHuidl M" — S" HaXoiuTCsl BO B3aMMHO OJIHO3HAUHOM
COOTBETCTBHM € Z (3TO COOTBETCTBME TaKoBO: oToOpaxkeuuio f: M" — S”"
comnoctaasieTcs uncao deg f € Z). MeTtonaMu Teopuu TIPENsITCTBUH TeopeMy
Xona MOKHO cyllecTBeHHO 06001MTh. BBeném caenyioulee o603HaueHue:
[X, Y] — MHOXeCTBO KJIaCCOB FOMOTONHUECKH KBHBAJIEHTHBIX OTOOpAaXKEHHH
X — Y. Jlnst IpoCTpaHCTB ¢ OTMEUEHHBIMH TOUKAMH TPH 3TOM paccMaTpHBa-
FOTCSl 0TOOpaXKeHHUst, MePeBOIsIIHE OTMEUEHHYIO TOUKY B OTMEUEHHYIO, U FOMO-
TONHHU B KJIacCe TaKUX OTOOPAXKEHHH.

Caienyiouiast Teopema Oblia nokadaHa Xongom [Hod], Ho He B TepMHHAX
KOTOMOJIOTHH, a B TepMUHAX romoJiorui. [TosTomy B caiydae, korna (n — 1)-mep-
Hble TOMOJIOTHH KoMIlleKca K HMeT KpyueHHe, (GopMyJiHMpoBKa Oblaa J10-
BOJIbHO 3amyTaHHoH. YuthHu [Wh3] 3ameTns1, uto st KOrOMOJIOTHH He TOJIbLKO
(hopMyJIMPOBKa TloJlyyaercsi 6oJiee MPOCTOH, HO U COOTBETCTBHE HMeeT OoJiee
€CTECTBEHHOE OIMHUCAHHUE.

Teopema 10.5 (Xonp—VYuruu). /[aa 4106020 n-meproeo cumniuyu-
arvHoeo komnaexkca K (c ommeuennoil sepuiunoti) u aob6oeo (n — 1)-caa3-
Hoeo npocmparcmsaa X (c ommeueHHOU MOUKOL Xg) umeenm mecmo 83a-
UMHO 00HO3HAUYHOEe coomeemcmaue

(K, X] = H"(K; ma(X)).

JlokaszaTenbcTBO. PaccMoTpuM MHOXKECTBO OTOOpaXKeHHH map
(K, K'Y = (X, x0). Bynem cuutaTh Takue OTOGpa)KeHHsl SKBUBAJEHTHbI-
MH, ec/lM CyIIeCTByeT CBA3bIBAlOLlas HX OMOTOMHsI, HeroABMKHas Ha K'~2.
MHoxecTBO KjaccoB skBuBajieHTHOoCcTH o6o3HauuM [[K, X]]. [Tokaxkewm, uro
ectectBeHHoe oToGpaxenue 0: [[K, X]|] — [K, X] B3aumMHO ojiHO3HAUHO.

[Tycts f: K — X — npousBosibHOe oToOpaxkeHue. [1ocTpoUM roMoToMHIO,

li
esisbiBaolyio otobpaxenus KO — xo u K® = X. Toabsysich (n — 1)-cBss-
HOCTBIO TTPOCTPAHCTBA X, MPOIOJKHM 3Ty TOMOTOIHIO 10 FOMOTOIHH, CBS3bI-

. _ 1/
Batotieii otoopaxenuss K"~! — xo u K"~! = X. Cornacuo nemme Bopcyka
5Ty FOMOTOIMIO MOXKHO TPOJOJIKHTb 10 TOMOTOMUH 0ToOpaxenus [: K — X,
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B pesyJsibrare nosyunm otobpaketnue g: K — X, KOTopoe FOMOTONHO f K 0T00-
paxkaer K"~ B xo. CaieoBaresibio, oTo6paxenue 6 ClopbeKTHBHO.

[Tycts teneps f, g: (K, K"') — (X, x9) — oToOpaxenusi, CBS3aHHble [0~
motonuel Hy: K x I — X. TpebyeTcst 10Ka3aTh, UTO UX MOXKHO CBsI3aThb FOMO-
Tonuel, HermoaBHKHON Ha K"~2. Tlo YCJIOBHIO HO(K”_' x Ol) = xy, a 3Hauwr,
Ho(K"=2 x 0I) = xo. [ponomkum otobpakenne K2 x 9l x [ — xg € X 10
otobpakennss K"=2 x [ x [ — X 7ax, uro6nl na K" x [ x {0} oHo coB-
nagano ¢ Ho, a na K" 2 x [ x {1} 6610 MOCTOSAHHO. DTO MOXKHO CJeaTh
MHJYKIIMEH 110 Pa3MEPHOCTH OCTOBA, MOCKOJbKY pasmepHocTb C W -Kommekca
K"=2 x [ x I ne npeBocxoaut n, a npoctpanctso X (n — 1)-cesizno. [Toctpo-
ennyto Ha K"~2 x [ TOMOTONMIO MOYKHO NPOJIOJIKUTH JI0 ToMoTonuk Hy oToGpa-
xenust Ho. Tyers [/(y) =Hi(y, 0)n g'(y) =H(y, ). Torna f ~ [/ ~ g’ ~ g,
MPUUEM BCE TOMOTONHMM HeMOABHKHbI Ha K2,

Conocrasum otobpaxenuto [: (K, K"') — (X, x9) Kaacc KoromoJoruii
k([) e H"(K; m,(X)), KoTopblii cooTBeTCTBYET KOUMKIY d"(f, *), rie x — 0To06-
paxkeHue Kommiekca K B xq (passuuatoiasi Kouenb d”(f, *) siBJAsieTCst KOUMK-
JoMm, notromy uro dim K = n). TTokaxkeMm, 4To NocTpoeHHOe 0TOOpaKeHHEe

ki [[K, X1 — H(K; mn(X)

B3aUMHO OJIHO3HAUHO.

[yets [, g: (K, K"') — (X, x0) — oToGpaxenusi, 1si KOTopbix R(f) =
= k(g). Torna xouukn d"(f, g) =d"(f, x) —d"(g, *) siBJsieTcsl KOrpaHulleH,
T.e. 0TOOpa)keHHst [ U g CBsA3aHbl FOMOTOMHe, HemoaBHKHOH Ha K2, Cie-
Jl0BaTeJ/IbHO, 0TOOpaKeHHe R UHbeKTHBHO. PaccMOTpUM Ternepb MPOH3BOJIbHbINM
Kouuka d" € Z"(K; m,(X)). Ero MOXHO peajii30BaTh KaK pa3jiMuarolilyio Ko-
uenb d"(f, *) ans wekoroporo otobpaxenus [: (K, K"~y — (X, xq). Ilpu
s1oM R(f) — kyacc koromoJioruit kouukgaa d" = d"(f, x). CuaenoBatesbHo,
oroOpaxKeHue R CIOPBEKTHBHO. (]

Hast X = S" coorBerctue [K, S"| « H"(K; Z) 3anaércsi 10CTaTOUHO 5B-
HBIM 06pasoM: oToOpakenuio f: K — S" conocraBssiercsi ajieMeHT [*a €
€ H'(K; Z), rne a« — o6pasytowast rpynnsl H*(S"; Z). defAcTBUTEIbHO, MOXKHO
cuuTaTh, uto [ otobpaxaer K"~! B ormeuennyio Touky *. CorsacHo omnpe-
JIeJIeHUI0 padauuatoiiast Kotenb d(f, ) npuHUMaeT Ha KaXKJI0M CHMILJIEK-

ce A" C K" = K 3nauenue, paBHOe cTermeHu orobpaxkenuss A"/OA" 1 s
KouwmkJ, npejacrapisiiolliiii KOrOMOJIOTHUECKUH Kjace [*a, Toxe MpuHUMa-
€T Ha 3TOM CHMIIIEKCe Takoe ke 3HaueHue. TakuM 06pasoM, H3 TeOpeMbl
Xonda— YUTHU BbITEKAET CJieflylolllee YTBEPKIEHHE.

Teopema 10.6. Ecau K — n-meproiii cumniuyuaibHoilli KOMNRACKC,
mo aboti aremenm epynnol. H"(K; Z) moaxcno npedcmasume 8 sude [*a,
ede a— obpasyrouasn epynnet H'(S"; Z) u f: K—S" — nekomopoe omo6-
padicerue, eOUHCMBEHHOE ¢ MOUYHOCTbIO 00 20MOMONULL.
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10.4. Anre6panyecKky TpUBHANbHbIE OTOOpaXKeHHUS

Oro6paxenue f: X — Y Ha3bIBAIOT aseebOpauuecki mpusuaibHoiM, eCan
otobpakenust [, : H;(X) — H;(Y)u [*: H(Y) — H'(X) TpuBHa/NbHBI 1151 BCEX
izl

[IpumepomM ajre6paudeckd TPHUBHAJIBLHOIO OTOOPAXKEHHSI CJYKHUT J1060e
otobpaxenue f: S" — S™, rne n # m. B uacTHocTH, anreGpanuecKu TPUBH-
aJbHBIM sBAsieTcs paccoende Xonda p: S3 — S?. DTUM 06CTOATEILCTBOM
Mbl BOCMOJIb3yeMCsl, 4TOObl MOJYUUTh FOMOTOMHUECKYIO KJAaCCHU(PUKALHUIO afl-
re6paHuecKu TPUBMALHBIX OToOpaskenuii [: X — S2?, rme X — TpéxmepHblil
CHUMIJIMIHAJIbHBIA KOMIIEKC. DTa KJIacCH(hHUKALUS BHINJISIHUT CJAELYIOIUM 06~
pasoM: rOMOTONHYECKHE KJacChl ajreOpaniyecKn TPUBHAJBHBIX OTOOPaXKEeHHH
X — S? HaxonsTCs BO B3aMMHO OIHO3HAUHOM COOTBeTCTBHH ¢ H3(X). A nmen-
Ho, corsacHo Teopeme Xonda—Yutuu [X, S3] = H3(X, 73(S?)) = H3(X).
[To3TOMy KaxKJ0My KOTOMOJIOTHUECKOMY Kaccy a € H3(X) cooTBeTcTByeT ro-
MOTOMHYeCKHil Kaace otoGpaxenuit F: X — S3. Mbl conocrabisiem Kaaccy
a € H3(X) orobpaxenne [ = pF, rie p: S? — S? — paccaoenne Xonda.
Oto6paxenne [ anreGpandyecky TPUBHAJIBHO, TTOCKOJIbKY OTOOpaXKeHHe p aji-
reOpanuecKu TpUBHAJIBHO.

Knaccudukauus anreGpauueckn TPUBHANbHBIX oToGpaxenuii [: X — S°
JUIsi TPEXMEPHBIX CHMILIHIHAILHBIX KOMIJIEKCOB X TMOJyyaeTcsi B KauecTBe
cJie1cTBUs GoJiee 0O1Iel KIaCcCHPUKALMY JIJISt TIPOU3BOJIbHBIX CHMIJIMIHAJBHBIX
KOMIJIEKCOB X .

Teopema 10.7 (Ilourpsarun). [aa npou3sonroroeo cUMNAULUAAbHO-
eo komnaexca X coomsemcmaue [F|w— [pF]| npedcmasasem coboii 83a-
UMHO OOHO3HAYHOE COOMBEMCmaue mexucdy eoMOMONULecKUMU KAACCAMU
omobpancenuii X — S® u areebpaudecku mpusuaibHoLx 0mobpaxceruil
X — S

HoxaszateabcTBo (cMm. [X2]). [IpoBepka B3aWMHOH OJJHO3HAUHOCTH,
KaK 00bIUHO, COCTOMT U3 JABYX wIaros: 1) jio6oe oToOpaxKeHue JexKUT B 06pase;
2) ecan o6pasbl JAByX OTOOPayKeHWH TOMOTOIHbI, TO UCXOJHbIE OTOOpAXKEHHUST
TOX€E TOMOTOITHBI.

lar 1. Aas aro6oeo arcebpauuecku mpusuaibHOe0 0mMooOPaiceHs
f: X = S? cyujecmsyem omobpasncenue F: X — S3, das komopoeo pF = f.

Otobpaxenue p: S — S? apasercs JoKaJbHO TPHBHAILHBIM PACCIOEHH-
€M, TI09TOMY CYLIECTBYeT OTKpbiToe nokpbiTHe {U,}, Hall KOTOPLIM paccoeHue
TPUBHAJIbHO. VI3MesbuuM TpHaHTy LMo KoMIliekca X Tak, uToObl o6pas KaxK-
JIOTO CHMIIJIEKca TIpH 0ToOpaKeHHH [ 1IeJMKOM Jiexas B HeKoTopoM Ul,.

[yctb fr = flxe. st k=2, 3, ... noctpoum otobpakenue Fy: X* — S3
Tak, uto pFj, = f,. Haunnaem ¢ otoGpaxkenus Fy. OToGpaxkenue fo anre6-
panuecKd TPUBHAJIBLHO, MOCKOJbKY OHO SIBJISETCS KOMIO3ULMEH 0TOOpaXKEeHHH
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X2 X Los2 e oTobpakenue [ anreGpanueckd TpUBHaIbHO. M3 anreGpa-
MYeCKOH TPUBHANBHOCTH OTOGPaXeHHUs! fo CJeIyeT, UTO OHO TOMOTOTIHO TOCTO-
stHHoMy. JlefiCTBUTe/IbHO, FOMOTONHUECKOMY KJaccy oToOpaxkenusi fo: X2 — S?
cooTBetcTBYeT seMeHT [y € H2(X?), e a — o6pasytotast rpynnbt H2(S?),
a ITOT 3JIEMEHT HyJIEBOH, MOCKOJbKY 0TOOpaXKeHue fo ajreGpanueckd TPUBH-
aJIbHO.

Paccmorpum romotonuio H, CBSI3BIBAIONLYIO fo C MOCTOSIHHBIM OTOGpa-
XKeHHeM. Y TOCTOSIHHOTO OTOOpaXKeHHsI, OUYEBHAHO, €CTb MOMHSTHE, TTOITOMY
MOYKHO MOCTPOHUTH MOJAHSTHE ToMOTONMH /1. B pesynbrate mosyunm orobpake-
nue Fo: X2 — 83, s kotoporo pFo = fo.

[Ipennosioxkum Tenepb, uTO 1JI HEKOTOPOro R > 2 MOCTPOeHO oToOpa-
)euue Fp_j. OrtobpaxkeHue [ Mbl TOCTpouM cJjieayiolum obpasom. [lyetb
o = A* — nekoropblit k-MepHbiii cummieke B X. Ha ero rpanuue JAF ~ S*~!
3agaHo orobpaxkeHue F,_j, TOSTOMY Mbl MOXKEM MOCTPOUTb OTOOpaXKeHHe

oAk Bl p=l ) e U, x ST T S

3nech U, — MHOXKECTBO H3 MOKPBITHSI, B KOTOPOM JIEXKHT 06pa3 CHMILIEK-
ca A*; h, — romMeoMopdH3M U3 ONpejeseHHs JOKAJLHO TPHBHANLHOIO pac-
CJIO€HHST; T, — MPOEKLIMsT Ha BTOPOH MHOXKUTeJb. Mbl TOCTPOUJIN 0TOOpaXKeHHe
Sk=1 5 S rne k — 1 > 2; mo6oe Takoe 0ToOpazKeHHe FOMOTOMHO TTOCTOSTHHO-
My. 3HAUUT, €r0 MOXKHO MPOJAOJKHTbL 10 0ToOpakeHusi g, : AF — S, Tenepn
MOKHO OTpEJIESUTh 0ToOpaXKeHne [, cieiyroluM o6pasom:

Fr_1(x) s x € XL

Fr(x) = Ll b b

o (Je(x), go(x)) mnst x € A® C X"
Hakonen, oto6paxenue F: X — S3 onpenensiercsi Tak, uto ero orpaHHueHHe
Ha X* coBnanaer ¢ Fj, ms ao6oro k£ > 2.

War 2. Ecau omobpancenus F, G: X — S® makose, umo pF ~ pG,
mo F ~G.

Eciu pF ~ pG, T0 1o TeopeMe 0 HAaKPbIBAIOLIEH FOMOTOMUH Mbl MOYKEM
MOJIHATH TOMOTOIHIO, CBSA3BIBAIOLLYIO 3TH OTOOpAXKEHHUS, U MOJYUHTh 0TOOpaxKe-
nue F’: X — S3, kotopoe romoronuo F, npuuém pF’' = pG. ITostomy ¢ camoro
HauaJia MOXKHO CcuMTaTh, uto pf = pG.

Bynem paccmatpubath cdepy S® Kak rpynny KsaTepHHOHOB eIMHHUHON
nmHbl. Torna paccsoenne Xonga — 370 oToOpakeHHe, KOTOPOe MepeBo-
JIUT KBATE€PHUOH €JMHUYHOH JIJIMHBI B COOTBETCTBYIOLIMH CMEXHBIH KJacc Mo
noarpynne S' KommekcHbIX uucen ¢ MomyseM 1. OnpenenuMm oToGpakeHue
H: X — S3 caenyommm o6pasom:

H(x)=F(x)- [G(x)]™".
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Tak kak pF = pG, kBarepuuonsl F(x) 1 G (x) npuHaIeKaT OHOMY U TOMY XKe
cmexkHoMy Kaaccey no noarpynne S'. TTostomy H nepeBoaut X B co6CTBEHHOE
noamuoxkectso S! C S3, a snauut, oTo6paskenne H roMOTONHO MOCTOSIHHOMY,
T.e. cyuecTByeT romotonust Hy: X — S3 rne Hy=H v H{(X) =1 € S5.
[Tonoxum @ (x) = Hy(x) - G(x). Torna ®g=F u &, =G, 1.e. &, — Tpe-
Oyemasi TOMOTOTIHSI. O

10.5. IMpocrpancrBa Jitnen6epra—MakJieiiHa

[lycTb n — Hatypa/bHOE UYHCJO, 7 — HeKoTopasi rpynna, abejneBa MNpu
n > 2. CW-kommiiekc X HaswiBaloT npocmparcmson muna K(mw, n) nan
npocmpancmson Jirenbepea—Makaeiina, ecau

m npu k=n;

X) =
m(X) 0 npu k#n.

[IpocTpancTBa DiieH6epra—Makierina Oblin BBeaeHbl B [Ei2], [Ei4].
[Mpumep 10.2. Okpymcrocmo S' — npocmparncmeo muna K(Z, 1).
Mpumep 10.3. 3amcuymoe dsymeproe mno2oobpasue M?, omau-

noe om S? u RP?, asasemcs npocmpancmeom muna K(w, 1), ede m =

=m (M?).

[Tpumep 10.4. RP*® —npocmparncmso muna K(Zg, 1).

[Tpumep 10.5. CP*® —npocmpancmso muna K(Z, 2).

[Tpumep 10.6. [lycmo X, — MHONCECMBO 8Cex mouex NpoCmMpam-
cmea C" ¢ nonapro pasauuroiny koopouramamu. Toeda X, — npocmpan-
cmeo muna K(Py, 1) 014 nekomopoti epynnot P,. (Bosnukaouyro 3deco
epynny P, Ha3elsaiom rpynmnoi KpauleHbiX KOC U3 1 Humei.)

JokaszatenbcTBo. Paccmorpum orob6paxkenue X, — X,,_|, KoTopoe
COCTOUT B 3a0bIBAHWM MOCJENHEH KOOPAHHATBL. DTO OTOOpa)KeHHe SIBJIseTCS
JIOKAJIbHO TPUBHAJ/bHBIM paccyoeHdeM. CJjioil [ 3TOro paccJjoeHus npeacraB-
Jqsier cob6oit C ¢ BbIKoJI0OThIMM 17 — | Toukamu. Takum o6pasoM, cJ10i TrOMOTOMNH-
uecKH KBHBaJIeHTeH OykeTy n — 1 okpyxkHocTel. B wactHoctH, 7 (F) =0 npu
k > 2. [TosToMy TouHast Mocae0BaTeNbHOCTD T (F) — 7x(X,) — 7h(X,— 1) TIO-
KasbIBaeT, uTo ecyu kR > 2 u mp(X,—1) =0, 10 74(X,) = 0. OcTaérest 3aMeTuTh,
yto npoctpanctBo X| = C crsiruBaemo. (]

[Tpumep 10.7. [lycmo Y, — ¢pakmop npocmpancmsa X, no deii-
cmeuto epynnel S, (nepecmarnosku koopdunam). Toeda Y, — npocmpar-
cmeo muna K(B,, 1) 0aa nekomopoii epynnot B,. (Boznukaroujyo 3deco
epynny B, Has3biearom Tpymnnon Koc u3 n Humei.)

HokasateabcTBo. Oro6paxenue X, — X,/S, =Y, sBasercs na-
kpbitieM. [Tostomy 7, (X,) = mp(Yy,) npu kb > 2. (]
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Bynem pacematpuBath S°° Kak noaMHoxkectso B C°°, cocrosiliee U3 Touek
(21, 22, ...), a5 KoTophix Y. |z;|> = 1. Beném na S cienyoliee oTHO-
IIEHHE IKBUBAJICHTHOCTH: (21, 29, ...) ~ (21, €29, ...), THe € = exp(2mi/m).
[TpocTpancTBo LY = S/~ HA3BIBAIOT OECKOHEUHOMEPHOILM AMLH3086LM PO~
CMPAHCMBOM.

[Tpumep 10.8. LY —npocmparncmso muna K(Zp, 1).

HoxaszaTedabctso. Hakpbitue S — L5° yHUBepcalbHOE, MOCKOJb-
Ky MpoCTpaHcTBO S°° ctaruBaeMo (uactb [, 3agaua 9.2). DTo HaKpbITHE SABJSET-
Csl PEryJISiPHBIM HAKPBITHEM C IPYMION aBTOMOP(U3MOB Zjy,, no3ToMy 71 (L5Y) =
= Zm. Kpome toro, m; (L) =m;(5*°) =0 npu i > 2. (]

Banaua 10.5. JlokaxkuTe, 4TO

H,y (L) Zm  JUIST HEUSTHDLIX 11;
m 0 It uéTHbIX 11> 0.

3anaua 10.6. Ilycts M? —tpéxmepHoe MHOrOOGpaske ¢ GeCKOHEUHOH
dynaamenTaibHol rpynmnoi, npuuém mo(M3) = 0. dokaxute, uto M> — npo-
ctpaHceTBo tHna K (m, 1).

Teopema 10.8. [laga aoboix n u ™ cywecmayem CUMAAUYUANbHOLI
komnaexc muna K(m, n).

JdokasaTeabcTBo. Paccmorpum cBo6oanyio pesosbBeHty 0 — R —
—F —m7—0, rne R u F — cBoGojnble rpynmbl NpH 1 =1 1 cBoGOAHbIE
abeJieBbl Ipynnbl Mpu 7 > 2. JIpyrumMu cioBamu, 3agaaum rpynmny m (aGesneBy
npu n > 2) obpasytowumu {b; | j € J} u coornowenusmu {a; | i € [}; 3nech
{ai |ielyu{b;|jel}—06asucs rpynn R u F. [lycts, nanee, K" — Gyker
N-MePHBIX TPHaHryaMpoBaHHbix cdep S7, j € J. Torna rpynna 7, (K") kaHo-
HUUeCKH W3oMopHa F. Jlyisi Kaxnoro 6a3ucHOro COOTHolIeHUst a@; € R C F =
= 7,(K") Bo3bM&M HenpepbiBHOE 0TOOpaKeHHue f;: SI' — K", xoTopoe sBJIseT-
csl TIpefIcTaBUTeIeM FOMOTONHUECKOTO Kaacca a; € m,(K™), 1 pacCMOTpPUM €ero
CHMIUIMLIMAJIbHYIO aNMpOKCHMALMIO ;. TpuaHryJsuus S ecTecTBeHHO IMpo-
JIOJPKAETCST 10 TPUAHTYJISILAK D;“rl D S (K KaXKI0My 1-MePHOMY CHMILIEKCY
no6apsisieTcst ojiHa BepliMHa — Uentp wapa). [lyets K" — cumniuumals-
HbII KOMIJIEKC, KOTOpPbIH moJyyaercss U3 K" MpHKJeUBaHWEM IL1apOB Di’“rl
no oro6paxkeHusiMm ;. Ecan n =1, to cornacuo teopeme 20.1 u3 uacru [
Mbl umeem 7 (K?) 22 7. Ecan 1> 1, T0 MOXKHO BOCMOJIb30BATHCA TEOPEMOil
[ypeBuua. [leficTBUTENBbHO, U3 TEOPEMbBI O KJIETOUHOH aNMpOKCUMALIMH CJIEMLYeT,
uro npoctpancteo K"t! (n — 1)-ceasno. Scno Takke, urto H,(K"t!) = 1.
[Tostomy cornacho Teopeme I'ypesuua 7, (K" +!) = .

BriGepem Tenepb B m,. 1 (K"T!) cucremy o6pasylommx, ans Kaxkaoi o6-
pasyrolleil pacCMOTPUM COOTBETCTBYIOLIEE € CUMIIMUMANbHOE OTOOpaXKeHHe
¢ S — K"ty npukaenm D2 x K"F! no oto6paxkenuio 1. B pesyiib-
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TaTe MOJyUHM CHMIIMIMA/ILHBIE KoMmeke K2y koToporo roMmotonuyeckue
TPYNMbl TAKKHE, KaK HY»KHO, BIJIOTb J0 PAa3MEpPHOCTH 71 + 1. DTO BbITEKaeT U3
CJIeJIYIOILEr0 YTBEPKAEHHUS.

JJemma. [lyemo CW-komnaexc X' noayuen uz CW-xomnaexca X
npukaeusanuem (n + 2)-meproii Kaemxiu no omobpascenuio 1p: S —
— X" Toeda sxamouenue i: X — X' npu k < n undyyupyem uszomop-
Gpusm iy: mp(X) — 7 (X'), a npu k=n+ 1 ono undyyupyem anumoppusn
iv: T(X) — mp(X'), 20po KOmopoeo codepacum nodepynny, LOPOHCOEH-
HYIO 2OMOMONULECKUM KAACCOM OMOOPAdNCeHus .

HoxaszaTeabcTso. CornacHo TeopeMe 0 KJAETOUHOH anmpoKcUMalllu
npu k < n+ 1 moboe otobpakenne cdepbl S¥ B CW -komnieke ¥ roMoTonHo
otoGpaxenHio B (1 + 1)-mephblii ocToB YT a npu k& < n moGyio romoTonuio
B Y Mexy AByMs oToGpaxenusamu S¥ — ¥+ MoxkHO 3aMeHHTb Ha FOMOTOMHIO
B Y™+ U3 s10ro BHITEKaeT yTBEpKAeHHE 06 H30MOP(HOCTH OTOOPAXKEHUS i,
npu k < 1 W 3nuMopHOCTH O0TOOpaXKeHUs i, npu k=n + 1.

Kowmmoauius oro6paxennii S 5 X 5 X/ roMoTonna nocTosHHOMY 0T0G-
paYKEHUIO; CTATMBAHHE MPOM3BOJUTCA N0 KieTke D2, O

Tem ke cambiM croco6oM, KaKUM Mbl YHHUTOXKUJIH (11 4 1)-MepHyl0 romMo-
TOMHYeCKyIo rpyny npoctpanctsa K+ yuuuroxkaercs u rpynna o (K"+?),
U T. L. O

Teopema 10.9. Jlioboe dsa npocmpancmea muna K(mw, n) (¢ odu-
HAKOBbLIMU T U N) 20MOMONUYECKI IKBUBANCHITIHDL.

JdokaszaTeabcTBo. JocraTouyHo TPOBEpPUTh, UTO JI060€ MPOCTpaH-
ctBo X tuna K(mw, 1) roMOTONHUECKH SKBUBAJIEHTHO CUMIJIMLIMAJILHOMY KOM-
niiekey K, moctpoeHHOMy Mpu JokasartesabctBe TeopeMmbl 10.8. ITocTtpoum
HernpepbiBHOEe oToOpaxkenue K — X, unpyuupyioinee usomopdusm 7, (K) —
— mp(X) nas Beex k. CHauasia onpeaesum 3to otobpaxkeHue Ha K" = \/57
Kaxuast cpepa S coorsercrByer oGpasytouteit b; rpynist 7,(X). BbiGe-
peM /s 9TOrO 3JemeHTa b; € m,(X) npencraBasioliee ero oTtobpaxKeHHe
57 — X. B pesysbrare nosyuum orto6paxkenne K" — X. Ilpogosmkum ero
na K™ caenyommm o6pasom. nsi (n + 1)-MepHOl KjaeTKu Df“ Xapak-
TeprcTHiecKoe otoOpaxenne ST — K" cooTBeTCTBYeT Ga3MCHOMY COOTHO-
wennto a; € R C F = m,(K"). Otobpaxenne K" — X wuHayuupyer >smu-
mMopusm 7, (K") — m,(X) ¢ simpom R. IlosTomy Kommosuims orofpake-
uuit S — K" — X romotonHa nocTostHHOMY OTOOpaKeHHIO, a 3HAuMT, 3TO
oTo6paKeHe MOXKHO TPOJIOJIKUTh Ha BCIO KJETKY Df“. B pesysbrare
nosyunm oto6paxenre K"T! — X. PaccMoTpuM KOMMO3MIMIO 0OTOGparxe-
nuil K" — K" — X u ungyuupoatubie roMoMopuaMbl rpynn m, (K™) —
— m(K"!) — 7,(X). Ham ussectHo, uto o6a romomopduama m,(K") —
— T (K™Y w7, (K") — m,(X) siBasiores snmuMmopdusmamu ¢ siapom R. M3
31010 caenyert, uto m,(K"™!) — m,(X) — usomopduam.
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Jlnsit ipososikenus orobpakenus K1 — X na kjaeTku pasMepHOCTH 60J1b-
e 1+ 1 HeT HUKaKUX TpensiTeTBUi, notomy uto m,(X) =0 npu k> n + 1.
[TocTpoennoe oto6paxenne K — X uuayuupyet uzomopduam rpymnn 7, (K) —
— m,(X) nnst Beex k. Ipu k = n 310 caieyer U3 Toro, uto BKMouenue K"+ —
— K unayuupyer uzomopdusm m, (K" ') — 7,(K), a npu k # n— u3 Toro,
uto 7 (K) = mp(X) = 0. Tlo ycnoBuio o6a npocrpancta K u X sBssioTcs
CW -xomnjiekcaMu, MO3TOMY MOXKHO BOCIOJIb30BaTbCsl TeopeMoll YalTxena
(uactb I, Teopema 14.9). O

Ganaua 10.7. Ilyctb X — KoHEUHOMEPHBIH CUMIMIHLIMANLHBIH KOMIJIEKC
tuna K(m, 1). Hokaxure, uto rpynna m He COAEPKUT 3JE€MEHTOB KOHEUHOTO
nopsiziKa.

10.6. Koromosoruu u oto6paxeHus
B npoctpaHcTBa tuna K (7, n)

[Tyete K — (n — 1)-CBsI3HBII CUMIUIMLIMA/BHBIA KOMIUIEKC, Te n > 2.
Torna rpynna Hom(H,(K), m,(K)) copep:kut romomopdusm A~ oGpathblii
romomopduamy I'ypesnua h: m,(K) — H,(K). Kpome Toro, H,_(K) =0, no-
TOMY M3 TOUHOH MOCJIE0BATEbHOCTH

0 — Ext(H,—1(K), G) — H"(K; G) — Hom(H,(K), G) — 0
nosiyuaeMm usomopcdusm H"*(K; G) = Hom(H,(K), G). Kanacc koromoJioruii
Fx € HY(K; m,(K)), cootBeTcTByolMii roMoMopduaMy A~ !, HasbiBatoT ghyr-
damenmanvHoim Koeomoso2uueckum kaaccom npocrpaHersa K. Hanbo-
Jlee BakeH cJjyuall, korna K — CUMIUIMUMAJbHBIA KomIieke tvna K (m, n).
B sToM ciiyuae yHpamenTasbHbIA KOTOMOJIOTHUECKHI Kaacce 6yeM 0603HauaTh
Fr € HYK; m) 2 Hom(H,(K), 7); otmetum, uto H,(K) =7 u F,; cooTBeT-
CTBYET TOXKJIECTBEHHOMY OTOOPaXKEHHIO T — .

Jlnst cumninumanbioro Kommiekea K tuna K (m, 1), MoCTPOEHHOTO NPH J10-
KazaresnbcTBe Teopembl 10.8, dyHnaMeHTaNbHbIH KOrOMOJIOTHUECKHH Kaace Fr
Npe/icTaB/eH KOUMKIOM ¢, KOTOpbIH yCcTpoeH cJeaytoliim obpasom. Hanom-
num, uto K" =\/ S”, rie kaxknast cepa S} cooTBeTCTBYET 06pasyloLLel a; € 7.
Ha dynnamenTanbHoM kiacce cdepbl SP KOLMKI ¢ IPUHUMAET 3HAUEHHE a;.
IT0 caeyeT U3 TOro, uto romomMopduaM [ypeBuua COMOCTABJSIET 3JIEMEHTY
a; € m,(K) dyHnameHTanbHbIi knace chepbl S

Teopema 10.10. llyecmo L — cumnauyuarvuoili Komniexc muna
K(m, n). Toeda das a060e0 cumnauyuarvro2o Komnaiekca K omobdpadce-
Hue [K, L] — H"(K, ), npu komopom omobpascenuto [: K — L cono-
cmasasemes aremenm [*(Fr) € H'(K; w), 83aumro 00HO3HAUHO.

HoxaszaTtedabcTso. CoracHo Teopeme Xornda—YUTHH HMEET MECTO
B3aUMHO OJIHO3HAUHOE COOTBETCTBHE

[K", L] — H"(K"; ma (L)) = H"(K"; 7).
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[TosTOMY HY>KHO JIMIlIb TPOBEPHUTh, UTO 3TO COOTBETCTBHE HMeeT TpeOyeMbli
BUJL U BCE ompejessieTcsl n-MepHbIM ocToBoM K. PaccMoTpum nuarpammy

(K, L] —2 [k, L]
| [ o= M
H™(K; ®) - HA (K™, )

31ech 06e TOPH30HTAJbHBIE CTPEJIKH HHIYLIMPOBAHbI €CTECTBEHHBIM BKJIIOUEHH -
emi: K" — K; k§~! —oro6paxenue uz reopembl Xonda— Yurnu. Otro6parke-
uue i*: H"(K; m) — H"(K"; m) HHbeKTHBHO, NOTOMY UTO KOLEMH Pa3MEPHOCTH
He Gosiee 1 B K 0TOxKJeCTBIsIIOTCS ¢ Kolenamu B K" u papeHcTBo 2" = dw"~!
nepenocurest u3 K" B K. Oto6paxenue i#: [K, L] — [K", L] Toxe HHBeK-
THBHO. JleHCTBUTENLHO, €C/IM OorpaHuueHdst oToopaxenuil f, g: K — L na K"
FOMOTOITHBI, TO TOMOTOIHbI K CaMH OTOOPaXKeHHSs1, TOTOMY UTO BCE MPENsATCTBUS
K MPOJIO/KEHHIO 3TUX FOMOTOMHUH JIeXKAT B KOLMKJIAX CO 3HAUEHUAMH B 7y, (L),
m > n, a no ycaoBuio m,(L) =0 npu m > n.

Uro6bl p0Ka3ath, uto quarpamma (1) naér B3auMHo ojiHO3HAuYHOE OTOGpa-
xenue @: [K, L] — H™(K; 7), octaércsi npoBepHTh, uto oToOpaxkenue kO~
nepeBOJIUT 00pas oToGpaxeHus i* B o6pas oToOpakenus i*. OtoGpaxenue 0
Mo03BOJISIET OrpaHHuMTLCs oToGpaxkenuamu [: (K", K"~y — (L, xq), paccmat-
PUBAEMBIMH C TOUHOCTBIO 10 FOMOTONHH, HemoABHKHOH Ha K" ~2. ToMoTonuye-
CKHI1 KJIaCC TaKOro 0ToGpaxkenus [ exkut B Imi# Torja u TobKo Torsia, Korjia
f mponosmkaercst Ha Bcé npoctpancTBo K. [locsiennee ycoBre 5KBUBANEHTHO
ToMmy, uto [ mpomoskaercsi Ha K™ mockosbKy jaanbHeiilde npensitcTBHst
K MPOJIOJLKEHUIO JIeXKaT B HyJieBbIX rpynnax (m,(L) =0 npu m > n). Ecau
TaKoe npojoJzKenne cymectsyet, To ¢t (f) = 0; specn "t € C"TI(K; m) —
NMpensTeTBHE K MPOA0JKeHHI0 oToOpakenus [. Pasenctso ¢"*!(f) =0 sxBu-
BasienTHO paseHcTBy 6d"™ ([, *) = 0, nockoabky dd"(f, *) = c"*t'(x) — "t (f)
u c"t1(x) = 0. CornacHo onpesenentio k(f) — 3T0 KOroMOJIOTHUeCKHil Kaace
Kouukaa d"(f, ) B K". Kouenb d"(f, %) siBJsieTcsi KOUMKIJIOM U B K, 1103TOMY
k(f) € Imi#, uto u TpeGoBasoCh.

OTtob6paxkeHHe p eCTECTBEHHO B TOM CMBICJIE, UTO ISl JII0OOTr0 OTOGparKeHUs
h: K — K' koMMyTaTHBHa Juarpamma

K, L] " K, L]
e [
HY(K'; ©) 25 H(K; 7).
MO)KHO CYyHUTaThb, 4TO L—I/IMQHHO TOT CI/IMHJII/]L[I/[aJlebIﬁ KOMIIJIEKC THUIIa

K (m, n), KoTopbl#l NocTpoeH npu nokazaresnbctBe TeopeMbl 10.8. Torna octos
L"=! coCTOUT M3 OfHON TOUKH, MOITOMY HEMOCPEACTBEHHO W3 ONpejeseHuil
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BUHO, uTo (id;) = Fy. [Tonoxum K’ = L u h = . Torna o(f) = o(f#(id;)) =
= [*(p(dr)) = [*(Fr), T.e. oToOpaxkeHne @ UMeeT TpeGyeMblil BU]L. O
CanenctBue. Humeem mecmo 83auUMHO OOHO3HAUHOE COOMBEMCIN-
sie
[K(m, n), K(n', n)] « Hom(m, '),

npu KOMoOpoM eomMomonuyeckomy xaaccy omobpascerus [: K(m, n) —

— K(n', n) coomsemcmasyem unoyyupos8anuoLll Um oMoMOpHuU3M . m—
/

— 7.

Hoxaszateabctso. CormacHo Teopeme 10.10 Mbl nMeeM
[K(m, n), K(x', n)] < H"(K(x, n); ©).

W3 dopmyiibl yHHBEpCaATbHBIX KO3 dHIEHTOB cenyeT, uto H (K (r, n); ©')
=~Hom(H, (K (, n)), ©’). Hakonen, cornacto teopeme I[ypesnua H, (K (7, 1))
=T

Teopema 10.10 no3BoJisieT 1aThb KOHKPETHOE OTUCAHUE BCEX KO2OMOAOU-
yecKkux onepayuii, KOTopble orpeesioTes caenylonmm o6pasoM. Gukcupyem
abesieBbl rpynnel G W H W HaTypajbHble uncaa m u 1. Koromosoruueckas
onepauusi tuna (m, n, G, H) — 370 ceMelcTBO 0TOOpaXKeHuil (He oOsi3aTesb-
Ho romomopuamoB) Ok : H™(K; G) — H"(K; H), KoTopble ornpejesieHbl A
KaXKJIOr0 CUMILJIHIIMAILHOTO KoMIieKea K, MpUuéM Tak, uTo JuHarpamma

O IR IR

H™(L; G) 25 H(L; H)

| . |

H™(K; G) — H™*(K; H)

KOMMYTaTHBHA /151 JIIOOOTO HerpepbiBHOrO oToOpaxkenusi f: K — L.

[Tpumep 10.9. Jomomopgpusm G — H undyyupyem eomomoppusmn
H™K; G) — H™(K; H), komopoiii asisemcs Ko2oM0a02u4eckoli onepa-
yuetl, coxpansoujeil pasmepHocno.

[Tpumep 10.10. Ecau R — addumusnas epynna koavya ¢ e0uru-
yetl, mo 0as uxcuposannozo k omobpascenie o — aof seasemcs Koeo-
moaoeuveckoti onepayueii muna (m, mk, R, R).

[Tpumep 10.11. Jomomopgusn boxkuwmeiina

B HY(K; Gy — H*TN(K; @),
coomsemcmeyouutl Mo4UHOL N0CA00B8AMeAbHOCLL
0—G —G—G"—0,

ABAMCL KOCOMOAO2UUECKOL onepayuell, Yy8euuusarouel pasmepHoce
Ha 1.
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Teopema 10.11. Koeomoaoeuuneckue onepayuu muna (m, n, G, f)
HAX00AMCA 80 B3AUMHO OOHO3HAYHOM COOMBEMCMBUU C INeMEHMAaAMU
epynnor H"(K(G, m); H). 9mo coomsemcmsue sadaémea ¢opmyaoti © —
— O(Fg), ede Fg € H™(K(G, m); G) — pyndamenmanrvHrolli KO2OMOAOU-
yeckutl Kaacc.

HokaszateanbcTBo. Jlio6oit snement a € H™(K; G) MoxHO Tipen-
cTaBuTh B BUse o = [*(Fg), rie [: K — K(G; m)— HeKoTopoe oToOpaXKeHHe.
[Tostomy ©(a) = O(f*(Fg)) = [*(O(Fg)), T. e. KoromoJiornueckas onepauus ©
MOJIHOCTBIO onpeensercs sneMeHToM O(Fg).

Ocraéresi npoBeputhb, uto M0G0l sjaement 6 € H"(K(G, m); H) MOxXHO
npejicTaBuTh B BUe 0 = O(F), rie © — HeKoTOpasi KOrOMOJIOTHUeCKast orepa-
1ust. daemMeHTy 6 cooTBeTCTBYeT oToOpaxkenue ¢: K(G, m)— K (H, n), nas Ko-
Toporo 8 =¢*(Fy). ConocraBus Kaxaomy orobpaxenuto g: K — K(G, m) ero
KOMIO3ULUIO C @, MoJiyunm otoOpaxenue [K, K(G, m)] — [K, K(H, n)]. 910
oroOpaxKeHHe COOTBETCTBYET KOromoJioruueckoil onepauuu ©: H™(K; G) —
— H"(K; H), kotopast nepeBoiut g*(Fg) B g*¢*(Fy). B uactHocTH, O(F) =
=" (Fy)=0. 0

CrnencrBue l. Kocomoroeuueckas onepauyus He Moxem ymeHo-
wamo pazmepHocme.

JokaszateanbcTBo. Ecimn <m, o H'(K(G, m); H) =0, nockoJib-
Ky npoctpanctBo K (G, m) (m — 1)-cBsi3Ho. O

CrnenctBue 2. Bce koeomorocuueckue onepayuu, coxpansioujue
pPaAsMePHOCHIb, UHOYYUposamvl eomomoppusmanu G — H.

HoxaszateabctBo. [lpu nokasatenbcrse ciaenctsus teopembl 10.10
OblJIO OTMEUEHO, YTO

H™(K(G, n); H) = Hom(H,(K(G, n)), H) = Hom(G, H). O

10.7. Mpocrpancrea Mypa

[TpocTpancTBa Mypa onpelensitoTcsi aHaJOTHUHO MPOCTPaHCTBAM JilJieH-
Gepra—MakJieiiHa, TOJILKO MPH TOM TFOMOTOINHUYECKHE TPYIIbl 3aMEHSIIOTCS
rpynnaMu roMmoJsiordit. A uMeHHo, ycTb G — abeJieBa rpyrna, 1 — HaTypajbHoe
uncyo. [lpocmpancmso Mypa M(G, n) — 5To CUMNIHLHANBHBIA KOMIJIEKE X,
JIJIST KOTOPOTO

ﬁk(X) _ G npu k=n;
0 npuk#n.

[Ipu n > | nonoJHuTeNbHO npeanodaraercs, uto 7y (X) = 0.

[Tokaxem, uto ausi o60# abeseBoit rpynmbl G W JI060r0 HATYpaJbHOTO
yucaa 7 cyulectyer npoctpanctso Mypa M(G, n). B kauectBe mpocTpaH-
ctBa M(Z, n) moxHo B3sATh cepy S”. B kauectse npoctpanctsa M(Zy,, n)
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MOXKHO B35ITh cdepy S”, K KOTOpoil npukeeHa (n + 1)-mepHas kiaetka D!
no otobpaxenrto D" — S crenenn m. JlefcTBUTENLHO, B TaKOM CJly-
yae LEMHOH KOMIUIEKC AJIs1 BbIUMCJIEHHS] KJIETOUHBIX TOMOJIOTHH HMeeT BHJ
7" 7 —0— ... Ecom rpynna G KOHEUHO TOPOXKIEHHAS, TO B KauecTBe
M(G, n) M0xKHO B3Tb GYKeT HeCKOJbKUX mpoctpaHcet8 M(Z, n) u M(Zpy, n).

Jnst nmpousBoJsibHOH abeneBoil rpynmbl G mpoctpaHctBo M(G, n) Mox-
HO MOCTPOUTH cJenylolinM o6pasom. CyiuectByer snumopdusm F — G, rae
F — cBobGonnasi abenepa rpynna. Ilyers H — siipo 3TOoro romomopcuama.
[pynna H siBasiercst noarpynnoil cBo6oaHOH abeJsieBOH Tpyibl, NOTOMY OHa
ToKe cBoGoHas abenesa. [1yctb {fo} — 6asuc rpynnsi 7, {hg} — Gasuc rpyn-
nel H. Torna hg =3 nagfa. [ycte X" =\ Sk, Ilpukneum k X" kietku

[e3% (e

{Dg“} 10 OTOOPAKEHUSAM X3 - aDg“ — X", KOTOpble YCTPOEHbI CJIEIYIOLIMM

o6pazom. CHauasa oToOpaKaem aDg“ B OyKeT kg cep pasmepHOCTH 71, T
kg — UMCJIO HEHYJEBbIX f,8; A 3TOro crsiruBaeM Rg — 1 cep pasmepHo-
ctun—18 (’)DZH. 3areM Kaxkayt W3 cdep 3Toro Gykera oToOpaxKaeM Ha
COOTBeTCTBYMOLLyl0 chepy S/ Tak, utoObl cTerneHb oToOpaykeHHsl Oblia pas-
Ha fag. [loayuentsi CW -KoMMIeKC JIerko MpeBpaTHTb B CHMILIHLHAJBHBIN
KoMmrieke X; oH siBiseTcs npoctpaHcTBoM Mypa M(G, n). IleiicTBUTENBHO,
LIeNMHOH KOMIJIEKC I/l BBIUMCJIEHH S KJIETOUHBIX TOMOJIOTHE KoMIsiekca X umeeT
Bug H = F — 0 — ..., rje i — BJ0OXKEeHHe NOATPYIILl B IPYIIY.

Ecan Gy, Gy, ... — npou3BosibHast MOCJEN0BATEbHOCTb abe/eBbIX TPy,
TO CYUIeCTBYeT CHMIUIMLMANbHBIA KoMmmieke X, s kotoporo H;(X) = G;.

HeitcrButesnbHo, B kKauectBe X MoxkHO B3siTh OykeT \/ M(G;, i).
i
YIuBUTE/bHBIM 006pa3oM ISl KOTOMOJIOTHE aHAJIOTHUHOE YTBepKIeHHe

HeBepHo. CoOTBETCTBYIOLIMI MpUMep nocTpousu Kan u Yaiitxen [Ka].

Teopema 10.12 (Kan—Vaiitxen). Hu 0aa kaxkoeo wamypasoHo-
20 N He cyujecmsyem CUMRAUYUAAbHO20 Komnaexkca X, 04 KOMopoeo
H"™ Y X;Z) =0 u H"'(X; Z) = Q, ede Q — epynna payuoHaibHoLx 4ucei
OMHOCUMENbHO CAOHCCHUSL.

HoxaszaTedabcTBo. [Ipeanonoxum, 4To CyllecTBYeT CUMIJIHLHANb-
Hblil Kommieke X, ansi kotoporo H™ '(X; Z) =0 w H"(X; Z) = Q. Torna
corJlacHO popMyJie YHUBepPCAJbHbIX KO3(h(HIIMEHTOB

0=H"""(X) = Hom(H,_(X), Z) ® Ext(H,_2(X), Z), (1)
Q = H"(X) = Hom(H,(X), Z) ® Ext(H,_,(X), Z). (@)

W3 paBencta (1) mosyuaem, B yactHoct, uro Hom(H,_;(X), Z) = 0.
Jlemwm a. llycmo abeaesa epynna A markosa, umo Hom(A, Z)=0. Toeda

a) epynna Ext(A, Z) deaumna moeda u morvko moeda, koeda epynna A
He umeem KpyueHus;
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6) epynna Ext(A, Z) ne umeem kpyuenus moeda U MOALKO moeda,
Koeda epynna A deauma.
JlokaszaTenbcTBo. Beeném caenyrolrie o603HaueHusI:

mA={beA|b=ma, ac A}
mA={a€A|ma=0}
Am=A/mA.
Ecaun abenesa rpynna B rtakoa, uro mB =0, to Hom(B, Z) = 0. He#-
CTBUTEJNBHO, MycThb @(b) = n. Torna 0 = p(mb) = mn. Obe rpynnsl ,A U Ay

THM CBoOMcTBOM obJsanatot; 3Hauut, Hom(,A, Z) =0 u Hom(A,, Z) = 0.
YuuTbIBasi 3T0, U3 TOYHBIX MOCJEI0BATEIbLHOCTEN

0— A — A% mA—0,
0—mA-A—A,—0
corsiacHo 3anade 4.11 nosiyuaem TouHble MOCJE10BATENbHOCTH
0 — Ext(mA, Z) — Ext(A, Z) — Ext(,A, Z) — 0,
0 — Hom(A, Z) — Hom(mA, Z) —
— Ext(A,, Z) — Ext(A, Z) — Ext(mA, Z) — 0.
[To ycaosuto Hom(A, Z) = 0. Kpome toro, cornacHo 3anaue 4.3 Mbl nmeeM

Hom(mA, Z) 2 Hom(A, Z). Takum o6pa3omM, BTopasi TOUHasi MOCJeI0BaATENb-
HOCTb TPUHUMAET BUJL

0 — Ext(An, Z) — Ext(A, Z) — Ext(mA, Z) — 0.

W3 stux JABYX TOUHBIX nocJie0BaTeIbHOCTER MOXKHO MOCTPOUTL TOUYHYIO TMO-
CJIe10BaTeJIbHOCTh

0 — Ext(A,,, Z) — Ext(A, Z) > Ext(A, Z) — Ext(,A, Z) — 0,

B KOTOPOH ¢ — 3T0 KoMMosuiusi otobpaxennii Ext(A, Z) — Ext(mA, Z) —

— Ext(A, Z), unnyunposannsix BriouenneM mA C A u oro6paxennem A =2

X2, mA. Tlostomy ¢ — ymuoxkenne na m. Cijenoparenbho, ,Ext(A, Z) =

=Ext(An,, Z) n Ext(A, Z),, = Ext(,,A, Z).

Hnsi nepuonnueckoit rpynnbl T paBeHctBo Ext(7, Z) = 0 umeer mecto
Torma U ToJbko Torna, korma I =0 (3amaua 4.7). [Tostomy ,A =0 Torna
¥ ToJIbKO Torna, Korna Ext(,A, Z) = Ext(4, Z), =0, a A, =0 Toraa u TosibKo
torna, Korna Ext(4,,, Z) = ,Ext(A, Z) = 0. [lns 3aBeplieHus jokasaTe/bCTBA
JIEeMMbl OCTa&TCsl JIHIbL 3aMETHTb, UTO abeJieBa rpynmna B He UMeeT KpyuyeHHsi
TOrJIa U TOJIbKO TOT/a, Koria , B = 0 st Bcex m > 1, u uto aGesieBa rpynmna B
Jle/IMMa TOrJia U TOJIbKO Toraa, Koraa B, =0 aas Bcex m > 1. O
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[Tponosmkum nokazatesnbctBo Teopembl 10.12. O6patumesi Tenepb K pa-
BeHCTBY (2). Ilpexxne Bcero 3ametum, uto rpynny @Q Hesb3si mpeacTaBUTbH
B BUJE MPSIMOH CyMMbl JIBYX HeHyJseBbIX rpymm. JleficTButesnbHo, nycth Q =
=A® B, a u b — nenynesbie agnementhl rpynn A u B. Torna ecau p, g € Z
u pa#0, gb #0, 0 pa#qgb. Ho njsi pauroHaJbHbIX uuces a ¥ b 3T0
CBOHCTBO He BbinoJsiHsietcst. ChaenoBatenbHo, 60 Hom(H,(X), Z) = Q, ymmbo
Ext(H,-1(X), Z) = Q. PaBenctso Hom(H,(X), Z) = Q HeBO3MOKHO, 110TOMY
yTo HH JIst Kakoil abejeBoil rpynnbl A rpynna Hom(A, Z) ne moxer GbiTb
neaumoit. JlefictButenbHo, nyctbh ¢(a) = k # 0. BoiGepem HaTypasibHOe uuc-
JIO m TaK, utoGbl uucj0 k/m He ObIo liesbiM. Torga paBeHCTBO miy) = ¢
HU Juisi Kakoro 1 € Hom(A, Z) BbINOJHATLCSH HE MOXKET, MOCKOJbKY HMHa-
ye Mbl Obl mosyunsn map(a) = p(a) = k, T.e. (a) = k/m. Takum o6pasom,
Ext(H,—1(X), Z) = Q — neaumas rpynmna, He uMelouiass Kpyuenusi. [TosTo-
My coryiacHo JiemMe rpynna H,_;(X) He umeer kpyueHus W jgenuma. Takas
rpynna o6si3aTesqibHO CoAep:KUT Q B KauecTBe MOJATPYMMbl, T.€. CYLIECTBY-
et mMoHomopuamM 0 — Q — H,_;(X). Ho Torma cyuiectByer smumopduam
Ext(H,_(X), Z) — Ext(Q, Z) — 0.

YroO6bl MPUHATH K NPOTHBOPEUHIO, OCTaéTCsl 1oKasaTh, uto rpynna Ext(Q, Z)
HecuéTHa, a MOTOMy He cyllecTByer snumopdusma Q = Ext(H,_(X), Z) —
— Ext(Q, Z) — 0. Ipynny Ext(A, Z) MOXHO BBIUMCJUTL C TOMOLIBIO HHDb-
eKTHBHOH pezosbBenThl 0 — Z — Q — Q/Z — 0. B pesyabrate st A = Q
TIOJIyYHM TOYHYIO TT0CJI€A0BATEIbHOCTD

0 — Hom(Q, Q) — Hom(Q, Q/Z) —s Ext(Q, Z) — 0.

[pynna Hom(Q, Q) = Q cuérna, a rpynma Hom(Q, Q/Z) necuérna (3ama-
ua 4.4). TTosromy rpynna Ext(Q, Z) Toxe HecuérHa. O

§ 11. XapakrepucTUuyecKue KJaccbl

11.1. BekTopHble paccioeHus:

JlokasibHO TpUBHAJIbHOE pacciioeHue p: £ — B Ha3bIBalOT 11-MepHbIM 8eK-
MOPHbIM PACCAOEHUEM, €CJU CJIOH [ — 310 JMHeliHoe npocTpaHcTBo R™,
B Ka)kJ10M MHOXecTBe p~ ' (b), b € B, 3a1aHa CTPYKTypa f-MepHOTO JIMHEHHOTO
npocTpancTa U romeoMopduamel £: U x F — p~!(U) o6ranaior caeayommm
CBOHCTBOM: ISl Kax<10il Toukk b € U oroGpaxenue x — h(b, x) € p~'(b)
ABJISIeTCs] M30MOPMU3MOM JIMHeHbIX npocTpanets F =R u p~!(b).

BekropHoe pacciioenvie HasbiBaloT exadkum, ecav £ v B — ryaakue MHO-
roo6pasusi, p — ryajaKoe oToOpaXKeHne U roMeoMopU3aMbl /i SBJISIIOTCS JUP-
theomopuamam.
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[Tpumep 1l.1. [Tycmo TM" — kacameavroe paccaoenue*) samxmy-
moeo mroz2oo6pasua M". Toeda ecmecmsennas npoexkyus p: TM" — M"
A848eMmcs 2AA0KUM BEKIMOPHOIM paccaoeHuem. Imo paccaoexue mol byoem
0003HAUAMb Tyn.

Oro6paxkenue s: B — E, nasi kotoporo ps = idg, HasbIBalOT ceyeruem
paccJioenus. Hanpumep, ceueHne KacaTeJlbHOTO PacCO€HHsI — 3TO BEKTOPHOE
noJjie Ha MHoroo6pasuu. [1isi J06GOro BEKTOPHOTO PACCJIOEHHST MOXKHO pac-
CMOTpPEeTb Hytegoe ceuerue, oTodbpaxkalollee Kaxiylo Touky b € B B HyJ1eBOH
BeKTOp npoctpanctsa p ! (h).

Bexrophble paccyioenust py: £ — B v po: E9 — B HasbBaloT uzomopgp-
HbLML, €CJIY CYLIeCcTByeT romeoMopdusm ¢: E| — E9, nsomopdHo ortobpa-
YKaIOIIMHA MPOCTPAHCTBO pl_l(b) Ha TPOCTPAHCTBO pg_l(b) JUist Bcex b € B.
M3omopHble BEKTOpHbIE PACCJIOEHHS] HA3BIBAIOT TaKXKe IKBUBAACHIMHbLIMU
WIH NOCAOLUHO 20MeOMOPhHHbIMU.

OTMeTHM, UTO Y U30MOP(HBIX BEKTOPHBIX PACCJOEHHH rOMeOMOPdHbI J10-
noJiHeHHs1 o6pasa HyJIEBOTO CeUeHHs! B POCTPAHCTBE PACCJIOEHHSI.

Teopewma 11.1. [lyecmo p,: Ey = B u po: E9 — B — gekmopHole
paccaoenus, f: Ey — E9 — Henpepoisroe omobpadcenue, usOMOpHHO
omobpacaroujee pl_'(b) Ha pg_l(b) O0aa scex b € B. Toeda [ — eomeo-
Mopudm, m.e. paccaoerus py U ps U30MOPPHbL.

JHoxaszateabctBo. Jlna Toukn by € B BbiGepeM okpecTHOCTH Uj;
(i =1, 2) u romeomopdpuamsl #; : U; x R* — pfl(Ui). JlocTaTouHo MpoBepUTh,
uyTo oToOpaxKeHue

hy'fhy s (Up N Ug) x R — (U N Us) x R"

siBsisiercst romeomMopduamom. [To ycsioBuio 310 oTo6GparkeHue nepeBout (b, v)
B (b, A(b)v), rne A(b) — HeBbIpOKIEHHAst MaTpHUllA, 3JEMEHTHl KOTOPOH
HenpepbiBHO 3aBucAT oT b. O6parHoe oroOpaxeHue umeeT BUiL (b, w) —
— (b, A=Y (b)w). dnementni matpuubl A~!(b) nenpepbiBHO 3aBHCAT OT b,
N09TOMY 00paTHOe O0TOOpaXKEHHE HENMPEPbIBHO. (]

EcrectBennasi npoekinsi B x R" — B sBjsieTcst n-MePHBIM BEKTOPHBIM
paccyoeHreM. DTO BEKTOPHOE paccJioeHHe Has3bIBAIOT mpusuasbHoim. Jlioboe
BEKTOPHOE paccJ/ioeHne, U30MOP(HOe TPHBHAJIBHOMY, TOXKE HA3bIBAIOT TPHUBH-
aJIbHBIM.

Ganaua 11.1. [okaxure, uTo 71-MepHOE BEKTOPHOE paccoeHue p: £—
— B TpuBHa/NLHO TOTJA W TOJbKO TOTrJA, KOTJA CYUIeCTBYeT HeNpepbiBHOE
otobpakenue m: £ — R", orpaHuueHHe KOToporo Ha Kaxablii caoit p~'(b),
b € B, siBnsieTcsl H30MOP(HU3MOM JIMHEHHBIX MPOCTPAHCTB.

*) Onpefesienne KacaTeJbHOro paccyoeHus npuBeaeHo B uactu [ na c. 221.
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3amkHyTOe MHOroo6pasue M" Ha3BIBAIOT NAPAAICAUSYECMBIM, €CTTH €ro
KacaresbHoe paccjaoenue p: TM™ — M™ TpuBnajbHoO.

Teopema 11.2. Muoeoobpaszue M" sasasemcs napasiesusyemoim
moeda u moabko moeda, K020a Ha HEM ecmo 1 Henpepol8HoLX BEKMOPHOLX
noaetl vi(x), ..., vy(x), AuHelHO He3asucumoblx 8 Kaxcdoi mouke x € M".

HoxaszateabctBo. Ilyctb ¢ TM" — M" x R" — romeomopuam,
nzomopuo orobpaxatommit 7y M" Ha {x} x R". Boi6epem B R" 6azuc e, ...
..., ey W nosokuM Ui (x) = o~ ! (x, e;).

[Tpennosioxkum Tenepb, uto vy (X), ..., Uy(x) — JHUHEHHO HE3aBUCHMbIE BEK-
TopHbie noJisi. Pacemorpum otobpaxkenne M" x R* — TM", 3anannoe gpopmy-
Jqoi (x, a) — ajvi(x) + ...+ a,v,(x). CornacHo teopeme 11.1 3to orobpa-

YKEHUe SIBJISTeTCsl TOMEOMOPQH3MOM. O
Mpumep 11.2. Cepepor S', S? u S” — naparreausyemore mHo2006-
pasus.

[TocTpoeHue JiHeHHO He3aBUCUMbIX BEKTOPHbIX MOJIel Ha cdepax noapoGHO
obcyxpaercs B [I12], §41.

Sanaua 11.2. JlokakuTe, 4To CyllleCTByeT 6€CKOHEUHO MHOTO TOTapHO
He TOMOTOTHLIX*) TPUBHMAIM3ALMII KacaTeqbHOro paccaoenus TSP,

Ganaua 11.3. [okaxure, uto cyuiecTByeT 6€CKOHEUHO MHOTO MOMAapHO
He FOMOTOMHBIX**) BEKTOPHBIX MoJiefl 6e3 0coBbIX Touek Ha S°.

[Tpumep 11.3. Top T" — naparreiusyemoe mroeoobpasue.

O6cynum Tenepb HEKOTOPble KOHCTPYKIIMH, CBSI3aHHbIE C BEKTOPHBIMH pac-
CJIOEHUSIMH.

UnayuupoBaHHoe paccioeHue

[lycrs p: E — B — BekropHoe paccjioenue U [: B’ — B — HenpepbiB-
Hoe otobparkeHue. Torjga MOXKHO TOCTPOUTb UHOYUUPOBAHHOE PACCAOEHUE
p'=F["p: E'—= B rne

E'={(e,b") €E x B"| p(e) = [ (b)}

u p’(e, b’) =b'. st uHIyLHPOBAHHOTO PacCJIOEHHsST KOMMYyTaTHBHA MarpamMmma

-l F

]
B L B,
rae f(e, by =e.

*) JIBe TpHUBHMAJH3ALMH PACCJOEHUS] 2OMOMONHbL, €CM UX MOXKHO CBSI3aThb HENMPepbIBHBLIM Ce-
MeHCTBOM TPUBHAJIU3ALMEL.
**) JlBa BeKTOPHBIX Mo/ 6€3 0COObIX TOUEK HA3bIBAIOT OMOMONHbIMIL, €CJIN X MOXKHO CBA3ATh
HernpepbiBHbIM CEMEHCTBOM BEKTOPHBIX MoJiell 6e3 0coObIX TOYEK.
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[TpoBepuM, 4TO MHIYLHPOBAHHOE PACCJOEHHE SIBJISIETCS] BEKTOPHBIM pac-
cnoenrem. CTpykTypa JiMHefiHoro npoctpanctsa B caoe (p’)~!(b) sanaéres
thopmyuioit

Aier, b') + ha(eg, b') = (Mier + Ages, b');
snech pley) = ples) = f(b'), T.e. e; U ey NexKaT B OJIHOM H TOM K€ JIMHEHHOM
npoctpanctse p~ ' (f(b")).

Oxkpectnoctn U C B u romeomopduamy a: U x R* — p~'(U) mbl co-
noctaBuM okpectHocTh U/ = [~1(U) C B’ u romeomopduam A': U’ x R* —
— (p")~N(U’), sananubiii dopmynoit (b’, v) — (e, b’), tae e = h(f(b), v).
Yenosue p(e) = f(b’) npu 3TOM BBINOJHSIETCSI.

Ynpaxuenue. Jokaxkure, yTo BEKTOPHOE PaCCJOEHHE TPHUBHAILHO
TOTJIA ¥ TOJIbKO TOTJA, KOT1a OHO HHAYLMPOBAHO H3 PAaCC/JOEHHUsT Hajl TOUKOH.

[Ipsimoe npousBeneHue paccaoeHuii

[Tpamoim npoussederiem BEKTOPHBIX paccyioeHuil py: £y — By u pa: Eo—
— B9 Ha3bIBAIOT paccJjioeHue

p1 x pe: By X Ey — By X Bo;

cnoft (py x po)~ by, by) = pfl(bl) X p;l(bg) MMeeT eCTeCTBEHHYIO CTPYKTY-
Py BEKTOPHOTO MPOCTPAHCTBA.

[Tpumep 11.4. [lycmo M| u Mg — 3amxHymote mnoeoobpasusi, M =
= M| x Ms. Toeda xkacameavHoe paccaoexue Ty USOMOPGHHO npamMomy
npou3seodeHiIo Ty, X Ta,.

Cymma YutHu

CyMMa YUTHH ABYX paccJloeHUH — 3TO HX NocJoiHas cymma. PopmalsibHoe
onpenenenne TtakoBo. Ilyctb py: Ey — B u py: E9 — B — 1Ba BeKTOPHbIX
paccJ/ioeHust Hajl OJIHOH W To#l ke 6a3oi. VIX cymmorl Yumru Ha3bIBAOT pac-
cnoenre d*(py X pg), rie d: B — B x B — nuaronajbHoe oToOpa)eHue,
3anannoe dopmysoi d(b) = (b, b). Paccioenne p: £ — B uacto ObiBaer
yno6Ho 0603HauaTh oHOH OYyKBOH &; cyMMy YUTHH paccroenuit £ u £ 060-
gnavaiot & @ &e. Takoe o6o3HAUeHHe CBSI3aHO C TEM, UTO CJIOH pacCJ/OoeHHsi
&) @ & Haj TOUKOW b KaHOHUUECKU U3oMopdeH pl_l(b) < pg_l(b).

[Tpumep 11.5. Cymma Yumwuu KacameabrHo2o paccroenus HaO
cpepoii S"™ u 00HOMEPHOCO MPUBUANLHOSO PACCAOCHUS SBASLCIMCSA
(n + 1)-mepHolm mpusuarbHbLM pacciOeHuem.

JHokaszatenbcTBo. TpuuambHoe (n + l)-MepHOe BeKTOpHOE pac-
cJoeHue n Haja S"™ MOXKHO TMPENCTaBUTh cjeaylolldM obpasoM. Pacemorpum
cranaapTHoe Baoxkenue S™ C R u Gynem cuumtath, uto K Kaxaoi Touke
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x € S" npusoKeHo JuHeiiHoe npocTpancTBo R nonyuennoe napasienbubiv
nepeHoCcoM, NMePeBOAALIMM Haual0 KOOPAUHAT B TOUKy x. [Ipu Takoii uHTepnpe-
TallMK NPOCTPAHCTBO PaccioeHus £ (1) ColepKUT MPOCTPAHCTBO KACaTENbHOrO
paccaoenus E(7sn).

PaccmoTpuM oJHOMepHOe BEKTOpPHOE paccjioeHue v, JJis KOTOPOro mnpo-
cTpaHcTBO pacciioenust E(v) C E(n) cocrour us mnap (x,v), rie x € §”
uov L T,S" Te v—HopmanbHblil BekTOp K S” B Touke x. Jlerko nposepurh,
YTO paccsioeHHe v TpUBHA/bHO. JleHCcTBUTENbHO, Oy1eM paccMaTpuBaTh X Kak
eJIMHUUHBIA BeKTOp W 3anuiieM v B Buje v = Ax, A € R. CornocraBuB nape
(x, v) mapy (x, A\), nojyunm “3oMop(H3M paccJ/oeHHs ¥ Ha TPUBUAJILHOE Pac-
cJloeHHue.

Sananum otrobpaxenue E (tdv)—E(n) hopmynoit (x, vy, vg)—(x, v1+0vg).
CorsacHo Teopeme 11.1 310 oTOGpaXkeHue sABJsETCA U30MOPHU3MOM PACCJI0-
CHUI. (]

Sapgaua 11.4. Hoxkaxure, uto S™ x 8™ x ... x S™ MOXHO BJIOXKUTb
B €BKJIM0BO MPOCTPAHCTBO PasMEPHOCTH 711y + ...+ 1y + .

Gameuanue. B crartbe [Ak] nokazaHo yTBep:KaeHHe, aHATOTHUYHOE 3a-
naue 11.4, nast BJOXKEHHI B €BKJIMIA0BO MPOCTPAHCTBO NPOU3BECHHI AByMEp-
HBIX MHOTOOOpa3uil.

I1 pumep 11.6. TM xMy = WTTMI D 7T§TM2, ede mi: My x My — M; —
ecmecmeernas nPoeKyus.

HoxaszateabcTBo. Cihoii paccaoenus w7y, © m5Ty, HaX TOUKOH
(x, y)e M| x Mg xaHoHnuecku usomopden T M @ T, M= T (M xMg). O

Sanaua 11.5F Jlokaxute, uto MHOroo6pasue S™ x ... x S™ rne k> 2,
napaJJ/esn3yeMo TOra U TOJbKO TOTa, KOTJa Cpelid UMCes 1y, ..., Ny €CTh 10
KpalHel Mepe OJHO HEUETHOE YHCJIO.

Paccnoenne Hom (&5, &2)

[Tyctb &€ U £ — nBa BEKTOPHBIX pacCJOeHHs Hal OAHOH W TOH Ke Oa-
30t B. ITo HuM MoxkHO mocTpouTh paccjoenne Hom(&), &), cyoit KoToporo
Hal TOUKOH b € B cocTouT U3 roMOMOP(HU3MOB (JAHHEHHBIX OTOOpPaXKeHHH)
cJiosl paccjioeHust £ B cyioil paccyioenust Eo. Ilist 3TOTO HY»KHO JIMIIb TI0J1-
XOIALMM 00pa3oM 3aaTh TOMOJIOTHIO B MPOCTpPAaHCTBE paccsoeHus. Ilyctb
U — oTKpbITOE MHOXKECTBO, HaJl KOTOPbIM paccyoenust £ W & TPUBHAJbHBI,
hi: U xR" — pfl(U) — KoopJuHaTHble romeoMopdusmbl. st pvkcupoBaH-
HOH Toukd b € U oToOpaxkeHne h; oToxnaectBiasieT R™ co cioeM paccioe-
HUS & Haja Toukoi b. [TosToMy moJsiyuaeM B3aMMHO OHO3HAUHOE OTOGpaXKeHHe
h: U x Hom(R™, R") — p~!(U). Tonosoruio B £ Hy»KHO 3a/1aTh TaK, 4ToObI
3TH oToOpaxkeHusi 1Jisi Bcex U ObliM roMeoMophu3MaMH H BCe MHOXKECTBA
p~ ' (U) Gblan OTKPHITHIMH. DTH YCIOBHS OJHO3HAUHO 3aJa10T TOMOJIOMHIO B F.
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Hy»kHo suiiib MpOBEpUTH COTIACOBAHHOCTD: JI/Is1 JIIOOBIX IBYX MepeceKarolmxcst
KOOpAuHATHLIX okpectHOCcTel U u U’ oToGpaxkenue

(UN U’y x Hom@®™, R™) 2°, () 0 U") x Hom(R™, R™)

HerpepbiBHO. HenpepbiBHOCTL 3TOr0 0TOOpaXKeHHs1 CJie/lyeT U3 HeMpepbIBHOCTH
oTo6paXKeHUH

~ hon!
UNU)xR" —S (UNU") x R",

AHaNIOTHYHYI0 KOHCTPYKIIMIO MOXKHO TPUMEHHTb M JJIsi TOCTPOEHHsT pac-
cyoenust £ @ &. Kpome Toro, nojo6Hy0 KOHCTPYKLHMIO MOXKHO MPUMEHSITh He
K Mape paccJjloeHuH, a K 0JJHOMY paccJ/ioeHH10. Tak MOXKHO IMOCTPOUTb paccJio-
envie A*¢ (BHelnss cTenens).

11.2. KoromoJsoruu c JiokaibHbIMU KO3¢uLHeHTaMu

KoHCTpyKILMH, MpUMEHEHHbIE B TEOPUHM MPENSATCTBUE, MOKA3bIBAIOT, UYTO
BIOJIHE €CTECTBEHHO BO3HHMKAET CHUTyallusi, KOTJa pacCMaTpHBalOTCs He KOro-
MOJIOTHH ¢ KO3(D(HIIMEHTAMH B HEKOTOPO# (DMKCHPOBAHHOM IPyIINe, a B KaxJI0H
Touke Oepércsi cBosi rpyrnna Ko3(MUIMEHTOB; 3TU TPYMNbl U30MOPMHbLI, HO
1U30MOphH3M He KaHoHHuecKHil. Takue KOromMoJIorHu ¢ JIOKaJbHbIMH KO3(hhH-
[IHEHTaMHU TT03BOJISIIOT, B YACTHOCTH, MMOCTPOUTL TEOPHIO MPENATCTBHH, KOTOPYIO
MOXKHO TIPUMEHHUTb K 60Jjiee MIMPOKOMY Kjaccy mpocTpaHcTB. Mbl Oynem eé
MPUMEHSATD JIJIs TIOCTPOEHHUS JIMHEHHO HE3aBUCUMbIX CEUEHHH BEKTOPHOTO pac-
CJIOEHHUSI.

GaMeuanue B nocrpoeHun xapakTepuCTHUECKHX KJACCOB BEKTOPHBIX
pacc/oeHHi B JE€HCTBUTEJNBHOCTH YUACTBYIOT TOJIBKO TPHUBHAJbHbIE CHCTEMbI
JIOKAJIbHBIX KO3((hUIMEHTOB, U KOTOPLIX HE HY)KHA TEOPHSI KOTOMOJIOTHI
C JIOKaNbHBIMH Ko3(¢uimentamMi. Ho 3To cBsizaHo ¢ TeM, UTO HEKOTOpble Xa-
paKkTepUCTHUECKHE KJIAaCChl BEKTOPHBIX PACCJAOEHHUH MOJYUaloTCsl B pe3yJbTare
MPUBEJIEHUS T10 MOJLYJIIO 2 HETPUBUAJIbHBIX CHCTEM JIOKAJIbHBIX KOS(PPUIHEHTOB.
[TosTomy /sl Jiyulllero MOHUMAaHHUS CBSI3H MEXK]Y TeOpHUeH MPEnsATCTBUH U Xa-
PaKTEPUCTHUECKUMH KJacCaMH BEKTOPHBIX PACCJOEHHI Mbl MPUBOJUM 3JIECh
TEOPHIO KOTOMOJIOTHI € JIOKAJIbHBIMH KO3 (HIHEHTAMH.

[lycTb B KaXK10H TOUKe X TOMOJOrHYeCKOro MpocTpaHcTBa X 3anana abene-
Ba rpynna G, (Bce 3TH TPYNIbl A5 Pa3HbIX X H30MOP(HBI) U KaXKAOMY MyTH 7y
M3 X B y corocTabJeH H30MOPGhH3M v, : Gy — G, NPUUEM FOMOTOMHBIM MTyTAM
COOTBETCTBYIOT OJIMHAKOBbIE H30MOP(H3MbI, 8 KOMITO3HLIMH MyTel COOTBETCTBY -
eT KOMMo3uiHsl u3oMopuamoB. Torna roBopsiT, uto Ha X 3aaHa A0KAAbHASL
cucmema abeseBbIX TPYMII.

Ecan Ha X 3anaHa sokajibHas cucteMa abesieBbIX Tpynm, To Ha rpynne Gy
3aJlaHo JedcTBUe Tpynmbl 7y (X, X), TOCKOJbKY KaxK[OH MeTye 7y ¢ HauajlioMm
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¥ KOHIIOM B TOUKe X cornocTaBJseH uzomopcusm v: G, — G,. B cayyae, korna
MPOCTPAHCTBO X JIMHEHHO CBS3HO, JOKalbHasi cucTeMa abesieBbIX TPYMI ¢ TOU-
HOCTbIO JI0 €CTECTBEHHO OMpee/sieMOl SKBUBAJEHTHOCTH OJIHO3HAUHO 3a/1a8TCs
rpynnoit Gy B OJIHOM TOUKe W JelcTBUeM rpynnbl 7y (X, x) Ha rpynmne Gy. Jefi-
CTBHTEJIBHO, JUISl KaXKJ10il Toukd y € X dukcupyem nyTb w, U3 X B y. Bo Beex
TOYKax MpocTpaHcTBa X 3afaauM ofHy U Ty e rpynny G = G. Ilytv v,, u3 y
B 2 conoctaBuM n3oMoppuam Gy — G, HHAYLMPOBAHHDI NETNEH wyy,-w; .

[Tpumep 11.7. Ipynne m,(X, x), n > 2, 0bpasdyom A0Kar6HYIO CU-
cmemy aberesolx epynn. [lymo u3z x 8 y undyyupyem u3omopdusm
(X, x) — (X, y) cmandapmuoin obpason.

[Tpumep 11.8. Pacecmompum na mrocoobpasuu M" rokareryro cu-
cmemy abeaesoix epynn Gy =7, Ha KOMOPbLX INeMEHM PyHOameHmaro-
Holi epynnoel deticmayem Aubo moacdecmsenHo, b0 KaK omobpaicerue
a+— —a, 8 3a8UCUMOCTU ON MO0, COXPAHACMCA UL USMEHAEMC L OpU-
enmayusa npu obxode 80046 npedcmasisioujeeo nymu. Imy A0KAAbHYIO
cucmemy abesegolx epynn HA3b6LBAIOM OPUEHTALMOHHOH # 0003HAYaIOm
ZOr/\/l”-

Ecsin npoctpaHcTBO X JIOKaJILHO JIMHEHHO CBSI3HO M JIOKAJIbHO OJIHOCBSI3HO,
TO JIOKaJIbHAsi cHcTeMa abesieBbIX TPYMI M03BOJSET YCTAHOBUTh KAHOHHUECKHIT
u3o0Mopu3M Mexkay rpynnamd G, B J0CTaTOYHO MaJsiol okpecTHocTH. Ha-
npuMep, B cJiydae CUMIJIHIHAJBLHOTO KOMILIEKCA TAKOH H30MOP(H3M MOXKHO
YCTAHOBHTb Ha KaXKJ0M chuMIieKce. [105ToMy Ha CHMIIMIMAJILHOM KOMILJIEKCe
JIOKA/IbHYIO CHCTeMy abeJieBbIX TPYMI MOXKHO 3alaTh CJEIYIOLHM 06pasoM.
B kaxmnoit Bepuinne v 3anaéres rpynna Gy, a sl KaXK10i napbl BEpLIUH U, U,
NpUHAJIEXKALIMX OJTHOMY CHUMILIEKCY, 3a7aéTest U30MOPDHU3M 7o : Gy — Gy
TaK, YTO YuoYow = Yuw I JIOObIX BEPUIMH U, U, @, NPUHALIEKAIMX OJLHOMY
CHMILJIEKCY.

[lepeiiném K omnpenesieHHI0 20MOAOCUL W KO2OMOAOUU ¢ KO3ADuyu-
eHmamu 8 A0OKAAbHOU cucmeme & abeneBbIX TPYNN HA CHMIUIMUMAJIBHOM
komriekce K. Ilycth A — cumnsieke B K. JIi1si Bcex ToueK X € A MOXKHO
YCTAHOBHTb KAHOHUUECKHUH U30MOP(U3M Mexy rpynnamMu G, MO3TOMY MOXKHO
McrnoJsib3oBath o603Hauenne Ga. Ipynna k-mepubix ueneit Cp(K; &) coctout
13 KoHeuHbIX opMasibHbIX CyMM Y a; AF, e a; € G ar- Ipannunbiii romomop-
dusm 9 : Cp, — Cp_y 3anaétest hopmysioi

Ovo, ... o)=Y (=D)[oo, ..., 0y .., O],

Takoe ornpejiesieHHe uMeeT cMbic, notomy uto ecan A’ C JA C A, To rpymnna
G s KaHoHuueckn uzomopdHa Ga. PaBeHcTBo 90 = 0 10Ka3biBaeTCst TOUHO TaK
)Ke, KaK W 151 0ObIUHbIX CUMIUIMLIMAJbHBIX Lenel. [pynna romosnoruit Hy,(K; &)
onpenessiercst kak (akroprpynna Ker 0,/ Im Oy .
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[pynna k-mepubix Koueneit C*(K; &) coctout u3 otoGpaxeHui, coro-
CTaBJSIOIMX KaxK1oMy cummyiekcy A* spement rpynnbi Gae. Korpauuunbiii
romomMopduam 9§ 3anaércsi hopmyJioi

(6c)[00, -y vrr] =D (=" (o, ., 01 o ).

[pynna koromoJioruit H*(K; &) onpenensiercst cTaniapTHo.

Ecou Ha cuMmuMumasbHOM KoMIliekce 3afana ctpykrypa CW -komrmuiekca
(kJIeTKaMH cJ1y»KaT 06'beIMHEHNS] HEKOTOPBIX CHMIIIEKCOB), TO MOXKHO OMpejie-
JIUTb KJIETOUHbIE TOMOJIOTHH U KOTOMOJIOTHH TOUHO TaK »Ke, KaK 3TO JeJ]1aJoCh
paubiie. TIpu 3ToM HyHO yuecTh caeayioiuee. Ecaun x: D¥ — X — xapaxre-
PHCTHUECKOE OTOOpaKeHHe KJeTKH, TO Juisl BeeX X € D* MOXKHO ycTaHOBHTB
KaHoHUuecKHii u3oMopduam Mexky rpynnamu G,. Ho touku x, y € DF moryr
oToOpaxkaThCsl B OJIHYy W Ty e Touky. [Ipu atom JBa sK3emmsipa rpynnbl G
B TOUKAX X M Y OTOXKIECTBJSIOTCS MOCPEACTBOM JeHcTBUS Ha G 3JjeMeHTa
(hyHIaMeHTaJbHO| TPYIIbl, MPEACTABAEHHOr0 06pPa30M OTPe3Ka Xy.

[Tpumep 11.9. Pacecmompum na RP", n > 2, aokarvryto cucmemy
abenesoix epynn Gy =7, Ha Komopolx obpasyrowas GyrHoameHmarbHoll
epynnel delicmsyem Kak omobpadxcenie a — —a. Imy L0KAAbHYIO cucme-
my abeaesoix epynn o6o3nauum Zr (om caosa Twisted). Toeda

Z, ecat k=nun uémuo;
Hy(RP"; Z7) =< Zo, ecau k <n uk uémno;
0 8 OCMANLHLLX CAYUASX,

Z, ecau k=nun uémno;
Hk(RP”; Zr) =< Zo, ecau k<nuk neuémno;

0 8 OCMAAbHbLX CAYyUuasix.

JHokaszatenbcTBo. [pannunsiii romomopdpuam 0: Cp, — Cp_ sBJSA-
etcs ymHoxkennem Ha 1 + (—1)¥(—1) = 1 + (= 1)**!. Korpauuunbiii romomop-
dusm §: C*~1 — C* umeer Takoii e B, MOTOMY uTo OH ABOficTBeH O.  [J

3aMeuanue. JlokajabHylo cHCTeMY Z7 MOXKHO OMPEAETUTb JIs JII0OOTO
MpocTpaHcTBa ¢ (pyHIaMeHTaJIbHON Ipynmoi Zs.

Usomopdusm Iyankape c sokajibHbiMH KO3(hGULHEHTAMH

Hanomuum, uto o6biuHasi agoiictBeHHocTs [lyaHkape s opHeHTHPOBaH-
Horo MHoroo6pasusi M" ¢ JiByMst IBOHCTBEHHBIMH KJIETOUHBIMH Pa3OHEHHSIMH
K w K* ycranasauaer uzomoppusm Cr(K; Z) — C"~*(K*; Z), kotopblil uH-
nyuupyet uzomopbusm Hy,(M") = H*=%(M"; 7). A umenHo, uenu c, =S a;0;

conoctasasietest Kouenb ¢"*, as koropoit (¢" 7k, o¥) = a;. Tlpu BwIGOpe
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OPHEHTALMH KJIETKH 0] yUHTbIBAaETCS OpHeHTalust MHoroo6pasus M"; ecain opu-
eHTalMIo MHOroo6pasust M" 3aMeHHTb Ha MPOTHBOINOJIOKHYIO, TO 0] 3aMEHHUTCS
Ha —o;.

Jlna mHoroo6pasusi M", kKoTopoe He 00s13aTeJIbHO OPUEHTHPYEMO, aHaJIO-
PHUHBIM 06Pa30M MOXKHO MOCTPOMTH H3oMopduambl C(K; Or) — C"~*(K*; 7)
u Cp(K; Z) — C"*(K*; Or), rne Or = Or M". TlepBblii H30MOP(H3M CTPO-
urcsl caenyionm o6pasom. Aaementamu rpynn Cp(K; Or) caykat cymMmbl
> (gia;)o;, tie a; € Z v ; — HeKasi opreHTalusi MHOroo6pasusi M" B Toukax
k-mepHoli kneTku ;. ConocTaBuM Takoli cymMe Kollenb ¢ % € C**(K*; Z),
st Kotopoil ("%, o) = a;. Takoe onpesiesienne umeet cMbicd. JleficTBHTEb-
HO, BbIGOP OPHMEHTALIMH €; 3a]a€T KaK UHCJIO @;, TAK H OPHEHTALIMIO KJIETKH o7 .
[1pu 3TOM ecJ/id BMeCTO &; BBIGPATh —¢;, TO BMECTO @; TIOJYyYHUM —a;, @ BMECTO
o nosyunm —oy.

Bropoit usomopdusM ctpourcs cienyioimm obpasom. Kouenb u3 rpynmnbl
C"k(K*; Or) conoctapasier kaxa0il (n — k)-MepHOil KJeTKe o} HeKuii sJe-
MEHT a;&;, TIe a; € Z W €; — opueHTalust MHoroo6pasust M" B TOUKax KJETKH
of. Lenu ¢, =" a;o; € Cp(K; Z) conocrasum kouenb ¢~ % € C*=*(K*; Or),
KOTOpasi KJeTKe o] COMOCTABJSIET 3JMEMEHT a;&;. IJTO OlNpejeeHre HUMeeT
CMbICJI, TIOTOMY UTO €CJIH BMECTO OPHMEHTALUH €; B3ATb OPHEHTAUMI0 —&;, TO
MOJIYUHM KOLEMb, KOTOPasl KJeTKe —o; COMOCTaBJsieT JeMeHT —a;€;.

Takum o6pasom, moJyuaeM cJjeyloliee yTBepKAeHHe.

Teopema 11.3 (usomopdusm [lyankape). /Jlas 106020 3amMKHymoeo
mro2oobpasus M" umeiomes uzomopgpusmor Hy(M™; Or) = H**(M"; Z)
u Hp(M"; Z) = H"*(M"; Or) (usomopgpusmor [lyankape ¢ r0KaabHoLMLL
Koaghduyuenmanu).

[IpensiTcTBUS K NPOAOJIKEHUIO CeYeHUN

Paccmotpum JiokanbHO TpHBHAJbHOE paccjioeHne p: £ — B co cioem F.
Mbu1 6ynem npeanosaraTb, uTo B — CUMIIMLMAABHBIN KommieKe. [Tyets na B”
(n-mepHOM ocTOBe KoMIIeKca B) 3amano ceuenue s: B" — E paccioenus p.
MBI XOTHM BBIICHUTB, MOKHO JIM 3TO ceueHHe MPoJoJKHTL Ha B! a ecsu
HeJb3s1, TO MOKHO JIH €ro u3MeHuth Ha B\ B"T! tak, uto6bl noc/e 31010 €ro
y2Ke MOXKHO OblJI0 MTPOJIOJIKUTL. DTa 3a/iaua oueHb M0X0xKa Ha 0ObIUHYIO 3a1auy
Teopuu npensTeTBuil. JleHCTBUTeNbHO, Hall KaxabiM cummniekcom AT ¢ Brt!
paccJioenve TpuBHaibHo. [TosTomy ceuenne nagx A"! mosnoctbio 3apaéres
oToGpakeHHeM B ¢JIol F, T. €. HyXKHO NPOJIOJIKUTL oToGpaxenne QAT — F
1o orobpaxenus A" — F. Ho 310 BCE Tak TOJLKO MPH yCJOBHH, UTO (HK-
cupoBaHa TpuBHaiusalus p~ (AT — F x AL

[Tpensrctaue ¢" ! (s) € C"*1(B; m,(p~'(b))) onpenensiercs TOUHO TaK xe,
KaK W B 0ObIUHOH Teopud npensarcTBuil. Ho Temepb paccmarpuBaioTes Kole-
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nu ¢ Kos(hduLMenTaMu B JoKalbHOl chcTeMe abesiesbix rpynn {m,(p~'(b))}
Ha npoctpancTse B. JlefCTBUTENBHO, €C/M clleJlaTh CTaHAAPTHOE JJIST TEOPHH
NPensITCTBUI NMPeANnooKeHHe 0 TOMOTOMHUECKOH 7-NPOCTOTe MPOCTPAHCTBA [,
TO KaxKJIblil MyThb U3 TOUKH b € B B Touky by € B OyjieT 3ajaBath u3oMopduam
Ta(p~ (b)) — T (p~ " (b2)); 9TOT H30MOPGHHIM CTPOUTCS C MOMOLLBIO TEOPEMb
0 HAKPBIBAIOIEH TOMOTOMHNH.

Bcee yrBepkaenust u3 n. 10.2 nepeHocaTcst Ha NPeNsiTCTBUS K MPOJIOJIKEHHIO
ceueHHil 6e3 CyllecTBEHHbIX H3MeHeHH . Hy»KHO Janib paccMaTpUBaTh KOTOMO-
JIOTHH € KO3(HLHEHTaMH B JIOKATbHOH CHCTeMe FTOMOTOMHUECKHX IPYIII CJIOSL.
Cuofi F, KaK y»Ke TOBOPHJIOCH, JLOJ/DKEH ObITh FOMOTOMHUYECKH MPOCTHIM.

11.3. Xapakrepucruueckue kaacchl Lltudenss—yYurhuu

[Ipennonoxum, uto caoii F paccaoenus p: E — B takos, uto mo(F) =...
co. =71 (F) =0, Ho m,(F) #0. 3necb n > 1. Ilpu n =1 Hy:KHO HOMOJIHU-
TeJILHO MPEANOJNOXKHUTb, uTo 7| (F) — abesneBa rpynna. Toraa Bo Bcex ciyuasix
cJ10it [ OyleT roMOTONHUYECKH 712-TPOCT.

[1pu k& < 1 HeT NPeNATCTBUI K MPOIO/KEHHIO CeUeHHs Ha R-MepPHbIH OCTOB.
[TepBoe HeTpHBHAJbLHOE NpensTcTBHe JAeXUT B rpynne H"(B; &), e & —
NoKasbHas cucteMa {m,(p~'(b))}. D10 npenaATcTBHE He 3aBHCHT OT BHIGOpA
CeyeHHs] Ha n-MePHOM OCTOBe. [lefiCTBUTE/NbHO, €CJH S| M Sg — JBa ceye-
HUS Ha n-MepHOM ocToBe, a ¢"T1(sy), ¢! (s9) € Z"*(B; &) — npensrcteus
K MPOJOJIKEHHIO 3THX cedennit Ha B"H! to cywectsyer kouenn d”(sy, so) €
€ C"(B; &), 1151 Kotopoit 6d"(sy, s9) = c¢"T1(s1) — "+ (s9) (cm. nemmy 2 na
c. 129).

B raxo# cuTyalmn pacc/JioeHHI0 MOXKHO COMOCTABHTb MePBOe HETPHBHAJb-
HO€ MPEMNsTCTBHe K MOCTPOEHHIO CeueHHsl.

J1J1s1 BeKTOPHBIX paccyoeHHH HeJlb3s1 HEMOCPEICTBEHHO TPUMEHUTD 3Ty KOH-
CTPYKUHMIO /151 TTOCTPOEHHSI XapaKTEPUCTHUECKUX KJIACCOB, TMOTOMY YTO CJIOH
BEKTOPHOTO PACCJIOEHHS — CTArHBAaeMoe MPOCTpaHcTBo. Ho Kaxmomy n-mep-
HOMY BEKTOPHOMY PacCJI0€HHIO MOKHO COTMOCTaBUTh 7 — | paccyioeHuit Haj Tol
e camoli 6a30H, CJIOH KOTOPBIX — HaGOPBl U3 & OPTOHOPMHUPOBAHHBIX BEKTO-
poB, rie | < k< n— 1. lenaercst 310 caenytoim o6pazom. [lyerb € — Bek-
TOPHOE paccJ/ioeHre Hajl KOHEUHbIM CUMIJIHUMANbHBIM KoMmmaekcoM B. Ta ke
camasi KOHCTPYKLIUSI, KOTOpast MPUMeHs1ach B UacTH | 1J1si oCTpoeHust puMaHo-
BOH METPUKH Ha MHOTOOGpa3HH, MO3BOJISIET TOCTPOUTH PUMAHOBY METPUKY Ha &.
SlcHo Tak:Ke, UTO JIOGBIE IBe PUMAHOBBI METPUKH FOMOTOIHBI B KJacce puMma-
HOBBIX MeTpuK. [leficTBUTEIbHO, ecH (-, -)g U (-, )] — JIBA CKaJSIPHBIX MPOU3-
BeJIeHHs] Ha BEKTOPHOM MPOCTpaHCTBe, TO (-, -)o + (I — £)(:, -); — ckansipHOe
npousseenue Jis Beex ¢ € [0, 1]. Pacemorpum paccnoenve py: E, — B, rie
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Ej, coctout U3 nap
(tTouka b € B, k opTOHOPMHPOBAHHBEIX BEKTOPOB B cJoe & Hax b);

3/lech UMeeTCsl B BHJy YMopsijloueHHbl HaGop BekTopoB. Tomojiorus B mpo-
ctpaHcTBe Ep, 3a7aéTcsl eCTeCTBEHHbIM 00Pa3oM.

CJ10ii NOCTPOEHHOTO paccyoeHust £, — 3TO TaK Ha3blBaeMoe MHO2000pasie
HImugears V(n, k), cocrosiiiiee U3 OPTOHOPMUPOBAHHBIX HAGOPOB £ BEKTOPOB
B R". Ilast pacciioenust £, MOKHO pacCMOTPETh XapaKTepHCTHUECKHH KJiacc.
[Ipexkjie BCEro HY>KHO BBIUHCJIUTL TEPBYI) HETPUBHAJLHYI TOMOTOMHUECKYIO
rpynny npoctpanctea V (n, k)

Ganaua 11.6. Hokaxure, uto V(n, k) — MHOrooOGpasue pasmepHOCTH

L EY))

YnpaxHuenue. Hokaxure, uto V(n+ 1, 2) — mMHoroo6pasue eiuHuY-
HBIX KacaTesbHbIX BEKTOPOB K cepe S”.

Teopema 11.4. Ecaui<n—k, mowi(V(n, k) =0. llepsas nempu-
suarvHas eomomonudeckas epynna w,_r(V(n, k) pasna Z, ecau n — k
uémmuo uiw k=1, u pasna Zo, ecau n — k neuémmuo u k> 1.

HoxaszateabctBo. Ilpexne Bcero nokaxem, uro m;(V(n, k) =0
npu i < n — k. Ilpumenum unaykuuio no k. [lpu k =1 mHoroo6pasue V (n, 1)
npejcTabisier coboil cdepy S"!. Scno, uro (S =0 npu i <n — 1.
YroObl ceaTh MHAYKLUHOHHDIH wWar, paccMoTpuMm otobpaxenue V(n, k+ 1) —
— V(n, k), conocrabJisiiolilee HaG0py U3 £ + 1 OPTOHOPMUPOBAHHbLIX BEKTOPOB
nepBble 2 BEKTOPOB. ITO 0OTOOPaKeHHe SBJSETCS JOKAJbHO TPHUBHAJbHBIM
paccJioennem co cioem S"~#~! 3anuuem Tounyio noc/ien0BaTeLHOCTL STOMO
paccyoeHust:

Wi(S”—k—]) —m(V(n, k+ 1)) — m(V(n, k) — mil(sn—k—l).

[Ipu i <n —Fk — 1 3T0T yuacTOK TOUHOH MOCJELOBATENLHOCTH MMEET BHJL
0—m(V(n, k+1)) —0—0, nosromy m;(V(n, &+ 1)) =0.

3aitmémcst Tenepb BbiuncaeHueM m,_(V (1, k)). Cayuait k£ = 1 paccmaTpu-
Baetcsi otaenbHo: V(n, 1) = S"~!. B nanbHeiiem GyseM npejanosarath, 4to
| < k < n. Pacemotpum otobpaxkenne V(n+ 1, k+1)— V(n+1,1)=85",
COMOCTaBJIsIIOLLEE OPTOHOPMHPOBAHHBIM BEKTOPAM Ui, ..., Upt| BEKTOP Upyi.
I10 oTOOpaAKEHHE SABJSIETCS JIOKAJIbHO TPUBHAJBHBIM PACCJAOEHHEM CO CJIOEM
V(n, k). 3anuiieM TOUHYIO FTOMOTOMHYECKYIO TTOC/IEN0BATEIBHOCTL STOTO pac-
CJIOEHMUS:

Tig1(8") — m(V(n, k) — m(V(n+ 1, k + 1)) — m(S").

Ecmi<n—2,tom(V(n, k))=Zm(V(n+1, k+1)). [locaenoBatesbHo npu-
MeHsIst TaKke H30MopdhuaMbl, noyuaem m,_,(V(n, k) Zm,_,(V(n—k+2, 2));
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uzomopuam m,_(V(n —k+ 3, 3)) Zm,_p(V(n — k + 2, 2)) oGecnieunBaercs
HepaBeHCTBOM 11 — R < (n — k 4+ 2) — 2.

Hrak, ocraérest npoBepuTh, uTo rpynmna m,_o(V (n, 2)) paBHa Z, ecyiu n uér-
HO, U paBHa Zg, ecJiu 1 HeuéTHo. PacemoTpum paccaoenue V (n, 2) — V(n, 1) =
=5""! ¢co cnoem V(n — 1, 1) = S""2. 3anuuiem TouHyl0 FOMOTOMHYECKYIO
T0CJIeI0BaTENbHOCTb STOTO PACCIOEHHS:

Tt (8™ 1) 2 1 0(S"2) — i (V (1, 2)) — ma_a(S"1) = 0.

[omomopuam 0, ortobpaxaer Z B Z, TO3TOMY JAOCTaTOYHO BBIUHCJHTD
O, (idga—1). Dnement O, (idgi—1) € T,_o(S"2) cornacHo onpejeJeHnIo CTPOHT-
cs caenyloM o6pasoM. Pacemotpum na cdepe S"~! oanonapamerpuueckoe
cemeiicto chep SI2, ¢ € (0, 1), npoxoasiMX uepes HHKCUPOBAHHYIO TOUKY
ep € S""! u uMeroumX B 3TOl TOuke OOLLyIO0 KacaTelbHylo (1 — 2)-MepHyio
MJIOCKOCTb. Hy’KHO B35ITh MOAHSTHE TOUKH €y B MPOCTPAHCTBO PacCJ/OeHHUs
V(n, 2), npoao/KUTb 9TO NMOJAHSITHE Ha Sf’Q NPU MaJbIX £, a 3aTeM NPOAOJ-
KUTb U Juist Beex ¢ < 1. lpu ¢ — 1 nosiyunm Hekoe otoGpaxkeHue cdepbl Sf*Q
B cJI0i. [omMoTOMHUecKn# Kaace 3Toro oTo6payKeHust 1 eCTb HCKOMBIH 3J1eMeHT
rpynnbl m,_9(S"2).

Uro6bl noansth B V (1, 2) Touky eg € S"~! (kotopyio Mbl paccmatprBaem
KaK eJMHHUHbIA BEKTOP), HY»KHO J100aBUTb K €y HEKOTOPbIH €MHHUHBIH BeK-
TOp e, OpPTOroHa/bHbINH €. Bekrop e; MoxHO pac-
cMaTpuBaTh Kak BeKTop, KacatesbHblii K S"~! B Tou-
Ke €.

[TopHsTHE MOXKHO TOCTPOMTH C MOMOIILIO BeK-
TOPHOTO MOJISI C OJHOH WM30JIMPOBAHHON OCOOOH TOU-
koi. Ilpn 3TOM Hy»KHO, 4TOOBI B OJIHOH TOJIOBHHE
OKPECTHOCTH 0CO0OH TOUKH BEKTOPbl OblIM MapaJ-
JIeJIbHBI IPYT JPYTY, a BCE BpallleHHe BEKTOPOB MpO-
MCXOJIMJIO BO BTOPOH TIOJIOBMHE OKPECTHOCTH (rep-
Puc. 34. Tpaexmopuu Barllfignonosuﬂa OKPECTHOCTH COOTBETCTBYET ccpepam

BeKmOpHO20 N0 S/7° mpu ¢ < 1/2, a Bropass — npu ¢t > 1/2). Ha

na S2 puc. 34 isi n = 3 NyHKTUPOM H300paKeHa OKPY»K-

Hocth S}, £ > 1/2. Tlpu ¢ — | cTenmenb oToGpaxe-

nust SP2 — S"72, comocTaBasioliero Kasoi Tou-

Ke KacaTeJibHbli BEKTOp B 3TOH TOUKe, paBHA HHAEKCY OCOOOH TOUKH,

T.€. 3laepoBoii xapaktepuctuke chepbl S, Takum o6pasom, O (idgn—1) =

=x(8" ) =1+ (=1)*"'. 10 osuauaer, uto ecau n uétHo, To Ima, =0,

a ecJid 1 HeuéTHo, To Im 0, = 27Z. O

3ameuanue MHorne apyrue roMOTONHYECKHE TPYMMBl MHOr006pasuii

Wtudens, umerole 60dbliioe 3HAUEHHE IS TEOPUH TOMOTOMMI, BbIUMCJ/IEHDI
B cepuu crateil [Pal.
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Ganaua 11.7. Beluncaute Tpynmnbl roMoJioTHE ¢ Ko3(dHIIMeHTaMH B Z
mHoroo6pasus Wtugens V(n + 2, 2), n > 1.

XapaKTepuCTHUECKUH KJacC PaCCJOEHHS] pp, KOTOPbIH JIEKUT B Tpyrie
H"™ *+Y(B, {m,_,(V(n, k))}), npeactasaser co6oil NpenarcTBie K MPOJ0JKe-
HUIO R JIMHEHHO He3aBHCHMbIX ceueHWil Ha (1 — k + 1)-MepHblit octoB. Ecau
n — k HeuéTHO M k > 1, TO 3TOT KJacC JEXKHT B OOBIYHBIX KOTOMOJIOTHSIX
H"*U(B; Zy), MOTOMY UTO HET HETPHBHAJIbHBIX aBTOMODPMHU3MOB Zo — Zg,
T.€. B 3TOM CJlyuae CHCTeMa JIOKaJbHbIX KO3(PPUUHEHTOB TpHBHasibHa. Co-
OTBETCTBYIOLIMI K/1acC KOFOMOJIOTHI Wy € H?(B; Zy) nasbiBaior xapaxme-
pucmudeckum xaaccom Llmugpesa—Yummuu. ITOT Kaacc — MpensTcTBHe
K MPOAOJIKEHHIO 11 + | — 2/ JIMHEHHO He3aBUCHMBIX CeUeHHH Ha 2j-MepHbIi
OCTOB.

Ganaua 11.8. MHorooGpasue M" HasbIBAOT noumu naparteausye-
Mo, ecan MHoroo6pasue M™ \ {x}, rne x € M", napansenusyemo. Jlokaxure,
YTO OJHOCBSI3HOE ueThipéxmepHoe MHorooGpasve M* mouth napaJsienusyemo
TOTJa M TOJILKO TOIZA, KONAa VIl €ro KacaTeJbHOro PaccJ/OoeHHsl KJace we
HYJIEBOH.

UroObl onpenesiuth kaacchbl 1lTHdensi—YuTHH HeuéTHOH pa3MepHOCTH
(M knacc w, Tpu UETHOM 1), HYXKHO T[PUBECTH ll€JIOUUCIIEHHbIE KO3(-
duurentsl mo moaymo 2. Tak Mbl nojyudM kjaaccel [ITudens—Yuruu
Wojt1 € H?+1Y(B; Zy). TToguepkHéM, uTo OHM He COBMAAIOT C MPEeNATCTBHSIMHU
0941 € HHHY(B, {m9;(V (n, n — 2j))}), X0Ts1 1 ouenb GJM3KK K HUM (CM. 3a-
nauy 11.10).

CTHHPOJL MoKasaJl, uTo NpensTCTBHe 0g;41, j > 1, Bhlpaxaercs yepes xa-

PAKTEePUCTHUECKUI KJlacC Wg; = 09; C IOMOLILIO CJEAYIOLIEH KOHCTPYKLMH.

. %=1
Paccmotpum siokajibHO TpuBHAJbHOE paccjoenue V(n, n — 2j + 1) ——

52! )
—— V(n, n — 2j) v 3anuiiem jJsl HEro TOYHYIO TOMOTOTHUECKYIO TTOCTIEN0-

BaTeJIbHOCTDb:
oy (V (1, 1= 27)) 25 oy (SH71) 2 gy (V(n, n = 2 + 1) = 0. (1)

B npagoit uacti BMecto rpynnbl mo;_1(V (n, n — 2j)) mbl nocrasuu 0, noto-
My uto 2j — 1 <n — (n — 2j). Mbl NoJyunsii TOUYHYIO TMOCJEN0BATENbHOCTD
A LN Zy — 0, nosrtomy Imd, = Keri, = 27, a 3nauur, Kerd, = 0.
Takum o6pazom, B TouHOH MocJsenoBaTesbHOCTH (1) cjeBa MOXKHO AOMUCATH
0 — ¥ NoJyuuTh KOPOTKYK TOUHYIO MOCJIEN0BaTENLHOCThL Ipyni. HoJiee Toro,
MbI [10JTy4aeM KOPOTKYIO TOUHYIO MOCJ/IE0BATENbHOCTD JIOKAJIBHBIX CUCTEM abe-
JieBbIX rpynn. (dto TpebyeT HeOOJbLION TpoBepkH.) Kak u i 0ObIUHBIX
TPyII KOrOMOJIOTHE, 9Ta TOYHAsI MOCJEI0BATENbLHOCTb HHAYLIUPYET TOMOMOP-
¢u3m Bokireiina

B HY (B, {maj—1 (V (1, n = 2] + 1))}) — HH(B, {mo; (V (n, n—2)))}).
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Sanaua 11.9. Jlokaxure, 4T0 09,41 = B 09; pu 2 < 2j < n.

Bameuvanue. 3amaua 13.2 nokasebiBaer, uro ecau w; = 0, To umeer
MECTO COOTHOLIEHHE W41 = Sq! wy;.

Samaua 11.10. Jlokaxure, 4To BCe MPENSITCTBUS 0, R < dim &, umeioT
nopsiiok 2. Bogiee Toro, ecsu uncao n = dim& HeuéTHOe, TO KJacc 0, TOXKe
MMeeT MopsioK 2.

Pesysbrar 3agaun 11.10 nokaswiBaet, 4To MOUTH BCe KJacChl wg(€) sB-
JISIOTCSl HACTOSILIUMM TPENATCTBUAMH, T.€. HYXKHblE MPOJIOIKEHHST CeUeHHi
CYLIECTBYIOT TOTJIa U TOJIbKO TOTJA, KOTJA 3TH Kjaacchl o6pallaioTesi B HyJb.
EnuHcTBeHHOE HCKIIOUeHHEe cocTaBJsieT Kaace @, (£), rae n = dim & — uérHoe
yrcdio. TosibKo OH ToJlyuaeTcsi pUBEIEHHEM 0 MOJIYJI0 2 KJiacca, KOTOPbIH He
00513aH HMETb MOPSIOK 2.

11.4. CgoiictBa KnaccoB ltudens—Yyuruu

Mbl onpeesnn KAacchl @y, ..., @, IJs A-MEPHOTO BEKTOPHOTO paccyo-
enusi. bynem nosarath wy =1 u w; =0 npu i > n.

Kaacc w;

Knacce w; tpebyer oTnenbHOTO OnpeiesieHns], MOTOMY YTO OH JOJIKeH COOT-
BETCTBOBATh MPEMSATCTBUIO K MPOIOJIKEHHIO /1 TMHEHHO He3aBUCHMBIX CeYeHHI
C HyJIbMEPHOTO OCTOBA Ha OMHOMEpHbIH. Ec/M NPUMeHHTb CTaHAAPTHYIO KOH-
CTPYKUHMIO TEOPUM TIPEMSTCTBHIH, TO COOTBETCTBYIOIUIMH KOUMKJ JTOJKEH MpH-
HuMath 3Hauenusi B wo(V (n, n)), a mog — He rpynna. Mol onpenensiin V(n, k)
TOJIbKO 1151 kK < 1 — 1, HO 3TO onpenenenre rogutcst U aas k = n. Ilpas-
Jla, IPH 3TOM T0JIyuaeTcsi HeCBsI3HOe MHoroo6pasue, muddeomophroe O(n).
Takum o6pasom, mHoxKkecTBO 7o(V (12, 7)) COCTOMUT M3 JIByX 3JIEMEHTOB. IJTO
TOXKE HapyllaeT eaHHooOpasue, MOTOMY UTO JISi MPENATCTBHHA 0; C HEuéT-
HBIMH HOMEPaMH JIOKaJbHbIMH KO3((PULUHMEHTAMH CJayxKaT rpynnsl Z. B cBssu
co BceMm 3TUM BMecTO 7o(V (11, 1)) BO3bMEM TPUBEAEHHYIO TPYIIY TOMOJIOTHI
Ho(V (n, n); Z) = 7. Torna Mbl NOJTyUHM JOKAJILHYIO CHCTEMY KO3(hMHIIMEHTOB
ae, T1e a € Z, € — opueHtauus cnosl. J{efcTBUTENbHO, KOMIOHEHTHI CBSI3HO-
CTH mpocTpaHcTBa V (1, 1) OTOXKIECTBISIIOTCS C OPHEHTALMSIMHU CJIOST, TIOITOMY
sneMentsl rpynnbl Ho(V (n, n); Z) = Z umetor Bua a Or; —a Ory; Kax0il opH-
€HTALIMH MOXKHO COMOCTABUTb €€ KOI(PPULHEHT.

OpHeHTALMIO CJIOST MOXKHO MepPeHOCHTb BIOJb MyTH B 0ase, MO3ITOMY MbI
JEHCTBUTENLHO T10JIydaeM JIOKaJbHYI0 CHCTEMY KO3((HULIMEHTOB.

[lepeiinéM HemocpenCcTBEHHO K TOCTPOEHHIO MPEMSITCTBHH K MPOIOJIKe-
HHIO 71 JIMHEHHO HEe3aBMCHUMbIX CEUEHUH C HYJbMEPHOrO OCTOBA HA OJHOMEp-
Hblil. KoMnoHeHTbl ¢BSI3HOCTH mpoctpaHcTBa V (1, 1) — 370 opueHtauuu. Tak
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YTO peub WAET O 3aJaHUH OpPHEHTALMH B CJIOSIX Haj OJHOMEPHBIM OCTOBOM.
[TycTb B KaxK10i BeplIMHEe v; 3ajaHa OpHeHTauus €;. PaccMoTpuM Kollenb
¢t e CY(B; {Hy(V (n, n); Z)}), nas koropoit (¢!, [v;v;]) =¢&; — &. I1a Ko-
1ienb — KOLMKJI, TOTOMY UTO
(dc', [oivjoe]) = (e, [vjorl) — (!, [ovgl) + (e, [vivs]) =
=(cr—¢j)— (e —€i)+ (g, —&)=0.

3ajaHHble OPHEHTALMH €; TIPOJIOJKAIOTCS HA OJTHOMEPHBIH OCTOB TOTIA U TOJIb-
Ko Toraa, korma ¢! = 0. Msmenenue opHeHTAlMil B HEKOTOPbIX BepLIHHAX
COOTBeTCTByeT jA06aBenuio K ¢! nexoii korpanuusl 6¢”. TlosTomy npomos-
»KeHUe OpUeHTalMil Ha OJIHOMEPHbIH OCTOB CYIIECTBYET TOTJA H TOJIbKO TOTJIA,
KOTJ1a KOFOMOJIOTHUECKHE KJ1ace KOLMKAA ¢!, KOTopblIil Mbl 0603HAUNM 01, paBeH
HYJTIO.

Knacce o) He 3aBHCHT OT BbiGOpa ceueHus Hajl HyJbMepPHbIM OCTOBOM. [lefi-
CTBHTEJIBHO, KaK Mbl y2Ke YIOMHHAJIH, €CJIH B BepPUIMHAX 3a/aTh IPYyrke OpHeH-
Tallku, To 100aBUTCS Korpanuua. M3 atoro, B uactHocTH, caeyer, uto 20; = 0.
B camom jniesie, ecqii Bo BcexX BeplIMHAX U; BMECTO OpHEHTalMil &; 3a/1aThb
OPHEHTALIMH —&;, TO KOLMKJ ¢! M3MEHUT 3HAK, I03TOMY KJACC 0] TOXKE H3MEHHT
3Hak. Ho knacc o) He 3aBUCHUT OT Bbi6Opa OpHEHTAllMH, MO3TOMYy 0] = —0|,
T.e. 20; = 0.

[Tocsie npuBe/eHHs oKanbHOI cucTeMbl Kosdduimentos Ho(V (n, n); Z) =
&7 1o MojyJlio 2 U3 KJlacca 0] noJiyuuM kiacc . PaBenctBa o =0nw; =0
9KBUBaJeHTHbI, otoMy uto 20; = 0. Takum o6pasom, w; = 0 Torna u TOJbLKO
TOIJA, KOIJla B CJIOSIX PACCJIOEHUS Hajl OJIHOMEPHBIM OCTOBOM MOKHO BbIOPaTh
COIJIaCOBaHHbIE OPUEHTALMH. DTO CBOHCTBO MMEET CJEIYIOLHH reoMeTprye-
CKHMH CMBICJL.

[Tyctb £ — n-MepHOe BeKTOpPHOE pacc/ioeHue Hajl JIMHEHHO CBSI3HOH 6a30H.
BBeném B oHOMepHOM paccjioeHud A"E pUMaHOBY METPHKY M PacCMOTPHUM
B HEM eJIMHHUHbIE BEKTOPbI (OHH COOTBETCTBYIOT OpHeHTaluam). Eciiu nosyueH-
HO€ MPOCTPAHCTBO CBSI3HO, TO pacciioeHre & HA3bIBAIOT HEOPUEHMUPYEeMbIM,
a eCJI1 OHO COCTOMT M3 JIBYX CBSI3HBIX KOMIOHEHT — Opuermupyemoin. Boibop
OJIHOM M3 3THX JIByX KOMIOHEHT COOTBETCTBYET 3aJIaHHI0 OPHEHTALIMU BO BCEX
CJIOSIX PaCC/IOeHHs.

[Tpumep 11.10. Odnomeproe paccaoenue opuenmupyemo moeda
U MoAbKO moeda, Koeda OHO MPUBUALLHO.

Teopema 11.5. Bekmoproe pacciroenue Ha0 CUMAAUYLAAbHOLM
KOMNACKCOM OPUEHMUPYEeMO M0o20a U MOAbKO moeda, Koeda opueHmu-
pYemo e2o oepaHuierue Ha 00HOMepHbL OCMOS.

HokasateabctBo. [lpocrpancteo {x € A"¢ | ||x|| = 1} aBysuctho
HakpbiBaeT 06asy. DTo npocTpaHcTBo siBjsgercss CW -kommiekcom, a CW -Kom-
MJIEKC CBAI3EH TOT/IA M TOJILKO TOTJIA, KOTJIA CBSA3EH ero 0JHOMEPHbIH ocToB. [
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Takum o6pasom, w;(§) =0 Torna u ToJLKO TOT/A, KOTjla paccjoenne &
opuentupyemo. [Tosb3ysich 3TUM CBOHCTBOM, BHIUHCJIUM KJ1acC @] OJHOTO pac-
cyoenusi Haa RP", KoTopoe oueHb BaXKHO JJIS1 PA3JMUHBIX MPUI0KEHUH XapaK-
TEPUCTHUECKUX KJIACCOB.

[ycTh ! — pacciioenue nag RP", 1/1st KOTOPOro MPOCTPAHCTBO PACCIOCHHS!
E(v}) cocrour uz nap (x € RP", v = \x); 3/lecb UMeeTcsl B BUJY, UTO TOUKa
x € RP" npejcrabjena HenyJeBbIM BektopoM B R"F! a ciofi nan s1oil Toukoii
COCTOMT U3 BCEX BEKTOPOB, MPOMOPLUHUOHANLHBIX 3TOMY BEKTOPY.

Teopema 11.6. Cnpasedauso pasencmso w (7)) = a, ede a — 06-
pasyrowas epynnol H' (RP"; Zy).

NokaszaTtenabcTso. Brpynne H'(RP", Zy) ecTh TOJLKO OJMH HeHy-
JIEBOK 3JIeMEHT, M03TOMY JIOCTaTOUHO MpOBepHTh, uTo w;(¥,)) # 0. Pacc/ioe-
Hre ! omgHOMepHOE, 03TOMY HYKHO IPOBEPUTD, YTO OHO HETPHBHAJLHO.

Bosbmém npoussodibhoe ceuenne s : RP" — E(v}) u pacemorpum komnosu-
wiio otoGpaxenuit S” — RP" 5 E(v)), rie nepsoe otoGpaxenue — kaHouu-
yecKoe JIBYJMCTHOe HaKpbITHe. B pesysbrarte mosyunm orobpaxkenue S" — R,
3ajanHoe opmysoi x — A(x). Ilpu stom A(x)x = A(—x)(—x), T.e. A(—x) =
= —A(x). Paccmotpum Ha cepe S” myry u3 TOuku x B TOuKy —x. QyHKUHST A
B KOHLAX 3TOH Jlyr¥ IPUHUMAET 3HaUeHHsl Pa3HOTr0 3HAKa, M03TOMY B HEKOTOPOH
TOUKe Jyrd oHa oGpauiaercsi B Hyjb. Takum 006pasoM, y paccjoeHust 7, ner
CeyeHHi, HUTZe He 0OpallaAlONIMXCs B HyJb, T.€. 3TO pacc/oeHHe HeTPUBH-
aJIbHO. O

Knacc w, u sii1epoB kaacc e

[To onpenenenuto o, € H"(B; {m,—1(V (n, 1))}) — 3T0 npensitcTBue K Mpo-
JIOJKEHUIO OJTHOTO CeueHMsl, HUrJie He oOpalllatollerocs B HyJb, Ha 1-MepHbIH
octos. Otmerum, uto V(n, 1)~ 8"~

Ecau pacc/ioeHne opHeHTHPOBAHO, TO B Kax10H Touke b € B 3anaH M30-
Mopbusm ¢: m,_1(S""!) — Z. (Bcero ectb aa nzomopduama rpynn Z — Z;
M3MEHEHHe OPHEHTALMH COOTBETCTBYET H3MEeHeHHI0 u3oMopdusma.) [Tpumenss
H30MOpP(H3M ¢, Tosyuaem usomopduam H"(B; {m,_(V(n, 1))}) — H"(B; Z).
O6pas knacca o0, NpPH 3TOM H30MOP(U3MEe HA3bIBAIOT 3UAEPOBLIM KAACCOM
1 o6o3HavaioT e. Ksacc w, noJsydyaercst U3 e MpHBeleHHeM MO MOJYJIIO 2.

EcJii M13MeHUTh OpUEHTALMIO PACC/IOeH s, TO € UBMEHHUT 3HaK, T. €. e(—&) =
=—e(§).

Teopewma 11.7. Ecau pasmeprHocme paccioenus & Hewémmuna, mo
2e(&) =0.

HoxaszateabcTBo. OrTobpaxkeHHe v — —u HHIYLUPYET MOCJAOHHBINA
roMeoMopguaM MpocTpaHCcTBa paccaoenus Ha cebs. [Tostomy B coyyae Heuér-
HOW pa3mepHocTH paccoenusi & 1 —& uzomopdubl. (B ciyuae uétHoit paamep-
HOCTH OTOOPaXKEHHE U — —U COXPaHSeT OPHEHTALHIO. ) (]
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Takum o6pasom, Ui BEKTOPHBIX PACCIOEHHH HEUETHOH pa3MepHOCTH HeT
CYLIECTBEHHOH pasHMlIbl Mexy kjaaccaMu w,(£) u e(§). Ouu, mpasna, Jse-
JKaT B Pa3HbIX Ipymnrnax, Ho 06a OHU SBJSIOTCS HACTOSILUIMMH TPENSTCTBUAMH,
T. €. CeueHHe TPOJIO/KAETCS Ha 1-MEPHBIH OCTOB TOTJA U TOJIbKO TOTJA, KOT/a
wWu(€) =0 nm e(§) =0 (o6a ycsoBusi sxkBuBasieHTHbl). Ho ans uétHomep-
HbIX OPUEHTHPYEMBIX PACCJIOEHHH HACTOSIILIMM MPENSATCTBUEM SIBJISETCS HMEHHO
knacc e(§), a ne w,(§). M3 paBenctBa w,(§) =0 ewé He cuenyeTt, 4To HaJ
n-MepHbIM OCTOBOM €CThb CeueHHe, HUTJe He ofpatlliaionleecs B HyJb. i 3T0ro
HY’KHO, 4ToObl BbINOJHsIOCH paBeHctso e(£) = 0. Hanpumep, wy(S?) =0,
Ho e(S%) =2 +#0, a notomy Ha chepe S? HeT BEeKTOPHOTO MOJIA, HUIIE He
o6paulaolerocs B HyJb.

[Tycts M"™ — 3aMKHYTOE OpPHEHTHPOBaHHOE MHOrooOpasue, £" — OpHeHTH-
poBaHHOe n-MepHoe paccyoenue Hax M". Vcnonb3yst HHTepripeTalio KJacca
e(€") € H"(M™; Z) kax npensiTCTBUs, 3TOT KJA4aCC MOXKHO BbIUHCJHUTD CJELyI0-
M obpasom. IlpoctpanetBo E paccnoenusi £ jokaJbHO SIBJSIETCS TPOU3-
BeJleHHeM OpHeHTHPOBaHHOTrO MHoroo6pasusi M" Ha apyroe OpHeHTHPOBAHHOE
MHOroo6pasue — CJI0H paccyoeHust £", MO3ITOMY ero MOXKHO OPHUEHTHPOBATb.
(OtmeTnM, uTO NpU HEUETHOM 71 CYLLeCTBEHHO, B KakKoM Mopsjke Oepércs
Npou3Be/ieHHe; MPU TMepecTaHOBKE MOPSAIKA MHOXHTEJNEH OpUEHTALMs H3Me-
Hsercsi.) PacemoTpum npousBosibHOe ceueHue s: M" — E, TpaHcBepcasbHO
nepecekaiolee HyJnesoe ceuenne My C £ B H3onMpoBaHHBIX Toukax. Tornaa
(e(&"), [M"]) = (M§, s(M"))). IleiicTBUTE/ILHO, €CJIH Mbl BLIGEPEM B KauecTse
TpeACTaBUTE/sT KOTOMOJIOTHUECKOTO Kjaacca e(£) KOLMKJ, KOTOPBIH sIBJsieT-
Csl TIPENATCTBUEM K MPOJOJ/KEHHIO ceueHnsi S ¢ (n — l)-MepHoOro ocrtoBa Ha
1-MEePHbIH OCTOB, TO 3TOT KOLUMKJ HA KAXKJOM r-MepHOM cummniekce A" Tpu-
aHryJisiudu MHorooGpasust M" npuHUMaeT 3HaueHWe, PaBHOE CyMMe MHIEKCOB
0co6bIX Toyek BekTopHOTO noJisi s B A”. C 1pyroil CTOpoHbI, HHJEKC Mepeceye-
nusl cumniekca A" B Mf ¢ s(M") Toxke paBeH CyMMe HHIEKCOB OCOOBIX TOYEK
BEKTOPHOTO MOJIS § B 9TOM CHMILJIEKCE.

[Tpumep 1L.11. Ecau M*—3amxHymoe opueHmupo8anHoe MHO20-
obpaaue, mo {(e(ty), [M"]) = x(M").

O6paTiTe BHHMaHWe, UTO MPH H3MEHEHUH OpPHEHTalMH OJHOBPEMEH-
HO H3MEHSIIOT 3HaK KaK 3HIepoB Kjaacc e(Tye), TaK W (yHIaMeHTaJbHbII
knaacc [M"].

[Tpumep 11.12. Jdaeposa xapakmepucmura cpepor S™ uémmna, no-
amomy wy(rsn) =0 0as scex n > 1.

Jlnsi cpepbl S? KacatesbHOe paccjoende HeTpUBHA/IbHO, HO W) =0 1 wy =0.
[Tostomy naxe moJHbli HaGop KaaccoB LTHdens—YuTHu He Mo3BOJISIET OT-
JIMUUTH TPUBHAJbHOE PacC/0eHHe OT HeTPUBHAJBLHOTO.

Teopema 11.8. [Tycmo dim€& =n u dimn=m. Toeda wy+m(€ X 1) =

= Wn (&) X Wm(n).
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JokaszaTeabcTBo. Bo3bMéM rn-MepHyl0 KJIeTKy o 6a3bl paccioe-
nus €. [Toctpoum ceuenue (He oOpaulatoleecs B HyJb) paccaoenus € Han 0o,
a 3aTeM TIPOJIOJKUM €ro BHYTPb TakK, UTOObI BCe HYJIH ceueHUs Obld HEBBIPOXK-
neHHbIMH. [lyeth a(o) — kosuecTBO 3THX HyJieil. Toraa KOromoJsioruueckuii
KJacc w,(§) TpeacTaB/eH KOLMKJIOM, COTIOCTABJSIONIMM KJIETKE o 3JeMEeHT
a(o) (mod 2) € Zy. Han m-mepHo# KJIETKOH 7 6a3bl pacCJ/J0eHHs! 1) aHaJIOTHUHO
MIOCTPOUM ceueHHe ¢ b(T) HeBbIPOXKJIEHHbIMH HyJsiMH. [Ipsimasi cymma 3THX
CeUueHUH SABJSETCA CEUEHHEeM paccJjoeHus & X 7 Hal KaeTkoh o x 7. IlycTb
c(0 X T) — KOJIMUECTBO HyJiell 3TOTO ceueHus. SIcHo, uto c(o X 7) = a(o)b(1),
MOCKOJIbKY MpsiMasi cymMMa JByX CeueHUHl obpalllaertcsi B HyJib B TOUHOCTH
B OOLIMX HYJAX 3THX cedeHMi. Takum 00pa3oM, Ha KJeTKe o X T KOLMKJI,
MPeACTABJSAIONME KIacC Wyyp,(§ X 1), TPUHUMAET 3HAUEHHe, PaBHOE MPOM3-
BEJIEHHIO 3HAUEHUH KOLMKJIOB, MPEACTAaBJSIONNX W, () U W, (7)), HA KIeTKax
o 1 7. CorjacHo onpeieseH’i0 BHEUIHErO KOTOMOJIOTHUECKOr0 YMHOXKEHHS
9TO 03HAUAET, UTO Ha KJETKE o X T TMPEJICTaBUTEJU KJIACCOB Wyym(E X 1)
U w,(€) X wy,(n) NpuHAMAaIOT OJWHAaKOBble 3HauyeHus. OcTaércsi MPOBEPUTD,
yto ecsn dim o’ + dim 7’ = m + n, Ho dim ¢’ # n, T0 Ha Kjaetke o’ X 7/ Mpe-
CTaBUTeNN 060UX KJIaCCOB MPUHAMAIOT OJMHAKOBBIE 3HAUeHNs1 — HyJieBble. JLJst
Kjacca wy(§) X w,(n) 310 CleayeT HeMOCPeACTBEHHO U3 ornpeesenust. [TycTs,
nanpumep, dim o’ < n. Torna Haja KneTKoi o’ MOKHO MOCTPOUTh CeUeHHE, HUTIIE
He obpalnarolieecst B Hysb. [IpsiMasi cyMMa 3TOro ceueHMsi U MPOU3BOJBLHOTO
ceueHUst Hajl KJETKOH 7/ HUTJle He o6patiiaetcs B HyJib. [103ToMy npejictaBuTeb
Kjacea Wp4m(€ X ) NPUHUMAET Ha KJeTKe o’ X 7' HyJleBoe 3HaueHHe. O

YTouHeHuem Teopembl 11.8 aBssieTcs chenylollee yTBepKaAEHHUE.

Teopema 11.9. [lyemo dim& =n u dimn = m. Toeda e( x n) =
=e(§) x e(n).

JHokaszatenbcTBo. OCHOBHble pacCyKjeHHsl Te e, UTO U TMpH J0-
KazaresbcTBe TeopeMbl 11.8. Hy:KHO JMWIb mpocseuTh 3a OpUEHTaLUSIMH.
A uMeHHO, HYXKHO J10Ka3aTb, YTO €CJIM BEKTOPHbIE MOJIsSi U U ©@ B MPOCTPaH-
ctBax V' u W umeloT B Hauaje KOOPJAMHAT HEBbIPOXKJEHHble 0COOble TOUKH
unaekcon (—1)f u (—=1)!, 1o BektopHOe nosie v @ w B npoctpactse V & W
MMeeT B Hauaje KOOpAMHAT 0cobylo Touky unaekca (— 1)k Dto nocrarouno
JIOKa3aTh JJIsl IMHEHHBIX BEKTOPHBIX MoJiel v (x) = Ax u w(y) = By. BektopHoe

noJie v @ w 3a1aéTcs MaTpULei ('g g . Onpenenutens 3TOH MaTpPHILbl paBeH
det A det B. O

EcrectBeHHocTb KiaaccoB Ltudenssi—Yuruu

Knacenl Ltudens—Yuruu o6aanaioT cjaelylolnidM CBOHCTBOM ecmect-
senHocmu: ecau £ — paccjoenne Han B u [: B’ — B — HenpepbiBHOE 0TOG-
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paxenue, T0 @;(f*(§)) = [*(w;(£)), T.e. XapaKTepUCTHUECKHE KJIACCHI HHJTY-
LMPOBAHHOTO paccjioenust [*(€) moJydaioTcsi U3 XapaKTePUCTHUECKUX KJac-
COB paccJioeHust £ MOCPEICTBOM HHIYLIUPOBAHHOTO 0TOOPaXKEHH s KOTOMOJIOTHIA
[*: H*(B; Zy) — H*(B'; Zs).
CBONCTBO €CTECTBEHHOCTH JOCTATOYHO OYEBHHO. JIeHCTBHTEbHO, MyCTb
E’ w E —npoctpancrsa paccioennii f*(€) u €. Ilo onpenesnennio
E'={(', v)|veFp}

T. €. cjiou Haji Toukamu b’ € B’ u [(b’) € B kanoHHueckd u3oMopdHbl. [Toatomy
oToGpakeHHe [ HHAYLMPYeT KOLEMHoe oToOpaXKeHHe

J7: MBS Amy g (V(n, k)Y — C B {mu i (V (n, k)Y

DTo KollermHoe 0TOOpaKeHHe MepeBOAUT MPENATCTBYIOUMHA KOLUMKI paccyoe-
HUS £ B TIPENSATCTBYIONME KOLMKJ paccyoenus [*(§).

dopmyaa YurHu

[Tyctb € W 1) — BEKTOpPHbIE PACCJOEHHST HAJl CHMIIMIHAIbHBIM KOMILJIEK-
com B. Torna

we€@m) = D wi§)vw;n) (popmyaa Yurin). (1)
i+j=k
BwmecTo (opMysibl YUTHH Mbl 0Ka)KeM KBHBAJEHTHYIO el popMy.ty
we§ x ) = Y wi(€) x @;(n), 2)
i+j=k

rae € W 1 — paccjoeHus Hal pa3HbiMu 6azamu. Popmysa (1) BbiBoauTCS M3
topmyaisl (2) caenylonmm obpasom. [lyetb & M 1 — paccjoeHust Han oOfi-
Holt 6asoil B, pj: B xB — B u py: B x B — B — npoekuuyu Ha MepBbli
¥ BTOPOH MHOXKHUTeJb, d: B — B x B — nuaroHanbHoe otoGpaxkenue. Torna
pid = psd =idg n & x n=(p7&) ® (p3m). [lostomy

@((PFE) ® (psm) = wr(€ xm) = Y @i(&) x w;(1).

i+j=k

[IpumeHHM K 0OeHM yacTsM 3TOro paBeHCTBa oToOpaxkeHue d*. Bocnosb3o-
BABLIHCh €CTECTBEHHOCTbIO XaPAKTePUCTHUECKHX KJIAaCCOB, MONYUUM

d* (@ (p18) & (pam))) = @ ((d™pi&) © (d™p3n)) = Wr(§ S 7).

Kpowme rtoro, d*(w;(§) x w;(n)) = w;(§) v w;(n). Popmya (2) BbIBOAUTCA U3
dopmyaibl (1) caenyromum o6pasom. Ilpexie Bcero 3ametum, uto £ X 1 =
= (p3&) ® (pym), re py n py —ecTecTBeHHble NpoekKUMH X X ¥ na X nna Y.
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[Mosromy w(§ x ) = wr((pz&) © (pym) = > wi(pxé) v w;(pyn) =
i+j=k
= > pyrwi(§) v pyw;(n) (npu 3amucH MoceHEro PaBeHCTBA Mbl HCIOJIb-
i+j=k
30BaJId €CTECTBEHHOCTb XapaKTePUCTHUECKUX KJaccoB). HakoHell, cienctsue
TeopeMbl 9.4 Ha c. 118 nokasbiBaet, uto pyw;(§) v pyw;(n) = w;(§) x w;(n).

BexkropHble pacciioenust € U 1 Hal OJHOH 0a3oil Ha3blBAOT cmMabUAbHO
aksusaseHmHuoimu, eciu £ G e™ = n o e’ rne €™ n e” — TpuBMasbHBIE pac-
CJI0EHUSI Pa3MEPHOCTEN M U P COOTBETCTBEHHO. JloKaxKeM cHauasa cyeylonini
BeCbMa YaCTHBIH CJyuail (popMysibl YUTHH.

Jlemwma. Xapakmepucmuueckue kaaccol lllmugesa—Yumuu cma-
OUAbHO IKBUBANCHIMHBLX PACCAOCHUL 0OUHAKOBOL.

JdokaszateabctBo. [IpoBepuM, uTo MpensiTCTBUSI K MPOAOJIKEHHIO
ceueHHH paccyioeHHit € U & @ €™ MoxKHO BbIOpaThb COBMAJAIOUIMMH YXKe Ha
YPOBHE KOUMKJIOB, TOUHEE TOBOPS, COBMAAAIOLIMMH TOCJ€E OTOXKIECTBJICHUS
TPYIIT KOLIeMNeH.

[pensteTyonmii Kouuka o (€) aexur B C"*H1(B; {m,_,(V(n, k))}), a
MPensTCTBYIOWMI KOUMKI 0f(E Be™) —B C"*1(B; {m_p(V(n+m, k+m))});
3neck n=dim &. I'pynnbl koaddumentos m,_,(V(n, k) v m,_p (V(n+m, k+m)),
NpUBEIEHHbIE 10 MOJYJIO 2, OTOXKIECTBJSIOTCS MOCPEACTBOM OTOOpPaXKeHHs
V(n, k) — V(n + m, k + m), npu Kotopom k Bektopam B R" comnocranJs-
I0TCS Te Ke camble 2 BekTopoB B R" @ R™ u emé Hekuil (PUKCHPOBAHHBII
OPTOHOPMHPOBaHHBIN Gasuc mpocTpaHcTa R™.

BriGepem Han (n — k)-MepHBIM 0CTOBOM 6a3bl R JIHHEHHO HE3aBHCHMBIX
ceueHuil paccioeHust . MIX MOXKHO eCTeCTBEHHbIM 00Pa3oM JOMOJHHUTb [0
k + m ceuenuii paccioenusi € @ ™. IlocTpouM NpenATCTBYIOLME KOUMKJIbI
0,(&) W 0,(£ B ™) no 3TUM ceuenusiM. Toraa mocJie OTOXKIECTBJIEHUS TPy
KO3((PUIHEHTOB 3TH KOLMKJIBI COBMAYT. O

Jliist nokaszaresibeTBa GopMydibl (2) Mbl BOCMOJb3yeMCsl 3TOH JIeMMOH H Teo-
pemo#i 11.8 Ha c. 159. Ilycth & u 1 — paccJioeHust HaJl CHMIIMLMAIbHBIMHA
Kommsiekcamu X u Y. Pacemotpum Baoxkenust ix: X\ — X u jy: Y/ — Y.
Paccmorpum, nasee, orpanuuenust |y u n]y;. [lepBoe u3 3THX paccJ/ioeHuil
umeer dim& — { JMHeHHO HE3aBUCHUMBIX CeUEHHH, TO3TOMY OHO CTabUJbHO
9KBHUBAJNIEHTHO [-MepHOMY paccCJ/IoeHHI0 &y. AHANOTHYHO BTOpOe paccJioeHHe
cTabubHO KBUBAJIEHTHO j-MepHOMY paccJoenuio 1. CorsnacHo Teopeme 11.8
Mbl UMeeM w4+ ;(§o X 1) = w;(&) X w;(no). TlosTomy, Bocnosb3oBaBLIKChH
€CTECTBEHHOCTHIO XaPAKTEPUCTUUECKHUX KJIACCOB, TOJYUHM

(ix x jy)" (@i (Exn) =wigj(€lxi xnlyi) =
=wiyj(§o X M) = wi(§o) X w;(m) =
=w;(ix§) X w;(jyn) = (ix x jy)" (wi(€) x @;(n)).
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Jlerko npoBeputhb, uto ecan a+B=i+j u ai, 10 (iy X jy)* (Wa+s(§ xXN))=
=wq (&) X wg(ny) =0. eAcTBUTENBHO, €CH a > i, TO W4 (§p) = 0, MOCKOJbKY
diméy =i < a. A eciin 5> j, To wg(np) = 0.

[Tyctb wp=wip(EXN)— > Wa(§) X wg(n). Mbl 10Ka3aH, UTO NEMEHT Wy,

a+pB=k
JIEXKHT B siipe roMomopduama (ix x jy)*: H*(X x Y; Zo) — H*(X? x YI; Zs)
JUIS BCEX pasMepHOCTEl i, j, CyMMa KOTOPbIX paBHA k. Mbl XOTHM JIOKa3aTh,
uto wp = 0. JIns1 KpaTKOCTH OMYyCTHUM TPYMNMy Ko3PpuiineHToB Zo. CorsacHo
teopeme Kionnera H¥(X x V)= @ H*X) @ HA(Y) uw H*X! x Vi) =
a+pB=k

~ P HYX)@ HP(Y/)=H!(X") @ HI(Y), nockoabky H*(X') =0 npu

a+pB=k
a>iu HP(Y/)=0 npu B> j. [lostomy npsimass cymma oToOpakKeHuii
(ix X jy)* st Bcex i, j, cyMMa KOTOPBIX paBHaA k, MpelcTaBisieT co6oil ToMo-
Mopduam

P v X)eH (V) P HUX) @ HP(YP).
a+p=k a+pB=k

DTOT TOMOMOP(HU3M SBJSIETCST MOHOMOP(U3MOM, TOTOMY UTO OTOGpaxe-
nust HY(X) — HYXY) n HB(Y) — HB(YP) — monomopduamel. JleficTer-
TeJbHO, OHU ABOHCTBEeHHbI 3nuMopduaMam Ho (XY) — Ho(X) n Ha(YF) —
— Hg(Y).

opmysia YuTHU ya06HO 3aMUChIBAETCS, €CJIM UCMOJIb30BATh HOAHbLI KAACC
HImugeras—Yumnu w(€) =1 + w((€) + wa(&) + ... + wu(€), n = dimé&.
[Ipu Takux oO6O03HAuUeHUAX Qopmysna YHUTHH NpUHUMaeT BUAL @W(& & n) =
=w(é) vwn.

11.5. Mpunoxenus knaccos lrudens—yuruu

[Tosubiit k1ace Wtudensi—Yurin w = 1 + w; + wy + ... 06paTUM B TOM
CMbICJIe, UTO CYLIECTBYET 3JieMeHT W = | + W + Wo + ... € H*(B; Zs), nis
KOTOPOro w@ = | (/151 KpaTKOCTH BMECTO CUP-TIPOU3BEEHHUST Mbl HCTIOJIb3YeM
00bluyHOE 0603HaUEHHE JI/1s1 [IPOU3BEICHH S 3J1EMEHTOB KoJbLia). JleficTBUTE/bHO,
€CJIM @ — HUJILTIOTEHTHBI 9JeMeHT Kosibla, 10 (1 +a) ™' =1—a+a*>—a®+...
[Tostomy

(l+w +wy+...)7 =
=l—(w +w+..)+@ +wo+...)° — (@ +we+...)° +...=

=1 —w + (@ — wy) + (—w} + 2w wy — w3) + ...
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OTHOCHTENIbHO CJloKeHUsl B KoJiblie f1*(B; Zg) Bce 3/1eMeHTbl HMEIoT Mopsi-
JIOK 2, MI03TOMY

W =wi,

)

Wo = Wi + W,

= 3

w3 = W] + ws,

= _ 4 2 2

Wy =W + WWo + W5 + Wy,

Kanaccwl @; (§) HasbiBaloT dyaabroimu Kaaccamu Lllmugers—Yumuu.

BaxxHoe 3nauenue nyanbHbIX KaaccoB LLtngens—YuTHu cBsizano co cie-
ayloleil meopemoti dgoticmgerHHocmu Yumuu.

Teopema 11.10 (Yuruu). [Ipednoroscum, umo mrozcoobpasue M"
noepyscerno 6 RN wu vy, — Hopmasvroe paccroenue nad M". Toeda
Wi (vyn) = Wi(Tyn). B uacmuocmu, w;(vyn) He 3asucum om noepyiceHus.

HoxaszateabcTBo. Paccioenue vy @ Ty» H30MOPGHHO TPUBHAJb-
Homy paccaioennio €V nagx M™; nzomopduaM 3a1aéTcsi conocTaBieHHeM nape
BEKTOPOB B CJIOSIX ITHUX PACCJOEHHH Hal TOukoH x € M" ux cymmbl (oauH
13 BEKTOPOB MEPIEHIUKYJ/ISIPEH KacaTeJbHOMY MPOCTPAHCTBY, a JAPYroi Bek-
TOP JIEKHT B KacaTeJIbHOM IpoCcTpaHCTBe). Takum o6pasoM, w(vuye)w (Tyn) =
:w(l/Mn @TMn): 1, T. €. ZQJ(Z/MM):@(TMn). O

CanencrBue. Cnpagediuso pagerncmso w(rs.) = 1.

NlokasaTesabcTso. Jis crangaptioro Baoxenus S C R wop-
MaJIbHOE€ paccJjioeHHe TPUBHAJILHO. O

Sanpaua 11.11. Tlycteb M — pumanoBo mHoroo6pasue. CHabaure M x M
CTPYKTypOH pUMaHOBa MHOTOOOpasusi M J0Ka)KHTe, YTO HOPMaJbHOE paccJio-
enne K d(M) B M x M usomophHO KacaTeJbHOMY PacC/IO€HHI0 MHOrooGpa-
3ust M; 3nech d(x) = (x, x) — aMaroHajbHoe OTOOpaXKeHHe.

Jlnst mHoroo6pasust M" kjacc w(Ty») Ha3bBaOT Kaaccom [llmugersi—
Yummuu mroeoobpasus M™ u obosnauaot w(M").

anaua 11.12. Bbluncaure knacchl @ U Wo sl cepbl C g pyuKaMH.

anaua 11.13. Beluncaure kjacebl @) U Wo AJs1 chepbl ¢ BKICEHHBIMH
m auctamu Mébuyca U oKaxKuTe, uTo w% = Ws.

Ganaua 11.14. JlokaxuTe, uTo ecju MHorooGpasue M" mnorpyxeHo
B R™! 10 w, = @k ws Beex k (3nech wy, = w,(M")).

Knacenl ltudens—Yuthu Bcex cdep TpUBHa/bHBL. DoJsiee HHTepeCHbIH
npumep JocTaBasioT kaacchl LlTudens—YUTHH NMPOEKTHBHBIX MPOCTPAHCTB
RP"™. VX BbluMc/ieHHe OCHOBAHO Ha CJeyloUleM YTBepKIeHHH.

Teopema I1.11. [Tycmo €' — mpusuanvroe odnomeproe paccioe-
nue Had RP". Toeda Tpp, ®e' 2y @ ... © .

—_————

n+1
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JlokaszaTedsbcTso. [IpocTpaHcTBa pacc/oeHHi, yuacTByOUIMX B hop-
MYJIHPOBKE T€OPEMbI, MOXKHO OIMUCATh CJEIYIOLIUM 06pa3oM:

7(RP") coctout U3 nap £(x, v), x € S", v e R"*! x 1 v;
e! coctont uz map (£x, A), A € R;
) coctont M3 map (£x, A(x)), AM(—x) = —A(x);
(v)y™*1 cocront uz map (+x, v(x)), v(—x) = —v(x).

OtoGpakenue Tpp, & el — (v1)"T! yerpoeno caenyiomum o6pasom: napam
+(x, v) u (£x, A) conocrasasiercs napa (+x, v + Ax). O6paTHoe oToOpaxKe-
HHe ycTpoeHo chenyolmm o6pasoM. [IpenctaBum Bektop v(x) B BUle v(x) =
=0U; +0,, e v, = Ax n o, L x. ConocraBum nape (+x, v(x)) napsl £(x, v;)
v +(x, €v,), rae € = 1, ec/iM BEKTOPbl X U U, COHArpaBJeHbl, U € = —1, ecyu
3TH BEKTOPbI MPOTHBOMOJIONKHO HANPABJIEHDI. O

Cnencraue. Cnpasedauso pasencmso w(RP") = (1 +a)"t =1+

(7 e (1) e

Ynpaxuenue. [loxkaxure, uro w;(RP") =0 Ttorna u ToJbKo Torna,
KOIZla 1 HEYETHO.

Teopema 11.12. Pasencmso w(RR") =1 sunoansemcs moeda
u moavko moeoda, koeda n =28 — 1 daa nekomopoeo k.

JNlokaszaTenabcTso. Scno, uto (a + b)?> = a® + b2 (mod 2). [Tostomy
(14+ )2 =1+4a2". Mpeanonoxkum, uto n=2% — 1. Torna @ (RR") = (1 + ) =
=1+a% =1, nockonbky 2¢ > n.

[Ipennonoxum tenepsp, uto n + 1 = 28 m, rie m — HeuéTHoe uncgo, m > 1.
Torna
m(m2— D 22
Bnech a2 #0 u m 20 (mod 2). O

CanencrBue 1. Ecau mroeoobpasue RP" napaarreaudyemo, mo n =
=2k — 1 das nekomopoeo k.

Cunencteue 2. Ecau n+ 1 =2km, ede m — neuémmnoe uucao, mo
wo (RP") = o? £ 0, noamony na RP" ne cyuwecmsyem 28 auneiino nesa-
BUCUMBLX BEKIMOPHOLX NOACIL.

3anpaua 11.15. Jlokaxure, uto ecan RP" norpyxeno B R"*! 1o 1 ume-
et Buj 2" — | wim 27 — 2.

Teopewma 11.13. [Ipednoroscum, umo cyuecmsyem Ouruneinas
onepayus ymroscerus p: R"* x R* — R" 6es3 deaumeaneti nyas. [lpednoao-
ocum, daiee, Hmo cyujecmayem 1e80CMOpPOHHASL eduHuya e, m.e. u(e, x) =
= x 0aa scex x € R" (accoyuamusrocme onepayuu He npednoraeaemncs).
Toeda n = 2* daa nekomopoeo k.

A+ =1 +a®)" =1+ ma® +
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JokaszateanbcTBo. Paccmorpum B R" 6asuc e =e, ey, ..., €.

B kaxnoii Touke x € S"~! C R” ekropbl x = p(e, x), ples, x), ..., pu(eq, x)
JIMHEHHO HE3aBUCHMBI, TOCKOJIbKY MHaue p(y, x) = 0 1151 HEKOTOPbIX HeHyJe-
BbIX BEKTOPOB y = Aje] + ...+ A\se, u x. [Ipoekuuu BekTOpoB pi(eg, X), ...
., ju(en, X) Ha KacaTesbHoe npocTpaHcTBo K S"! B Touke Xx JMHefiHO
He3aBHCHMBbI. DTH MPOEKIMH 06PA3YIOT JIMHEHHO He3aBHCHMbIe BEKTOPHbIE MOJIs

Ha cepe. A tak Kak p(e;, —x) = —u(e;, x), TH BEKTOPHbIE M0JIs TIEPEHOCHATCS
na RP"~!. Takum o6paszom, mHoroo6pasue RP*~! napannenusyemo. Ocraéres
BOCMOJIb30BaThCs ceacTBueM 1 teopembl 11.12. (]

Teopewma 11.14. Ecau n =2, mo muoeoobpasue RP" neavss no-
epysumo 6 R¥"=2,

JlokaszaTtenbcTBo. Ecmn=2% 1o w(RP") = (1 + a)(l +a)2k =
=(l+a)(l+a?)=1+a+a® +a?* =1+ a+a" o yerosnio o'+ =
=0, nostomy (1 +a+a")(l +a+a?+...4+a""") = 1. 3nauur, @RP") =
=l+a+a?+...+a" L

[Mpennonioxum, uto RP™ norpyxeno B R*", Torjaa pasmMepHOCTb HOPMaJIb-
HOTO paccJioeHtsl He MOXKeT ObITb MeHbllle MaKCHMaJbHOH PasMepHOCTH HeHy-
JieBoro ayanbHoro kKnacca Lltndens—Yutau. B nauem ciayvae m > n — 1,
T.e. RP" Hesbast norpyauth B R?1—2, O

Teopema 11.15. Ecau 28 + ... + 2k — dsouunas sanuce uucaa n,
mo mrozoo6pasue RP2" x ... x RP" neavss noepysumo 8 R2—s=1,

JlokaszaTesabcTBo. UroObl H36exKaTh FPOMO3AKUX 0603HauUeHHH, Oy-
JleM cuntath, uto s = 2. [osoxkum 24 = p u 2%2 = ¢. Tyets 7, u T, — npo-
exuuu npousseneHust RPP x RP? Ha nepsblii U BTOpoil MHOXKHTeqH. Torna
WRP? X RPY) = @) () © Th(Tepo)) = w5 (@(RP?)) w i (@ (RPY)) =
=m(l 4+ ap)Pth ol + a,)?t!. Tpu nokasarenscerse Teopembl 11.14 mbi

yoemich, uto ((1+a,)P ) "' =14a,+...4af " Bocnoabssosasimch Teu,
yTo JUIsl KO3(P(HULUHEHTOB B Zg BBIMOJHSIETCS paBeHCTBO (o X () v (y X J) =
= (@ v ) x (B ), nonyuum TRPP x RP) = (1 + B, + ...+ 857") x
X(I+8,+...+ ﬁg_l), rae Bp =mpap U By = Ty, Crapiuasi pasMepHOCTh
HeHyJIeBOro ayasbHoro kaacca @W(RPP x RP7) paBua (p— 1)+ (¢ —1)=n—2.

,HJ]H MPOU3BOJILHOTO § BbIYUCJIEHHST aHaJIOTHUHDBI. O

Yucaa Wrudenss—Yuruu

[Tycts M" — 3aMkHyTOE MHOrooGpasue (BO3MOXKHO HecBsisHoe), [M"] €
€ H,(M; Zo) — ero dhyHnamenTabHbIE Kiaace. Toraa ajsi ro60ro KoroMoJiori-
yeckoro kiacca o € H"(M; Zy) onpenenén anement (o, [M"]) € Zy. B kaue-
CTBE (v MOXKHO B3$IThb Kjacc Wi (Tyn)" ... w,(Tye)™, Toe ry, ..., ry — HEOTPH-
LaTteJibHble LieJible YUCJia, 1Jis1 KOTOPbIX 7| + 2rg + ...+ nrp, =n. Honyqeﬂﬂoe



§ 11. XapakrepucTHueckne Kjaacchl 167

TMPH 9TOM YHCJIO
<ZQ)] (TM")H Ce wﬂ(TMn)r”, [Mﬂ]> € Zo

Ha3bIBAIOT duciom LlImugpessi—Yummu, COOTBETCTBYIOUIUM KJaccy KOrOMO-
Jorui w|' ... wj. D10 ukcao obosnayaot wi' ... w [M"].

3anaua 11.16. Hokaxure, uto ecan n uérHo, To w,[RP"] # 0
u wi[RP"] #0.

Sampaua 11.17. Jlokaxure, uTo ecjid 1 HeuéTHO, To Bce uucsa Lltude-
Js-—YuTHH MHoroo6pasust RP" nysesble.

Teopema 11.16 (IToutpsrun). [Tyemo M™ = OW"F! 20e Wl —
Komnakmmoe mro2o06pasue. Toeda sce uucaa lllmugpersi—Yumnu mro-
eoobpasus M" pasHol HYAIO.

JokaszaTeJabcTBo. Bynem paccmaTpiBaTh roMoJIOrHH H KOTOMOJIOTHH
¢ Kosuurentamu B Zy. Iycets (W] € H, (W M") — bynnamen-
TanbHblil Kaacc. [Ipu nokaszaresnbcTBe TeopeMbl JBOHCTBeHHOCTH Jlediuena
MBI T0Ka3a/iu, uto romomMopdusm Oy : H, (W1, M") — H,(M") nepeso-
aut (W] B dynnamentanbubii kiace [M"] € H,(M"). Tlostomy ecam
ac€H"(M"), 10 (a, [M"])=(acv, O [ W) =(6*cx, [W"H!]), re 6*: H*(M"™)—
— H LW+ M™) — romomopduam, aBoiicTBenHblii roMmoMophuamy 0.

M3 TeopeMbl 0 BOPOTHHKE (/151 TIaIKUX MHOTOOOPA3Hii) JIerKO BbIBOJUTCS,
UTO Tyast |pn =Tpn De!, rie €' — TpuBHManbHOE oHOMepHOe pacesoenye Hag M™.
JleficTBUTE/IHO, HAC MHTEpecyeT ToJbKO yacTh MHoroobpasus W ! pacno-
NoxkeHHast Boansu OW ™ =M™ TlosTomy /151 HALIMX Lieseil MOXKHO CUMTaTh,
uto W+ = M" x [. B pesyabrare nosyuaem, uto @;(M") = @;(Tynti | yn) 15t
Beex j. Jlanee, @ (Tynsi|yn) = i*w; (W), mne i*: HI(W"T!) — HI(M") —
roMoOMOpGHU3M, HMHAYLHMPOBaHHbIH BKMOueHHeM i: M" — W1 Tlostomy
W' (M) .l (MT) = i*a, tie oo =] (W) L (W,

Tounast koromosioruueckast ocJe10BaTebHOCTb Maphl

i*

H”(W’H_l) N H”(M”) L Hrz—i—l(w/n—i-l, Mn)
nokaseiBaer, uto 6*i* = 0. [Mostomy &*(w(' (M")...w;(M")) = 6*i*a =0,
a 3HAuuT,

(@ (M") .. (M), [M"]) = (8" (@] (M") ... (M")), [W"H1]) =0,
T.e w' ... wp[M"]=0. O

11.6. YHuBepcajbHoe paccioeHHe

Ecth emé oaMH BaxKHBIH TOAXOJ K TMOCTPOEHHMIO XapaKTepUCTHUECKHX
KJ1aCcCOB, OCHOBAHHbIA Ha TOM, UTO J060€ BEKTOPHOE paccJ/oeHHe JaHHOH
Pa3MepPHOCTH MOXKHO TIOJIyUHTb M3 HEKOTOPOro (hPMKCHPOBAHHOTO PaCCJOEHHs
Haja MHorooOpasueM [paccmaHa nocpeiacTBoM repexojia K MHIyLUHPOBAHHOMY
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paccyoenuio. [1pn sTom xapakrepuctuueckue kiacchl Lltudens—Yurnn no-
JIydaloTcsl U3 HEKOTOPOTo Habopa MyJIbTUIIMKATHBHBIX 00pasylolnX KoJbla
KOTOMOJIOTHH MHOr006pa3usi [paccmana nocpencTBOM HHAYLIMPOBAHHOTO OTOO-
pa*KeHHUsi KOrOMOJIOTHH.

Hanowmuum, uto mMHoroo6pasue Ipaccmana G(n, k) — 310 MHOrooGpasie,
TOUKAMH KOTOPOTO SIBJISIIOTCS k-MepHbie nojnpoctpaHeTea B R”. EctecTBeHHOoe
Bkaouenre R” C R™! npu koTopom Touke ¢ KoopauHaTamu (xi, ..., X,) CO-
MocTaBJ/seTcsl TOuKa ¢ KOOpauHaTaMu (X, ..., X,, 0), HHAYUHPYET BKIIOUEHHE
G(n, k) C G(n+ 1, k). [TosTOMy MOXHO paccMOTPeTb OECKOHEUHOe MHO20-
obpasue Ipaccmana G(oo, k) = |J G(n, k), KoTopoe cHAGKEHO CJleAyIOLIEH

n=k
TornoJiorueil: MHoKecTBO U C G (00, k) OTKPBITO TOrja M TOJBKO TOTAA, KOT/a
mMHoxkecTBa U N G (1, k) OTKPBITH AJIs1 BCEX 711 > K.

HMcnoab3ysi 6eckoHeuHoe MHOToo6pasue IpaccmaHa, OCHOBHOH pe3yJibTar
sT0oro nyHkra (reopembl 11.17, 11.18 u 11.19) moxHo cchopmynpoBaTh Tak:
MHOXKECTBO R-MEpHbIX BEKTOPHBLIX PACCJOEHHH Hajl KOMIAKTHLIM XaycJaopdo-
BbIM MPOCTPAHCTBOM B, paccMaTpuBaeMbiX C TOUHOCTHbIO JI0 H30MOp(dHU3Ma,
HaXOJUTCA BO B3aUMHO OJIHO3HAUHOM COOTBETCTBHHM C MHOXKECTBOM TOMOTO-
MHUECKUX KaaccoB otobpaxkeHuil [B, G (oo, k)]. Ho cdopmysupoBatsb u 1oka-
3aThb 3TOT Pe3yJibTaT MOXKHO W He o6palasch K 6€CKOHEUHbIM MHOT00Opa3UsIM
[paccmaHna, a OorpaHUUMBLIMCL OOBIYHBIMH MHOr0OOpasusiMu [paccmana. Mol
MMEHHO TaK W MOCTYIHM.

Han mHoroo6pasuem [pacecmana G(n, k) umeercss KaHOHU4eckoe k-Mep-
HOe BEKTOPHOE pacc/ioeHHe v¥, KoTopoe yeTpoeHo cieyiolim o6pasom. [1po-
cTpancTBo paccaoenusi E(vF) coctout us nap

(k-mepHoe noanpoctpanctso IIF € R”, Bekrop v € IT¥);

npoekus p: E (%) — G(n, k) conocrasasier Takoii nape noanpoctpatctso 1%,
KOTOpO€e paccMaTpHBaeTCst Kak Touka MHoroo6pasus G (1, k). ToroJiorus npo-
ctpancta E(yF) unmyunposana ero sioxenuem B G(n, k) x R”. Cnoil nan
Toukoii IT* € G(n, k) ectecTBeHHBIM 06PA30M OTOXKIECTBJISETCS C R-MepPHBLIM
npocTpancTBoM II¥, mo3TOMY C/10i CHAGKEH CTPYKTYPOIi JIMHEHHOTO MPOCTPAH-
ctBa. OcTaéTest MPOBEPUTL, YTO JUIs X BbIMOJIHSIETCS YC/IOBHe JIOKAJbHOM
TPHUBHAJILHOCTH.

MbI BOCTIOJIb3yeMCsi KOOPJHHATHBIMH OKPECTHOCTSIMH Uy, MOCTPOEHHBIMU
npu J0KazaresabcTBe Toro, uro G(n, k) — ryankoe MHoroo6pasue (uactb I,
c. 211). 3nech | — nabop uucen {i, ..., iy}, YIOBJETBOPSIOIIMX HEPABEH-
cBam 1 < iy < ... <ip < n; muoxectBo U; C G(n, k) cocTout u3 k-mep-
HBIX OANpocTpaHcTB B R”, TpaHcBepcasbHBIX®) OPTOrOHATBHOMY JAOMONHEHHIO

*) TpaHcBepcasbHOCTb ABYX JIMHEHHbIX MOANPOCTPAHCTB padmepHocTell k u n — k B R” o3nauaer,
YTO MX [epeceyeHHe COCTOUT TOJILKO U3 HYJIEBOIO BEKTOPA.
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K mpoctpanctBy R¥, nopoxagénnomy Bekropamu e;, ..., e;,. OpToronasibhas
MPOEKIIUsT Ha Rf’ KaJ10ro0 k-MepHOro moanpoctpaHctsa 1% € U, spasercs
H30MOP(HHU3MOM JIMHElHbIX pocTpancTs. Tomeomopdusm Uy x R — p=1(U))
yerpoen caeayioumm o6pasom: nape (I1¥, v) € U; x R¥ conocraasercs napa
(IT*, v") € E(v%), rne v’ € TI¥ — ToT BeKTOp, KOTOPbIi NPOCLUPYETCs HA BEKTOP
v ERL

Teopewma 11.17. Jlioboe k-meproe sekmoproe paccaroenue & Had
KomMnakmroii xaycdopgosoti 6azoii B undyyuposarno KaHOHUYecKUM pac-
croenuen v 0as nekomopoeo n.

JlokasaTeJdabcTBo. Boibepem oTKpbiThie MHOXKecTBa Uy, ..., Uy, Tak,
yTOGbl OHH TIOKpBIBAJKH B W HaJl KaXIbIM M3 HUX paccjoeHde £ OblIO TpH-
BHAJIbHO. KoMmakTHOe XaycaopdoBo MPOCTPAHCTBO MapaKOMITAKTHO, a MOTO-
My HopMaJibHO. CJleioBaTe/IbHO, CYLIeCTBYET padbueHue eauHuUbl fi, ..., fm,
noauuHéHHoe nokpuithio Uy, ..., Upy.

C nomoubio romeomopduama 4, : U; x R¥ — p~!1(U;) noctpoum oto6pa-
xenue @;: p~ 1 (U;) — R¥, KoTopoe siBaisieTcst KOMIoauimel 0ToOpaskeHuii

—1

p~ U B U x RE — RE.
3arem paccMoTpuM oToOpaxkenue g;: £ (€) — R¥, zanannoe dhopmyioii

fi(x)pi(x) npux € Uj;

&) = 0 npu x & U;.

Hakowner, nonoxum g(x) = (g1(x), ..., gn(x)). 3necb g — orobpaxenue
E(€) — R™ _TIpu 310oM Kaxblil cJioli K30MophHO 0ToGparKkaeTces Ha HEKOTOpoe
k-mepHoe noanpoctpanctso IT¥ C R™. B pesyJibTate nosyuaeM oToOpakeHue
&: B — G(mk, k).

Jlerko npoBepuTh, 4TO g*%’;k > ¢, JleficTBUTEBHO, MPOCTPAHCTBO pac-
caoennst g*yk . cocrour nz tpoex (II¥, v € 1%, b), rae g(b) = II*. ITostomy
caon paccoennit € U ¥k, nan kaxoi Toukoii b € B KaHOHHYECKH H30-
MOPHBI. O

Jliist KoMIaKTHOro XaycaopgoBa nmpocTpaHcTBa B roMoTonHble 0ToOpake-
wust fo, fi: B — G(n, k) unayuupyloT naoMopdHble pacc/oeHus, T.e. [ivyy =
= fl*%f. ATo yTBEpKJeHWe CIpaBe/IMBO JaxKe B cCJeylolleil H6osee obliel
CHUTYyalIUH.

Teopema 11.18. Ilyemo B — komnakmmuoe xaycoopghoso npocm-
paucmeo, & — paccaoenue Had npocmparcmeom X, fo, f1: B — X —
eomomonnoie omobpascenus. Toeda [f&= [7€.
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HokaszateanbctBo. [lyets F: B x [ — X — romoTonusi, cBsi3bIBaIO-
wasi fo u fi; [y — orpanunuenue F ua B x {t}. Paccmorpum nan B x [ npa
paccaoenust: F*§ u p*fF€, rne p: B x [ — B — ecTecTBeHHasi NpoeKLHs.
Orpannuenusi 9Tux paccjoennsi Ha B x {f} usomopdubl. Fzomopduam pac-
cyoennit £ u £y — 310 cedenue paccaoenusi Hom(¢y, &), nas kotoporo Bce
oToOpaxKeHHsl CJ0EB — H30MOP(U3MBI.

Jlemma. [lycmo Y —3amknymoe no0mMHOMCECMB0O KOMNAKMHOCO XA-
ycdopgosa npocmparcmsa Z; & — sekmopHoe paccaoerue Had Z. Toeda
a0boe ceuerue paccaoerus Ely MONCHO npodoaxcume 00 ceverus 8ceeo
paccroerus .

JHokaszatenbcTBo. [lokpoeM Z KOHEUHBIM UMCJIOM KOOPAMHATHBIX
okpecTHocTel. Han Kaxkaoi KoopaHaTHOH oKpecTHOCThIO U; ceueHne MOXKHO
paccmaTpuBaTh Kak otobpaxkenue fi: U; N'Y — R". B TonoJiorun npoctpaH-
ctBa U; MHOXKecTBO U; MY 3aMKHYTO, MOSTOMY OTOOpPaXKeHue f; MOXKHO Mpo-
JIOJKUTB 10 oToOpaxenust F;: U; — R". BoiGepem pasbuenue eauHHIbI {;},
noauuHéHHoe NoKpbiTHio {U;}, U TOJ0XKHM

Ai(x0)Fi(x) nas x € Uj;

sil¥) = 0 st x & U;.

Torna Y s;(x) — ceueHne paccjioeHdst &, MPOJOJDKAIOIIEE JAHHOE CeueHHe
Han Y. O

[TponosmkuM u3oMophu3M orpaHuueHuil paccjaoenuit ¢ u p* f€ na B x{t}
1o ceuenust paccaoenuss Hom(F*E, p*f€). B npoctpanctse Hom(R", R")
130MOP(HU3Mbl 00PA3YIOT OTKPITOE MOJMHOXKECTBO, MOITOMY U3 KOMIAKTHOCTH
MpoCTpaHCTBAa B cJjlelyeT, UTO OrpaHHueHHst paccjoeHuit F*§ u p*f¢ na
MHOoxkecTBO B x {V (f)}, rie V (f) — HeKOTOpOe OTKPHITOE MOJMHOXKECTBO OT-
peska /, conepxKalee Touky ¢, usomopunl. Torna s Beex 7 € V (f) pacedio-
enust p* f*¢€ nzomopuel. [TosTOMy M3 KOMNAKTHOCTH (M CBSI3HOCTH) OTpesKa /
caenyert, uto fi& = frE. (]

Buoxkenne R" C R*4 unpyumpyer Baoxenue iy: G(n, k) — G(n + a, k).
[pu stom i (vF,,) =~k Takum o6pasom, moboe paccioenne, HHLYLHPOBAH-
HOe PacC/JOeHHeM ¥, MHAyLHpOBaHO Takke W paccioeHHeM ¥, , ans Beex
aeN.

Teopema 11.19. llyemo B — komnakmuoe xaycoopghoso npocm-
pancmso, fo u fi — omobpaxenus B 8 G(n, k). Paccaoenus fiyk u ik
uzomoppror moeda u moavko moeda, Koeda omobpancenus iqfy u iqzf
20MOMONHbL 04 HEKOMOpoe2o a.

JlokasaTeJsabcTBO. Mbl TOJBKO UTO J0KA3aJH, UTO TOMOTOIHbIE OTOO-
pakKeHUsl UHAYUMPYIOT U3oMopdHble paccyoeHus. [TosToMy HyXKHO JiMLIb J10-
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Ka3aTb, UTO €CJIM PacCJOeHHs] fgv,’f u fl*%’f M30MOphHBI, TO 0TOOPaXKeHHs iy, fo
W iy [i TOMOTOMHBI JIJIs1 HEKOTOPOTO A.

OT0KJ1eCTBUB U30MOP(HBIE PACCTOEHHUS fg‘fyf; u f¥yk 6ynem cuurath, uto
3aJlaHbl /1B KOMMYTaTHBHbIE IHArPAMMbl

E -5 E(v%) C G(n, k) x R"

I

B G, ).

Bmecto otoGpaxeHust @; paccMOTpUM oToOpaxeHue ;: £ — R", koropoe
npeacrapJsier co00H KOMIO3ULMIO ¢; U ecTecTBeHHOH npoekuuu G (n, k) xR"—
— R”. Tlpu 3tom [;(b) — noanpoctpauctso 1;(p~' (b)) € G(n, k), T.e. 0TOG-
paxkeHue 1; OJIHO3HAUHO 3a/1aéT f;.

Paccmorpum aBa BJoxKeHHSs1 j,0, jo1: R" — R"” @ R"; 3nech j, 0 — u30-
MOp(HU3M Ha TepBoe cJiaraeMoe, j, | — Ha BTopoe. OHH HHAYLHPYIOT BJIOKEHHS
inoy in1: G(n, k) — G(2n, k); npu 3TOM i,0 =i, W iy ~ i, (npu n =1 romo-
TOMHSI MEXKAY i H in,| CTPOUTCS MOCPEACTBOM MOBOPOTA KOOPAHHATHBIX OCEH;
npu n > 1 Ty 2Ke caMylo KOHCTPYKLIMIO MOXKHO TIPUMEHHTD K KaXKJ0H MJI0CKOCTH,
MOPOXKJAEHHON BEKTOPAMU €4 U €ptq).

Kaxnoe oroGpaxenue ¢, = (1 —1)jn0%0 + Ljn191 3a1a€T oTOOpaxeHue
fni: B — G(2n, k). JleficTBUTENBHO, U3 TOTO, UTO g M 1] — MOHOMOpP(HbIE
otoGpaxenus cyiost p~'(b) B R", caeyert, uto oToGpaskeHHe 1, ; ToKe MOHO-
MOP(HO, MOTOMY UTO BEKTOPbI [, 0%0(V) U j, 111 (V) N€KaT B OPTOrOHANbHBIX

MOJMPOCTPAHCTBAX.
Urak, orobpaxenust f,o=1is0fo=1info ¥ fo1 =in1f1 = i,[1 roMoTONHBI,
M03TOMY OTOOPaXKEHHUS iy fo ¥ iy i TOXKE TOMOTOIHbI. O

3anaua 11.18. Ilycts &F — BektopHOe pacc/ioeHue pasMepHOCTH k
Haj KoMnaktHbiM CW -kKommuiekcoM B, pa3MepHOCTb KOTOPOro MeHblile &;
¢! — TpuBHManbHOE oHOMEPHOE BEKTOPHOE paccsioenue Hal B. Jlokaxute, uTo
paccJioenne £ TpuBHaA/IbLHO TOTMA M TOJILKO TOra, Korua paccjoenne &F @ ¢!
TPHBHAJILHO.

Mmuoroo6pasrie M" Ha3bIBAIOT CMAOUNLHO NAPAALCAUIYEMbIM, ECTH TS
HeKOTOPOro TPHMBMAJNLHOTO k-MepHOro paccsioenusi X nag M" paccrioenme
Trn @ ek TPUBHAJIBHO.

Ganaua 11.19. dokaxute, uro MHoroo6pazne M" crabuibHO napas-
JIeJIN3yeMO TOTJla U TOJIbKO TOTJA, KOTJa BBITIOMHSIETCS OIHO M3 CJIeLYIOLINX
YCJIOBHH:

a) paccioenme Ty @ el TPUBHANLHO;

6) ans Baoxkenuss M" B RV, rne N > 2n + |, nHopmajbHoe paccjoeHue
TPUBHAJIBHO.
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11.7. CtabuabHble KOrOMOJIOrMM MHOTO00Opa3uii
Ipaccmana

B3auMHO 0j1HO3HAUHOE COOTBETCTBHE MEX]TY R-MePHBIMH BEKTOPHBIMU pac-
CJIOEHUSIMU HaJl B ¥ rOMOTONHUECKUMH KJaaccaMu oToOpaxeHuil B — G (oo, k)
MOKAa3bIBAET, UTO JJISI U3ydeHHs] BEKTOPHbIX PACCJOEHHHA OOJbLIOH HHTEpec
NpeCTaB/AI0T KOroMoJIorii MHoroo6pasuii G (11, k) 1 UX MOBe/leHHE MPH BJIO-
x)enusx G(n, k) — G(n, k 4+ a). JleficTBUTENbHO, KaX/Iblii KOTOMOJIOTHUECKHH
KJace, CTaGUJIbHBIN OTHOCHTENILHO TAKHUX BJIOYKEHHH, MO3BOJISIET COMOCTABHUTD
paccJsioenuio & Haa B KJacc KOTOMOJIOTHH MPOCTPaHCTBA B — XapaKTepUCTH-
UeCKHH KJacc paccyoeHusi €.

31ech Mbl 3aiMEMCS BBIUMCJIEHHEM FOMOJIOTHI U KOTOMOJIOTHH (BEllleCTBEH-
Horo) MHoroo6pasusi Ipaccmana G (n, k) ¢ Kosdpduimentamu B Zo. Mbl 6ynem
MCIMOJb30BaTh KOOpJMHATHbIe OKpecTHOCTH U; W OTKpbIThie KaeTku LllyGepra
e(o), BBenénnbie B yactu 1. OTkpoitas kaerka lly6epra e(o) 1eanKoM JexKUT
B kapte U;, rine [ = o, u 3anaércsi B Heil cucTeMoil ypaBHenu# Buna x; = 0.
Eé sambikanne e(o) nepecekaercs JIMIIL ¢ TeMM KapTamu Uy, /sl KOTOPBIX
iy <oy, ..., 0 <o B Tako# kapre MHOKeCTBO % N U; 3anaéres ypas-
HeHHsSIMH TOTo ke BHja. Ilostomy e(o) — nogmHoroo6pasue B G(n, k). Ero
HasbIBalOT MHO2006pasuem [llybepma.

OtkpobiTble KaeTkd LllyGepra 06pasdyioT K/aeTouHoe pasbueHHe MHOTooOpa-
3ust [paccmaHa, a MX 3aMblKaHHsl SIBJSIIOTCS MojamMHoroo6pasusmu. [lostomy
G (n, k) MOXKHO TPUAHTYJIUPOBATh TaK, UTOOb KaxKjaoe MHorooGpasue LllyGepra
0Kas3ajioch MPH 3TOM TOXKE TPHAHTYJHpOBaHHbIM. [lo-
CJIe 3TOTO MOYKHO BBIUMCJIATL KJIETOUHbIE TOMOJIOrHH. JLjist
3TOTO HY2KHO BBISICHUTb, KaK YCTPOEHO XapakTepucTHue-
ckoe otoOpaxkeHue knetku [ly6epra.

PaamepHocTh kieTku e(o) paBHa (oj—1)+ (oo —2)+. . .
...+ (or — k). Hac unrepecyert, ¢ Kakumu Kos(duiienTta-
MH BXoJAT B O[e(o)] KJIeTKH pa3MepHOCTH Ha | MeHblue.
Ecsin knetka e(o’) couepxures B e(o), To oy <oy, ...
Ve, =0 oo 0, < 0p. TlostoMy a5 Takoil K/ETKH PaBEeHCTBO

ol +...4+0,=01+ ...+ 0r — | MOXKET BBIIOJHSTbCS

Puc. 35. [panuya ~ JWMWIb B TOM CJyuae, Koria o =0; — | n o} = o; npu

kaemku llybepma | # i; nipu 3ToM ;] = 0; — |. B noaxoxsieil cucreme

KOOpJMHAT MHOXKeCTBO e(o”) 3amaéresi B e(o) ypaBHeHHeM

Vi, =0 (puc. 35). B 3aBUCHMOCTH OT OpHEHTALMH IBYX YacTell KAETKH e (o),

npuMbIKaiolmX K e(o’), knetka e(c’) moxkeT BxoauTb B d[e(o)] ¢ Kosddum-

entoM +2 uau 0. [TosTomy mist romosioruii ¢ KosdduureHTaMu B Zg 1oJyyaem

dle(0)] = 0. Takum o6pazom, H,(G(n, k); Zg) = Z)"™™  tne N(r, n, k) —
KOJIMUeCTBO r-MepHbIX KiaeTok Lly6Gepra MmHoroo6pasust G (n, k).
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Ka)K}lOMy CUMBOJTY HJyéepTa 0 MOXXHO COIIOCTaBHUTDL ITOCJICJOBATCJIbHOCTD

unces oy — 1, 09 — 2, ..., 0, — k. Tlocsie ynanenusi u3 He€ HyJsiell MOJyuuM

[0CJIe0BATEJNbHOCTD i, i9, ..., ig, THe s <hul<ij<ir<...<is<n—=Fk

(HEPaBEHCTBO in K iq41 CJIEIYET U3 HEePABEHCTBA 08 < 03 ]).
Heynopsinouennslii HaGop HaTypaJsbHbIX uucesa iy, io, ..., iy HaA3bIBAIOT

pasbueruem uucaa r, ecyu iy + ...+ iy = r. Kaxaomy HeynopsiioueHHOMY
Habopy OJHO3HAYHO COOTBETCTBYET HaGOpP UMCEJI, PACIOJIOKEHHBIX B TOPSII-
Ke Bozpacranusi. [Tostomy uucso N(r, n, k) paBHO KOJHUUeCTBYy pa3OHeHHH
yucaa r Ha He GoJiee yeM R HaTypaJibHbIX UHCEJl, KaXJI0e H3 KOTOPbIX He
NPEBOCXOJUT 11 — k. B uactHoCTH, ecsin 06a uncia k U n — k He MeHbllIe r, TO
N(r, n, k) = p(r) — KonnuecTBO BCcex pa3bueHHH uucJsa r.

Ecau n > r+ k, 10 Bioxenne G(n, k) — G(n+ 1, k) uHIyUMpYyeT H30MOP-
tusm romogioruit H,(G(n, k); Zo) — H,(G(n+ 1, k); Zs) 1 u30MophU3M ABOIi-
CTBEHHBIX NPOCTPaHCTB Koromosioruit H' (G (n + 1, R); Ze) — H'(G(n, k); Zs);
3/1eCb UMeeTCsl B BU/y JIBOWCTBEHHOCTb JIMHEHHBIX MPOCTPAHCTB, a HE JBOH-
ctBeHHocTh [lyankape. Ilpu n > r + k rpynny H'(G(n, k); Zy) Gynem 060-
3Hauatb H' (G (oo, R); Zo).

Beruncsum MyJsIbTHIIMKATHBHYIO CTPYKTYpY Koablia H * (G (oo, R); Zg). ns
3TOTO PACCMOTPHUM BJIOYKEHHE

fr RPUx . x RP"™! = G(nk, k),
k

NpH KOTOPOM HabOPy BEKTOPOB Uy, . .., Ur € R" conocrap/sieTcst MOANPOCTpaH-
ctBo B R X...xR" Hatsnytoe Ha BekTopbl (v, 0, ..., 0), (0,09,0,...,0), ...
.., (0,0, ..., up). D10 OTOGPAKEHHE HHYLIUPYET FOMOMOP(HU3M KOJIell

H*(G(nk, k); Zg) — H*RP"™! x ... x RP"™"; Zy).

Koabuo H*(RP"™™' x ... x RP""!: Zy) n3omopthHO KOJblly MHOrOUJIEHOB
Zolov, ..., o], npodhakTopU30BaHHOMY MO cooTHOLIeHUsIM of =0, i=1, ..., k.

Baoxkenne RP" — RP™ ! npu r < n uugyuupyer u3oMophusMm Ko-
net. H"(RP™!; Zy) — H"(RP"; Zy), N03TOMY MOMKHO ONPEIENHTL KOJIbLO
H*(RP; Zg) = Zs[c]. Ilpu KaxkmoM (PUKCHPOBAHHOM r HYXKHO TPOCTO CUH-
TaTh, UTO Mbl UMeeM f1eJ10 ¢ RP™, rje 1 10CTATOUHO BEJUKO. AHAJOTMUYHO MOXKHO

BBeCTH KOJIbLO H*(RP™® X ... X RP™®; Zg) & Zs|ay, ..., ap] ¥ onpeneuTsb
roMOMOp(U3M
[ H* (G (oo, k); Zo) — H*(RP™ X ... X RP*®; Zo) 2 Zs|ay, ..., ag].

Teopema 11.20. Tomomopdusm [* asagemcs uzomopguamon Ha
nO0KOALYO cummempuueckux mno2ourenos. llpu amom [*(w;(vk)) =
=oi(ay, ..., ap), e0e g; — INeMeHMAPHAA CUMMEMPUUECKAA QYHKUUA.
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JlokaszaTesbcTBo. [Ipexie Bcero nokaxkem, uto pasMmepHoCThb NMPo-
ctpancetBa H' (G (oo, k); Ze) coBnajiaer ¢ pa3MepHOCTbIO MPOCTPAHCTBA CHM-
MEeTPHUECKMX MHOTOUJIEHOB CTENeHH r OT k TepeMeHHbIX Haj roJiem Zo. Jlis
9TOTO HYXKHO YCTAHOBHUTb B3aUMHO OJIHO3HAUHOE COOTBETCTBUE MEXy pa3bue-
HUSIMH UMcJia r Ha He 6oJiee UeM & TIOJIOKHUTENbHBIX CJlaraeMbiX H MHOTOUJIEHAMH
BHJIA a? ...02’*, rne ry + 2rg + ...+ krp=r (r; =2 0). PaccmoTpum uncsia
re <rp+rp—1 <...<rp+...+r. Ux cymma paBna r. HaoGopor, ecsu

r=Si+...+SpuS;=S9>...28,>0, TO NOJOKUM r'p==Sp, I'h—| =Sk_1—Sk, - - -
e, ' =81 — So.

Jlerko nposeputh, uto [*v% 2l x ... x 4L Tounee rosops, f*yF, =
>yl x o x b | Heiictutensro, caoil paccaoenus f*y%, nan Toukoii
(x1, -+, Xp), X; € R™ COCTOUT U3 BEKTOPOB A1 X] + ...+ ApXp.

Bocno/ib30BaBLIMCh ecTecTBeHHOCTbIO, MoyunM [*(w (vE ) =w ([*(v£,))=
=wyl, x ..o x )=+ a))... (1 + ), tie oy — oBpasyiolas KoJib-
1la KOromoJioruil i-ro mpoctpancTsa RP™. Takum obpasom, [*(w(y%)) =
= oi(ay, ..., ar). N3 s310ro chaemyer, uto [* — snuMopdu3M KoJiblia
H*(G (o0, k); Z) Ha KOJBLO CHMMETPHYECKMX MHOTOUJNIEHOB Haj ToJeM Zg
OT TIePeMEHHBIX «j, ..., . [lodToMy [* — HM30MOpdH3M NpocTpaHCTBA
H"(G(oc0, R); Z) Ha NpOCTPAHCTBO CUMMETPHUECKMX MHOTOUJEHOB CTere-
HH T. (]

CaencrBue (akcHomaruueckuil moaxon k kjaccam Lrtudens—yur-
Hu). [lpednoaodicum, 4mo Kaicoomy 6eKmopHoMYy paccroexuro & Had
KaucOoIM CUMAAULUANOHOIMN KOMNACKCOM B conocmasaenvl Koeomoaoau-
weckue Kaaccol @;(€) € H(B; Zy) mak, umo @y(&) =1, @;(&) =0 npu
i >dimé&, @ (v =, sonoansemes ceoiicmso ecmecmeenrnocmu u cnpa-
gedausa popmyra Yumuu (popmyaa (2) na c. 161). Toeda @; (&) = w; (&) —
kaace Hlmugpers—Yumris.

HoxaszateabcTtso. [Ipu nokasarensctse Teopembl 11.20 Mbl noJib-
30BaJIUCh TOJIbKO 3TUMM cBoicTBaMu kjaaccoB Lltudena—Yuthu. I[Tostomy,
MOBTOPHB Te »Ke caMble paccysk/eHust, noayunm f*(@;(v%)) = [*(w;(v%,)). Ho
[* — uzomopuam, nosromy @;(v4 ) = w; (v%,). Y3 yuusepcanbHocTu pace/o-
enust v%_ caenyer, uto @; (€) = w; (€) a5 MmoGoro k-meproro paccsoenus £, O

C nomouibio Teopembl 11.20 MoxKHO moJsiyunTh opMmyJly, BbIpakalolLyio
XapakTepUCTHUECKHe KJacchl paccyoenusi €™ @ n" (m v n — pa3mMepHOCTH
paccJioeHHil) uepe3 XxapakTepucTHUeCcKHe KJacchl paccioenuit ™ u n'.

Teopewma 11.21. [lyemo oy, ..., 0m U 01, ..., O} — IACMEHMADHOLE
cummempuieckue GyHKyuL Hao noaem Ly om REpemMerHHuix ty, ..., ty
utf,..., t,. Paccmompum (eduncmesenmolil) MHOCOUACH Ppm, OM M + N
nepemexHtoLx, 045l KOMOPO2o

m n
POl ooy Om, Oy o, J,Q):HH(I +ti +t]).

i=1j=1
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Toeda w (" @N") = pma(@i, ..., Wy, W], ..., @}), 2de w; = w; (™) u w} =
=w;(n").

HokasaTenbcTBo. [Ipexie BCero moka)em, uto Jjist OJHOMEPHbBIX
paccsioenuii Bbinoausiercs: pasenctso (! ®@ ') = w (&) + w(n'). Heii-
CTBHTEJILHO, JUISi OJHOMEPHOIO PACCJOEHHS KJAACC W] MOJHOCTBIO OMpeiessi-
eTcsl OrpaHMyeHHeM PacC/IOeHHsl Ha OJHOMEPHBIH OCTOB, MO3TOMY TpeGyeMoe
PABEHCTBO JOCTATOYHO MPOBEPUTH ISt OJHOMEPHBIX PACCJIOEHHI Hal OKDPYXK-
HOCTbIO. A B cayuae okpyxHocTH paccaoenue &' @ n! opuentupyemo Torna
1 TOJILKO TOT/1a, Korja 06a paccyoenus ' un! onqnopemento m60 opueHTHPY-
eMbl, JIM6O HEOPHEHTHPYEMbI (€CJIi TTPH 06X0Ie BOJIb OKPYKHOCTH OPHEHTALIHH
cn10éB paccsoennit €' u ! ymHOMKalOTCS Ha £ M g9, TO OpMeHTalMs CJIOS
paccioenus €' ® n! ymHoxKaeTcs Ha €)€9).

[To-npyromy TpeGyemoe yTBEPKAEHHE PABEHCTBO MOXKHO J0Ka3aTb, BOC-
M0JIb30BABIIHChL TeM, UTO KOLMKJI, IPeCTaBIsIoLIME, K npumepy, Kaace @ (£!),
NPUHUMAET Ha OJHOMEPHOMH KJIeTKe 3HaueHHe, paBHOE OCTATKY OT jejieHust Ha 2
KOJIMUECTBA HEeBLIPOKIEHHBIX HyJIell ceueHus paccaoenus £ Haj 9Toil KIeTKoil.
BriGepeM Hajl 0JHOMEPHBIM OCTOBOM ceuenHst paccaoenuit £ u n' Tak, uto6bl
Y HUX He OblIO OOLUMX HyJell U Bce HyJH OblIH HEBBIPOXKIEHHBIMH. TeH3opHOe
NPOU3BeJIeHHE ITUX CeueHHll sBJseTCs ceueHreM paccoenns ! @ n'| nynamu
KOTOPOTO CJIy»KaT HyJi ceueHuil paccaoenuit £ unl.

lar 1. Tpebyemoe ymsepocderue 8epHO OAL NPAMULY CYMM OOHO-
MEPHOLLX paccaroenutl, m. e. 8 mom caydae, Koeda §mM =6 ® ... &, un" =
=M D ... D1, e0e sce paccroenus & u n; 00HOMEpHbLe.

Myers 4 = wi(&) u t; =wi(n;). Torna w =[[(1 +#;) u @' =]](1 +¢}),
T.e. W, =0; U w; = a;. [Tpu stom

@D D)@ ®...B0) =P (& ).
i,j

3Hauwur,
n

wE"@n") =][w& @n)=]]0+t+1).
ij i
[To ycJoButo

n

H(l +ti+ 1) = pmn(o1, ooy Om, T, o, 0p),
i
T.e W€ RN = pma(@Wi, ..., Wy, W], ..., W).
War 2. Tpebyemoe ymsepocdenie docmamourno dokazame 044 nps-
MOLX CYMM OOHOMEPHBLX PACCAOCHILL.
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[lyets p; u po —npoeKunn G (oo, m) x G(oo, 1) HA TNEPBBLIH U BTOPOH
MHOXKHTENH, V" = piy™ n§' = psy™. Paccnoenne v{* ® 74 Han G (oo, m) x
x G (00, n) ABAsETCA YHHBEpPCAJbHbIM Uil paccaoeHuil Buaa £™ @ n". Ieii-
CTBHTENbHO, ecit £ = [Fy™ u 0" = [§4", 10 " @ 0" = ([1 X [o)*(v]" @ +§);
aneck (fi x fo)(b) = (f1(b), [2(0)).

Takum o6pazom,
w(€" @n") € (fr x J2)"H*(G(00, m) x G(o0, n); Zy);

JUIsl KpaTKOCTH OyjieM ornyckaTb rpymnny KoadduiuueHtoB Zg. Ecan a €
€ H*(G(oo, m)) nu € H*(G(oo, n)), T0 @ X = pfa v p;B. CorsnacHo
Teopeme KioHHeTa oToGpaxkeHHe a ® 3 +— «a X [ HHAYUHPYET H30MOPPHU3M
KOTOMOJIOTHI

H*(G (00, m)) @ H*(G (0o, 1)) — H*(G(co, m) x G (oo, n)).

[Tostomy koublo H*(G (0o, m) x G(oo, 1)) MYJBTHIJHKATHBHO MOPOXKIEHO
cBOOOAHBIMH 00pasyloluMl w; (V') = w; 1 w;(v§) = w;. 3HAUMT, MOJIHBIH
knacc Iltudens—YurHu paccioenuss v{' @ v§' eduncmsennoim 06pasom
MPEACTABASETCH B BUIAE Dy p(W1, ..., Wy, @1, ..., W)). O

[Tpumep 11.13. CrzpaBed/LuBO paserncmso w(EM @ n") = nw; (£™) +
+ mw; (n").

HokasaTeqabcTBo. Umeem H H(1+t +i)=1+n(t,+...+1n)+
+m(t|+... 1)+ i=lj=1 O

Teopemy 11.21 MOxKHO MPUMEHUTb U151 BbluMc/ieHHs1 kiaaccoB tudens—
Yurthu mHoroo6pasuii [pacemana. [Tyctb v¥ — paccaoenne nan G(n, k), cioi
KoToporo nan IT* € G(n, k) npencrabisieT co6oil OPTOrOHAILHOE JIOMOJHEHHE
K TOINPOCTPAHCTBY I1*. Torna paccioenne 7% @ ~v* Ttpusuanbho, nmostomy

W (k) = T(vs). o

Teopema 11.22. 7g(u4 = Hom(v%, vk).

NokaszaTenbcTbo. Kacartenbublii Bektop B Touke IIF € G(n, k)
sanaéres kpusoil I1%(7), rme I1%(0) = IT*. Tlpu masbIX / MOAPOCTPAHCTBO
11%() oanoanauno 3aaaétes JMHEAHBIM 0TOOpaxKenteM ¢, : IIF — (ITF)L. Ileii-

CTBUTEJILHO, BblOepeM B IT* Gasuc ey, ..., . [Tycthb e{, e e,; — BEKTO-
pbl B Hk(t), KOTOpbIE TPH opTOFOHaJIbHov”I npoekiyu Ha II¥ otoGpaskatorcs
Bep, ..., e Ilycts, nanee, ey, ..., e, — oproroHajbHble MPOCKIUH BEKTOPOB
ef, ..., ek Ha (IT%)L. dopmyna ¢ (e;) = e/ sanaér auneiinoe orobpaxkenue

@2 TIF — (T1*)L; npu stom g = 0. OToGpaxkeHue @; OJHO3HAYHO 3a1AET
noanpoctpanctso I1%(¢). IeiicTeutennHo, noanpoctpanctso I14(¢) natsauyTo
Ha BEKTOPBI e + ¢ (e), ..., er + wr(er).

Wrak, kpuBylo Ha MHorooGpasun G(n, k), npoxojsllylo uepe3 Tou-
ky TI¥, npu ManibiXx ¢ MOKHO paccMaTpuBaTh KakK KPUBYIO B MPOCTPAHCTBE
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Hom(IT*, (IT¥)1), npoxoasiyio uepes Hauaso KoopauHat. KacaTe/bHble Bek-
TOPbl K TAKAM KPUBBIM HAXOASITCSI BO B3aUMHO OJHO3HAYHOM COOTBETCTBHM
¢ anemMentamu npoctpanctsa Hom(IT#, (IT%)+). B pesyanrate nosyuaem uso-
MOPBH3M TG (k) = Hom(y%, k). O

N3 nuneiiHoit anre6pbl (cM., Hanpumep, [[12], c. 170) usBecten uzomop-
duam Hom(v%, 4%) = (v%)* @ vk, e * osnauaer nepexos K JABOHCTBEHHOMY
npocTpaHcTBy. BeiGpaB B pacc/ioennu ¢ pumManoBy MeTpHKy, MoJTyuM H30MOp-
dusm (v)* 24k Urak, 760 2 vF @ vk, nostomy w(G(n, k) =w (v @~k) =
= Prn—r(@, ..., Wp, @y, ..., Tp_p), € @; = w; (VF) n @; = w; (v5) =; (7).

[Tpumep 11.14. Mnoecoobpasue Ipaccnana G(n, k) opuenmupyemno
moeda i moabko moeda, Koeda n 4émHo.

HoxaszateabcTBo. Bocrnosbzoaswnch npumepom 11.13, nosyunum
w (G (n, k)= (n—k)w(v*) + k@ (vF) = nw; (vF), nockonbky @) =w;. Kpome
Toro, w;(v¥) #0. O

11.8. Xapakrepucruueckue Kjaaccbl UxxeHs

[To aHasioruu ¢ BellleCTBEHHBIMU BEKTOPHBIMU PACCJIOEHUSMH MOXKHO OTTpe-
JIeJIUTh KOMNACKCHbLe BEKTOPHBIE PACCJIOEHHUS, CJ0SIMU KOTOPBIX CJIy2KaT BeK-
TopHble npoctpancTBa Hal C. [l KOMIIEKCHBIX BEKTOPHBIX PacCcyOeHUi ToKe
MOXKHO MPUMEHHUTb KOHCTPYKIIMHM TEOPHUH MPENSTCTBUH U MOCTPOUTH XapaKTepH-
CTHUECKHE KJacchl. [Is1 KOMIJIEKCHBIX pacc/0eHnH CUTyalust 1ayke BO MHOTOM
ynpoutaetcesi. OHa M3 NPUUUH 3TOTO COCTOUT B TOM, UTO OBELIECTBJIEHHE
KOMIIJIEKCHOTO MPOCTPAHCTBA HMEET KAHOHHUECKYI0 OPHEHTALMIO M T03TOMY
OBELLECTBJIEHHE KOMITJIEKCHOTO BEKTOPHOTO PACCJ/IOEHHS BCET/la OPUEHTHPYEMO.
[Tosichum 3T0 MopobHee.

[Tycts V — BektopHoe npoctpanctBo Hag C c 6asucom ey, ..., e,. Emy
MOKHO COTIOCTaBUTh BeKTOpHOE mnpocTpaHcTBo Vi Haa R ¢ 6azucom ey, ..., e,
iey, ..., ie,. Ecau marpuua mepexona ot 6azuca e K 6asuCy € UMeeT BUJL

A+ iB, rne A u B — marpulibl ¢ BellleCTBEHHbIMH 3JIEMEHTAMH, TO MaTpHLA
; . A -B

nepexoja ot 6asuca e, ie K 6asncy €, ic UMeeT BUL | 5 4 |- Onpenenurens

370il MaTpuubl pasen |det(A + iB)|> > 0, nockobKy

A —B| |A+iB —-B+iA| |A+iB 0
B AlT| B A |T| B A-iB|
I—[O3TOMy B NMPOCTPAHCTBE V]R €CTb KaHOHHYeCcKas OPI/IGHTHL[I/IH.

I—IYCTb W — KOMIIJIEKCHOE pacCCJ/IoEHHE, Wr — €ro OBCUIECTBJCHHE, 3TO pac-

cJjioenre opuentTuposaro. [To aHanoruu ¢ KOHCTpyKUHKeH yHUBepCalbHOrO pac-
CJIOEHHS B BEILIECTBEHHOM CJIyuae MOXKHO MOCTPOUTh YHUBepcaJ/bHOe paccJjioe-
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HHe B KOMIJIEKCHOM cJydae. basa sToro paccioenust — KOMIJIEKCHOE MHOTO-
o6pasue Ipaccmana Ge(oo, R), b =dimcw = % dimg wr.

B kax10M cJioe KOMIJIEKCHOrO0 BEKTOPHOTO PACCJIOEHH S w HaJl KOMITAKTHOH
6a30i MOXKHO 3a/aTh PMHUTOBY METPHKY U MOCTPOUTH paccJioeHue wy, CJO-
eM KOTOPOTO SIBJISIETCSl KOMMAeKkcHOe MmHocoobpasue [llmugers Ve (n, k);
TOUKAMH 3TOTO MHOT00Opasusi cayxat HaGopel k& BektopoB B C", opTOHOpMH-
POBaHHBIX OTHOCHUTEJILHO SPMHUTOBA CKAJSIPHOTO MPOU3BeieHus. J{ist nocTpoe-
HUSI XapaKTePUCTHUECKOTO KJacca PacCJIOeHHs! wy, HYXKHO BBIUHCJHTL MEPBYIO
HETPUBHAJILHYIO roMoTONnMuecKyto rpynmny m; (Ve(n, k)).

Teopema 11.23. Ecau i <2(n — k), mo m(Ve(n, k) = 0. [lepsas
HempusuaibHas comomonudeckas epynna mau—p+1(Ve(n, k) pasna Z.

JokaszaTesabcTBo. Mbl BoCrosb3ayeMcs TOH 2Ke CXeMOH paccyKie-
HUH, 4TO U TIPH J0KasaTesbCTBe TeopeMbl 11.4 (cM. c. 153). B KommekcHom
cJlyuae paccyKjieHust YIpolaTcs, IOTOMY YTO He HY2KHO BBbIUHCJISITH FOMO-
Mopu3aM 0.

[lpu k = 1 wmnoroo6pasue Vc(n, 1) romeomopdno S?*~!; scno, uro
7 (S =0 npu i < 2(n — 1). JlokanbHo TpuUBHAbHOE paccjoeHue
Ve(n, k+ 1) — Ve(n, k) co cnoem S2=R=1 nogposnsier caenats war nimyx-
LMK ¥ TIoKazathb, uto m;(Ve(n, B+ 1)) =0npu i <2(n—k—1).

JlokanbHo TpuBHanbHoe paccioenue Ve(n+ 1,k + 1) — Ve(n + 1, 1) =
= §%*1 co cnoem Ve(n, k) nossossier mnokasath, uto m(Ve(n, k)) =
mi(Ve(n+ 1,k + 1)) mpu i <2n — 1. Tlostomy nipu i < 2(n — k) + 1
nosyuaem m; (Ve(n —k+ 1, 1)) 2w (Ve(n — B+ 2, 2)) = ... CiienoBartesibHO,
Tom—ty+1 (Ve (n, k) = w1 (Ve(n — k + 1, 1)) = mou_py41 (STHRT) =

) O

Kanonuueckast opuentauusi npoctpanctsa C" rnosposisieT yCTaHOBHTb Ka-
HOHUYECKHI U30MOPPU3M To(—py+1 (Ve (n, k) = Z. TTosToMy BMeCTo KOromo-
JIOTHH ¢ JIOKQJIbHBIMH KO3(D(HIIMEHTAMH Mbl M0JIydaeM OObIUHbIE KOTOMOJIOTHH
¢ Kospduumentamu B Z. Xapakmepucmuueckuii karacc Yocena™) c;yy(w)
ornpeiesisieTcsi Kak MpernsiTCTBUe K MPOJOJIKEHUIO /1 — | JIMHEHHO HEe3aBHCHMbIX
ceueHHil paccsioeHust w Ha (2i + 2)-MepHbIil OCTOB; 3TO TPENSITCTBUE JIEKHUT
B rpynne 2% (B; {myi 1 (Ve(n, n —i)}) = H*(B; 7).

HenocpencTBenHo U3 onpeseseHHil BUIHBI CJAeIyIOLIHe CBOMCTBA KIaCcCOB
Uikenst.

l. Ecmn dimcw = n, 10 ¢4(w) = e(wr), T.e. crapumil Kiaacc YUkeHsi coB-
najaer ¢ 3HIePOBbIM KJIACCOM OBELIECTBJIEHHS] PACCAOEHUS W.

2. Tomomopduam H'(B; Z) — H'(B; Zsg) otoGpaxaet noanblii knace Urke-
Hsl ¢(w) B mouHbli kKnace Htndens—YutHu w(wr). B uactHocTH, o4 1 (wr) =
=0 nns Bcex j.

I

*) DTy (haMWIHIO YacTO MUILYT Mo-Apyromy: HepH.
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Touno Tak ke, kak u aas Kiaaccos [Itndens—YutHu, nokasbiBaiorcst cie-
JyIOlLMEe YTBEPXKIEHHUSI.

1. Knaccer Uxxenst o61a1a10T CBOHCTBOM €CTECTBEHHOCTH.

2. Knacebl UxkeHst cTabGUIbHO 9KBUBAJNIEHTHBIX PACCJIOEHHH OJIMHAKOBBI.

[ycThb ! — pacciioenue nag CP", 111 KOTOPOro MPOCTPAHCTBO PACCIOCHHs!
cocrout u3 nap (x € CP", v = Ax), rne A € C.

Teopema 11.24. Cnpasediuso pasencmso ci(vy)) = a, ede o — 06-
pasyrowas epynno. H>(CP"; 7).

HNokasaTeabcTso. Bouncaum cnavana ¢y(y)). s storo onuuem
Gosiee moapo6HO cTpoenue paccoenus .. Ilpencrapum CP! = {(z; : 29)}
B BHJIe 06 beuHernsi MHOxKeCTB Uy 1 Ug, 3a/1aHHbIX HepaBeHCTBaMK |2 | < |29]
U |21] > |z2|. B kauectBe koopamuat Ha U; u Uy MOXKHO B3sITb @] = 21/29
W Wy = 29/z1. CaI0il pacc/ioenust y| Hal TOUKO (2] © 22) COCTOMT M3 BEKTOPOB
(Az) : A22), A € C. Orpannuenusi paccaoennsi y{ na U, n Uy TpuBnasb-
Hbl; TPUBHAJIM3ALMH UMelOT BUI (Awi, A) U (u, pwy). Ciou Hax TOUKAMH
W Wy = wfl OTOXKJIECTBJISIOTCS CyeaylonuM o6pazom: (Awy, A) = (i, pws),
T.e. p = Aw,. Ceuenrie A = | Haj oKpykHOCTbIO |w(| = | mepexoaut B ce-
yeHHe, KOTOpOe HaJ TOUYKOH Wy = w]_' 3anaércst dopmysaoil p = w;. [lo-
nydaem oto6paxenne S' — S' crenenn —1. 3Hauut, NpH NMPOOJIKEHUH
TOr0 ceueHuss BHYTPb Us MOJIyUHTCS CeueHHe C OJHHUM HEBbIPOXKIEHHbBIM
nyaém. Ms storo caenyer, uto ¢i(y}) = e((y})r) — oBpasyiowas rpynmbi
H*(CP"; 7) & 7.

[lycth i: CP' — CP" — ecTecTBenHoe BK/ouenue. HenocpeacTsenHo u3
onpesesienusi BUIHO, uto i*(y)) = ~!, nostomy i*ci(v}) = ¢1(v]). Hcno, uro
BKJIOUeHHe | uHyuupyer usomopdusm i*: H?(CP"; Z) — H*(CP'; Z). Tlo-
31OMY €| (7)) — 06pasytowas rpynnui H2(CP"; 7). O

Gameuanue. M3 rtoro, uto cremeHb paccmarpuBaeMoro orofpake-
nust S' — S' pana —1, caenyer, uto ¢(7,)) — ne Ta obpasyrowast rpynmbl
H?(CP"; Z), kotopast na CP! ¢ kaHoHHuecKoil opHeHTalueil MpHHUMAeT 3Ha-
ueHue +1, a Ta, KOTOpas NpuHUMaeT 3HaueHue —1.

Teopema 11.25. [lyecmo w u @ — KOMNACKCHbIE 8EKMOPHbLE PAC-
caroenuss Hao cumnauyuarvHoiny Komniekcamu X u Y. Toeda cp(w x @) =
= > clw) xcip).

i+j=k

JlokaszaTesnbcTBO. PaccykKaeHHs BO MHOrOM MOXO0XH Ha JloKa3a-
TeJNbCTBO 0600LIEHHON (hopMyJ/ibl YUTHH (popmysa (2) Ha c. 161), HO ecTb
M cyllecTBeHHble oT/IMuMsl. CHOBAa pacCMOTPUM BJIOXKeHHs iy W jy. Paccioe-
Hue w|y: umeer dimw — [i/2] JUHEHHO HE3aBUCHMBIX CEYEHHE, TOITOMY OHO
cTaGUIbHO SKBHBAJNIEHTHO paccJoeHuio wy pasmeprocty [i/2]. Ecan BMecTo
Teopembl 11.8 Mbl BocroJibdyemcst Teopemoit 11.9, To mosyunm, uTo 3/€MEHT

Crlwx ) — > calw) X cal(p) nexut B sipe romoMopduama (ixy X jy)* s
a+B=k
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BCex map i, j, juist Kotopbix [i/2] + [j/2] = k. Mbl X0TUM 10Ka3athb, 4TO TOT
3JIeMeHT paBeH HyJi0. OT™MeTum, uto ecan i + j =2k + 1,10 [i/2] + [j/2] = k.
Jefictautenso, i =2i’ v j =2 + 1 (uau nao6opor), nosromy [i/2] + [j/2] =
=i'"+j =(@G+j—1)/2=k. Tlokaxem, uto npsmasi cymma OTOOGpa>kKeHHI
(ix X jy)* st Bcex map i, j, CyMMa KOTOPBIX paBHa 2k + 1, siBisieTcsl MOHO-
MOP(U3MOM.

Jlnst koshuimentos B Z cornacho teopeme Kionnera rpynna H2*(X x V)
SIBJISIETCS] TIPSIMOHA CYMMOW TPy

P HX)@H(Y) u B Tor(H*(X), HA(V)).
a+B=2k a+B=2k+1
Ananornuno rpynna H2* (X! x Y/) spasercs npsmoil cymMoii rpym

@ H*XY@H (Y= H (XY@ H! (Y@ H ™ (X)@ HI(Y]))
a-+B=2k

@ Tor(H*(X"), HP(Y')) = Tor(H'(X"), HI(Y')).
a+B=2k+1

O6a orobpaxenus H*(X) @ H?(Y) B H*(X*) @ HA(YAt )y u s HO*(X*t) ®
® HP(Y?B) spasiores monomopdusmamu. st ciaraemoro Tor coOTBETCTBYIO-
11IMe 0TOOPaXKEHHsT — TOXKE MOHOMOP(HU3MBbI. O
JlokazaHHble cBoiicTBa KaaccoB UskeHst MO3BOJSIIOT BOCMOJb30BATHCS TOH
)K€ CXeMOH paccCy:kJIeHHH, UTO U MpH JoKa3aTesbcTBe Teopembl 11.20, u noka-
3aTh CJejylolllee YTBePXKIEHHE.
Teopema 11.26. Tomomopgdhusm

I*: H*(Ge(oo, k): Z) — H*(CP™ x ... x CP>:; Z) = Zlay, ..., ]

A8A8MCSL UBOMOPDUSMOM HA NOOKOALYO CUMMEMPUUECKUX MHOE0YACHOS.
ITpu amom [*(c; (vﬁo)) =oi(ay, ..., a,), e0e o; — sAeMmeHmapHas cummen -
puieckaa pyHKyus.

EnuHcTBeHHOE CYlIeCTBEHHOE OTJIMUHE B JI0KA3aTe/IbCTBE OT BElIeCTBEHHO-
ro cJiyuasi COCTOMT B TOM, UTO y KOMILJIEKCHBIX MHOroo6pasuii [paccmana Bce
kaetku [lly6epra umetor 4éTHylo pa3MepHOCTb, MO3TOMY I'PaHHUHBIH TOMOMOP-
(hU3M HYJIEBOH MO OUEBHJIHBIM TPUUMHAM U JUIst KOS(hGDUIMEHTOB B Z.

Xapakrepuctuueckue kjacchl Ykensi, kKak u knaccol Tndpens—Yurhu,
MOXKHO 3aJiaBaTb HaGOPOM akcuoM; repedopMyJUPOBKA CJIEJICTBUSI Teope-
mbl 11.20 gocraTouno oueBHHa.

dopmyaa s Beipazkenus kaacca Ykensi ¢(§™ ® n") yepes knacenl ¢ (€M)
v ¢(n™) BBINISUT TOYHO TaK e, KaK ¥ COOTBETCTBYOIIAst PopMyJia JIsi Kaac-
coB tugenss—YutHu (teopema 11.21). EnnncTBeHHOE CylEeCTBEHHOE OTJIH-
ule B JI0Ka3aTeJNbCTBE COCTOMT B TOM, UTO TeMepb HaM HYXKHO CJelyioliee
yTBEpPKJIEHHE.
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Jemma. Ecauw! uwl—odnomepnoie konnaexcroie paccaoenus nad

00HOl u motl e 6asz0il, mo ¢j(w] ® wh) =cj(w]) + ¢ (w).

JlokaszaTeabcTBoO. s ofHOMEpPHOrO paccsioeHHsl Kaace ¢; — 3TO
MpensTCTBUE K NMPOIOJ/LKEHUIO HEHYJIEBOTO CeueHust Ha IByMepHbIi ocToB. Ko-
LMK/, MPEACTaBJSIIOIMI ITOT KJacc, Ha JBYMEpPHOH KJeTKe NMPHHUMAeT 3Ha-
ueHHe, paBHOE CyMMe MHJIEKCOB 0COObIX TOUEK ceueHMsl (MpejrioJiaraercs, Uto
BCe 0COObIE TOUKH HEBBIPOXK/EHHDIE). BhiGepem ceuenust paccioenuil wi n wj
B OOLIEM TIOJIOXKEHUH, T.€. TaK, uToObl BCE HyJH ObLIM MOMAPHO Pa3jHUHbI.
TeHsopHoe Mpou3BeaeHHEe ITHX CeUeHHH MMeeT HyJIM B TeX TOUKaX, B KOTOPbIX
MMeeT HyJIM OHO M3 HHMX. [IpoBepuM, UTO 3HAKW HyJIsl CEUEHHsI U TEH30PHOro
TIPOU3BE/ICHUS CeUEHHH HaJl KaXK10H 0CoO0H TOUKOH COBMAAIOT.

JlocTaTouHO paccMOTpeTh cJyuak, Koria 0JiHO ceueHHe NMOCTOsIHHO, a Ipyroe
3a7aétcs JuHelHbIM oToOpaxkeHueM. [lycTh ceueHue pacciioeHust wll Ha 06asuce
sanaérest hopmyJiof <2) — (Z; ig;i), a Ha BEKTOp Xe| + yey oToGpaxKe-
HHe NPOJIOJIKAETCS 110 JIMHEHHOCTH; CeueHre PacCI0eHHst Wy MOCTOHHO — OHO
sanaérest BektopoM A + pi. Torna ceuenue paccsioennsi wl ® wl sanaéres

hopmyuioit
(€1> = <(¢111 +ai) @ A+ Ml:)) _ <)\¢111 — pagg + (Aajg + ua11)1:>
2) (az1 + agni) ® (A + pi) Aagy — page + (Aage + pas)i )

OnpejesuTesb MaTpHLLbl 3TOr0 0ToOpaykeHus paseH (A2 + u?)(ayase — a2as)).
[TosToMy 0co6ast TOUKa CeueHHsl PACCJOeHHs! W] MMeeT TaKoH e HHIIEKC, KaK
 0coBasi TOUKa CeueHusl paccaoerust w) @ wi. a

JI/1si KOMIJIEKCHBIX BEKTOPHBIX PACCJOEHHH TOXE MOXKHO J10Kas3aTh, UTO
MHO2KECTBO R-MepHbIX BEKTOPHBIX PACCI0€HHH HajJ KOMIAKTHBIM Xayclopdo-
BbIM MPOCTPAHCTBOM B HAaXOJIWUTCS BO B3aMMHO OJHO3HAYHOM COOTBETCTBHH
C MHOXKECTBOM TOMOTOTIHUECKHX KJaccoB ortobpaxenuit [B, Ge(oo, k)], e
Ge(oo, k) — GeckoHeuHoe KOMILIEKCHOE MHoroo6pasue [paccmana, Kotopoe
ornpeieisieTcsl aHaJOTMUHO BellleCTBeHHOMY. 1/l OTHOMEPHBIX pacCOeHnH 3TH
JIBe KJacCU(UKALIMOHHbIE TeopeMbl (BELIECTBEHHYIO W KOMILJIEKCHYIO) MOXK-
HO CYIIeCTBEHHO YTOUHHTb, HCIOJb3Ys TO OGCTOSITENBCTBO, UTO MPOCTpaH-
ctBa G(oo, 1) =RP*>® u Ge(oo, 1) = CP* siBasitoTcs MpoCTpaHCTBAMH THNA
K(m, n), a umeHHo RP* = K(Zo, 1) n CP* = K(Z, 2). ITostomy, BocnoJib-
3oBaBluuch Teopemoi 10.10 (cm. c¢. 137), mosyunm, uto ecsu X — KOHEUHbIH
CUMIUIMLMAJBHBIA KOMILIEKC, TO 3JeMeHThl MHOXKecTB [X, RP>°] u [X, CP™]
HaXoAsATCST BO B3aMMHO OJHO3HAYHOM COOTBETCTBHH C 3JeMEHTaMH TpyM
HY(X; Zs) w H?(X; Z). C npyroii cTOpoHbl, 3/1eMeHThl MHOKecTB [X, RP™]
u [X, CP*°] HaxopsiTCsl BO B3aMMHO OJIHO3HAUHOM COOTBETCTBHM C OJHOMEp-
HBIMH BELECTBEHHBIMH MJIH KOMIIJIEKCHBIMH PACCJIOEHUSAMH Hajl X, paccMaTpu-
BaeMbIMH C TOUHOCTBIO 10 M30MOP(HU3MA.
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C NoMolIbI0 XapaKTEPHCTHUECKUX KJIACCOB 3TO COOTBETCTBHE OTUCHIBAETCS
SIBHBIM 00pa3oM. A HMMeHHO, MycTh paccjoeHde & 3amaéresi 0ToGpaXKeHHeM
f: X = RP*® wm f: X — CP*>. Teopema 10.10 conoctapisier otobpake-
uuto [ anement [*(Fr) € H"(X; m); 3necb n =1 u m = Zy B BelleCTBEHHOM
ciyuyae, n =2 U m =7 B KOMIUIEKCHOM cJjyuae. [Ipu 3ToM KoromoJioruue-
CKHil KJace Fr, Kak BHJHO W3 €ro OMNHCaHHs, siBjiseTcss oOpasyrolleil rpyr-
not H'(RP™; Zy) wnn H?(CP>°; Z). Takum 006pa3oM, B3aHMHO OJHO3HAU-
HO€ COOTBETCTBHE MEXKJy OJIHOMEPHBIMU PACCJOEHHSMH U 3JIeMEHTaMH IPYTIIbl
HY(RP>; Zy) nnn H*(CP>; Z) 3anaércs hopmy.ioi & — wi (€) mm & — ¢ (€);
MpU 3TOM CJIOXKEHHE KOTOMOJIOTHUECKHUX KJACCOB COOTBETCTBYET TEH30PHOMY
YMHOXKEHHIO paccyioeHnil. B utore nosyuaem ciieaytoliiee yTBepxKJIeHHE.

Teopewma 11.27. [lycmv X — KOHeuHOMEPHOLIL CUMNAULYUANOHOLU
Komnaexc.

a) OdnomepHole seujecmsentble paccroenus & un Had X usomopghrol
moeda u moavko moeda, kKoeda w(§) = wi(n), npuuém 0i1 Kaxn0020
anemenma o € HY(X; Zo) cywecmeyem oonomeproe seujecmeennoe pac-
caoenue € Had X, daa komopoeo wi(§) = a.

6) OdHomepHble KOMNACKCHbLe paccaoeHus & u 1 Had X uzomopg-
Hol moeda u moavbko moeda, kozda ci(§) = cy(n), npuuém 0i1 Kaidoeo
anemenma o € H*(X; 7) cyuwecmsyem o0HoMepHOE KOMIACKCHO® PACCAO-
enue £ nad X, daa komopoeo ci(§) = a.

3ameTuM, UTO OJJHOMEPHbIE KOMIJIEKCHbIE PACCJIOEHHS — 3TO TO XKe CaMOe,
YTO OpPUEHTHPOBAHHbIE BELECTBEHHbIE JIByMEpPHbIE PACCJOeHHs ¢ (PUKCHPO-
BAaHHOH pUMaHOBOH MeTpuKoH. JleficTBUTE/bHO, UTOOBI 3a1aTh KOMIIJIEKCHYIO
CTPYKTYpy Ha mjockocTd R?| HyxKHO 3a1aTh yMHOXKEHMe Ha i, T.e. MOBO-
por Ha 90°. SlcHO TakxkKe, UTO 3HJIEPOB KJACC OPHUEHTHPOBAHHOTO NByMep-
HOTO BEIECTBEHHOI0 PacCJIOEHHsI COBMAJAeT C TepBbIM KaaccoM UxkeHsi co-
OTBETCTBYIOLIETO OJJHOMEPHOTO KOMIJIEKCHOTO paccJsioeHdsi. Harmomuum, uto
NpHU U3MEHEHUH OPUEHTALIMH PACCJOEHHS €ro 3HJIepoB Kjacce MeHsieT 3Hak. M3
TeopeMbl 11.27 6) BbITeKaeT cieyollee yTBEPKAEHHE.

Teopema 11.28. Opuenmuposarnoe OsymepHoLe 8eu,ecmserHole
paccaoenus € U n HA0 KOHEeYHObIM CUMNAUYUANbHOIM Konnaekcom X u3o-
MopghroL moeda u moavko moeda, koeda e(§) = e(n), npuuém 0 1106020
anemenma o € H*(X; Z) cywecmsyem opuenmuposannoe 0symepHoe ge-
wecmeaennoe paccaoerue &, daa komopozo e(§) = a.

11.9. Pacuienasirouiue oro6pakeHus

[lyctb & — BekTOpHOe paccjioeHne Hax 6asoil B. HenpepbiBHoe 0T06-
paxenue [: By — B HasblBaOT pacwenafirouyum 1Jis paccaoeHus &, ecJu
[*(€) — npsimasi cymma ofHOMepHbIX paccjoenud u [*: H*(B) — H*(B') —
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MoHOMOp(HU3M. Paciienyisiioniie 0To6pakeHHsT MO3BOJSIOT CBOJIUTH J0Ka3a-
TEJIbCTBA MHOTHX YTBEPKIEHUH O XapaKTEPUCTHUECKUX Kaccax K HX MPOBEPKe
JUISl IPSIMBIX CYMM OJIHOMEPHBIX paccyioeHui. JlJisi jokasaresnbcTBa CyllecTBO-
BAHHS1 PACLLENJISIOLIMX OTOOPAKEHUH HAM MTOHA00UTCS Caleytollast KOHCTPYK-
IUs1 C BEKTOPHBIMH PaCCJOEHHSIMH.

Kaxxnomy BekTopHOMY pacciioeHnto £ Hal 6a30# B MOXKHO COTIOCTaBUTh €ro
npoexkmusuaayuto PE, KoTopasi sIBJsieTCs JIOKaNbHO TPUBHAJBHBIM paccJoe-
uuem Haj B. Cjo# paccioenusi PE Haj Toukod b € B noJiyyaercst cjeyouum
o6pasom. Bosbmém ciioit V' paccioenusi £ u otoxaectsum B V \ {0} Bce Touku
NpsIMOH, NPoXosillel uepe3 Hysb. Takum o6pa3oM, cJoi paccaoenusi P — 31o
RP*! ymu CP" !, rne n = dim €.

3anaua 11.20. Ilycrs E(Pv*) — G(n, k) — npoexkTHBH3alisi KAHOHH-
ueckoro paccsoenust v¥ wan G(n, k), E(P¥~") — G(n, k — 1) — npoextu-
BM3aLlMsl OPTOTOHAJBLHONO JOMOJIHEHUsT KAHOHUUECKOro paccsoennst v—! nan
G(n, k — 1). Noxaxure, uto E(PyF) ~ E(PFF1).

[Tyctb paccioenne PE 3anaérest otobpaxenuem q: E(PE) — B. Pacemor-
pUM MHIyLIHpOBaHHOEe BekTopHOe paccyoenue g* (&) nan £ (PE). Toukamu npo-
crpaHcTBa £ (PE) cay:kat npsimble [, mpoxosiiiye uepe3 HyJb. [TosTomy B g*(£)
ecTb OJIHOMEpPHOE MOJPacC/I0eHHe Ag, JIsl KOTOPOTO MPOCTPAHCTBO PACCJ/I0CHHS
cocrout U3 nap (v, /), rne v € /. Ecan 6a3a B KoMNakTHa, TO B pPacCJOeHUH
q*(£) MOXKHO BBECTH PUMAHOBY (B KOMIJIEKCHOM CJyuae — SPMHTOBY) METPHKY,
no3toMy g*(§) = A¢ @ o0¢, Tlle 0¢ — OPTOrOHAJNIbHOE JOMOJHEHHE K A¢.

Paccirioenue A¢, Kak u Jo6oe pyroe 0JHOMEpHOE pacc/ioeHHe, MoJyua-
ercsl U3 KaHoHuueckoro paccioenusi v nag RP™ (umu nag CP™), T.e. cy-
wectByer otoGpaxkenue [: E(§) — RP>®, ns kotoporo [*(y') = A¢. Tlycts
a — o6pasytomas rpynnbl H'(RP™; Zy) B BellleCTBEHHOM cJyuyae U o6pasy-
jotwast rpynnul H'(CP™; Z) B KOMIJIeKCHOM cJiyyae. PaccMoTpuM 3/1eMeHT
ag = [*(o) € H*(E(PE)); 3TOT 3JIEMEHT 3aBHCHT TOJILKO OT paccJioeHust &,
MOCKOJIbKY ec/ii JiBa oToOpaxenus E(PE) — RP™ unayuupyior u3 v' uso-
MOp(HbIE PACCIOEHHUS, TO ITH OTOOPAXKEHUSI TOMOTOIHBI.

Teopema 11.29 (Jlepe—Xupwm). [Tycmo & — seujecmsernroe uau
KOMNAEKCHOE 8eKMOPHOE PACCAOCHUE PASMEPHOCMU N HAO KOMNAKMHOU
6aszoii B(£).

a) B seujecmsennom caywae sremenmeol 1, ae, a%, o, ag_l nopoaxcda-
rom auHeinoe npocmpancmeo (1, ae, ..., ag_'> pasmeprHocmu n u npu
Mo

H*(E(PE); To) = H*(B(€): To) ®z, (1, ag, .., ai™h).

3deco npocmpancmso H*(B(E); Zg) moxncno omocdecmaumes ¢ 00pasom
omobpascenus q*: H*(B(&); Zo) — H*(E(PE); Zo) u moeda kascdvLii 3ae-
smenm 3 & ag omoycdecmsumes ¢ f v ag.
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0) B komnaexcrom cayuae anemenmor 1, ag, ag, R ag_l nopoascdarom

6 H*(E(PE); Z) csoboduyio aberesy epynny (1, ae, ..., ag_l) panea n
U npu 3Mom

H*(E(PE); Z) = H*(B(€); Z) @ (1, ag, ..., al™").

Imo pasiodcerue moge coeAaco8aH0 ¢ 2OMOMOPPHUIMOM G*.

JlokaszaTesabcTBo. [lis kaxuoil Toukn b € B paccmoTpum otoGpa-
xenue iy RP"™! — E(P£) — BKaIoueHHe CJIos B NIPOCTPAHCTBO PACC/IOEHHS
(B KomIIeKcHOM cayuae BMecto RP~! Gepérca CP"~!). Hemocpenctsento
W3 OMNpeie/eHHiT BUIHO, UTO if(A¢) — 5TO KaHOHHUECKOE pacc/oeHue 7.
nag RP"=! wau CP"~!. Paccnoenne i; (f*(v'")) cosnanaer ¢ 4! |, nosromy
oToGparkeHue i, rOMOTOIHO ecTecTBeHHOMY BjoxkeHHo RP"™! — RP> uau
CP"=! — CP*. U3 31oro caemyer, uto saementsl i (1), ..., i;(ag’l) Hesa-
BUCHMBI.

Tpebyemble H30MOphH3MBI 10Ka3bIBAIOTCS CJIeyIOMUM 06pa3oM. Pacemor-
puM B B noakommniekc K, Hal KOTOpbIM paccJjoeHue P& TpuBuadbHo. Ha-
npuMep, B KauecTse K MOXKHO B3siTb J060# cummekc. [lyets Ex = g~ (K).
Torna umeercs romeomopduam K x I — Eg, corylacoBaHHbIH C MPOEKLHEH .
Nsomopduam H*(Ex) = H*(K) @ H*(F), corylacoBaHHbIH ¢ npoeKkUueH g, cy-
I[ECTBYeT B CHJIy TeopeMbl KioHHera. B BelllecTBeHHOM ciydae 3/1eCh HMeeTCs
B BHJLy TEH30pHOE MPOU3BeIeHHe BEKTOPHBIX MPOCTPAHCTB Hall Zg. B Kommekce-
HOM cJlyuae /ISl JI0Ka3aTesJbCTBa HYXKHO BOCIMOJIb30BATbCS TEM, UTO Tpyrnna
H*(F)={(1, ag, ..., aZ*1> cBOOOHAS.

Wsomopduam rpynn H*(Ex) u H*(K) ® H*(F), corlacoBaHHbI# ¢ MPOeK-
upefl, hopMasbHO MOXKHO 3armucaTh CJefyrolumM obpasoM. PacecMoTpum romo-
Mopdnam @i, saxanublit popmyaoin Y- B¢ — 3 g*(BF) v aé, rie B¢ € H¥(K),
a [ BbiGUpaercsl Tak, uTo k + [ = m B BellleCTBeHHOM cyiyuae U k + 2/ =m
B KOMIIJIEKCHOM CJiyuae. B BelllecTBEHHOM CJiyuae J0JIXKHbI BLITIONHATLCS Hepa-
BeHcTBa O < m — k < n — 1, a B KOMIJIEKCHOM CJlydae J0JIXKHbI BbIMOJHATb-
cs HepaBeHctBa 0 < m — k < 21 — 2 u uncaio m — R JIODKHO ObITh UéT-

m
HpiM. Pacemotpum rpynny H™(K), kotopasi pasha €@  H*(K) B Beule-

k=l—n+m

m

ctBenHoM cayuae n @ HF(K) B xommiekchom ciyuae. OToGpaxenue
k=2—-2n+m
m—Fk 4étHo

i H™(K) — H™(Ek) siBasieTcst u30MOP(HUIMOM JUIst BCEX 111

[pynny H™ (L) u romoMopdusm ¢f" MOXKHO onpeieuTh AJs Jo60oro noj-
xommiekca L C B. Tpebyetcsi 10Ka3ath, 4To ¢ — M30MOPHU3M JUISl BCEX M.
JlJ1st 3TOrO MBI BOCIIOJIb3yeMCSl TOUHOH NocJeoBaTe/bHOCTbi0o Mailepa—Bbe-
Topuca u d-jemmoii. TouHasi mocsnenoBaresbHocTh Maitepa—Bberopuca ajis
rpynn H* uMeeT MecTo, MOCKOJbKY MPsIMasl CyMMa TOUHBIX MOCJeI0BaTe/b-
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HOCTeH TOXKe SIBJISIETCSl TOUHOH T0C/Ie/IOBAaTeNbHOCTbI0. KoMMyTaTHBHAsS aHa-
rpamma

H™ (KAL) —— M (K) ® H™(L) —— H™ (K UL) —
J%"rﬂ Jw??GBwT lw?w.
H™ N (Egnr) — H™(Ex) © H™(EL) — H™(Exur) —
— H(K O L) —— HN(K) @ H (L)
l«pk"m Jw}?ilﬂﬂafﬂ
— H™(Exnr) — H" " (Ex) ® H™'(EL)

[MOKa3bIBA€T, UTO €CJH Yk, Y U OknL — I/ISOMOPCbI/]SMbI, TO YruL TOXKE H30-

mMopdusM. M3 storo cienyer tpebyemoe. O
N3 rteopembl 11.29 jierko BBIBOAMTCS CYLIECTBOBAHHE PAaCUIEMJISIOLIMX
oToOpayKeHHH.

Teopewma 11.30. i ao6020 sekmoproeo paccaoenus & Had KOM-
NAKMHOIM CUMIAUYUANbHOIM KOMNAEKCOM B cywecmayem pacwenasiouyee
omobpamxcenue [: By — B.

Hoxaszateabctso. [Ipumenum uuaykuuio no n = dimé. Ilpu n =1
orobpaxeHue idg sBasieTcs paciuensiioudm. [Ipeanonoxxum, uro ajs Jao60-
r0 BEKTOPHOTO PaCCJIOEHHs] PA3MEPHOCTH MeHbllle 71 CYLIECTBYET paclllenJisi-
towtee otobpaxkeHue. CoryacHo teopeme 11.29 ortobGpaxenue g*: H*(B) —
— H*(E(P&)) — monomopduam. Kpome toro, g*(§) = A¢ @ ¢, riie Ag — 0HO-
MepHoe pacciioeHne. CoryiacHO MPeAnoJozKeHHI0 HHAYKUUH 1JIsl 0¢ CyLIeCTBYyeT
pacuienisioliiee otroopaxenne g: By — E(PE). IlokaxeM, uto otobpaxkeHue
[ = qgg pacuensiouiee. [eiictBuresbho, f* = g*g* — moHomopduam, mno-
CKOJIbKy g* 1 g* MoHomopduambl. Kpome toro, f*(&) = g*(A¢) @ g*(0¢), a o
YCJIOBHIO g*(0¢) — NpsiMasi CyMMa OJIHOMEPHbIX pacCJIOeHHI. O

B kauecTBe Mpu/IOKEHHS pacLIENISIONIMX OTOOPaXKeHUH NPUBELEM HOBOE
JI0Ka3aTesIbCTBO OJIHOTO J0KA3aHHOTO paHee yTBep:KieHHs. A HUMeHHO, MoKa-
JKEM, UTO M3 CYUIECTBOBAHMS PACILIENJAIONIMX OTOOPaXKEHHH CJeayeT eInH-
cTBeHHOCTb KaaccoB [ltndens—Yutnu u Ukensi (akcmomatuueckuit Moaxo:
cM. ¢. 174). [lelicTBUTEIbHO, Uil OJIHOMEPHOTO paccJjoeHust Kjaace Lltude-
JIS—YUTHH WM KJacce YxKeHsl HeNnoCpeJCTBEHHO OTpeNesIieTCsl eCTeCTBEeH-
HOCTBIO, ycsoBreM Ha wi(y') W ynuBepcanbHocTbio paccsoenus y!. Tlyctb
[ By — B — pacuuenJsiioniee otroopaxenue aisi paccaoenus €. Torna [*(€) =
=& D ... D&, rae Bce paccyoenus &, ..., £, onHoMmepHble. [TosTomy knace
[*(@ (&) =TI(1 + w,(&)) onpenenén onHosHauHo. 13 MmoHOMOpHOCTH 0TOG-
paxkeHusi f* caemyer, uto knacc w(§) onpeneséH 0JHO3HAUHO.

Mbl yxxe ob6cyauan Ba Mojaxona K XapaKTepucTuueckuMm kjaccam ITtu-
dhenss—YutHu 1 UKeHs: MOCTPOEHHE WX KaK MPENATCTBHH K MPOJOJKEHHIO
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ceueHHH M akcuomarudeckui mnoxaxona. Teopema 11.29 npenocraBsser enmié
OJIHY BO3MOXKHOCTb MOCTPOEHHS 3THUX XapaKTepPUCTHUUeCKUX KjaaccoB. Corsac-
HO STOH Teopeme 3JEMEHT af OJHO3HAYHO MPEICTABJSETCSl B BHIAE CyMMbl

n

S (— )ity (§)ag_i, rae saement x;(€) nexut B H(B; Zg) B BelleCTBeHHOM
i=1

cayuae u B H%(B; Z) B KOMIJIEKCHOM cJyuae. XapakTepHCTHUECKHE KJAacChl
[ tndenss—YuTHu 1 UskeHsT MOXKHO CTPOUTh Ha OCHOBE CJIEYIOIIEr0 YTBEp-
HKIIEHHS.

Teopewma 11.31. lorowmum xo(§) =1 u x;(&) =0 npu i > dimé&. To-
eda & seujecmserHom cayuae xi(€) = w;(€), @ 8 KOMNAGKCHOM cayuae
xi(&) = ¢i(§).

Teopemy 11.31 yno6Ho n0KasbiBaTbh C MOMOLLBIO CHHIYJISIPHBIX KOMOMOJIO-
THH, TI03TOMY Mbl OTJIOXKHM €€ J10Ka3aTesIbCTBO 10 C. 272.

Bekropuomy npoctpanctsy V nang C M0KHO COMOCTAaBUTh BEKTOPHOE MPO-
ctpaHcetBo V Hax C, sjieMeHTaMH KOTOPOTO CJy»KaT BeKTopbl U3 V' (BekTopy
v € V cooTBeTCTBYET BeKTOp U € V), a yMHOXKEHHe Ha KOMIJIEKCHbIE UMCJ/a

3anaérest GopmyJsI0il AT = Au, T.e. yMHOKEHHE Ha A 3aMeHsIeTCsl yMHOMKeHHeM
Ha . Takyio orepauuio MOXKHO MPOJEaTh C KaXKIAbIM CJ0EM KOMILJIEKCHOTO
BEKTOPHOIO paccJ/oeHHsl w. B pesysbrare MosyuuM paccjioeHde &, KOTopoe
Ha3bIBAIOT CONPANCEHHOIM.

[Mpumep 11.15. Ilycmo 7' — Komnaexcroe kacameavroe paccioe-
nue CP'. Toeda paccaoenus ' u ' ne usomopereol.

HNokasateabctso. Ilyers f: V — V —usomopdusm nag C. Ecuu

[(v) =@, T0 [(A\v) = AW = Aw. DTO 03HAYAET, UTO €CJH Mbl OTOMKIECTBUM
COOTBETCTBYIOLIME 9JeMeHThl pocTpancTs V 1 V, To otoOpakenue [ 10JKHO
YJIOBJIETBOPATL COOTHOMIEHUIO f(Av) = Af(v). Ecam dime V = 1, To uzomop-
¢u3M [ H3MeHsIeT OpHEHTALMIO TIPOCTPAHCTBA VR, MO3TOMY C reOMeTpPHUECKOM
TOUKH 3PeHHst [ — CUMMETPHUsI OTHOCHTEJILHO HEKOTOPOH MPsIMOi; 3Ta mpsiMast
OJIHO3HAUHO 3a1aéT H3oMOpduUsM f.

OBellecTBIeHHe paccyioennsi T — 3To KacaTesibHOe paccJioenne cdepbl S2.
[TostomMy ec/iu Gbl paccsioennst 7' u 7! GblIM M30MOPdHDBI, Mbl MOJYUHJH Obl
Ha S? HerpepbIBHOE M0JIe HATIPABJIEHHUI!, Uero He MOXKeT GbiTh. JleficTBUTe/bHO,
HeMpepbIBHOE TMOJie HAMpaBJeHHH Ha 3aMKHYTOM MHOTOOOpasHH CYLIECTBYeT
TOT/IA M TOJILKO TOTJA, KOT/Ia HA HEM CYILIECTBYeT HerpepbiBHOE BEKTOPHOE MoJie
6e3 ocobbIx Touek (3agaua 18.12 us uactu I). O

C comnpsiKEHHBIM paccyioeHNeM W TECHO CBSI3aHO 080UCMBEHHOE PaccJo-
enne w* = Homc(w, C). Ecin B npoctpancrte V nan C 3amaHo 3pMHTOBO
CKaJIsipHOe MpPOU3BeJieHHe, Jisi KOToporo (Av, puw) = Afi(v, w), 10 dopmy-
na 7 — p(x) = (x, v) 3anaét usomopduam V — Home(V, C). TTostomy npu
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HaJUYHH B PacC/JOEeHHH w SPMHTOBOH METPHKH COTPSIKEHHOE pacc/ioeHHe W
KaHOHMYECKH M30MOP(HO JABOHCTBEHHOMY paccJoeHnto Home(w, C).
Teopema 11.32. Paccroenue w* @ w umeem HeHyresoe ceyeHue.
B uacmrocmu, ecau dimecw =1, mo paccioenue w* @ w mpusuaioHo.
HoxaszaTeabcTBo. MMeer MecTo KaHOHHUECKHH H3oMopdusm V* ®
®@V=Hom(V, V) (cm., Hanpumep, [I12], c¢. 170). B npoctpanctse Hom(V, V)
€CTh BBIJIeJIEHHBIH 3JIeMeHT — TOXK/lecTBeHHOe oToGpaxeHue. [TlosTomy pacco-
eHMe w* ® w MMeeT HeHyJIeBoe CeueHue. O
Teopema 11.33. Cnpasediuso paserncmso cy(@) = (— 1) cp(w).
HoxagzateabctBo. Ecimdimw=1, 10 ¢|(w)=e(wr) 4 ¢| (&) =e(wr).
OpueHTaumn paccjoeHnt wr U Wr MPOTHBOIOJIOKHbI, TOITOMY €| (W) = —C(w).
[lycTb w — KoMIIeKCHOE BEKTOPHOE pacc/ioeHHe Pa3MepHOCTH 1, f — pac-
ulerisitoliiee orobpaxkenue st w. Torna f*(w) =w; @ ... P w,, no3TOMY

[ (c@)) = c(f* (@) =c(@y) ...c(@n) =
=(Il=c@))...(1 —ci1(@n) =

=S Drar@) = (X Diea@).

YuutbiBasi, uto [* — MoHOMOpPHU3M, NosyuaeM Tpedyemoe. O
CanencrBue. Ecau = w, mo 2copy1(w) =0.
HokaszateabcTBo. [lyeth @ =2 w. Torma copy(w) = copr1(@) =

= (_1)2k+102k+1(w) = —Cop41(W). u
Knaccor Yaicerst KomnaekcHolx MHO2000pa3Ull OTIPeNeIISIIOTCST KAK KAacChl

UsKeHs1 UX KacaTeJIbHbIX PACCJIOEHHI.

Kaaccebl UkeHst KOMIUIEKCHDBIX MPOEKTHUBHLIX MPOCTPAHCTB BLIYKCJISIIOTCS
aHasiornuHo kjaccam [lITHdesnsi— YUTHH BellleCTBEHHBIX MPOEKTHBHBIX MPO-
cTpaHcTB (caenctBue Teopembl 11.11).

[Tpumep 11.16. Cnpasedauso pasencmso c(CP") = (1 + a)"*!, ede
o — obpasyroujas epynnol H*(CP";, Z), a unenno o= —ci(7,))

IlokasaTeJsbcTso. CioeM paceioenus v} nan troukoit [ € CP" sipisi-
ercs npsimas [ B C*H1. Tlyeth w" — paccsioenne nag CP™, cjioeM KOTOPOro Hajt
TouKoli [ IBsIeTCs OpTOroHabHoe aonoanenue [+ k npsamoii [ B C*+! otHocu-
TeJIbHO 3pMHUTOBA TpousBeeHus. [lokaxkem, uto Tepn = Homc(v,ll, w™). Heh-
CTBHUTEJIbHO, KacaTesbHblil Bektop K CP" 3anaércs napoit (x, v), rae x € [\ {0}
1 U — BEKTOP, OPTOrOHAJBHBIHA X; PH 3ToM napbl (Ax, Av) aist Beex A € C \ {0}
3aJIal0T OJIMH W TOT »Ke KacaTeJibHbli BekTop. [1o3TOMY KacartesbHbIN BEKTOP
OJIHO3HAYHO 3aaéTcsl JIMHEAHbIM oToGpaxennem [ — [+, koTopoe nepepo-
JIAT X B 0.

Paccaioenne Home(v), 7)) Tpusuanbio, nockossky ono umeer HyJesoe ce-
yeHue, COOTBETCTBYIOLIEe TOKAECTBEHHOMY oToGparKenHio. [1ycTh e¥ — tpupn-
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asbHoe R-MepHoe paccsioenue Hag CP™. Torna ep @e' 2Home(v), w'@y))=
=~ Homc(y,, e*!), nostomy paccaioenue mcpr @ ! nzomopduo npsimoii cymme

n + 1 sksemnasipos paccaoenuss Home (7, e!) =24}, Cornacuo teopeme 11.33
Mbl umeeM ¢ (7)) = —c;(v)). Tlostomy cornacho Teopemam 11.25 u 11.24
noayuaem ¢(CP") = (1 — ¢ ()™ = (1 + o)+, O

Kaxxomy BektopHOMy npoctpaHctBy V' Haja R MOXKHO COMOCTAaBHTL €ro
komnaexcugurayuio V Qg C. Kak npoctpanctBo Haj R OHO KaHOHHUECKH
M30MOP(HO MPOCTPAHCTBY, COCTOSIIIEMY H3 BEKTOPOB U + (w, Tie v, w € V.
YMHOxKeHUe Ha i 3aiaéres dpopmysioit i(v + iw) = iv — w.

Ecan £ — BelllecTBEHHOE paccJioeHHe, TO MOXKHO KOMIIJIEKCH(PUUHPOBATH
Kaxkzblil ero cJiofi. [Tonyuennoe pacciioenne 6ynem o6o3nauath € & C.

Jlemma. Paccaoenue &£ @ C usomopghno conpancéHHomy paccioeruio
¢ C.

HoxaszaTedabcTBo. PaccMorpum otoOpaxenue [, 3ajanHoe popmy-
Jaoi f(v +iw) =v — iw. Jlerko npoBeputh, uto f(i(v + iw)) = —if (v + iw).
[Tostomy oTobpaxkeHue [ 3amaéT nocaoiHbIl U30Mophu3M paccioenuil &€ @ C
ué®C. O

CanencrBue. Cnpasediuso pasercmso 2copy (& @ C)=0.

JLJ1s1 KaXKJ10T0 BEILECTBEHHOTO pacCyloeHus £ xapakmepucmuueckue KAAC-
col [Tonmpseuna onpenensioTcs caeayloudM o6pa3om:

pr(€) = (—Dfeo (€ ® C) € H**(B; Z).

DJieMeHThbI MopsiaiKa 2, a UMEHHO Cop 1 (€ ® C), npu aTom nrHopupytotest. Kiac-
col [lontpsarnHa o6JanatoT CBOHCTBOM €CTECTBEHHOCTH; KJacchl [ToHTpsirnHa
cTabUJIbHO SKBUBAJIEHTHBIX paccyioeHuil oquHakoBbl. Ho dopmyna p(€ & n) =
= p(&) p(n) HeBepHa, MOTOMY UTO Mbl OTOPOCHJIM 3JIeMEHTHI Mopsijika 2. BepHo
JIMIIb CJIe/lylolllee YTBepKAeHHe.

Teopema 11.34. 2(p(§ ®n) — p(§)pHn) =0.
JlokaszateabcTBo. Paccaoenue (€ 1) ® C nzomopho (£ ® C) @

® (n ® C). IToatomy

a(EeneC)= Y aleC)eneC).
i+j=k

Ot6pacbiBasi HeuéTHOMepHbIe Kaacchl UaKeHs1, NOJyunM

2e((E @M ®C)=2 Y o€ @C)ey;(n® C).
i+j=k

Uro6hbl MoyuuTh Tpedyemoe, yMHOXKHUM 00e yacth Ha (—1)% = (=1)/(=1)/. O
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Teopema 11.35. [lycmo w — KomniekcHoe n-mepHoe BeKmMopHoe
paccaoenue, pp = pr(wr) U ¢, = cp(w). Toeda

n

DD =Y (=D | D e
k=0 k=0

k=0

IlokaszaTeabcTso. Ilo onpenenennio (—1)%py = cop(wr ® C). To-
3TOMY JOCTATOUYHO MPOBEPUTh, UTO wr ® C=E w G w.

[Tyete W — komniekcHoe npoctpanctBo U V = Wr. [Ipoctpanctso V @ C
KaHOHUYECKH H30MOpQHO npocTpaHcTBy V & V|, Ha KOTOPOM 3ajiaHa onepaiius
J(x, y) = (—y, x), cooTBeTcTByIOasl YMHOXKeHHUI0 Ha . B mpoctpanctee W
3aJlaHO0 YMHOXKEHWEe Ha i, TI03TOMY MOXKHO PacCMOTpeTh JBa OTOOparKeHHs
fr(x)=(x, Fix) us V B V @ V. Jlerko npoBeputh, uto fi(ix) = £J(f+(x)),
T. €. oToOpakeHue [y KOMIJIEKCHO-JIMHEHHOe, a OToOpaXKeHue f_ aHTUJIMHElH-

noe. Kpome toro, V& V =Im [ & Im f_, nockosbky (x, y) = er(x—;zy) +

+ f_(x—sz). [TpocTpanctBo Im fy KaHoHuueckd usomopdHo W, a mpo-

ctpanctBo Im f_ kaHouuuecku nzomopdno W. Takne KaHOHMUECKHMe PA3Jo-
»KeHHs] MOXKHO TIOCTPOUTB JUIsl BCeX CJI0éB paccyoenust wr ® C. B pesynbrare
TIOJIyYHM TpeOyeMbli H30MOP(hH3M. O

Cnencteue. Cnpasedauso paserncmso p(CP") = (1 + o), ede
a — obpasyrouas epynnet H>(CP"; 7).

JokaszatenbcTBo. [lycth 7 — KacarenbHoe paccioenre CP" kak
KOMIIEKCHOTO MHOr000pasusi, Tp — €ro OBELeCTBJEHHe, T.e. KacaTeJbHoe
paccyioenre CP" Kkak BeleCTBEHHOTO MHOrooOpasusi. Mbl y»Ke 3HaeM, uTo
c(t) = (I + a)"t' =Y ¢4 Tlostomy S (=1D)¥c, = (1 — @)™, a 3naumt,
S (=1)fpr(r) = (1 — a)(1 + )™ ! = (1 — a?)"*!. A uz 31010 yiKe Caenyer,
110 Y pi(rg) = (1 + )+ O

§ 12. leiticTBuga rpynn

12.1. CumnavumanabHblie 1eHCTBUSA

TomnoJsiornueckoe npoctpancTBo X ¢ (PMKCHPOBAHHBIM JeHCTBHEM rpymbl G
HasbiBaloT G-npocmparncmson. Orobpaxenue f: X —Y nByx G-npocTpaHCTB
Ha3bIBAIOT 9KBUBAPUAHMHbIM, ecs [(g(x)) = g(f(x)) nisi Bcex g € G 1 Bcex
xeX.

[lyets G — KoHeuHasi rpynna, jaedcTByroliasi Ha npocTpaHcTBe |K|, rie
K — cummiuuuasbHblil KOMIJIEKC. DTO AeHCTBHE HA3bIBAIOT CUMAAULUANL-
HblM, ecau s JiobGoro g € G oroGpaxenne g: |K| — |K| cumnanum-
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asbHo. CUMMJIMUMAJBHBIA KoMrieKe K ¢ (pUKCHUPOBAHHBIM CHMILIHIHAJb-
HBIM JIEHCTBUEM KOHEUHOH Tpynnbl G HasblBAOT cumnauyuaroroim G-Kom-
NACKCOM.

CumnnumrasbHoe 0ToOpaXKeHHe CUMIJIMUHAJBHBIX KOMIJIEKCOB HHIYLH-
pYeT CHMIUIMIMAJbHOE OTOOpaXkeHHe WX OapHUEHTPUUECKHX MOJpa3JieseHHi.
[Tostomy GapuiieHTpHYeCKOe Topa3/iesieHle CHMIIHIHAIbHOTO G -KoMIlieKkca
TOXKeE SIBJSETCS CHMILIMLIMAILHBIM (G ~KOMIJIEKCOM.

Jast cumninumanbioro G-komnsekca K omnpenesum CUMIJIHLHAJbHbIN
komrieke K /G caenytonmm o6pazom. Bepiunnbl kKomriekca K /G — 310 op6u-
Thl IeHCTBUA TPyNNbl G Ha MHOXKECTBE BEpLIMH KoMIsieKca K, T. e. KaxKjias Bep-

wuna K/G umeer Bua v* = G(v), rie v — Bepiunna K. Bepumubl 0, ..., v
SIBJISTIOTCST BepIIMHAMH cuMIUiekca B K /G Tora W TOJIbKO TOTAA, KOTJa M3
OpOHUT 0f, ..., U; MOXKHO BbIOPAThb BEPLUUHBL Uy, ..., Uy, KOTOPhIE SIBJASAIOTCS
BepllMHaMu cummyiekca B K. B takom cjyuae 6yaem roBopUThb, UTO CHUMILIEKC
[vo, ..., U] J€XHT mad cummiekcoMm [vg, ..., ui]. OTMETHM, UTO ec/H U3
OpOMT U, ..., U, BbIOpaTh APYrHe BEPLUMHbLI, TO HE 00s3aTE/ILHO MOJYYHTCS
CUMILJIEKC.

CormocTapJisist BepliiHe v opOUTY 0¥, MoJyyaeM CUMIIHLHANbHOE 0To6pa-
xehne K — K/G, a 3uauut, u HenpepbiBHoe otoGpaxenue |K| — |K/G|. Ha
TOTOJIOrHUEeCKOM npocTpancTBe |K | neiictByer rpynna G: aiement g € G nepe-
BOJIUT TOUKY > A\;0; B TOUKY Y. \; gu; (Mbl M0OJIb3yeMcsi TeM, UTO g MEPEBOJNT
CUMILIEKC B cuMIieKc). [ToaToMy MOXKHO paccMOTpeTb MPOCTPAHCTBO OPOMT
|K|/G. Conocrasum opoute G (3 Av;) touky >N G(v;) = > Avf. B pe-
ysibrare nogyuum otoopaxenue |K|/G — |K/G|. dto oToGpaxkenue B3aUMHO
0JIHO3HAYHO TOTJA U TOJIBLKO TOT/A, KOT/A BBIMOJHSETCS CJeIyIOlIee YCAOBUE:
ecau (vg, ..., Uy) U (Qovo, ..., GnUy) — JBA cumiiekca B K, To Haiinércs
Takol snemeHtT g € G, uto guv; = giv; i i =0, 1, ..., n.

MHorue TeopeMbl 0 CHMIUIMIMANbHBIX (-KOMIJIEKCAaX MOXKHO J0Ka3aThb
JIWIb B TOM CJlyuae, Koraa 31oT (G -KoMIuieKe 00J1a1aeT HeKOTOPLIMU JIOTOJIHH -
TeJibHbIMU CBOBcTBaMu. Ho, Kak mpaBu/io, BBIMOJHEHUS] ITHX CBOHCTB BCeraa
MOXKHO J0OUTHCSI, U3MEJIbUUB TPHAHTYJISILMIO (HANpUMep, Tepeiisi K nepBoMmy
WJIH BTOpPOMY GapHILEeHTpHUYeCKOMYy Toapassiesiennio). K takum cBoiicTBaM oT-
HoCsATCS chopMyJ/IHpoBaHHbIe HIKe cBoricTBa (R) 1 (A).

Cumnnuranbibiil G-xomruieke K Ha3bIBaIOT peeyAspHulM, €CIH IJIs JI0-
6ot noarpynnbl H C G BeiNoJiHsETCS caenylonlee cBoieTBO (R).

I[Tycmeo hg, ..., h, € H u [vg, ..., v4], [Aovo, - .., hav,] — 084 cumnaex-
ca 8 K. Toeda wnaitioémca makotl aaremenm h € H, umo hv; = h;v; 0aa
i=0,1,..., n

Bynem roBoputh, uto cummiMuManbHbl G -KoMIJeke obJsanaer CBOM-
ctBoM (A), ecain oH oGJagaer JOObIM M3 JBYX CBOHCTB, C(hOPMYJHPOBAHHBIX
B YCJIOBUH CJIE/YIOLIEH JIeMMbI.
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Jlemwma. [aa cumnauyuarvnoeo G-xkomnaexca K caedyrowue ycao-
8USL IKBUBANCHIIHOL

1) daa awboeo aremenma g € G u moboeo cumnaekca A uz K sce
mouxu mHoxcecmaea A N gA Henoo8uUNICHbL OMHOCUMENbHO Delicmaus de-
menma g,

2) ecau sepuluHbl U U GU NPUHAOACH AN OOHOMY CUMNACKCY, MO U = ZU.

JoxaszaTeabcTBo. [IpennosoxKum, uTo BBIMOJHEHO YcJjoBue 1).
[TycTh BeplMHbl U M gu npuHaaiexat cumnaekcy A. Torna Bepmnbl g~ o
W U IIpHHAAJIEKAT cuMILieKey g~ ' A, nostomy onu coenuHennl peépom Al (iu
cosnaznator). dcuo, uto v € Al N gA!| nostomy go = v.

[Tpennogoxxum, urto BbinosHeHo ycgoBue 2). [lyeth v € AN gA. Torna
BEPIIUHBI U U gU MPUHAJIEXKAT OJIHOMY CHMIIEKCY A, a 3HauuT, v = gu. [

Teopema 12.1. Bmopoe bapuyenmpuueckoe nodpazdeserue aio-
6020 cumnauyuarvrnoco G-komnaekca fsasemcea peeyraproin G-kom-
NAEKCOM.

JdokaszaTeabcTBo. JlokaxkeM cHauasa, yTo 6apHLEHTPHYECKOE T/~
paspnesienne K’ yoboro cumruumanbioro G-komriiekca K oGsanaer cBoii-
ctBoM (A).

Kaxxnoit Bepiinne v komrsiekca K’ cootBerctByer cummieke A(v) B K,
BHYTPEHHEH TOUKOH KOTOpOro oHa sBJsiercs. IIpH 3TOM BeplIMHBI U] U U
MPUHAJJIEXKAT OJIHOMY H TOMY 2Ke CHMIJIEKCY W3 K’ Toraa u ToJIbKO TOr/a, Korja
OJIMH U3 cumIiekcoB A(v;) U A(vg) sBasieTcs rpaHbto apyroro. Kpome toro,
A(gv)=gA(v); B UaCTHOCTH, pa3MepHOCTH cuMILIekcoB A(v) u A(gv) paBHbI.
[Tostomy ecisin BepiumHbl 0 U QU JexaT B K’ B OJIHOM U TOM K& CHMILIEKCE,
TO OJMH U3 cumiiekcoB A(v) u A(gu) siBjsieTcst rpaHblo JIPYroro U rMpu 3TOM
MX pasmepHocTH paBHbl. CjenoBartesibHo, A(v) = A(gv), a 3HauuT, v = gu.

JlokaxkeM Terepb, UTO €CJIM CHMIUIMLMAJbHBIA G-KoMmuieke K obJanaer
cBorictBoM (A), To ero GapuieHTprYecKoe nojapasenenue K’ obsagaer cBoi-
ctBoM (R).

[Ipumennm unaykuuto no z. [Ipennosnoxum, uto vy, ..., v,] 1 [Agvo, ...
..., hyu,] —cumnnekent B K/ u cBoiictBo (R) BhimosHsiercst agist (1 — 1)-mep-
HbIX CHUMIIJIEKCOB, 77 > | (11 HyJIbMepHBIX CHMILIEKCOB cBOUCTBO (R) BhimoJi-
HsleTcs Bcerna). VameHuB Hymepaluio BepIIHMH, MOXHO CuMTaTh, uto A(vg) C
C A(v)) C ... C A(vy), T.e. vgp — BeplIMHA cUMIJIeKca U3 K, v| — cepeanHa
pe6pa u T. 1. COracHO MPearnooKeHHI0 UHIYKIIMH HARAETCS TAKOH SJeMEHT

heH,uro hv;=h;o;npui=0, 1, ..., n— 1. [lokaxewm, uto h,v; = h;v; npu
Bcex . [Ipu i = n paBEHCTBO OUEBHJHO, MO3TOMY €r0 HYXKHO MPOBEPHUTH LIS
i=0,1,...,n—1.Tloa neficterem snementa A~ cummneke [Agvo, - .., Ay0n]
MepexouT B CHMILIEKC [vg, ..., Up_1, B~ h,0,]. Tlpu sTOM

A(vg) CA®©)) C ... CA(y_1) C Ah™ hyv,) = K hy Avy).
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CaenoBarensho, A(v,_1) C A(v,) N~ h,A(v,). Cornacho cpofictBy (A) Bee
Touku (1 — 1)-mepHoro cumriekca A(v,_|) HEMOJABUKHBI OTHOCUTEJILHO JIek~
ctBust snementa A= h,. Tlostomy A= h,v; =0, npui =0, 1, ..., n— 1. Cae-
JloBaTesbHO, f1,0; = hv; = h;v;, uTo U TpeboBAIOCh. O

Wrak, nocJjie u3MesibueHnsi TPHAHTYJSUMH KOMIeKea K MOXHO OTOXKJie-
ctBUTh MHOKecTBa |K|/G 1 |K/G|. TIp TaKOM OTOK/IECTB/IEHHH €CTECTBEHHbIE
TOTIOJIOTHH 3THX MHOKECTB COBMAJAIOT, T.e. otobpaxkenue |K|/G — |K/G|—
romeomopduam. JlelicTBUTEIbHO, CUMIUIHLMAIbHOE oToOpaxenne K — K/G
CIOP'bEKTHBHO, MO3TOMY MHOXKECTBO OTKphITO B |K /G| Torma u TosbKo Torja,
Korja ero npoo6pas otkpbit B |K|. Ha npoctpancrse op6ur |K|/G Tomono-
THsST TAKOBA: MHOXKECTBO OTKPBITO B |K|/G Tora W TObKO TOT/a, KOTJa ero
npoo6pasz oTKpbIT B |K|. Ocraérest 3aMeTHTb, UTO KOMIO3HLIMS OTOOpaXKeHHH

|K| — |K|/G — |K/G| coBnanaer ¢ oto6paxennem |K| — |K/G|.

12.2. SKBI/IBapl/laHTHaFI CUMIIJIMUHAJNIbHAA annpoKCcumaulus

Bynem rosoputh, uto cummumumManbHbiii G-kommieke L obsanaer cBoi-
ctBoM (), ecan u3 toro, uro g(A) = A nast HeKkoToporo cumriekca A B L,
CJIeJIyeT, UTO OrpaHUueHHe IeACTBUS dJeMeHTa g Ha A — TOXKIEeCTBEHHOE 0TO0-
pakeHue.

Bapuiientprueckoe noapasuesete K’ no60ro cumriuinaibHoro G -Kom-
nsiekca K o6usanaer corictBoM (I). dto obliiee CBOHCTBO CHMIMIMLMAJILHBIX
oroOpaxkeHuil (dacTb I, Teopema 8.3).

Teopema 122, [lyemo K u L — cumnauyuasoroie G-kKomniexcot,
npuuém L obaradaem ceoiicmsom (1). Toeda 0aa awb6oeo Henpepo.8HOCO
omobpascenus [: |K|— |L| cywecmsyem 3ksusapuanmaas cumnilyi-
aavras annpokcumayus ¢: K — L.

JlokaszaTeabcTso. [lyeth ¢: K™ — L —npousBosibHasi CHMILIHLM-
aJibHasi annpokcumalus otobpaxkeHusi f. Onpenesum SKBUBapUAHTHOE CHM-
nanuMaboe otoopaxkenne ¢: K — L cienyommm o6pasom. Kaxnoi sep-
wune v € K™ conocrasum eé opouty {g(v) | g € G}. Op6uthl aBYX Bep-
wMH Ju60 coBnajaaioT, au6o He repecekalorcsl. BeiGepem B Kakaoi op6ute
OJHy BepluiMHy v. s Heé nosoxkuM (v) =1(v), a Wi BCeX ocTasbHbIX
BEPIIMH U3 TOH Ke camol opOUTHI MoJiokuM ©(g(v)) = g(p(v)) = g (v)).
[Ipexkzie BCero Hy»KHO MPOBEPHUTb, UTO 3TO ONpeesieHHe KOPPEKTHO, T. €. ec-
am g1 (v) = go(v), To g1(¥(v)) = g2(1p(v)). DKBUBAJIEHTHOE YCJIOBHE TaKOBO:
ecsm g(v) =v, 10 g(¥(v)) = (v); 3nech g = gflgg. s nokasatesibCcTBa
BocnoJib3yemcsi cBoilcTBoM (I). Ilycts A — cummieke B L, BHyTpeHHeH Tou-
Kol KoToporo sijisietrcst Touka f(v). Touka g(f(v)) = f(g(v)) = [(v) Toxe
SBJISIETCS BHYTPEHHeH TOuko# cummiekca A, nostomy g(A) = A. B takom
cayuae corsacHo cBoicTBy (1) mbl umeeM g|a = ida. Ho ¢ — cumninumanbhast
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anmnpokchMalyst otobpaykeHust f, mostomy (v) € A, a sHauut, g(¥(v)) =
= ().

OcTaérest MpoBePHUTD, UTO (p — CUMILIHLHAJbHAST aPOKCUMaLUsi 0To6pa-
wenust f, T.e. f(stv) C sto(v) ans mo6oi Bepmnbl v € K™, Eciu v — Bbi-
OpaHHasi Touka JJIsi JAHHOH OpOuTHI, TO ¢(v) =¥ (v) U f(stv) C stp(v), no-
CKOJIbKY 1) — CHMIUIMLMAJIbHAS annpoKcuMalust otobpaxenus f. [lis moboro
sneMenTa g € G CUMIVIMLIMAJBbHOE 0TOOpaKeHHe g B3aUMHO OJIHO3HAUHO, TMO-
stomy st g(v) = g(stv), e v — Bepumna kommiaekca K™ uan L. Takum
obpasom, ecau f(stv) C sty(v), To f(stg(v)) = [(g(stv)) = g(f(stv)) C
C g(stp(v)) = st(ge(v)) = sty(g(v)). O

Sameuanue. [locTpoeHHoe oTob6paxeHue ¢ 3KBUBAPUAHTHO TOMOTOI-
HO [, T.e. TOMOTOIMHO B KJlacCe IKBMBAPHAHTHBIX OTOOpakeHi. [omoTomus
cTpoutcsi 06bIuHbIM 06pa3oM (ToukH @(x) U f(x) JiexkaT B OJHOM H TOM »Ke
CHUMILIEKCE, [T0ITOMY HX MOXKHO COEIHHUTbH OTPE3KOM).

12.3. HenoaBuiKHble TOYKU M HEMOJBUKHbIE CHUMILIEKChI

Jlnst G-npoctpanctsa X nosoxkum X0 ={x € X | gx=xVge G}, 1.e. X0 —
MHOYKECTBO TOUEK, HEMOJBHXKHBIX OTHOCHTEJbHO HeiicTBusi rpymmbl G. st
cuMILHabHoro G-kommyekca K o6osnaunm uepes K9 nogkomnaexe B K,
COCTOSILIIMHA M3 CHMIIEKCOB, MOTOYEUHO HEMOJBHKHBIX OTHOCHTENLHO JeH-
creust rpynnbl G. Sleno, uto [K9| C |K|9. Touka x npuHaaIexuT MHOXKECTBY
|K|9 \ |KY| torna u ToibKO TOra, KOIjla OHa JIEKHT BHYTPH CHMILIeKCa
A =vgy, ..., 0], gx =x s Bcex g € G, HO gU; # U; /IS HEKOTOPOTO i
1 HekoToporo g € G. Ec/iu BHYTpeHHfs TOuKa CHUMIUIeKca A HernoaBHXK-
Ha OTHOCHTEJIbHO NeHCTBUSI 3jeMeHTa g, To gA = A. B uactHocTH, ecsH
cUMIIHLMabHBIE G -kKommyieke K o6sanaer ceoiictBom (A), To |KY| = |K|9.
Hanowmuum, uto cBoiicTBoM (A) o6sanaer GapHileHTPHUECKOE MOjpasjiesieHHe
J060ro cUMIIMLHaibHoro G-komriekca. [Toatomy nocsie uaMesbueHusi pas-
Guenus Beerjia MoxKHO cuntath, uto |K9| = |K|9.

Teopema 12.3. [lycmo K — cunnauyuanonoilli Z,-komniexc, obara-
Oarouuii ceoiicmseom (A)*), g — obpasyouasn epynnot Z,. Toeda x(KY9) =
= A(g), ede A(g) — uucao Jlegpueya omobpancenus g: |K| — |K]|.

HoxaszateabctBo (cm. [Wed]). IlpencraBum C.(K; R) B Bume
Vi @ Wy, tne Vi, = Cr(KY; R), a 6asucom mpoctpanctsa W, cjyxar cHM-
niekchl, ne npunamnexxauue K9, Ilo onpenenenwio x(K%) =3 (= 1) dim V,,
n A(g) =Y (—1)*tr g, rae oto6paenne gi: Cp(K; R) — Cp(K; R) unmy-
LIMPOBAHO JeHCTBHEM JIeMeHTa g Ha k-MepHBIX cuMIiekcax. M3 cBofictea (A)
caeayer, uto ecii gA = A, 1o A € KY9. Tlostomy ecau 3anucathb MaT-

*) CaoiictBo (A) copmysnposato Ha ¢. 190. Hanomunm, uto GapuiieHTpruecKoe nojpasjiesneHne
JII060r0 CUMIIULHAIBHOTO G -KoMIIeKca 00J1anaetT cBoicTBoM (A).
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pHLly OTOOGpaXKeHHs] g, OTHOCHTENBHO eCTeCTBEHHOro 6asuca MpOoCTpaHCTBa
Vi @& W, To nepsbie dim V), nuaroHajibHbIX 3J1eMEHTOB 3TOH MaTpHilbl GYIyT
paBHbI 1, a Bce ocTasbHble MaroHaJsbHble 3jeMeHThl 6yayT paBHbl 0. Caeno-
BaTesbHO, tr g, = dim V. O

eticTere rpynmsl G Ha npocTpaHCcTBe X HA3bIBAIOT 3 hekmusHoLM, eClu
JUIsE JIIO6OTO dyieMeHTa g € G, OTJIMUHOTO OT €IMHUUHOrO 3JieMeHTa, HalIéTcs
Touka X € X, 1Jisl KOTOPOH gx # X.

Teopema 124 (Muukoscku#t). [lycmo M — mpuaneyruposartas
chepa ¢ n pyukamu, n > 2, Ha KOmMopoi IghgdexmusHo (U CUMNAULYUALLHO)
deiicmsyem korneunas epynna G, npuuém soinoansemcs csoiicmso (A).
Toeda das awboeo asemenma g € G, OMAUYHO20 OM eOUHUYHO20 3je-
menma, omobpascerue gy: Hy(M; R) — H{(M; R) ne moacdecmserno.

HoxaszateabctBo (cMm. [Wed]). IlokaxeMm, 4To MHOXKECTBO TOUEK
MHOT000pa3us M, HEMOJABHAKHBIX OTHOCUTENBHO IEHCTBUSA MOArpynmbl Zy,, C G,
MOPOXKIAEHHON 3JIEMEHTOM g, TpPeACTaBJsieT coO0l 00beluHeHHe HeCKOJb-
KUX M30JIMPOBAHHBIX TOUEK M HerepeceKaloluxcsi OKpy»KHocTel. Bo-nepBbix,
s¢deKTHBHOE JielcTBHE HAa M He MOXKET HMETb HENOJBHXKHBIX JIByMEPHbIX
CHUMIIJIEKCOB, TMOTOMY UTO JIByMEpHbIE CHMILIEKCHI, HMetolne ofbliee peGpo
C HEMOJBHXKHBIM CHMIJIEKCOM, TOXKE JI0JKHbI OblTh HEMOJBHXKHBIMH (CBO-
6o/Has BeplUIMHA MOXET MepedTH TOJbKO cama B ce0s1). Bo-BTopbix, ecJu
U — HeToJIBUXKHAS BepllIHHA, TO JUOO OHA SIBJSETCS M30JUPOBAHHON HEMO-
JIBUXKHOH TOUKOH, JIMOO M3 He€ BBIXOAAT POBHO JBa HENOJABHXKHBIX pebpa.
JleficTBUTENBHO, MYCTb Uy, ..., Uy — BEPILIHHBI, COCEJHHE C U, 3aHYMEpO-
BaHHble M0 MOPSAKY (Hampumep, Mo 4acoBok crpeJsike). [Ipeanosoxum, uto
gu| =vp. Torna gue = vpq) WM gug = Up_ . B nepBom ciyuae gu; = vp_j4,
a BO BTOPOM CJlyuae gu; = Upy|—;. B MepBOM ciyuae BHYTPH MHOTOYTOJb-
HUKA U] ...U; HENOJBHXKHA TOJBHKO TOUKA U, a BO BTOPOM CJyyae eCTb JiBa
HEMOJIBHKHBIX OTPE3Ka, COENMHSIOIMX U JMOO C HEKOTOPOH BepLIMHOH v,
7160 ¢ cepeinHoil HeKoToporo pedpa v;v;41. CBoiicTBo (A) HckaouaeT BTOpoi
BapHaHT.

[Tpennogoxum, uto oto6paxkeHue g, Toxaectsentoe. Torna A(g)=x(M)=
=2—2n<0, nockosbKy 1 > 1. C 1pyro# CTOpoHsl, coryiacHo Teopeme 12.3 mbl
umeem A(g) = x (M%), a x(M%) > 0, nockosibky M%" cOCTOMT U3 HECKOJILKHX
M30JIMPOBAHHBIX TOUEK W MOTAPHO HE MepeceKatolnxcsi OKPY»KHOCTEH. O

12.4. Tpaucdep

[Tycts G — KoHeuHas rpynna, K — peryJisipHblil CHMIVIMLMAAbHBIA G -KOM-
nieke, C, (K) — cuMninumanbHblil LenHol komreke. 3agaaum Ha C, (K) nefi-
ctBUe Tpynnbl G, noJoxkuB glvo, ..., Us] =[gvo, ..., gu,]. PaccmoTpum ro-

momopduam o: C,.(K) — C.(K), nepeBoasiiiuii ueno ¢ B »_, gc.
g€G
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Ecnu nmopkommnneke L C K WHBapuaHTeH OTHOCHTENBHO NEHCTBHSI Tpym-
bl G, 1o nedctsue rpynnbl G MoxHo nepenectd Ha Cyu (K, L) = C(K)/C.(L).
B stom cayuae romomopduam o: C. (K, L) — C.(K, L) onpenensiercs aHajio-
THUHO.

[Tycts p: K — K /G — kanonndeckast poeKIust (OHa SBJASIETCS] CUMTTTHIN-
aJlbHbIM oToOpaxeHuem). OTobpazkeHHe p MHAYLMPYET LieNHoe oToOparKeHHe
py: Cu(K, L) — C.(K/G, L/G).

Teopewma 12.5. [Iycmo nodkomnaexc L. C K unsapuanmer ommuo-
cumenvro deicmsusn epynno. G. Toeda Kero = Ker p.

JlokaszaTenbcTBo. [Ipexkae Bcero nokaxem, uTo M3 yCJ0BHs pery-
JISIPHOCTH KoMrlieKca K caenyeT cBoiicTBo (A). [1peanosnoxum, 4To BepIIHHBI
U W gu mNpUHasIeXxaT oAHoMy cummiekcy. Torna [v, v] u [v, gv] — cum-
niiekcbl B K. ConacHo ycJIOBUIO peryfsipHocTd v = g'v u gu = g'v ais
HekoToporo ssemenra g’ € G. Takum o6pasom, v = g'v = gu, uto U TpeGoBa-
JIOCh.

Pacemorpum B K/G cumriekc A* Tlyers A%, .., A’; — CHUMILJIEKCHI U3 K,
nexaie naa A*. M3 yc/oBHSI perysisspHOCTH CJIeIyeT, 4TO 9TH CHMILIEK-
Cbl MOXXHO OPMEHTHPOBAThL coriacoBanno ¢ AF, T.e. Tak, uTo6bl npoexiys
pi: A — A* coxpansna opuentawuio. JleficTBUTENbHO, U3 YCJOBHS Perysip-

HoctH caeayer coiictBo (A). [Tostomy ecau gloo, ..., v, = [vo, .- ., Ual,
TO BCe TOUKH CHUMILIEKCA [V, ..., Uy| HEMOJBHMKHBI OTHOCHUTEJbHO JIEHCTBUS
3/eMeHTa g; B YaCTHOCTH, g COXpaHsIeT OpHeHTalMIo CUMIIeKea [T, ..., Uy].

n n n n
[ycts c=3" a;A¥. Torna pyc= (Z ai)Ak u ac:|%| (Z ai) (Z Af);

i=1 i=1 i=1 i=1

G n

BTOpOE PABEHCTBO CJlelyeT H3 Toro, uto y, gAk = % S A% Tlpu Bhiuuc-
gelG i=l

nennn Kero u Ker py HyKHO pasOuTh Kax/ylo Llenb Ha cjaraeMble BUJa

n

> al-Af?; LeMNb JIEXKUT B si/Ipe TOrJA U TOJILKO TOT/IA, KOTJIA KaXK10€e eé caraeMoe
i=1
TAKOTo BHJA JIEXKHUT B siape. JJIsi TaKUX cJlaraeMbiX YCJOBHS MPUHAJIEKHOCTH

n n
sipaM MOUTH OJIMHAKOBbIE: % (Z ai) =0wu > a; =0; w5 UEJOUHCIIEHHBIX
i=1 i=1
KO3(PMHULMEHTOB @; 3TH YCJIOBUSI B TOUHOCTH OJIMHAKOBBIE. O
3ameuanue. Ecau BMecto rpynnbl KoaphuUUeHTOB Z paccMaTPUBaTh
MPOU3BOJIbHYIO Ipyriny KosdduunentoB A, To Teopema 12.5 ocraérest BepHoit
B TOM CJlyuae, Korja B A HeT aJjieMeHTa a, Ajst koroporo |Gla = 0.
Oro6paxenne pyu: C.(K, L) — C.(K/G, L/G) snumopdHo, mnosTOMY
C.(K/G,L/G)= C.(K,L)/Kerpy =C.(K,L)/Kero 2 cC.(K, L), T.e. Mbl
noJiyuaem KaHoHuuecKu# tennoi usomopdusm pu: Co(K/G, L/G)—oC. (K, L).
Komnosuist sToro romomopduama u Braodennsi oC. (K, L) C C.(K, L)
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HHIyLHpyet romoMopduam . : H.(K/G, L/G) — H.(K, L), Ha3biBaeMmblii
mpancgepom. SIcHO Takxke, UTO OTOOpPAKEHHE p HHIAYLHUPYET rOMOMOP(H3M
pi: Ho(K, L) — H.(K/G, L/G). BeisicHuM, KaK yCTPOEHbI KOMITO3HLUH FOMO-
MOP(U3MOB P fbs U fhg P

HenocpencTseHHo U3 onpesesienust BULHO, UTO L PyC = 0C, TIOITOMY fby Py =

= > g, rae otobpaxenue g.: H.(K, L) — H.(K, L) uaayusposaHo eii-
g€a
cTBHEM 3/ieMenTa g. Kpome Toro, mo6oi anement ¢ € Co(K/G, L/G) moxHO

npeicTaBuTh B Buile ¢ = puc, rae ¢ € C.(K, L). [Tostomy pé = ppuc = oc,
a 3HAUUT, puul = ppoc = |G|pge =|G|C. Takum 06pasoM, p.ji. — yMHOXKe-
Hue Ha |G|.
Jlio6Gast ienb oc = Y. gc HHBapPHAHTHA OTHOCHTEJILHO JeHCTBHS TPYMIibl G.
g€G

[ostomy Impu C Co(K, L)Y w Imp, C Ho (K, L)Y, Slcno, uto orpannuenue
otoGpaxenus . p, Ha H.(K, L)% npencrasaser coboii cymmy |G| Toxnie-
CTBEHHbBIX OTOOPaXKEHHUH, T. €. TOXKe sBJIsSeTCs yMHOXKeHHeM Ha |G|. Bocnosb-
30BaBLINCH 3aMeuaHHeM TIocje TeopeMbl 12.5, mosyyaeM crenyiolliee yTBep-
XKJIEHHE.

Teopema 12.6. [Ilycmo F — nose, xapakmepucmuka Komopozo
s3aumno npocma ¢ |G| uau pasna nyao. Toeda omobpacerus

pe: Ho(K, L; F)° — H.(K/G, L/G: F)

st Ho(K/G, L/G; F) — H.(K, L; F)°

— uzomopguamol. Kpome moeo, 10po eomomoppusma p.: H.(K, L; F) —
— H.(K/G, L/G; F) cosnadaem ¢ adpom omobpajicenus oy.

[Tokaxkem, uto B Teopeme 12.6 Henb3s OTOPOCHTD yCJIOBHE B3aUMHOMH NPO-
crothl |G| ¥ XapakTepUCTHKH M0Jist Koadduunentos F. Pacemorpum B KauecTse
npumepa Junay L(p, q). B stom cayuae K = S® — perynsipublii G-KoMIiekc,
rie G =7Z,, L(p, g) = K/G. V13 dopmyibl yHUBepcalbHbIX KO3(DOHULIHEHTOB
JIETKO BBIBOJIUTCS, UTO €CJIH p’ — MPOCTOE UMCJI0, TO MpH £ = | 1 2 nMeeT MecTo
M30MOpPPU3M

Z,, ecau p pejaurcs Ha p':
p

Hi(L(p, q); Zpr) = {0 /
, ecJid p He JeuTcs Ha p’.
Takum o6pasom, ecan p = |G| neanrcs va p’, 1o rpynmsl Hp(L(p, q); Zp)
n Hy(S?; Z,)% =0 e nsomopbi.
Teopema 12.6 ecTecTBeHHbIM 06PA30M MEPEHOCHTCSI M HA TPYMIbl KOTOMO-
JIOTHH.
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12.5. Teopus Cmura

3zech Mbl OyleM paccMaTpuBath cayuait, Korna G = Z,, Npuuém p — 1po-
ctoe uncdio. (OTMETHM, UTO B MPUJIOKEHHSIX HHTEPECEH JlaXKe CaMblil MPOCTOM
cayuail p = 2.) [oMosIorun ¥ KOrOMOJIOTHH ToKe OyjieM pacCcMaTpUBaTh TOJBKO
¢ KosduieHTamu B Z .

[Tycts K — peryasipublit G-koMnuieke, L — UHBapUaHTHBIH MOJKOMILIEKC.
Uenu us C.(K, L; Z,) MOXHO YMHOXkKATh Ha 3JEMEHTbl epynnoso2o KoAb-
ya Z,G, cocrosiiero U3 GopMasibHbIX CYMM Y a; g;, The @; €Z, u g € G =Z,.
[Tyctb g — duxcupoBanHas obpagyiouias rpynnbsl G (T.e. o060 HeHyJeBOH
sjiemMenT). st rpynnbl G Mbl OyjileM HCTOJb30BATh MYJBTHIJIMKATHBHBIE 060-
3HaueHus, T. e. OyJleM CuMTaTh, uto G COCTOMT U3 3ementos {1, g, ..., g’ '}
PaccmoTpum B rpynnosoM KoJble Z,G 3jeMeHTol 0 =14+ g + ... + gr!
uT=1— g. 3 paBeHcrea g” =1 caenyer, uro o = 0.

[Tposepum Tenepnb, uto 77~ =g, T.e. (—l)k(p k_ 1) =1 (mod p). B ca-
MoM gene, (1 — p)2—p)...(k—p)=1-2...k (mod p), nostomy

1-2...(p=k=1)-(=D¥p =k ...(p=1)
1-2.. . (p—k—1)-1-2..k

=1 (mod p).

Jlnsi s1eMeHTOB BHa p = TF BBeAéM o6o3Hauenne p = 7°~*. B uactHocTH,

T=0uo=7 Jaa kaxporo p=7F 1< k< p— 1, paccMOTpUM LienHOi
noakommaeke pCy (K, L; Z,) C C.(K, L; Z,). B nanpHeHInx 0603HaYCHHSIX
rpyniy KosdduurenTos Z, Gyiem onycKarb.

Teopewma 12.7. Jlag moboeo p=71%1< k< p — 1, nocredosamens-
HOCNb UenHbLX KOMNACKCO8

0—5C.(K, L)@ Co(KY, L9~ C.(K, L) 25 pCL(K, L) — 0

mouna. (30eco i — cymma ecmecmserHoLX 8KAMOUEHUL, pX — YMHOJNCEHILe
Ha p.)

JlokaszaTenbcTBO. [Ipexkyie Bcero oTMeTHM, UTO BKJIIOUYeHHe
C.(K%, LY) — C.(K, L) onpeeseno KoppekTHo, nockosbky L9 =L N KY.

Hac unrepecyior Tosbko cummekch 13 K \ L. TTpeanonoxum, uto A C K9.
Torna 7A =0, nosromy pA =0 u pA =0. D10, B 4aCTHOCTH, 03HAUAET, UTO
oto6paente i nepesoant pC. (K, L) @0 u 0@ C.(KY, LY) B nognpoctpan-
CTBa, KOTOpbIE TEpeceKalTcsi TOJbKO 1Mo HyJio. Kpome Toro, otobparkeHue
px nepesoaut noanpoctpanctso C,(KY, L9) € C.(K, L) B uyab. ITostomy
JIOCTATOYHO MPOBEPHTHL TOUHOCTL JUIs Lernefl Buaa Y. a; g A, rne A ¢ K.
[Ipu ¢ukcupoBaHHOM A 1leMb TAKOro BUAA OJHO3HAUHO 3a7aéTCsl 3JE€MEHTOM
Saig' € A, rne A = Z,G —rpynnosoe kosiblio. [TostoMy ocTaérest nposeputh
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TOUHOCTb MOCJIEI0BATEILHOCTH
— i pX
0— pA — A— pA —0.

SlcHo, uto i — MoHOMOpP(HU3M, a pXx — 3nuMopduam. [ToaToOMy HYXKHO JIHIIb
npoBeputh, uto dim(pA) + dim(pA) = dim A = p (umeercs B BHIy pasmep-
HOCTb Haj noJqieM Z,). Hanomuum, uto p = el <k<p—1lup=1"""%
[Tokaxewm, uto dim(7%A) = p — k. S11po 0TOGpasKeHUs T COCTOUT U3 TeMEHTOB
S a; g, ans kotopoix Y a; gl =Y a; g't!. 1o oznauaer, uto a; = a; 4 =. ..,
T.€. SIPO MOPOXKAEHO ONHUM 3jeMenToM o = | + g + ... + gP~'. Tlostomy
dim(7A) = p — 1. Kpome Toro, o = 77~ = 7%7P=k=1 "nosromy Kerr = (0) C
c 7A. Caenosatensho, dim(7*'A) = dim (7% A) = dim(7*A) — 1. O

Ipynnsl romosoruit HE (K, L; Z,) = H (pC (K, L; Z,)) HaspiBaior eomo-
aoeuveckumu epynnamu Cuuma. Kopotkasi TouHasi NOC/1€10BaTENbHOCTb U3
TeopeMbl 12.7 MHIyLUPYET TOUHYIO TOCJAEI0BATENbHOCTb TOMOJOTHH

s HP(K, L) @ Hy (KO, 19) 2 Hy(K, L) 225 Bk, L)
L HP (K, L)@ Hyoy (KO, L9 — ...

E€ HasbiBaloT mouroi nocaedosamenorocmoio Cuuma. OOGbIUHO TOUHYIO
nocseoBaTe/bHOCT CMUTA HCMOJBb3YIOT VIt p =0 U IS p = T.

Jlnsi romosiornueckux rpynn CMHTa MOXKHO MOCTPOMTH ellé OJMH Habop
TOUHBIX MOCJIeI0BaTebHOCTEN (Uit Kaxkaoro k=1, ..., p — 2). Paccyxne-
HUs, TIPUBEJEHHBIE B KOHIIE JIOKA3aTebCTBA TeOpeMbl 12.7, MOKa3bIBaloT, UTO
MOC/IEI0BATENBHOCTD

0— oA - 7FA 25 7N (1)

TouHa. ATo caeayer ua toro, uto o = 77~ u dim(r¥A) = p — k. Otmetum, uto
npu k = p — 1 nocsenoBatesnbHocTh (1) Boipoxknaeresi: 0 - oA — oA —0—0.
3 kopoTKoit TouHO# mocJenoBaTesibHocTy (1) MoJiyyaem TOUHYIO MOCJ/en0Ba-
TeJbHOCTb FOMOJIOTHH

G 7Gy ix ke (T X))
s HY(KO, L) = 7 e L) T
(7). a d- G jG
——H; (K, L) = HJ (K", L”) — ... (2)
[Tyctb K — KOHEUHbI!l CHMIJIMLHAJbBHBIA KOMIJIEKE, L — ero nojKoMIjexc.
Hazosém adineposoii xapaxmepucmuxot napol (K, L) uucio x(K, L) =
=>(-1)dimH;(K, L; F), tne F — nekortopoe nosie. Kak u 1yisi 06bIuHO¥
9HJIEPOBOI XapaKTepUCTHKH, uucao X (K, L) He 3aBUCUT OT BbiGopa moJisi F.
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Teopema 12.8. a) /laa awboeo yeroeo n =0 soinosnsemcs Hepa-
8EeHCMBO

dim HP(K, L)+ dim Hy(K, L9) <Y dim H, (K, L),

i>n izn

6) x(K9, L9 =x(K, L) (mod p).

HNoxkaszateabctso. a)llyets a;=dim H;(KY, LY), b;=dim H;(K, L),
ci =dimH(K, L) n ¢ = dimH/(K, L). W3 Tounoil noc/enoBaTe/bHOCTH
Cwmura

HY (K, L) — HE(K, L) @ Hy(K9, L9) — Hi(K, L)

CJIelyeT HePaBEHCTBO C; + @; < Cjy] + b;. Ecim 3anucarb noc/ie10BaTe/IbHOCTh
Cwmuta 1 p, aHAJIOTHUHO MOJYUUM ¢; + a; < Ci41 + b;. Paccmorpum mocse-
JI0BaTeJIbHOCTh HEpaBEHCTB

Cn+ Qn < EﬂJrl + bf’h
Eﬂ-‘rl + Ap41 g Cn+2 + brz—i—lv
Cnt2 + Qpio < Cpy3 + br’l-‘er

Mbl npejnoJiaraeM, uTo CHUMIJIMIMAJBHBIA KOMIJIeKe K KOHEUHbIH, M03TOMY
9Ta MOCJIeI0BATEIbHOCTL HEPABEHCTB KOHEUHasl (T. €. HepaBeHCTBA ¢ GOJIbILIUMU
Homepamu umetoT Bu 0 < 0). CyioxKKMB Bce HepaBeHCTBA, NOJNyUuM Tpedyemoe.
6) Tounyto nocsienoBaresbHocTb npoctpaicte 0 — Vo — Vi — ... =V, —0
MOYKHO TIPEJICTABUTh B BUJIE TIPAMOH CYMMbI KOPOTKHX TOUHBIX OCJIEI0BATEN b=
Hoctel 0—...—=0—=V* =V — ijrl —0...—0. [lns Kax10i# KOPOTKOH TOU-
HOFi TOCJIE/I0BATEILHOCTH BbiNOJHseTCs: paBeHeTBo ». (—1) dim V@ = 0, no-
stomy . (— 1)  dim V; = 0. Takum oGpasom, ecau ans npoctpancts A;, B;, C;
MMeeT MECTO TOUHas! l'[OC.}]eIlOBaTeJIbHOCTb 0—-Ay—By—Cy— A —B|—.

o= Cr—0,10 Y (= 1)idimA; + > (=) dim C; =3 (~1)! dim B;. HoaTo—

My U3 TO'—IHOI/] nOC.He[IOBaTeJ]bHOCTH CM]’]Ta CﬂeﬂyeT, yToO
X(P) + x(K%, LY + x(p) = x(K, L), (3)

te x(p) = Y (—1) dim HY (K, L),
AHasIoOrHuHO M3 TOUHOM MOCJIEN0BATENLHOCTH (2) MoJiyuaem

xX(@) +x(t" Y =x(", k=1,...,p-2 (4)

Caoxkum paBeHctBa (4) mis k= 1,..., p — 2. B pesyabrate nosyuum
(p = 2)x(0) + x(r7~") = x(7). Ho o =77, nosromy x(1) = (p — 1)x(0).
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3anuiiieM paBeHCTBO (3) Aas p = T:
X(0) + x(1) + x(K9, L9) = x(K, L).

Takum o6pasom, x (K, L) = px(o) + x(K¢, LY) = x(KY, L) (mod p). O

Teopema 12.8 nosBoJisieT HaJOXKHUTb CYyLLECTBEHHble OrpaHHUEHHsT Ha To,
KaKMMH MOTYT GbITh MHOXKECTBA HEMOBHKHbIX TOUEK JUIs 1eHCTBUSA IPyNIbl Z ),
Ha cdepax W auckax. [Ipu 3ToM ucnosbayeTcst ToJMbKO HHGOPMALUS O FOMO-
JIOTUSAX, T. €. 3TH PACCYKIEHUS MOXKHO MPUMEHHTb K TOMOJIOTHUECKHM cepam
v auckaM. CHUMIUIMUMAJbHBIA KoMMJeke K HasblBAIOT r-MepHOH eomoaoeu-
ueckoli Zp-cepepoti, ecm Hi(K; Z,) = Hi(S™; Z,) nna Beex i. Ilapy (K, L)
Ha3bIBAIOT r-MePHBIM eomonoeuteckum Z,-ouckom, ecan Hi(K, L; Z,) =
~H;(D", S"!, Z,) mnsi Beex .

Teopema 12.9 (Cwmur [Sm]). [Tycmo G =7, (p — npocmoe uucao),
K — peeyrapnroiii G-komnaexc, L — eco unsapuarmmolii. nOOKOMNACKC.

a) Ecau K — n-mepuas Z,-eomonroeuneckasn cghepa, mo KG — r-mep-
nas Zy-eomonoeuyeckas cpepa, npuuém —1 <r < n. (llodpasymesaemes,
umo cgepa pasmeprocmu —1 — nycmoe muoxucecmso.) Ecau p > 2, mo
r=n (mod 2).

6) Ecau napa (K, L) — n-mepnuoii Z,-eomonoeuieckuti ouck, mo
(KC, LYY — r-mepnoiii Zp-eomoroeuueckutl ouck, npuuém —1 <r < n.
Ecau p > 2, mo r =n (mod 2).

HokaszateabctBo (cm. [Fl]). a) [Ipumenum Teopemy 12.8 B caayuae
L = @. B pesysbrate noayuum Y. dim H;(K%) < 3 dim H;(K) =2 u x(K%) =

i>0 i>0
= x(K) (mod p). Mbl 3naem, uro x(K) =0 uan 2. IlostoMy paBeHCTBO

S dim H; (KY) = 1 Buinonnsithes ne Moxket. Caenopartennsho, Y. dim H; (K%)=
i>0 i>0

=0 nn 2. B nepsom cayuae K9 = @, o Bropom cayuae K — Z,-romouio-
ruueckasi cepa HEKOTOPOI HEOTPHULATELHON Pa3MEPHOCTH 7.
HepaBeHcTBO r < 71 ciieiyeT U3 Toro, urto

> dimHi(K9) < ) dim Hi(K) = 0.

i>n+l i>n+1

Ecin p > 2, 1o u3 cpabuenns y(K%) = x(K) (mod p), T.e. (=1)" + 1=
=(—D"+1 (mod p), caenyer, uro r =n (mod 2).

6) Jlisi roMOJIOTHUECKHMX JIMCKOB JI0Ka3aTelbCTBO einé mpote. Jlocra-
TOUHO BOCTOJb30BaThes TeM, uto > dim H; (K9, L9) < > dim Hy(K, L) = 1

i>0 i>0
i Y dimH;(KC, LO)< S dimHi(K, L) =0. O
izn+l izn+l

Heiictre rpynmbl G HA TOMOJOTHUECKOM MPOCTpaHCTBE X HA3BIBAIOT C80-

000HbLM, ecai gx # x 71 oGOk Touku X € X 1 to6oro sjiemenra g€ G, g#e.
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Ganaua 12.1 (Cwmur). Hokaxute, 4To KOHeuHasi*) rpymnna He MoxeT
cB06OIHO JelicTBOBaTh Ha R”.

Ynpaxuenue. Jokaxure, uto ecin G = Z, (p — npocToe YKCJO)
u K — aupkanunpiii peryaspubiii G-kommeke, To K% — auukauunblii Kom-
niexc. (B uacthoctu, K¢ # @.)

§ 13. Keagparel CtuHpojaa

3nech cTposiTest KBaapathl CTHHPOA H I0KA3bIBAIOTCS HEKOTOPbIE HX CBOH-
ctBa. KBagparbl CtuHpona Ham noHanobsarcst B M. 16.2 nyia nokasatesibCTBa
topmya Toma u By u nokasatenbcTtsa tTeopemsl LLtndens o napasmennsyemo-
CTH OPUEHTHPYEMBIX TPEXMEPHBIX MHOT0OGPa3Hii.

13.1. Moctpoenue kBagparo CTuHpoaa

Keaznpatel CTHUHpOJAa — 3TO JOMOJHUTENbHbIE anrebpanueckue onepaiuu
Ha KoJblle KOroMoJioruii, obobuiatolye cup-npousseaende. Hanomuum, uro
CUp-TIPOU3BE/IEHHE MOYKHO TIOCTPOUTh, UCIOJb3YS! TPOU3-
BOJIbHYIO JMaroHasbHyto annpokcumauuio Dg: Cu(K) —
— C,(K) ® C«(K), nepeBojsiiiyio BEpUIMHY U B U & U.
JluaroHasbHasi anmpokcUMalys He eIUHCTBeHHa. B cJy-
uae, korna K mnpexacrapsaser co60Oi OAHOMEPHbIH CHM-
nJeKc, JiBe JuaroHasbHble annpokcumauun Dg u TDy
u3o6paxkeHbl Ha puc. 36. JluaroHajbHasi anmpoKCH-

mauusi 7Dy cummerpuuna Dy OTHOCHTENLHO AHAroHa- Dy
. PopMasbHO CHMMETPUIO OTHOCHTEJIbHO JIHaroHaJiu Puc. 36. [lse
MOXKHO OMpeenuTh cjeayolidM obpaszoM. Paccmorpum duaeonarvHbie
Ha C.(K) ® C.(K) uenHoe npeobpazoBanue T, 3ajaH-  annpoxcumayuu

Hoe dopmysioit T(0” @ 77) = (—1)P77 @ o”; 3HaK BbI-

6paH Tak, uToObl OoTOOpakeHHe GbUIO LieMHbIM. JluaroHasjbHasi anmpoKcHMa-
uusi TDg — 3TO KOMIO3HLMS JMaroHaJ bHOH annpokcuMauuud Dy W LEenHOoro
npeo6pazoBanust T.

HuaronansHoe otobpaxkenue d: |K| — |K x K| He KJeTouHoe, MO3TO-
My TDo # Dy, 1 MoxkHO paccmoTpeTb pasHocTb Do — TDg. OkasbiBaercs,
ortob6paxkenuss Dy u TDy uenno romoronusl, T.e. Dy — TDg = 0D + D0
st Hekotoporo romomopduama Di: C.(K) — C.(K) ® C.(K), mnoBbiia-
folero pagmMepHoctb Uenu Ha 1. Bojee Toro, 3Ty KOHCTPYKLHMIO MOXK-
HO TPOAOJ/LKHUTH Jajblie M TMOJYUHTb TOCJEN0BATENbHOCTb FOMOMOP(HHU3MOB

*) ConepaKalliasi He TOJIbKO €IMHHUHBIA JIEMEHT.
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Dp: Ci(K) = (C(K) ® Ci(K))i1r- Kagpatsl CTHHpOJA CTpOSATCS € TOMO-
b0 TOMOMOPU3MOB Dy, MO3TOMY 3alMEMCS MOCTPOEHUEM 3THX TOMOMOP-
(husmoB.

Jlna sTolt uend ucnoJsb3yeTcs: 1enHoi komrmsieke W, cOOTBETCTBYIOLLMH
CW -xomniekcy S°°, umerollieMy Mo JBe KJIETKH B KaxJ0i pasmepHocTH oT 0
110 00 (k-MepHblil 0cTOB KoMMiekca S — 370 cepa S¥). Llennoe npeo6pa-
30BaHHe T MOXKHO paccMmaTpuBaTbh Kak JieHcTBHe obpasytouleil T rpynmnbl Zs.
Oo6pagytouias T rpynbl Zg AeACTBYeT U Ha S°° KaK CUMMETPHSI OTHOCHTEJILHO
ueHtpa cgepbl. [Tostomy tenHo# kommiaeke W B Kaxo# pasmepHoctd £ > 0
uMmeeT Be obpasywolme wp U Twy,. O6pasyiole MOXKHO BbIGpaThb Tak, UTO
0w, = wy — Twy, Owy = w; + Tw; u Booblle dw, = W1 + (— 1) Twp_,
(oro6paxkenue 7 coxpaHsieT OpHEHTALHUIO KJIETKH MPH HEYETHOM R U H3MeHseT
npu uéTHOM R).

[Tycts K — nMpoW3BOJILHBIN CUMIUIMUMAJBHBIA KOMIJIEKC. 3ananum neii-
CTBHE Tpymnnbl Zo Ha LienHoM Kommiekce W & C.(K) dopmynoit T(w, ® o) =
= (Twp ® o). HeitictBue Ha C.(K) ® C.(K) yxe O6bl10 ONpejiesieHO BbILLIE.
[Tycts C.(K x K) — uenHoil KoMIJIeKe Uil BBIUMCJEHHs] KJETOUYHBIX MOMO-
Jgoruil. Ero moxHo ortoxaectBUTh ¢ C.(K) ® Cu(K). Has mno6Goil KJIeTKH
(cummiekca) o B K onpenenés uenHoil noaxommyieke Cu(o X o); COOTBeT-
ctBytolmil emy noakomiieke B C.(K) ® C.(K) Oynem o6o3HauaTb TOUHO
TaK XKe.

[Tonoxum L(wg, ® o) = Ci(oc x 0) C Cix(K) ® C(K). Tloaxommniexc
L(w, ® o) aumkanued, 1 TL(w, @ o) = L(w;, ® 0). DTH CBOUCTBA M0O3BO-
JISIOT TOCTPOUTh LenHoe orobpaxkeHue ¢: W & C.(K) — C.(K) ® C.(K),
KoTopoe 3KBUBapuaHTHO (T.e. T = T¢) u nepeHocutrcss £ B TOM CMbIC-
Je, uto p(w, ® o) € L(w, ® g). OToOpaxKeHHe @ CTPOUTCSH HHAYKUMEH MO
dim(wy, ® o). I1as1 BeplIMHBI 0 MOJOXKUM (W ® U) =0 @ v. 3aMeTuM, Jlaee,
4TOo

Ap(wr ® 0)) = p(O(W, ® 0)) = (0w, ® 0 + W, ® Jo) =
=p(Wp_1 £ Twp_|) ® o £ w, ® Jo) C
CL(Wh—1 ®0) + L(w, ® Do) =
=Cy(0 X 0) 4+ Ci(00 x 0o) = Cy(0 X 0).

Lenb O(p(w), ® 0)) ABASETCH UMKJIOM U JEKHUT B ALUKJIHUHOM LIENHOM KOM-
mekce Cy(o x o). [Tostomy B Cu(o X 0) = L(w, ® Jo) ecTb Lenb ¢, A
KoTopolt O(p(w, ® g)) = dc. [Tonoxum p(w, ® o) =c u p(Tw, ® o) = Tc.
Tenepb y»ke MOXXHO MOCTPOUTH TOMOMOP(MU3MBI Dj. A MMEHHO, MOJOXKHM
Dy(c) = o(w, ® c¢) nasi ¢ € C.(K). Slcho, uto Dj yBennuuBaer pasamepHOCTb
uenu ¢ Ha k u Dy — nuaronajibHast anmpoKCuMausi.
Teopema 13.1. Dy_j + (=1)*TD;_; = ODy, + (— 1)1 D,0.
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HokaszaTeanbctso. OrobpaxkeHne ¢ LEMHOe, TTOITOMY
Dy (c) = O(p(wr ® ¢)) = p(O(w, @ ¢)) =
= (0w, @ ¢ + (—1)*w, ® dc).
Yuurbiasi, uto Dp0c = p(w), ® Jc), nonyuaem
Dy (c) + (—1)*'Dyoc = (0w, @ ) =

= o(@e—1 + (=1 Tw,_)) @ ¢) =
=Dp_1c+ (—1)*TDy_yc,

uTO W TPeGOBANOCD. U

Canencreue. Cnpasgedauso pasencmso Dy — TDy = 0D + D0,
m.e. Dy — yennaa comomonus, ceazvisarowas Dy u TDy.

Jasi k> 0 onpenesum wp-nipoussejienne cJeaytoiidm o6pasoM. Koiernb
c? et e ¢? € CP(K) n c¢? € CY(K), npunumaer Ha uenu ¢ € Cpiq—r(K)
3HayeHHe

(c? ®c?, Dpe) = (c? @, p(w, ®¢)).

Y10o6HO Takxke MoJ0xKUTh ¢” w_j c? =0.

OTMETHM, UTO \j-TIPOU3BEJIEHHE 3aBUCHT OT BbiGopa oTobpakeHust . [1o-
3TOMY HaM eIl& MpPeJCTOUT MPOBEPHTDb, YTO O0ToOpaKeHHe Sq,,, KOTopoe omnpe-
JIEJISIETCST C TIOMOLIBIO g, HE 3aBHCHT OT (.

Teopema 13.2 (popmyna Korpanuubl). Crnpagedauso pageHcmso
8(cP wp ) = (=1)k6cP Uy e + (—1)PHEeP O 67 —

— (=D)*cP Uy ¢ — (=1)P9cT Uy .

Hokasatenbctso. Ilyeth ¢ € Cppg—rpy1(K). Torna

(0(c? o c?), c)={(cP upc?, 0c) = (c” @7, p(w, ® c)).

[To onpenenenuio O(w, @ ¢) = Owy, & ¢ + (—1)*w;, ® dc. TosTomy

(8(c? upc®), €)= (=1 e @c?, @@ @) — (~*{cP B, p(@wp@0)) =

(=D (e @c?, dlp(wr®e) — (=1 (e @c, p(wp-1©¢))—
(=1 (cP@c, p(Twp-1®c))=
=(=1H0(c"@c%), pwp®e))— (=1 (e @, p(wp—1@c))—
)
)=

—(c"®@c?, To(wp—1®c)
=(=1)*(5(cP@c), p(wr@c))— (=1 (P @c?, p(wp— ®c)
—(=D)PcT@c?, p(wp_1®c)).
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[To onpenenennio §(c” @ c?) = (§c?) ® ¢? + (—1)PcP ® dc?. [1osToOMy TepBbIi
ujieH MOJIydeHHOTO BbIPAXKEHHUsT paBeH

(—D*(de” @ ¢9), p(w ® 0)) + (=17 {e” @ 6c7), p(ws @ c)).

DTo 3aBepliiaeT 10Ka3aTeJbCTBO. O
Cnencreue. Ecau koyens c? € CP(K) asasemes KOYUKAOM NO MO-

oyaio 2, m.e. 6cP = 2cPt! 2de cP+! € CPY(K), mo koyenov cP vy, P €

€ C?P=*(K) moarce asasemes Koyukiom no modyawo 2.
Hokaszateabctso. CornacHo (opmMyse KOrpaHHIbl

5(cP g e?) = (=1)k2cPTt Uy e? +
(= 1)PTReP Uy 2P — (—1YeeP Uy 0P — (—1)P P Uy P

Ocraérest 3ametuth, uto (—1)% + (=1)?" = £1 £ 1 =0 (mod 2). O
Takum o6pasom, dopmyna Sq,c” = c” vy c” 3anaér HekoTopoe oToOpa-
wenne Sq,: ZP(K; Zo) — Z2 % (K; Zs). TIpuMeHuB eCTeCTBEHHYIO TPOEKIIHIO
7% 7K(K; Zy) — H?P=*(K; Zy), nonyuum otobpaxenne Sq,: ZP(K; Zo) —
— H*PH (K Zo).
Teopema 13.3. [laa aoboeo k>0 omobpasicerue ¢” — Sq, c” un-
dyyupyem eomomopgpusm epynn Sq,: HP(K; Zo) — H?P~H(K; Zy).
HoxaszateabcTBo. [IpoBepum cHauana, uto ecau c” = dc (mod 2),
T0 Sq, ¢” — Korpaunuua no MoxyJuo 2. JlefictBuTe/bHO, ¥ vy ¢ = 6(c vy 6¢ +
+ ¢ i1 ¢) (mod 2), TOCKOJIbKY
0(cvwpdc+cup_1c)=6cupdc+cp_10c+0Ccup_c+
+5Cuk_1 C+Cuk_] 5C+Cuk_QC+Cuk_QCE
=dc up dc=cP upc? (mod 2).
[TpoBepum Ternepnb, uto oTobpaxkeHue Sq, — romomopcuam. FlcHo, 4To
Sq,(c? +d”)=Sq,c” +Sq,d” +c” wpd? +d’ vy cP.
Kpowme Toro, ecam oc¢” =0 (mod 2) u dd” =0 (mod 2), T0
(S(Cp k41 dp) =6c” k41 d’ +Cp h+1 od? +Cp Yk d’ +dp Yk ¢l =
=c’ upd? +d? vy c” (mod 2). O

Teopema 13.4. Tomomopdhusmn f*: H*(L; Zs) — H*(K; Za) kommy-
mupyem ¢ Sq, 044 4106020 cumnauyuaibrHoeo omobpascerus f: K — L.
JokaszaTteanbcTBo. [lo onpenenennto

(I"(Sqpc), ¢y =(c®e, prwe @ [(c)) = (c®e, pr(1 @ [)(we @),
(Squ(f*e), ¢y =(["c® [c, px(@r @ ') = (c @ ¢, (f @ Nk (wr @ ).
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Y 3KBMBapHUAHTHBIX LleMHbIX oToOpaxkeHud ¢, (1 ® ) u (f ® f)px ecTb 06-
IMH 9KBUBApHAHTHbIH HocuTeb L(w, ® 0) = C.(fo X fo). 10T HOCUTED
KBUBAPUAHTEH B TOM CMbicje, uto T L(wp ® o) = L(wr ® o). M3 uuKInu-
HOCTH U SKBUBAPUAHTHOCTH HOCUTEJIsI OCPEICTBOM CTAHAAPTHOH KOHCTPYKIIMH
(cm. ¢. 202 u c. 16) BBIBoAMTCS CylleCTBOBAHHUE LIEMHON roMoTonun [, Kotopast
cBsi3biBaeT otobpaxkenust ¢; (1 ® f) u (f ® f)eox u obnanaer TeM CBOHCTBOM,
uto DT =D (ecau D(wy, ® o) = ¢, 10 Mbl nnosaraeMm D (Tw;, ® o) = ¢). Takum
obpasom,

(" Sa, — Sa, e, &) = (e @ ¢, (0D + DOy & ¢')) =
={5(c®@c), D(w, @ "))+ {c @ ¢, D(Ow, ® ¢’ + w, ® dc')).
Ecmu §¢ =0 (mod 2), To §(c ® ¢) =0 (mod 2). Kpome Toro,
D(dw, @ ') = D((wp—1 + Tw—1) @ ') =
=D(wp_1 ®c')+ D(wp_; ® ) =0 (mod 2).

[Tosromy (f* Sq;, — Sq,, [*)c=dd (mod 2), rne (d, ¢")=(c®c, D(w,®c’)). O

Cnencreue. Onepayus Sq, He 3asucum om 8o.00pa IKBUBAPU-
AHMHO20 YenHo2o omobpadcerus .

JdoxaszateabctBo. [lonoxum K =L u f=idx. B Takom chyuae
©K W ¢ — 1Ba BapuanTa Bbibopa ¢. Ecau Sq,, u Sq), — ABe onepauuu, noctpo-
eHHble C MOMOLIbIO Pa3HbIX BApHaHTOB BbiGOpa , To Sq, — Sq), = id* Sq, —
—Sq),id" =0. a

[To HekoTOpbIM mNpHuMHAM Gojee yA06HO aApyroe oGosHauenne Sqf =
= qufk: HP(K; Zg) — HPT*(K; Zs). 3necw npeanonaraetcs, uto 0 < k < p.
[lpu k > p onepauust Sq¥ na H”(K; Zy) nysiesas.

HenocpenctBeHHo U3 onpesesieHUst BUAHO, UTO JJIsi R-MEPHBIX KOTOMOJIO-
ruit Sq¥ = Sq, — Koromosiornueckoe Bo3BejieHHe B KBajapar. B cBssu ¢ 9THM
onepaunn Sq¥, moctpoennsie Ctunpogom ([St2], [St4], [St5]), naswisaior
ksadpamamnu Cmunpooa.

Kganpatbl CTHHPO/IA MOXKHO OMPEJIENUTh U JIJISi OTHOCHTEJIbHBIX KOrOMO-
qorui. Ilycts L C K — cumnuimumanbibiii noakomnieke. Torna nmeer mecrto
KOPOTKasi TOUHAs T0C/AeI0BATENbHOCTD

0— C*(K, L) = c*(K) *= c*(L) — 0.

[To noctpoennio i (w, ® ) € Ci(o0 x o) C Cu(L X L) nag Bcex o C L.
[TosTOMy MOXKHO CUMTaTh, UTO ¢ = @k |wgc, (). Toraa as mobbIX Kolernei
¢, ¢’ € C*(K) umeer mecto paBeHCTBO i*(c vy ¢') = i*c v i*c’. B uacr-
HOCTH, JIsi JioObIX AByX Kouerned ¢, ¢/ € C*(K, L) umeeT MeCTo paBeHCTBO
i*(p*c v p*c’) =i*p*c up i*p*c’ =0, nockoabky i*p* = 0. M3 TouHo-
CTH MOCJIeIOBATENLHOCTH BbITEKAeT, uto p*c vy p*c’ = p*d nis Hekorto-
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poit xouernu d € C*(K, L); Kouenb d orpejeseHa OJHO3HAYHO B CHJIYy MO-
HoMopdHoCTH oToGpaxkenust p*. Tlonoxum ¢ i ¢/ = d. Tlo onpenenenuio
pr(c v ¢’y = p*c up p*c’. IS OTHOCHTEJBHOTO wp-TIPOU3BENEHHST JIETKO
JokasbiBaeTcst (opmysa Korpanuibl. [locse 3Toro crpoutesi otoGpazkeHue
Sq*: HP(K, L; Zo) — HPT*(K, L; Zy). HenocpeacTsenno M3 onpeje/enuii
BMZIHO, uTO p* Sq, = Sq,, p*.

13.2. CgoiicTBa kBagparoB CTuHpoja

[Tpo kBampaTel CTHHPOAA Mbl YK€ J0Ka3au CJeyloliee.

1. Ksanpatsl CTuHposa 06JajaloT CBOACTBOM ecTecTBeHHOCTH: [* SqF =
= Sqf [* ana mo6oro otobpaxkenust [: (K, L) — (K|, L) cuMIMuManbHbIx
nap.
2. Ecim k> p, 10 Sqf a =0 nist Beex o € HP (K, L; Zs).

3. Ilns Beex o € H*(K, L; Zs) Buinonnsiercst pasenctso Sqf a = a v a.
CdopmysiipyeM HeKoTOpble Apyrde cBoHcTBa KBajpatoB CTHHpOAA B BH-
JIe OT/eJbHOH TeopeMbl, 10Ka3aTeJbCTBY KOTOPOH MOCBSIEH ITOT MyHKT; sl
KpaTKoCTH Oy/ieM OMyCKaTh TPyMnny KO3PPUIHEHTOB Zg.

Teopewma 13.5. a) Onepayus Sq* kommymupyem co ceszolearouum
eomomopgusmon 6: H*(L)y — H*(K, L).

6) Onepayus Sqf kommymupyem c¢ uzomopgusmom Hadcmpoixu
Y HP(K) — HPPY(ZK).

B) Onepayus Sq° — moscdecmsenrnoe omobpasicerie.

r) Onepayus Sq' — eomomopusm Bokwmeiina 0is mo4roil nocie-
dosamenvrnocmu 0 — Zo — Zy — Zo — 0.

n) Sqf(aw f) =3 (Sq' a) v (Sq*' §) (dopmyna Kaprana).

L

[Tomumo mepeuncsientbix cBOMCTB KBaapaThl CTuHpona 06J1afaloT Takxke
OUeHb BaXKHbIM CBOFCTBOM — OHH YJIOBJIETBOPSIIOT TaK Ha3blBAEMbIM COOTHO-
wenusiM Anema. Ho nokazatesbeTBo cooTHOILIEHHH AJleMa BBIXOJUT 32 paMKH
9TOHU KHHTH.

KommyTtupoBanue ¢ 9

CpassbiBatowyit romomopuam 6: H*(L) — H*(K, L) ycTpoeH caenyrouum
o6pazom. Ilyctb ¢? € Z9(L) u [¢9] — COOTBETCTBYIOUIMH KJace KOrOMOJIO-
ruil. Tomomopuam i*: C*(K) — C*(L) — snumMopduam, M03TOMY CyLIECTBYeT
kotenb €9 € C*(K), mast kotopoi i*¢9 = ¢9. Ho i*(6¢9) = 6c¥ = 0, nosto-
My cyiiectByeT Kouenb d?T! € CIT(K, L), nnsa xoropoit §¢9 = p*d9+!. To-
momopduam p*: C*(K, L) — C*(K) — monomopduam, nosromy dd9+! =0,
nockosibky p*8d9t! = §2¢9 = 0. B kauecTse Kaacca Koromosoruii 6*[c9] Bbi-
Gupaercs knace [d91!].



§ 13. Ksazgparsl CtuHpona 207

Tpebyercst 10Ka3aTh, 4To KOLMKAbI 0% Sq¥ c? u Sqf d9+! koromosiornumbi.
[To onpenenenuio

p(Sq* ) = Sq(pd ) = Sqt(507) =
=4¢7 Ygtl—k 6c1 =467 Ygtl—tk oc? + ¢ Yg—k c9).

Kpome Toro, i* (89 wyq1—r 087 + 89wy ¢7) =9 vy ¥, TaK Kak i*(6¢7) =0
ni*(e9) =c9 Myerb d' = Sq¥d9%!, ¢/ =9 Uy ¢ u &' =89 Ugyi—p 609 +
+ 07wy ¢9. Torna p*d’ = 6¢' n i*¢’ = c’. dro osnauaer, uro 6*[c'] = [d'].
Ho ¢’ =¢% v,_; ¢, mostomy Mbl nostyuaem Tpebyemoe.

KommyTupoBaHue ¢ HaACTPOIKOH

[Ipu nokazaresbCTBe CBOWCTBA a) Mbl He HCMOJb30BAJH HUKAKHX KOH-
KPETHbIX CBOHCTB KOPOTKOH TOUHOH MOCJEN0BATEJbHOCTH, 110 KOTOPOH CTPO-
UTCSl CBsI3bIBAIONIMK ToMoMopduam 0*. Te ke camble paccCyxjeHHsl MOKa3bl-
BAlOT, UTO orepaius Sq* KOMMyTHPYeT co CBSA3BIBAIOLIUM FOMOMOPMU3MOM H3
KOTOMOJIOTHUECKOH mnocJieioBatesibHocth Maitepa—Bnetopuca. M3omopduam
HaJICTPOUKY MpejicTaB/sieT co60il CBS3bIBAIOIIMI TOMOMOP(HU3M U3 MOCJIe10Ba-
TejbHOCTH Matiepa—Bubetopuca nas Ko u Kj, rie Ko u K; — konycsl Han K

KoUK =%K.

Onepauun Sq° u Sq!

[yets B: HP(K, L; Z)—HP* (K, L; Z) — romomopdusm Bokureiina as
KOPOTKOH TOUHOM TocsienoBaTesibHOCTH O — Zo — Zy — Zo — 0. JlJist Bblunc-
nenust onepauuit Sq° 1 Sq' Ham nonanoGuTCs cieylollee BCIoMoraTeabHoe
yTBEpKJIEHHE.

Mewma BSq— 0 npu H?%éI’HHOM k;
Sq*t! npu uémnon k.

HokaszateabctBo. Ilyets ¢ € HP(K, L; Zo), ¢ — uenouncsennas
KOleMNb, MPH MPUBEIEHHH KOTOPOH 10 MOJYJIIO 2 MOJydyaeTcst KOLUMKJI, Tpeji-
crapasouwii ¢. ITo onpeenennio Sq¥ ¢ — 3To Kaace KOromosioruii Kouemnt
¢ wp—p €, npusenénnoli no moayso 2. Io ycnosuio ¢ = 2¢” nnsi HekoTopoit
1IeJIOUHCJIEHHOH KOLeNH ¢’, M03TOMY, MOJIOXKHB Uil KPATKOCTH ¢ = p — R,
nosyunM 0(C wp—p €) = (—=1)72¢" vy & 4+ (=1)PC vy 2¢" — (=1)9¢ vy € —
— (=1)P& wy—y ¢. 3naunr, knacc koromosornii B(Sqf ¢) sanaéres kounknom

¢y &+ Ty’ +e(Cvy-1 ) (mod 2),

rae € =0 npu HeuétHoM k=¢g — p u e =1 npu uéthom k. Ho ¢’ vy 6+ vy’ =
= §(¢ g1 ¢') (mod 2), nockosbky 6¢ =2¢’ =0 (mod 2) n 26¢" = §%¢ =0,
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1.e. 6¢’ = 0. Takum o6pasom, B3(Sq*c) =0 npu neuétom k u B(Sqkc) =
= [¢ vy—1 &1 = Sq**! ¢ npu uérHom k. O

JleMMa nokasblBaeT, UTO CBOHCTBO I) CJE/lyeT H3 CBOHCTBA B), MOCKOJb-
ky ecan Sq° =id, to cornacno semme Sq' = 3Sq’ = 5. B cBolo ouepenp,
CBOFCTBO B) TOXKE JI0KA3blBaeTcsi C TOMOLIbIO 3TOH JeMMbl. TouHee TOBO-
psl, C TIOMOIbIO JIEMMbI J0Ka3blBaeTcsl, YTO CBOHCTBO B) BBITIOJHSIETCS AJIS
K =RP?, a yxe U3 3TOr0 BHIBOJMTCS, YTO OHO BBHIMOJHSIETCS JUIs BCEX CHM-
niMuMabibix nap (K, L).

JlokaskeM, uTo CBOHCTBO B) Bhimosnsietcst anst RPZ. Tlyeth oo — o6pasy-
iowas rpynnoi H'(RP?; Zy). Cornacno semme 3Sq°a=Sq' a=a v a #0,
nostomy Sq’ a # 0. 3naunt, Sq° a = a, nockosbky B H'(RP?; Zy) ectb T0Ib-
KO OJIUH HeHyJIeBOH 3J1eMeHT.

EcrectBennoe Boxkenne [: RP' — RP? uupyuupyeT romoMopduam
[*: HY(RP?; Zy) — HY(RP'; Zy), npu KOTOPOM « TeEpexoautT B 06pasyio-
wyio o rpynnsl H'(RP'; Zo). TlostoMy B cHlly CBOHACTBA €CTECTBEHHOCTH
Sq° o’ = Sq(f*a) = [*(Sq” @) = [*a = . Takum 06pa3oM, CBOHCTBO B) Bbl-
nosnsiercst u s RP! =~ S'. Onepauns Sq” kommyTHpyeT ¢ uzomopduamom
HaJCTPOHKH, MOITOMY CBOHCTBO B) BblNoJHsieTcs ellé U st S™.

[Tycts K — n-MepHblii cHMIIMLMAJAbHBIE Komilieke. CorjacHo Teope-
Me 10.6 s060it asiement rpynnsl H"(K; Z) M0XKHO peasn3oBaTh 0TOOpaKeHHeM
K — §". 91o BepHo u ags rpynnsl " (K; Zsg), NOCKONBKY NpHUBeIeHHe KO3~
(bULHEHTOB M0 MoIyJo 2 MHAyUMpyeT snuMopdusm H*(K; Z) — H"(K; Zo).
O6paruTe BHUMaHHE, UTO 3TO BEPHO TOJNBKO JAJIsI KOTOMOJIOTHH; JIJIsi TOMOJIOTHI
3710 HeBepHo. Hanpumep, otoGpaxenue Ho(RP?; 7Z) — Hy(RP?; Zs) 3aBenomo
He MO3KeT GbITh 3MuMopduamMoM, nockoabky Ho(RP?; Z) =0, a Hy(RP?; Zy) #
# 0. dnumopdHocTb otobpaxenus H"(K; Z) — H"(K; Zg) cnenyet u3 Toro,
yto rpynna H,(K) wisi n-mMepHOro CHMILIMLMAJILHOIO KOMIJIEKCa He HMe-
eT KpyuyeHusl. DNUMOPHOCTb J0Ka3biBaeTcsl cJjenytowum obpazom. Corsac-
HO opMmyJie yHHUBepcasbHbIX Kod(pduuuentoB rpynna H"(K; G) saBasercs
npsmoil cymmo#r rpynn Hom(H,(K), G) u Ext(H,—(K), G). OtoGpakenue
Hom(H,(K), Z)—Hom(H,(K), Zs) — snumopcduam, notromy uro rpynna H,(K)
He UMeeT KpyueHusi, a otobpaxenue Ext(H,_(K), Z) — Ext(H,_(K), Zs)
SMUMOPHO B JIO6OM cJydae (37eCh HYKHO BOCTOJb30BATHCS BBIUHCJIEHHEM
rpynnsl Ext(A, B) s uukmudecknx rpynn A u B). Beinosnnenue cpoficta B)
ans K BbITeKaeT Terephb M3 ecTecTBeHHOCTH ornepauun Sq.

Ecnu K — 6ecKkoHeUHOMEPHBIN CUMIIULHUANBHBIA KOMIJIEKC, TO €CTEeCTBEH-
Hoe BKJoueHue K" — K unayuupyer MmoHomopdusm H"(K; Ze) — H"(K"; Zo).
[TosTomy u3 ecTecTBeHHoCTH onepaiii Sq BbITeKaeT BbINOJHEHHE CBOMCTBA B)
s moboro K.

O6paTtumMesd Tenepb K OTHOCUTENbHBIM rpymnam Koromodioruit H™" (K, L; Zs).
[Tycts CL — konyc nHan L. Torma umeior mecto uzomopduambl H" (K, L) =
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=~ H"(K UCL, CL) = H"(K U CL). TTepBblii ©30MOPdH3M OUeBHIIEH Ha YPOBHE
(ko)Lieneil, a BTOPOil H30MOP(MH3M BbITEKAET U3 TOUHOH MOCJIENOBATEJIbHOCTH
napbl, nockosbky CL — crsiruBaeMoe npocTtpaHcTBo. O6a 3TH M3oMopdusma
KoMMyTHpPYIOT ¢ Sq”, M03TOMy CBOHCTBO B) BLITOJHAETCS M A5 JI060H naphbl
CHUMIJIMIMAJBHBIX KoMmriekcoB (K, L).

®opmyana Kaprana
Jloctatouno 1okasath, uto Sq*(a x B) = 3. Sq’ o x Sq*~ 3. Ileficteu-

TesbHO, a v B =d*(a x (), rne d: |K| — |K x K| — quaronanbHoe otoGpa-
wenne. [Tostomy Sqtd* (o x B) = d* Sq*(a x ) =d* 3. Sq' a x Sq*~ g =

= Z Sqi av qufi s.

Beeném otobpaskenne r: W — W @ W, nonaras r(wg) = 5. (= 1)¢Dw; @
® T'wy_; n npojosKas 910 otobpaxkenue na W no smneiinoctu. [Tposepum,
yTo oToGpakenue r uenuoe. Slcno, uto r(dwp) = r(wp—1 + (= 1) Tw,_)) =
=> (71)i(k717i)wi ® Thwp_1_; + > (*1)[(k717i)+k7‘w[ @ Tiwp_1_;

Or(wy)=> (=1 Dw @ Thw, i+ (1) @ Towy_; =
= Z (=D Dy @ Thwp_; + Z (—D) = Ty, @ Ty +
+Z (7 l)i(kfi)Jriwi ® T[wk—i—l + Z (7 l)i(kfi)Jrkwi ® T[Jrlwk—i—l )

B Bbipaxkenuu i Or (wy) nepBast 1 4eTBEPTask CyMMbl B3aUMHO YHUUTOXKAIOTCS:
ec/u Mbl 3ameHuM i Ha [ + 1, To i(k — i) 3amenurcs Ha i(k — i)+ k — 1.
Tenepb yxe Jierko BUAETb, UTo Or(wy) = r(Owy): B BbIpaKeHUH is1 Or(wp)
nepBasi CyMMa HerocpelCTBEHHO COBMAJaeT C TPeTbell CYMMOMH B BbIpayKeHHH
st r(0wy), a CoBMajieHre BTOPBIX CyMM B 060HX BbIPAXKEHUSIX J1OKa3bIBAETCS
3aMeHoM i Ha i + .

C nomolibio 0ToOpaxKeHUust 1 MOCTPOUM OTOOPaXKeHHe Yk x /., KOTOPOe §B-
JISIETCSl KOMINO3ULUMeH 0TOOpaKeHHH

WeC(K)@CuL) 2L WaWeC. (K)®C\ (L)
T W C (K)o W @ Cu(l) 2225 ¢ (K) @ Cu(K) ® Cu(L) ® Cu(L)
L5 CUK) ® Cu(l) @ Co(K) @ Co(L),

rae T B 060MX cilyyasix MEHSIET MecTaMH BTOPOH W TpeTHH MHOxKUTeH. OTo6-
paKeHHe @k x ;. IKBUBAPUAHTHO H MEPEHOCHTCS COOTBETCTBYIOLLMM OTOOpaxKe-
HHeM L, [103TOMY €0 MOXKHO HCII0J/1b30BaTh /Il BbIUMCJIEHHS] IPOU3BEICHUS wp,
B uenHoM Kommiekce C. (K x L) = C.(K) ® C.(L), a 3HauuT, U 1151 BBIUKCIIE-
st onepauuii Sq¥.
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[lycets o € ZP(K; Zg), B € ZP(L; Zg), a € C.(K; Zy) n b € C.(L; Zs).
Hac untepecyer neiictBue omepauuu Sqf = Sq,4q-r Ha (p + g)-MepHbIi
KOLUMKJ « X 3. Jljisi KpaTKOCTH noJsioxuM p + ¢ — k = n. Torna, ucnosnbays
ornpesiesieHHe @i, W OTOpachbiBasi 3HAKH, MOCKOJbKY celuac Mbl paGoTaem
¢ Ko3(h(hHULHEeHTaMH B Zg, MOJyYaeM

(S¢*(a®@pB), a®b)=((a®p)vn(@®P), a®b) =
={a®BRa®pf, vkxi (W, ®a®b)) =

(0808808, Y pr@®a)@ T o @, ©b))=
D (avia, a){Buni B, b)=

=Y (S’ e, a){Sq" " B, b) =

:Z Sq” " ax Sq" 3, a®b),

rne CYMMHPOBaHHE BeAETCS no BceM i or 0 n0 n. 3uauut, Sq*(a x B) =

= Z SqP~fax Sq?~"t 3= Z Sq/ a x Sq*~/ B. Ocraéres npoBepuTh, UTo
i=0 j=p—n

CYMMHpOBaHue BeETCs B HyKHbIX npesesax. B dopmy.ie Kaprana Sq* (o x §)=

=Y Sq a x qu”ﬂ c/laraemMble HeHyJleBble JIMIIL B TOM CJyuae, KOr/a
i

0<i<puoO<gk <gq, re. kR —q <i <k TlosTomy cymmunpoBaHue

BenéTcs 0Ti:k—q—p—na0 p.

Dopmyna Kaprana numeer ciieyioliyio HHTepripeTaluio. [1yis KaxIoro sme-
menta o€ H*(K; Zs) nonoxum Sqa=>_ Sqf o (31a cymMMa coaepsKHT JIHIIL KO-
k

HeuHOe YHCJIO HeHYJIeBBIX cyaraembix). Torna otobpaxenue Sq: H*(K; Zo) —

— H*(K; Zg) siBnsiercst romoMopu3MoM KoJtell. [leiicTBuTebHO, e dim a=

=pudimpB=gq, 10 (p + g + k)-MepHasi KOMIOHeHTa 3JieMeHTa Sqa v Sq =

= (Z Sq a) v (Z Sq/ 5) umeer Bua Y. Sq’ a w Sq/ B, rae cymmupoBanue
i i

BeNéTcs Mo TeM i, j, g KoTopblX (i + p) +(j+q)=p+qg+k,T.e.i+j="r.
3nauut, ona umeet Bua . Sq’ o v Sq*~! 3. Cornacno dopmyne Kaprana sta
i

cymma pasia Sq*(a v B), T.e. oHa paBHa (p + g + k)-MepHOil KOMIOHeHTe
anementa Sq(a v f).

Tomomopduam Sq nossossieT BbiuucuTh Sqf(a) ans 1060ro sjaeMenTa
acH! (K; Zs).

Teopema 13.6. Ecau o€ H'(K; Zs), mo Sqt(a”) = (Z)o/”‘k.

HoxaszaTeabcTBo. M3 cBoilctB kKBagpaToB CTHHPOJAA CJENyeT, UTo
Sqfa=0npu k=22, Sq°a=a u Sq' a = a?. Tostomy Sqa = a + o
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Yuuthipasi, uto Sq— romomopduam, noayyaem Sq(a’t) = (Sqa)" = (a+a?)" =
_ Nk keny — (VY n+k
7azk:(k)a.3ﬂaqm, Sq (a)f(k)a . O
Sangaua 13.1. JlokaxkuTe, 4TO €CJd KOFOMOJIOTHUECKHH KJacc o« OJHO-
MEpEH, TO
Sql4+a+a?+a*+..)=1+a.

Ganaua 13.2 (popmyna By). IHokaxure, uto

m—k+1

quwm:wkmer(ml )wk_lwm+1 +( 9 )wk_gmerng...

.o+ (m; l)womerk.



Inasa IV

Cl/lHFyJ]Hprle roMoOJI O

§ 14. OcHoBHble onpeaeneHnss U CBOWCTBA

CHMIIULMAJbHBIE TOMOJIOTHH OMPEAESIOTCS TONbKO JIsT CHMIIMLHAJBbHBIX
KOMIJIEKCOB, PUUYEM HX TOMOJIOTHUECKAsi MHBAPHAHTHOCTD J1aJleKo He OueBH/I-
Ha. Ectb croco6 onpeaesuth roMOJIOTHH JJ1sT TTPOU3BOJIEHOTO TOTMOJIOTHUECKOTO
npocTpaHcTBa X, NPUUEM TOTMOJIOTHUECKAst HHBAPHAHTHOCTb TaK OTMpeaesEHHbIX
rOMOJIOTHH oueBUIHA. [I/1s1 3TOr0 HY»KHO TOCTYNHUTh CJeayIoluM o6pa3oM. By-
JleM paccMaTpHBaTh cpasy Bce HerpepbiBHble oToGpaxkenusi [: AF — X, rue
A¥ — cuvnnexc [0, 1, ..., k]; Takue otoGparkenusi OyJeM Ha3bIBATb CUH2Y-
AapHoimy R-MepHbIMH cumiekcamu. [pynny Cr(X; G) onpenesuM Kak MHO-
XKECTBO KOHEUHBIX CyMM Y. a;f;, rae a; € G, [; — CUHIrYJsipHbIA R-MepHbIf
CUMILJIEKC.

Yro6bl ONpeeanTh rpaHHUHbIi ToMOMOP(hH3M J, BBeIEM 0TOOPaXKeHHs £ =
=t ART S AR =0, 1, ..., k, nonous ef[i] = [i] npn i < ju elf[i] =
=[i + ] npui > j; Ha Becb cUMIIJIEKC 0TOOPaKeHHE MPOIOJIKAETCS M0 JIMHEH -

k
HocTH. JIJist CHHTYJISPHOTO cUMIIeKea f AF — X nosoxuM of=> (- l)jfsf S
j=0
€ Cr—1(X; G). nsa HyabmepHoro cummiekca f nojaraem of = 0.
Teopema 14.1. Cnpasediuso paserncmso 00 = 0.
JokaszatenbcTBO. Ilpexne Bcero oTMeTuM, 4To €cau i < j, TO
sf“sf = 5?“5?_]. JlelicTBUTENILHO, BbIpaXKeHUsi B 0OEUX UacCTSX paBEHCTBA
nepesoaatT [a] B [a]l npua<i,Bla+ 1] npni<a<j—1usBla+2] npu
a > j— 1. Ilostomy

_ j _ i+ _
00] a(ZU)'fe,) = (D) e =

i bj

=D ()M fejei+ Y (=) feiej.

iz i<j
3aMeHUM BO BTOPOH CyMMe MHJEKC i Ha j, a uHjaeKc j Ha i + 1. [Tocsie Takoi
3aMeHbl BTOpast ¥ MepBasi CyMMbl B3aUMHO YHHUTOKATCSI. O
CHoBa BBeném rpynnbl Z, = Kerdp, u Bp = Im0,4. CornacHo Teo-
peme 14.1 mbl umeem Bjp C Zj, M03TOMYy MOXKHO paccMOTpeTb TIpymnmy
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Hep(X; G) = Z,/By; 3Ty TPyIIy HA3LIBAIOT TPYIIOH CUHEYAAPHOLX 2OMOAOULL
npoctpaHctBa X ¢ Kosdpduumentamu B rpynne G. Mbl He OyneM BBOIUTDH
Pas/HUHbIX 0003HAUEHUH JJISl CUHIYJSPHBIX M CHMIUIMUMAJbHBIX TOMOJIOTHH;
B 1. 14.4 Mbl Mokaxkem, 4To AJIsl JIOOOr0 CHMIIHLHMAIBHOIO KOMIJIEKCA €ro
CHHTYJISIPHbIE TOMOJIOTHH H30MOP(HbI CHMITTHIIHALHBIM.

Teopewma 14.2. [Ilycmo npocmpancmso X cocmoum us n KOmMno-
Henm auneinotl ceasnocmu. Toeda Hy(X; G) =G D ... D G.

n

JlokaszaTenbcTBO. BpibepeM B KOMINOHEHTAX JIMHEHHOH CBSI3HOCTH
npocTpaHcTBa X TOUKH X, ..., X,. ECJIH TOUKA y; JIEKUT B TOH 2Ke KOMIOHEH-
Te CBSI3HOCTH, UTO M TOUKa X;, TO CYLIECTBYeT MyTb W3 X; B Y;. DTOT NyTh
MOKHO paccMaTphBaTh Kak CHHIYJspHbli cummiexe [: Al — X; npu stom
O(af) = alyi] — a[x;]. Takum 06pa3om, ¢ TOUHOCTBIO 10 FPAHHLIbI CHHTYJIsIpHAS
uenb aly;] pasua ax;]. [1penanosoxum teneps, uto alx;| =dc, tne c = a; f;
u f; —nytb u3 z; B w;. Torna Oc =Y a;[w;] — > a;[2;]. B atoM BhIpaxkennu
cyMMa Bcex KoadduipeHToB paBHa 0 U cymMMa KOS(PQUIHEHTOB MPH KaxJIOM
HyJIbMEPHOM cuMILIeKce [x], x # x;, Toxke paBHa 0. [TosTromy cymma Koaddu-
uuenToB npu [x;] pasua 0, T.e. a =0. O

[lycts Cp, = Cr(X) u C, = Cp(Y). HenpepbiBroe otoGpaxenue ¢: X — Y
uHaynupyet otrobpaxenue ¢, : Cp — Cj,, @ UMEHHO CHHIYJ/ISIPHOMY CHMILIEKCY
[: A% — X comocTapaisiercst CMHIYJsipHBIH cummieke of : A — Y. Tpu sTom
10k =" (—l)fgofsf = O, [. VI3 paBenctBa 0 = O, ) CICIYET, UTO
or(Kerdy) C Kerd), u r(ImOky 1) C Im 9y ,. TlosTomy BosHuKaeT roMmoMop-
(bI/ISM Px - Hk(X) — Hk(Y)

ToxxnectBenHoe otobpaxeHue X — X HHAyLUHUPYET TOXKAECTBEHHOE OTOO-
paxenue Hy(X) — Hp(X), nostomy romeomopduam X — Y UHIyUUPYET H30-
mMopuam Hp(X) — Hp(Y). DTo yTBepKIeHHe HOMyCKaeT cienyioliee 06006-
ILleHHe: FOMOTOMNUYECKasi SKBUBAJIEHTHOCTb X — Y HHAyUMpPyeT H30MOpP(H3M
Hp(X) — Hp(Y). Ewgé Gosiee obliiee yTBepKIeHHE TAKOBO.

Teopema 14.3. Ecau omobpascenus ¢, p: X — Y eomomonnos, mo
omobpancenua oy, Y. Hp(X) — Hp(Y) odunakoseL.

JlokaszaTeabcTBo. Tak e Kak W JJIsi CHMIIMIHAJBHBIX TOMOJIOTHH,
MOYKHO OTpENIEIUTh YenHyr 2OMOMONUK Kak CeMeHCTBO rOMOMOP(HH3MOB
Dy Cp(X) — Cpy1(Y), 1151 KOTOPBIX

D10 + O D = . — Y. (1

PaBeHCTBO (o, = 1), J10KA3bIBAETCS TOUHO TaK 2Ke, KaK U paHblIle.

[lyets H: T x [ — Y — romotonusi, cBsizbiBatoiasi ¢ u . [lo stoit ro-
MoTonuu moctpouM uennyto romoronuio Dy: Cp(X) — Cpy(Y). Ina storo
MOCTYNUM cJieylolmm o6pasom. Tlyetb f: A¥ — X — cunrysipHblil CUMILIEKC.
3anaaum otobpaxenue F: AF x [ — Y dopmynoit F(x, t) = H(f(x), ) u no-
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k
aoxmum Dyf = (= 1) F3* e 6%+ — numeiinoe otobpaskenye cummiek-

i=0
ca [0, 1, ..., k+ 1] na cumnaexc [0, ..., ig, i', ..., k'] € A* x I; 3nechb
0o, ..., ip— BepUIUHbI CHMILTIEKCA AR x {0}, it k! — BEpPLLUUHbI CUMIJIEK-

ca AF x {1}.

Cunrynsipusle uenu Dy 1Oy f v ), D[ npencrabasior coGoil JuHeli-
Hble KOMOUHALIMK CHHTYJISIPHBIX CUMILIEKCOB, KAXK/bIH U3 KOTOPbIX HMEET BHI
Fa: A*F — Y, rae o — nekortopoe otoOpaskenne cummiekca [0, ..., k] na
cummiee B 0% x /. Uto6bl g0KasaTh paBeHCTBO (1), 10CTATOUHO BBISICHMTD,
Kakhe MMEeHHO CHMILIEKChl B 0% X [ mpu 3TOM noJyuaiotest (¢ yuéTom 3Haka).
Paccmorpum cHauana agst mpuMepa ciaydail k = 2. Ilpu otobpaxkennn Do
cummiieke [0, 1, 2] nepexoaut B

+000' 1128 — 0p1p1'2" + 0010202",

a rocJiejiytoliiee oTobpaxKeHue 04 MePeBOJUT STH CHMILIECKCH B

+0'112! —1p1'2! +10202"
—0p1'2! +0o1'2! —00202"
+000'2! —00102! +00192!
—000'1! +0glp1! —00102o.
OTMeTHM, UTO OJMHAKOBO MOMYEPKHYThIE CHMIJIEKChI B3AUMHO YHHUTOXKAIOTCSI.
DT0 NPOMCXOJUT U s MPOM3BOJbLHOrO k: cummaexc [Oo, ..., io, (i + 1),
, k'], i #0, k, BO3HHKAET NpPM YHHUTOMKEHHH BEpIIMHLI C HOMEpOM i + 2
cummiekcos  (—1) 0o, ..., i, i', ( + D', ..., k'] u (=1)T1[0y, ..., io,
(i + Dy, (i + 1), ..., k']; npu 3TOM BO3HHKAIOT CHMILIEKCHI NPOTHBOMOJIOMK-

HOTO 3HAKa.
[Ipu otobGpaxkenun 0o cummiekc [0, 1, 2] nepexomut B [1, 2] — [0, 2] +
+ [0, 1], a mocsenytotiee oto6pakeHue D NMepeBOJUT 3TH CUMIJIEKCH B

+101121 *000121 JrOoOlll
—10202" +00202" —0plol!.

B cymme aéDg + D109 B3aMMHO YHHUTOKAIOTCSl BCE€ CHUMIIIIEKCHI, KDOME CHM-
nekcos +0' 112" u —0;1,2;. DTu cuMMIEKCHl COOTBETCTBYIOT OTOOPAKEHHSIM
of u 1/;f ,Hml HpOl/ISBOJIbHOFO k HY?KHO y6eambcs1 B TOM, UTO CHMILJIEKCHI
Buaa [...7...ii"...] (uam [...igi"...]...]) BXOAAT B O\ Dr v B D10y
POBHO 110 0}1HOMy pasy, npuuém ¢ npomsononoxmumn 3HaKaMH. DTO JIErKO
NPOBEPALTCHI. O

[Tpumep 14.1. [lyemo X — cmacusaemoe npocmparcmeo. Toeda
Ho(X; G)=G u Hp(X; G)=0 npu k> 0.
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JdokaszaTeabcrtso. CTarupaeMoe NpOCTPaHCTBO FOMOTOMHYECKH K-
BUBAJIEHTHO TPOCTPAHCTBY *, COCTOSILIEMY M3 OIHOI Toukd. [losTomy nocra-
TOUHO NPOBepUTh, uto Ho(*; G) =G u Hy(x; G) =0 npu k > 0. as moboro
k >0 cyliecTByeT eauMHCTBeHHOe oToGpaxenne A* — x; 0603HAUNM €ro .

k
ﬂCHO, 4To 8kfk = Z(*l)ifk—l npu k = lu 80f0 =0. HoaTomy 8213_] ]ch_] =0

i=0
148 anka = ]ch_] (k 2 1) Takum 06p830M, Zo =G u BO = 0; ZQk_] =G
l/lBQk_liG; ZQkZOI/IBQkZO. O

14.1. Teopema o Bbipe3aHMU U TOUHASA MOCJEJ0BATEJbHOCTb
Maiiepa—BbeTopuca

OTHOCHTEJIbHbBIE W TIPUBEJIEHHbIE IPYIIILI TOMOJIOTHE, 8 TaKXKe TPYMIbl KOro-
MOJIOTHH B CHHIYJISIPHOM CJlydae OMpeesisiioTCsi TOUHO TaK XKe, KaK U B CHMILJIH-
unasbHoM. TouHast rOMOJIOTHUECKaSsT T0C/Ie0BATENbHOCTh Mapbl TOKE CTPOUTCS
6e3 kKakux-au60 uamenenuid. Ho ¢ touHoi mocnenoBatesnbHocThio Maliepa—
BbeTopuica BO3HHKAET TPYJAHOCTb, MOTOMY UTO He JIFOOYI0 CHHTYJSIPHYIO 1IeMb
B X UY MOXHO MPeICTaBUTh B BUJIE CYMMbI JIByX CHHIYJISIPHBIX LIEMeN ¢ HOCH-
TesisiMi B X W B Y. DTa TPyIHOCTb NPUHLIMITHAJLHAS: I CHHTYJISIPHBIX FOMOJIO-
Tl TOUHAs mocJjenoBaTesibHOCTh Maiiepa—Bbetopuca cyliiecTByer Juilb npu
HEKOTOPbIX orpaHudenusix. TouHast nocJenoparesbHocTh Mailepa—Bberopuca
JUIS CUHTYJISPHBIX TOMOJIOTHH TECHO CBSI3aHA CO CJIEJYIOLIMM YTBEPXKIEHHEM.

Teopema 14.4 (o Bbipesanuu). [1ycme muoncecmsa U C A C X ma-
kosobt, umo U C intA. Toeda sxaouenue nap (X \ U, A\ U) C (X, A) un-
dyyupyem usomopgpusm H. (X \ U, A\ U) — H.(X, A).

Hokazateabcto. [lyetb Xy =AuXo =X\ U. Torna int(X \ U) =
=X\ U DX \intA, nosromy int X; Uint Xy = X.

Jlemma 1. [lycme X =int X| Uint Xy. Toeda das awboeo cumneyiapHo-
20 cumnaexca [: A* — X moocro sobpame wucao m = m(f) mak, umo 06-
pas 1106020 cumniekca m-20 dapuyeHmpuiecko2o noopasdeieHus cum-
naexkca Ak yeauxkom aexcum 6 X| uiu 8 Xo.

JlokasaTeJabcTso. Muoxectsa [~ (int X;) u f~!(int Xy) o6pasyior
OTKpBITO® MOKPLITHE KoMnakTHoro muoxkectBa AX C R¥. Tlyeth § — unciio
Jle6era 3toro nokpbitHsi. Ecan d — nuamerp cummniexkca AF| To anamerp Jsio-
60ro CHMILIEKCA €ro M-To GaPULIEHTPUUECKOTO MOJIPa3/IeeH s He TPEBOCXOAUT

m m
(%) d. Ocraérest BbIOpaTh M Tak, UTo (%) d < 6. O

Kaxk0My cHHryasipHOMY cumnjekcy [: A¥ — X MoKHO COMOCTaBUThL €ro
GaputienTprueckoe noapasaesenue sd f =5 f,, rie f, — orpanuyenue oTo6-
paxenust [ Ha cummieke AR npunaniexauuii GapuienTpuueckoMy noapas-

nenenmio cummiekca A¥. ®dopmanbho cunryaspuas uens sd [ onpenensiercs
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tak. Ha c. 17 wmbl onpenennsu tenHoe oto6paxenne i Cp(K) — Cp(K'),
st KoToporo ix(AF) = [b, iy_10A%] =3 £[b, b', b", ..., v;], tne b — Ga-
puLeHTp cummniaekca A* b’ — Gapuuentp (k — 1)-mepHoit rpanu A’ C A%,
b" — Gapuuentp (k — 2)-mepnoii rpann A” C A’ C A*, ..., v; — BeplunHa
cummiekca AR, TTooxum sd [ = 3" 4 g4, TIe go — KOMIO3HIKA 0TOGpParxke-
Hu#

AF =T[vg, 01, .., o] — [b, b, 6", . o] L X

(3nmech neppasi cTpeska — roMeoMopgU3M CHMIIEKCOB, 3aJlaHHBIX KaK YIopsi-
JIoUeHHble HaGOPbl BEPIIUH).

[To suHelHOCTH Sd MOXKHO MPOJOJIKUTL 10 ToMoMopduama sd: C.(X) —
— C4(X). Orobpaxenue sd — uenHoe: paBeHctBo Jsd = sdd caenyer u3
paBeHcTBa (0 = 0i.

Jlemma 2. [lag kancdoeo HamypasvHoeo m cyujecmsyem cemeti-
cmeo eomomopgusmos Dy Cp(X) — Cpi(X), 029 komopoix

1) Opy1Dyc + Dpp_10pc =sd™ ¢ — c;

2) Hocumenv™®) yenu Dpc codepacumces 8 Hocumeae yenu .

HoxaszaTtedabcTtso. [Tonoxum Dy=0. [omomopdusm D;, Gynem cTpo-
UTh, NpejrnoJiarasi, uto romomopduambl Dy, ..., Dp_| yxke noctpoenbl. Pac-
CMOTPHUM CHHTYJISIpHbIA cummiekc idg: A% — AF B Cp(A*). Jlerko npoBepHTh,
uto uenb zp = sd™id, —idp —Dp_ 10k id, aABaAsieTcs LuKaAOM. JleficTBUTENbHO,
10 MPEJNONONKEHHIO VISl IeNH j,_1 = O id; BHITIOIHSETCS paBeHCTBO

ODp—1jr—1 + Dp—20p—1jr—1 = sd™ jr—1 — jr—1,
le/I‘{éM Dk_Qak_] jk—l = Dk_Qak_]ak idk =0. HOSTOMy
Op2p = Op sd™ idp —0p idp, — sd™ O idp +0pidp =0,

nocKoJbKy 9 sd™ = sd™ 9.

Mui yke 3naem, uto Hy(AF) =0 npu k > 1, nockonbky cummnieke A¥ —
cTAruBaemMoe mpoctpaHcTBo. CJle0BaTeIbHO, CYILIECTBYET CHHTYJIsSIpHAs LeMb
bii1 € Cry1(AF), nst koTopoit 2, = Obyy 1. Tyets by = > a;fi, [i: AR —
— A*. 11 npousBo/IbHONO CHHTYISIpHOrO cuMMiekca f: A% — X nonoxkum
Dpf=5"a;(f o [;), a 3arem npono/kum otobpaxkenue Dy MO JHUHEHHOCTH.
Tpebyemoe paBeHCTBO

Opt1Dpf + Dy Opf =sd™ [ — f

caetyer U3 paBenctsa y_ a; f; + Dy 10, = sd™ idg — idg, mockonbky Op | Dy [ =

=>apOkq1(f o fi). O

*) IMox HocuTesIeM Lienu 37iech MojipasyMeBaeTcs o0belHeHHe 06pa30B BCeX CHHTYJ/IPHBIX CHM-
MJ1IEKCOB, BXOJALIMX B LIeMb.
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[Iponoskum okazatesibeTBo TeopeMbl 14.4. CorsacHo Jiemme 2 J1060i oT-
HOCHTEILbHBIN WK 2, € Cp(X, A) romosiornuen oTHocUTeIbHOMY LKy sd™ 2y,
nocKobKY Dy_10p2r € Cr(A). B 1060# UMK BXOAUT JIHIIb KOHEYHOE UHUCJIO
CHHTYJISIPHBIX CHMIJIEKCOB, TI03TOMY COIVIACHO JieMMe | /st KaXKI0ro LUK 2
MOYKHO BBIOpPATh YHCJIO /71 TAK, UTO HOCHTEJb JIIO6OTO CHHTYJISIPHOTO CHMILIEKCa,
Bxopstiero B sd” 2, uemukom Jexut B X; = A wim B Xo =X \ U. Tlosto-
My oroGpaxenue H (X \ U, A\ U) — H.(X, A) — snumopduam. Ocraéres
npoBeputhb, uto eciu 2, € Cp(X \ U) u 2z, — 0b € Cr(A) nis HekoToporo
b€ Cprri1(X), 10 2, — 0b" € Cr(A \ U) nast nekotoporo b’ € Cp(X \ U).

[Tyctb C,iX"XQ)(X) — rpynna, coctosiias u3 cymm ueneit u3 Cp(X1) u Cp(X2).
[To ycsioBuio 9b € C,iX“XQ}(X). Bui6epem unciio m tax, uto sd” b € C,{:iiXQ}(X).
Torna

b+0Db=sd"b — Db € C\1 (X).

[Myctb sd™ b — DOb =b" +b", rne b’ € Cpy1(Xo) u b” € Cpyi(X). Torna
zp —Ob' —0b" =z, — (b + 0Db) =z, — 0b € Cr(X)).
[Tpu atom zp, 9b’ € C(X9) u 9b” € Cr(X,). CnenoBarenbHo,
2 —0b" € Cr(X1) N Cr(Xg) = CL(A) N Cr(X \ U) = CL(A\ V),

uTO W TPeGOBANOCD. U

Oo6paTtumMes Ternepb K TOUHOH TocJenoBatesbHocTH Mariepa—BbeTopuca.
Jlnsa mo6bix 1ByX MHOXkKeCTB X, Xo C X UMeeT MecTo KOpPOTKasi TOuHasi rmocJje-
JI0BAaTEeJIbHOCTh

0— Co(X1 NXo) L2 0 (X)) @ C(Xo) L2 10X (X, U Xy) — 0,

rie Cin‘XQ}(X] U Xg) = Ci (X)) + Ci(X9) — rpynna, cocTosilliasi U3 CyMM LEMei.
OTa KOpPOTKasi TOUHAs MOCJEN0BATENbHOCTb MHIYLUPYET TOUHYIO TOCJEeN0Ba-
TeJIbHOCTh

e He(X) N Xe) 5 Hu(X)) @ Hi(Xe)
L Hy(CHX (X U Xo)) 25 Hyo (X N Xg) — .

Ecau BKItOueHue Cix“XQ)(Xl U X9) — Ci(X] U X9) uHAyUMpPYyeT U30MOpP(H3M
roMoJIOTuii, To roBopsit, uto napa {X|, Xo} ynoB/ieTBopsier akcuome soipe3a-
Hus. B Takom ciyuae rpynmy Hk(CiX"XQ}(Xl U X9)) MOXKHO 3aMeHHUTb Tpymnmnou
H.(X; U Xo). TouHyio nocJ/iefoBaTebHOCTb TOMOJIOTHE HA3bIBAIOT MPH 3TOM
nocaedosamervrocmoio Maiiepa— Boemopuca.
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[Tpumep 14.2. [lycmo X| u X9 — dse noayoxpyoc-
Hocmu, npuuém 8 X| sxodam obe epaHuuHbvle MOUKLU,
a 8 X9 epanuunsle mouku He sxodam (puc. 37). Toeda
045 napot {Xy, Xo} mounas nocaedosamearvrocms Maiie-
pa—Boeemopuca ne umeem mecma.
IlokaszaTtenabcTBo. Ilo yeaosuio X; U Xg = S!
Puc. 37. Tory- y X, N Xy = @. [Tostomy yuactok Hi(X;) & H{(X2) —
OKpydIcHOCmL HH](X]UXQ)HH](X]QXQ) umeer Bug 0 — Z — 0. O
Xru X [To X0ty 10Ka3aTe/LCTBA TeOPEMbl O BbIPe3aHHH GbLIO0 M0-
KaszaHo, uto ecqu X| U Xy = int X; U int Xy, To nmapa {X;, Xo}
YJIOBJIETBOPSIET aKCHOMe Bbipe3aHusl. JloKazaTesbCcTBO 3MUMOPGHHOCTH TOMO-
Mopu3aMa H*(Cix“xﬂ)()()) — H.(X), rne X = X| U Xy, Tam copiep:KuTCs SIBHO,
a MOHOMOP(HOCTD CJieflyeT U3 Toro, uto eciu b € Cpy(X) u 0b € C,EXI‘XQ}(X),
To cyuiectByeT uenb d = Db € Cpio(X), nas kotopoit b + 9d € C,i)jrl‘lXQ}(X);
JeHCTBUTENbHO, Ob — rpaHuua uenu b + od.
Z npuk=n;
0 npuk+#n.

JlokaszateanbcTBO. [lycTh x| WU X9 — JIBe pasjiMuHbie TOUKH Cde-
pot S, X; = 8"\ {x1} u Xo = S"\ {xo}. [Ipoctpancrea X| u Xy crsiruaembl,
nostomy Hy(X;) = 0 npu Beex k.

MtuoxecTBa X| 1 Xo oTKpBITHI B S”, mo3ToMy napa {X|, Xo} ynoBjieTBopsier
akcuome Bbipe3anusi. TouHast nocaenosarenbHocTh Mallepa—Bberopuca naér
M30MOPU3M

Mpumep 14.3. H(S") =

H(S") 2 1 (™ \ {x1, x2}).

[Ipn stom 8™\ {x1, xo} ~ S=1. Tlostomy nosyuaem usomopduam /1, (S") =
=~ Hy,_1(S"1). Ocraéres sametutnb, uto npu n = 0 TpeGyeMoe yTBeprKieHHe
OUEBHUHO. O
_ Z npuk=n;
[Tpumep 14.4. H,(D", S )=
0 npuk+#n.
IlokasaTesabcTso. Tounas nocjenoBatesbHocTb mapbl (D", S"~1)
MOKa3bIBAET, UTO

Hy(D", S™™ 1)y 2 H,_(S"71). O

Ynpaxueunue. Jokawure, uto Hp(XX) = H,_(X) nns Beex k > 1
(usomopdhusm nadcmpoiixuL).

Sanaua 14.1. okaxure, uto H;(X, V)= H (X U CY, CY).

anaua 14.2. Hokaxure, uto H;(X, V)= H;(XUCY) npui > l.

Ganaua 14.3. Ilycte X — cBasubiii CW -komiieke, Y — ero noaxkom-
nnekc. Jokaxure, uro H;(X, Y) = H;(X/Y).
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[ycts (X1, A1) 1 (X2, Ag) — 1Be mapbl TOMOJMOTHUECKUX TPOCTPAHCTB, TTPH-
uém A; C X; C X, i =1, 2. [lpeanonioxkum, uro oGe napbl MHOXKeCTB {X|, Xo}
u {A|, Ao} yIOBJIETBOPSIIOT akCHOME Bbipe3anusi. Toraa MMeeT MeCcTo TOuHast
M0CJIe/I0BATENLHOCTD

— Hp(Xi N Xg, A1 N Ay) L’Hk(xlv A1) @ He(Xg, Ag) S

L (X U e, Ay U Ag) 25 Hy (X N X, Ay N Ag) —
KOTOPYIO HA3bIBAIOT OMHOCUMENbHOL nociedosamensHocmoio Maiiepa—
Boemopuca. UToGbl MOCTPOUTB 3TY NOCJEI0BATEILHOCTb, MPEK/IE BCEro 3a-
METHUM, UTO OTOGPH)KQHHQ OTHOCHTEJIbHbBIX FOMOJIOFI/”L/'], HHI[yL[HpOBaHHOe BKJIIO-

yeHHeM
CalX) +C(Xy)  Cu(X1UXy)

C.(A) + C.(Ay)  Ci(A, UAy)
ABJsieTcss M3oMopduaMoM. B camom nesie, paccMOTPUM TOUHYIO TOMOJIOTH-
UECKYIO T0CJIe0BaTebHOCTL mapbl (X U Xo, A; U Ag) U COOTBETCTBYIOLLYIO
TOUHYIO MOCJIeI0BATEIbHOCTh JJISi TOMOJIOTHE BHA H*(CiXI‘XQ}(XI U X2)), Ko-
Topasi BO3HUKAET U3 OUEBUAHON KOPOTKOH TOUHOMH MocJenoBaTesbHOCTH. EcTe-
CTBEHHbIE BKJIIOUEHHS LEMHbIX KOMIJIEKCOB UHIYLIUPYIOT 0TOOpakKeHHe BTOPOH
TOUHOH TOCJIEIOBATENILHOCTH B MEPBYI0, MPHUEM OTOOpPaXKeHUsT abCOJFOTHBIX
roMoJIOrHi — n3oMopduambl. [To3TOMy H3 H-J1IeMMBI CJleyeT, UTO 0TOOpaXKeHHs
OTHOCHTEJIbHBIX TOMOJIOTHH TOXKEe U30MOP(HU3MBI.
Tenepb ocTaérest MOCTPOUTb KOPOTKYIO TOUHYIO MOCJIEN0BATEbHOCTD
0, &GnXy)  CX) o CaXy)  CX)+ Gy

C.(A1 N Ayg) Ci(A1) ~ Ci(A9) Ci(A1) + Ci(Ay) ’
T. €. HY»KHO MPOBEPUTH, UTO (HAKTOPH3ALMsT KOPOTKOH TOUHOH MOCJe0BaTe b~
HOCTH 110 TOUHOH MOJNOCJ/EA0BATENLHOCTH PUBOJUT K TOUHOH MOC/€10BATE b~
HOCTH. DTO BEPHO HE TOJIbKO JJIi KOPOTKHX TOUHBIX MOCJEI0BATENbHOCTEH,
HO U JJI151 JIIOOBIX TOUHBIX MocJenoBaTenbHocTed. UTo6bl n0KasaTh 370, Oynem
paccMarpuBaTh TOUHYIO MOCJEN0BATENbHOCTh KakK LernHoi Kommieke C, a eé
MOJMOCJIEIOBATEIbHOCTD — Kak 1enHoi noakomryieke C’. TounocTb mocie-
noBaresibHocTel ogHauaer, urto H,(C) =0 u H,(C') = 0. 3anuiiem ToYHyIO
N0CJ/1e/1I0BATE/NbHOCTh TOMOJIOTHIH, WHYLIMPOBAHHYIO KOPOTKOW TOYHOH MOCJe-
noBatesibHoctbio 0 — C' — C — C/C' — 0:

Hy(C) L5 Hy(C/Cly 2 Hy (O,
B pesysbrare noayunm Hy(C/C’) =0, uto u tpeGoBasocs.

Cl’lHl"y.J'lﬂprle KOIroMmoOJIOTHH

[pynna cuneyarspHolx Kocomoaoeutl ONpeessieTCsl eCTeCTBEHHbIM 06pa-
3oM. Ilyetb Cp(X) — rpynna cHHryJasipHbIX Uenell ¢ Ko3dduumeHtamu B Z.
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Torna C*(X; G) = Hom(C(X), G) — rpynna cUHIyJSipHBIX Kollerneil ¢ Kosg-
duumentamu B G. Korpanuunbiii onepatop 6: CH(X; G) — C*T1(X; G) onpe-
JleJISIeTCsl KaK JIBOMCTBEHHbIH K rpaHuuHomy orepatopy 0: Cpyj(X) — Cp(X).
3aTeM cTaHzapTHLIM 06pa3oM omnpeessieTcsl rpynna Kolukjaos ZF, rpymnna
Korpanui B* u rpynna koromosoruii Z*/B*.

J1J1s1 CUHTYJISIPHBIX KOTOMOJIOTHI CTIpaBe/l/IiBa TeopeMa, aHaJornyHasi Teo-
peme 0 BbIpe3aHHH Il CHHTYJSIPHBIX TOMOJIOTHi. [/l eé nokasaTesnbCTBa J10-
CTaTOUHO 3aMETHTh, UTO COTJIACHO TeopeMe 00 YHUBEPCAJbHBIX KO3 PULHEHTaxX
ernHoe otobpaxKeHue, HHAYLUPYIOlllee H30MOP(HU3M TOMOJIOTHIT ¢ KOS hHIIU-
€HTaMU B Z, HHAYUMUPYET TaKkKe U U30MOP(HHU3M KOTOMOJIOTHH.

14.2. Akcuombl TeopuH (KO) roMoJIOTHi

CuHryJsipHble (KO)rOMOJIOTHM — 3TO JIMLIb OJHA H3 BO3MOXKHBIX TEOPHi
(ko)romoJioruii, onpenesaéHHbIX AJsi BCeX TOMOJOTHUECKUX MpocTpaHcTB. Eué
OJIHUM MPUMEPOM CJtyKaT KoromoJsiornu Uexa. JIJisi CHMIUIMIMAIBHBIX KOMIJIEK -
coB 06e 3TH TEOPHH AAIOT OJUH M TOT XKe pe3yJsbpTaT, HO 1Jisi Gojiee OOLIMX
TOMOJIOTHUECKHX MPOCTPAHCTB Pe3yJIbTaThl MOTYT MOJYUMTbCS pasHbiMH. [lo-
MHMO Koromosioruit Yexa ectb u Ipyrue Teopud (KO)roOMOJIOTHIL.

Crunpoa u Jitnendepr [C12] chopmypoBasi aKCHOMbI, KOTOPBIM J10J2KHA
YJIOBJIETBOPSITH T€OPHs (KO)rOMOJIOTHH, M J0Ka3aJju, 4To JitoOble JIBe TeOpHH
(KO)rOMOJIOTHH, YIOBNETBOPSIIOIIHE 3TOH CHCTEMe aKCHOM W HMeIollie OJHY
M Ty Ke Tpynny Ko3(h(HUIMEHTOB, COBMAAIOT HA CHUMILIHIHAILHBIX KOMIT-
JIeKCax.

Bynem roBoputb, uto kiacc A nap (X, A) TOMOJOrMUECKUX TPOCTPAHCTB
donycmumolil, €Civ BBIOJHSIIOTCS CJIEIYIOLIHE YCIOBHSI:

1) ecsin mapa (X, A) Bxoaur B A, 10 mapel (X, X), (X, @), (4, A) u (4, @)
BXOJSIT B A,

2) ecqn napa (X, A) sxoaur B A, To napa (X x I, A x ) Toxke BXoauT B A;

3) mapa (%, @), rie * — OAHOTOYEUHOE MPOCTPAHCTBO, BXOAHT B A.

Teopusi romosioruii onpenesena Ha I0MycTUMOM Kiacce nap. Oua coro-
crapJjsieT Jio6oi mape (X, A) M3 maHHOrO JOMYCTHMOro KJjacca M JII0OOMy
uesoMy uucay n abeney rpynny H,(X, A). Kaxnomy oroGpaxeHuto nap
f: (X, A) = (Y, B) 1 KaXj0oMy LEJOMY UUCJTY /A COMOCTABJSETCS TOMOMOP-
¢busm [ Hy(X, A) — H,(Y, B). Kpome Toro, omnpenesieHbl rpaHdyHble TO-
momopuambl Oy Hy(X, Ay — H,_1(A), rne H,_1(A) = H,—1(A, &). Teopus
TOMOJIOTHH JI0JKHA YIOBJETBOPSTh CJEAYIONIMM akcuomaM (akcuomor Cmur-
poda—3iirenbepeq).

1. Ecim f — ToxknecTBeHHOE OTOGpaXKeHHe, TO f. — TOXKe TOXKJIECTBEHHOE
oTo6paKeHue.

2.(gf)x = g«
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3. 0ufs = ([|2)40x, T. €. caenyrolias uarpaMma KOMMyTaTHBHA:

Hy(X, A) L5 (Y, B)

Ox Ox
(F1a)«

Hy,_ l(A) *’Hn 1(B).
4. (Akcnoma toutoctn.) [lyetbi: A — X u j: X — (X, A) — ecrecTBeHHbIe
BKtouenust. Torna cjeyiomiasi Nocje0BaTebHOCTb TOUHA:

o () A H ) L (X, A) 2 H () 2

5. (Axkcuoma romoronuu.) Ecaun orobpaxenust f, g: (X, A) — (Y, B) ro-
MOTOIHBI, TO JJIs1 BCEX 71 TOMOMOP(HU3MbI [, U g, COBMNANAIOT.

6. (Axcuoma Bbipesanusi.) Ilyetb U C X — OTKpbITOE MOJIMHOMKECTBO, 3a-
MbikaHHe KoTtoporo copepxutcst B int A. Torna Bkiawouenne (X \ U, A\ U) —
— (X, A), ecau OHO sBJISIETCS JIOMYCTUMbIM OTOOpaXKeHHeM, Jijist JioOoro n
unayuupyet uzomopusm H, (X \ U, A\ U) — H,(X, A).

7. (Axcuoma pasmeproctu.) H,(x) =0 npu n # 0. [pynny Ho(*) HasbiBaioT
epynnoi Koaghguyuenmos.

Teopust KoromoJioruil onpesesieHa Ha AOMyCTHMOM KJjacce map. OHa co-
nocrasJsier Jo6oi nape (X, A) U3 AaHHOTO AOMYCTHMOrO KJjacca M JIoGoMmy
nesoMy umcay n abeneBy rpynny H™(X, A). Kaxmomy otoOpaxenuio nap
[ (X, A) = (Y, B) 1 KaxnoMy UeJIOMy YMCJY /1 COMOCTABJSIETCS] TOMOMOP-
¢dusm f*: HY(Y, B) — H"(X, A). Kpome Toro, orpejesieHbl KOrpaHuuHble ro-
Momopduambl §*: H* "1 (A) — H™(X, A), rne H""'(A) = H""'(A, @). Teo-
pHUsT KOTOMOJIOTHH JIOJIXKHA YIOBJETBOPSITH CJEIYIOUIUM aKcHuoMaM (akcuomol
Cmunpoda—3iirenbepea).

l. Ecin [ — ToKeCcTBEHHOE OTOOpPaXKeHue, To [* — Toxe TOXKIAEeCTBEHHOEe
oTobpaKeHue.

2. (gh =1"g"

3. 0% [* = (f|a)*0*, T.e. caenyrouiasi JuarpaMmMa KOMMyTaTHBHA:

HO X, Ay ey, By
& &
Hn—l(A) (710" Hn— ](B)

4. (Akcnoma toutoctn.) [lyetb i: A — X u j: X — (X, A) — ecrecTBeHHble
BKJIOUEHHSI. Toraa cneay}omaﬂ M0CJ/IE/I0BATENBHOCTD TOUHA:

Ay S, Ay 2 oo A ) 2

5. (Axkcuoma romoronuu.) Ecaun orobpaxenust f, g: (X, A) — (Y, B) ro-
MOTOIHBI, TO JJIsl BCEX 71 TOMOMOP(U3MBI [* U g* coBnanaior.
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6. (Axcuoma Beipesanusi.) Ilyetb U C X — OTKpbITOEe MOJIMHOMKECTBO, 3a-
MbiKaHie KoTtoporo comep:kutesi B int A. Torna Bkiouenne (X \ U, A\ U) —
— (X, A), ecai OHO SBJISIETCS JIONMYCTHMbIM OTOGpaX<€HHEM, JUIsi JII0GOro 1
unayuupyer uzomopusm H"(X, A) — H*"(X \ U, A\ U).

7. (Akcroma pasmeprocTu.) H"(x) = 0 npu n # 0. Ipynny H(x) naswisator
epynnoii Koaghguyuenmos.

Kak BbisicHu/10¢h Bckope nocdie ny6Jnkaudy Kiurk CtiHpoaa v didsienbep-
ra, akCHOMa pa3MepHOCTH UrpaeT 0coOylo poJib: JAJIsl HEKOTOPBIX €CTeCTBEHHbIM
00pa3oM BO3HHKAIOLIMX TEOPUH BBIMOJHSAIOTCS Bce akcHoMbl CTHHpopa— -
JieHbepra, 3a UCK/IUEHHEM aKCHOMbI Pa3MepHOCTH. Takue TeopHH (K0)roMoJio-
THI Ha3bIBAIOT IKCMPAOPOUHAPHOIMI UK 0000uéHHboiMu. K HUM OTHOCSTCS,
HarnpuMep, Teopusi KOGOPAU3MOB U K -Teopus.

14.3. Teopema )Xopnana—Bpayapa

Bpaysp [Brl]—[Brb] nokasad, utro ecau MmHokecTBO B C R" romeomopdHo
S~ 10 R™ \ B COCTOUT M3 JBYX CBSI3HBIX KOMIOHEHT. B uacTHoM ciiyuae n = 2
3Ta Teopema Oblna jokazaHa panee YKoppanom™). O6061asi 10Ka3aTesbCTBO
teopeMbl Koprana—DBpayspa, Asiekcaniep mosydus cjefyioliee yTBep:KieHHe.

Teopema 14.5 (Anekcaunep [Al2]). Ecau A, B C R" — eomeomopdh-
Hole 3amKkHymole mHoocecmaa, mo H,(R" \ A) = H,(R" \ B) das scex k > 0.

NlokaszaTenbcTBo (cMm. [Do]). Pacemorpum R = R" x R" u Gynem
cuntath, uto A C R" x {0} u B C {0} x R*". Torna (R** \ A) ~ (R** \ B)
(uactb I, Teopema 4.5). Ecoin A #R" u B # R", 10 TpeGyeMoe yTBepKIeHHE
JIETKO BBITEKAET U3 CJIEYIOLIEN JIEMMbI.

JJemma. Ecau A C R" — zamxnymoe muooxcecmso u A # R", mo
Hpp iy R\ A) 22 H,(R" \ A) 0as m06020 i >0 (30eco nodpasymesaemes,
umo R" =R" x {0} ¢ R"*),

JdokaszaTeabcTso. JloctaTouHo paccMOTpeTh caydail i = 1, a 3aTem
npuMennTh uHaykumio. [osoxmum X = R\ A,

Xi={(x,t) eR"xR|¢>0umx eR"\ A},
Xo={(x, 1) eR"xR|{<0umx eR"\ A}.

MuoxectBa X4 u X_ otkpbitol BX 1 XL UX_ =X, Xy NX_=(R"\ A) xR.
3anuieM TouHylo MnocJiefoBartesbHocTh Maliepa—Bbetopuca ast mpuBeiéH-
HBIX TOMOJIOTHH:

o H (X)) & Hi (X2) — e (X UXZ) —
— Hy Xy NX_) — Ho(X) @ Hpp (X)) — ...

*) lokaszaresnbetBo JKopaana Oblio He BrioJsiHe cTporuM. [lepBoe moJiHOe 10Ka3aTebCTBO TEO-
pembl YKoprana npeaioxui Bebuen B 1905 T
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[IpoctpanctBa X4 n X_ cTArHBaembl, MOSTOMY HX TpHBeIEHHbIE TOMOJOTHH
HyseBsble, a 3HaunT, My (X4 UX_) = Hy(Xy NX2), Te. Hpp (RPN A) =
=~ [ (R"\ A) x R) 22 [H, (R \ A). O

Eciu A # R", 1o cornacho jemme H(R" \ A) = Hyyy(R¥\ A); ecan ke
A=R", 10 Mbl CMO3KeM MoJyuuTh n3oMophuam H(R" 1\ )2y, (R?*\ A).
Takum oGpasom, ecyin A #R" u B #R", 1o H,(R" \A) = H,(R" \ B), nostomy
Hp(R"\ A) 2 Hy(R"\ B). Ecanske A = R", 10 [, (R \ A) = H, (R \ B).
B wacthoctu, Ho(R"1\ A) = Hy(R"!\ B). Muoxectso R"+1\ A =R+ \ R”
COCTOHT POBHO M3 JBYyX KOMIIOHEHT CBSIZHOCTH, M03TOMY MHOxkecTBO R"F!\ B
TO2KE COCTOMT M3 JBYX KOMIOHEHT CBsI3HOCTH. Ho 39TO BO3MOXKHO JiHilib B TOM
cayuae, xorga B = R”. O

M3 Teopembl Asekcaniepa JIeTKO BHIBOAHTCS CJeylolllee yTBepiKIeHHe,
nokazaHHoe bpayspom [Br4].

Teopema 14.6 (06 unBapuanTHOCTH obusacT). [Iycmo U u V — eo-
meomopgrole noomnoacecmsa 8 R", npuuém mroacecmso U omipolmo.
Toeda muoacecmso V mooace omkpoLmo.

HoxaszateabcTtBo. Ilyerh vg € V — HekoTopasi Touka. TpeGyercs
JI0Ka3aTh, UTo V' COepKUT OTKpbITOe B R” MHOXKeCTBO, CoflepKalilee TOUKY Uy.
Paccmorpum romeomopdusm A: U — V u nonoxum wg = h~'(vg). Boibe-
pem € > 0 rak, uto D" ={x € R" | ||x — ug|| < e} C U. Cornacto Teopeme
Anekcanjepa MHoxkecTBO R \ A(D™) cBsiHo, a MHOkecTBO R™ \ A(S"~ 1), rae
S§"=!'= 9D", cocTOMT U3 JBYX KOMIOHEHT cBsisHocTH. MHosxecTBa R™ \ A(D")
uh(D") \ h(S"') = h(int D") cBsiabl, a nx o6besuHente pasHo R \ A(S"1).
[TosToMy HMEHHO 9TH MHOXECTBA SIBJISIOTCSI KOMIIOHEHTAMH CBSI3HOCTH.
B uacTHOCTH, OHH SIBJISIIOTCSI OTKPBLITBIMH T[OJMHOXKECTBAMH MPOCTPAHCTBA
R™\ A(S"~"), KoTopoe, B CBOIO OUepeb, ABIAETCS OTKPBITHIM MOAMHOKECTBOM
B R". CiienoBatesibHo, MHOXKecTBO A(int D) 3 h(ug) = vg otkpbiTo B R”. [

CanenctBHue (MHBapHaHTHOCTb Kpasi). [Ipu eomeomopgpuzme D" —
— D" mouxka x € D" He modxcem neperimu 80 8HYMPEHHIOIO MOUKY.

Mpumep 14.5. Myemo X =R x {0}) U ({0} x R) CR?, U ={(0, )| 2 <
<t<3uV={01)|-1<t<I1} (puc. 38). Toeda mnoaucecmsa U u V

Puc. 38. Heunsapuanmnocmo obaacmu
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eomeomopprel u mHoxcecmso U omkpoimo 6 X, HO mHoxcecmso V He
omkpoimo 8 X.

Ganaua 14.4. Ilyctb U u V — romeomopcHble MOAMHOXKECTBA MPO-
crpaHcTBa R”, npuuém mMHoxKecTBo U 3amkHyTOo. BepHo M, uto MHOXKecTBO V
TOXKE 3aMKHYTO?

14.4. U3omMop(pu3m Mexay CUMNIULHANbHBIMU
M CUHTYJSIPHBIMU FOMOJIOTHAMU

Ecan K — cUMIIMLMAJIBbHBIE KOMIIEKES, TO JJIi HETO MOXKHO OIMpPEIE/HTh
KaK CHMIJIMLMAJIbHbIE, TAK W CHHTYJSIPHbIE TPYMIbl TOMOJIOTHH. 3/1eChb Mbl
JIOKaXKEM, UTO 3TH Ipyrnnbl U3oMopdHbl. [1pH nocTpoeHuH 1ienHoro otrodpake-
HHUSI, HHAYLUPYIOLLETO 3TOT U30MOP(MHU3M, YI0OHO HCMOJb30BATh HE CUMIJINLIU-
aJIbHbIN 11eMHON KOMIIJIEKC, & TOTaJbHbIA (YNOpPSIOUeHHbIN) LEMHON KOMIIJIEKC
C.(K), rpynrel TOMOJIOrHiT KOTOPOro H30MOPMHBI PYMNaM CHMILHIHAIBLHEIX
romoJioruii (treopema 7.1 Ha c. 71).

ConocraBuM k-MepHOMY YNOpsiIOYUeHHOMY CHMILIEKCY (g, ..., Uk) CHHTY-
JsipHblf cummiteke f: [0, ..., k] — [vo, ..., U], THe f — nuHeliHOE oTOGpaXKe-
HHE CUMIIJIEKCOB, MEPEBOASLILEE TOUKY i B TOUKY ;. DTO COMOCTABJEHHE, MTPO-
JIOJDKEHHOE 10 JnHeitHoceTH, onpeneasier romomopduam i Cp(K) — Cr(K),
rie Cp(K) — cuHryJisipubiil 1lenHoil KomJseke. HernocpencteenHo u3 onpeje-
JIEHWI TPAHHUHBIX TOMOMOP(HH3MOB B C’* 1 B C, BUIHO, 4TO j — LieMHOe 0T06-
paxkenue. [TosTomy j MHAYLHpPYET TOMOMOP(U3M TOMOJIOTHH f, : Hk((:‘*(K)) —
— Hp(K).

Teopema 14.7. Tomomopgpusm j. asasemes usomophusmon.

HoxaszaTedabcTso. CHauasa Mbl pACCMOTPUM CJlyua, Korjaa CUMIJIN -
HMajbHbIl KoMmmieke K KoHeueH. B 3ToM ciydae j10KazaTenbCTBO MPOBENEM
WHJIYKLIMEH TO 7, TJle 11 — KOJIMYeCTBO BCEX CHMILJIEKCOB BCEX pa3MepHOCTeH
B K. Eciiu n =1, to K cocTouT U3 oaHO# TOUkd. IIJii 0AHOTOUEUHOro Mpo-
CTPAHCTBA OUEBHUJEH U30MOP(HHU3M JlaxKe Ha YPOBHE 1IeMek.

[Ipennosiokum Tenepb, uto j, — H30MOPGU3M 1JIs JI0GOr0 CUMIMIHLHANb-
HOTO KOMIJIEKCA, COJieprKalllero MeHee 1 cuMiiekcoB. [lycts K — cumniiu-
MaJbHBIH KOMIJIEKC, COJIeprKalllMi POBHO 71 CUMIJIEKCOB. Pacemorpum B K
cumIieke A MakcHMasibHOH pasmepHocTH. CuMIieke A He sIBJsSieTCsl TPaHbIo
u3 K, nosromy K; = K \ A — noakommekc B K, couepalliuil MeHee 1 CUM-
TJIEKCOB.

Jlnsi kpatkocTH BBeiéM o6o3HaueHHe Hu(K) = Hk((:‘*(K)). Jlns romo-
Joruii H, MOXHO paccMOTpeTh mocjenoBartesbHocth Maitepa—Bberopuca
s A u Kp. Dta napa NpoCTPaHCTB He YAOBJETBOPSIET aKCHOME BbIpesa-
HHUSI, TO9TOMY /LISl CHHTYJISIPHBIX TOMOJIOTHH PaCCMOTPHUM MOCJEI0BATENbHOCTD
Maiiepa—Bberopuca n1a A u K|, rae K{ = K; U (int A\ {xo}), xo € intA.
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B pesysabrare noJiyudM cJeytollyt0 KOMMYTaTHBHYIO AMarpamMMmy C TOYHBIMH
CTPOKAMH:

s Hp  (OA) ——— Hy(K) — Hp(A) & Hp(K)) — ...

[ 50 E [ 0

Hen@)  HK)  He(A) @ Hy(K)

J' H30 J/ H30 l H30

= He 1 (A N\ {xo}) — He(K) — Hp(A) & Hp(K]) — ...

31ech BepxHHE BepTHKaJbHbIE CTPEJNKH — OTOOpaKEeHUE j,., HUXKHHE BEpTH-
KaJbHble CTPEJKH — U30MOP(U3MBI, HHIYLIHPOBAHHbIE TOMOTOMHYECKUMH KBH-
BaJIEHTHOCTSIMH (MJIH TOXKIECTBEHHBIMH 0TOOpaXKeHusMu). M3 H-yieMmbl ciemy-
et, uto otobpaxenue j,: Hy(K) — Hy(K) — u3oMopduam (4ToGbI MPUMEHHTD
D-JIeMMy, HY?KHO K HAllMCaHHOMY BblllI€ y4acTKy JHarpaMmmbl JIONHUCATh MO OJ1-
HOMY uJIeHy CIpaBa U CJieBa).

Paccmotpum Tenepsb caydail, Korja CUMIIMUMANbHBIN KoMIsieke K Gecko-
HeueH. Jluist mo6oro o € H(K) B K M0xkHO BbIGpaTh KOHEUHBIH MOJKOMIIEKC L
Tak, UTO « JeXuT B obpase Hp(L) mpu romomopcuaMe, MHIYLHPOBAHHOM
BK/ouenneM L — K. Caenosarensho, j,: Hy(K) — Hy(K) — snumopouam.
[penonioxkum tenepb, uto & € Hy(K) u j,& = 0. Ha yposue uerneii 570 o3na-
yaet, uTo CHHryJsipHasi uenb ¢, € Cp(K), COOTBETCTBYIOLIAS MPEACTABUTEIIO
FOMOJIOTHYECKOTO Kylacca &, fBJSETCS IPaHHULIEH HEKOTOPOH CHHTYJISIPHOH LierH
aps € Cpy1(K). Boibepem B K KOHeuHbIH ToAKOMIJIeKC [ Tak, uTo6bl OH
Obl HOCUTENIEM Lenu oy . B Hp(L) uenb ¢, mpeacTaBisieT HyJeBOH KJacc
roMoJioruii, nostomy & =0, T.€. j, — MOHOMOP(HU3M. O

Teopema 14.8. Ecau U — omkpoimoe noOMHOICECMBO NPOCMPAH-
cmea R", mo H,(U) =0 npu k> n.

JokaszaTesabcTBo. PaccMOTpUM MPOM3BOMBHBIA CHHTYJSPHBIN LHKJ
z € Cr(U), k> n. Tpebyercs j0KasaTh, uto 2z = Qw, Tle @ — CHUHTYJsIpHast
uenb B U. Ilycth X — oO6benHeHHe Bcex 06pa3oB CHHTYJSIPHBIX CUMIIEKCOB,
BXOJsIIMX B 2. MHoxKecTBO X C U KOMIAKTHO, MO3TOMY PAacCTOSIHHE € MEXKLy
X uR"\ U nonoxuresbho. [Tyets K — cumriexke B R”, conepxariuii U 1 Tpu-
AHTYJIUPOBAHHBIH CTOJIb MEJIKO, UTO HAMeTp JI060ro CHMIJIEKCa TPHAHTYJISIIHHI
MeHblie £. PaccMoTpuM B K MOAKOMILIEKC L, COCTOSIIIUE U3 BCEX CHMIIIEKCOB,
nepecekatoiux X. Meskoctb TpHaHryssilig rapantupyer, uto |L| C U.

3anuuiem ais napsl (K, L) TOuHyI0 NOCA€10BATENbHOCTD CHMIIULMAJBbHBIX
FOMOJIOTHH:

. — Hy(K, L) — Hy(L) — Hp(K) — . ..

3nech Hp(K) = 0, nockonbky K ~ A", u Hpi (K, L) =0, nockosbKy Mo
yeqoBuio R + 1 > n+ 1 > dim K. CaenoBatesibHo, Hy(L) = 0.
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[Tepeiiném Tenepb K CHHIYJISIPHBIM TOMOJIOTHSIM. J1Jisl CHHIYJISIPHBIX TOMO-
JIOTHit ToXKe BhinoJiHsieTcst paBeHcTBo Hy(|L|) = 0. Tlo mocrpoennio X C |L|,
M03TOMY 2 — CHHIYJISIPHBIN LMK B |L|, a 3HauuT, 2 = Qw, rjie @ — CHHIYJIsIp-
Hasi uens B |L| C U. O

Sameuanue. [lisi 3aMKHYTOTO MHOXKeCTBa aHaJlor Teopembl 14.8 HeBe-
pen. B craThe [Ba] noctpoen npuMep 3aMKHYTOro NOAMHOKeCTBa B R? ¢ HeTpH-
BHAJIbHBIMH TOMOJIOTHSIMU B TIPOU3BOJILHO BBICOKHX Pa3MEPHOCTSIX.

Ecan Bocrnosib3oBaThbCs CBOWCTBAMM HepBAa TOKPBITHS, H3JI0XKEHHBIMH
B yacTd I, To U3 TeopeMbl 14.8 MOXKHO JIErKO BbIBECTH H3BECTHYIO TEOpeMy
XeJuu.

Teopema 149 (Xemm [Hel]). lTycmo Uy, ..., Uy,y1 — omkpoimote
soinykavle mHoxcecmsa 8 R", aobovie n u3 Komopolx umerom obuyro mou-
ky. Toeda u ece amu mMHONCECMBA UMEIOM OOUYIO MOUKY.

JdokaszateabcTo. [lonoxkum X = Uy U...UU,q| U paccMOTpUM
st X nokpoitue U ={U;}, i =1, ..., n+ 1. [lyctb N — HepB nokpbitusi U.
CorsacHo teopeme 8.10 u3 vactu I npoctpaHcTBO X roMOTONHUECKH 3IKBH-
BasientHo |N|. [pennonoxum, uto Uy N...N U,y = &. Torna N cocrout
M3 n-mepHbix rpameii cummiaekca A" Tlostomy |N| ~ S"; B wacTHoCTH,
Hy(X) 2 H,y(|N|) =2 H,(S™) # 0. dto npotuBopeunt teopeme 14.8. O

Teopemy Xesuiu (1 1axke HeKOTOPOe GoJiee oblilee YTBEPKIEHHE, TOKE JI0KA-
3aHHOe XeJIJIH) MOXKHO BbIBECTH M3 TeopeMbl 14.8, He oGpalasich K CBOHCTBaM
HepBa MOKPLITHSA. JIJIs 3TOr0 HaM MOHAaL0OUTCS CJlelylolilee YTBEPKIEHHE.

Jlemma 14.1. ycmo Xy, ..., X,y — ayukiuunole omgpoimore noo-
MHOJCECMBA MON0AOCUYEeCKO20 npocmpancmsea X, npuuém nepeceyerue
A10661x 1 u3 Hux, 2de | <r<m— 1, ayukauuno (8 yacmrocmu, Henycmo).
Toeda

a) ecau Xy N...NX,, =9, mo epynna qu(Xl U...UXy,) omauuna om
HYAsL 8 MOYHOCMU Npu q = m — 2;

6) ecau Xy N...N X, # 9, mo ﬁq(Xl U...UXp) %Hq_mH(X] n...
...NXpm) 0aq scex q.

HoxaszaTteabcTBOo. Paccmorpum cHauana caydail m = 2. Eciau
X1 NXe =g, 10 X; UXo npencrasisier co6oii 06beiMHeHNe IBYX HelepeceKa-
IOLIMXCS AUMKAMYHBIX TTpocTpaHcTs. [Tostomy Ho(X; UXe) #0 u ﬁq (X1UX9) =
=0 npu g #0. Eciin ke X| N Xo # &, To NpuBeIEHHAs NOC/EI0BATENLHOCTD
Matiepa—Bnetopuca

Hy(X1) & Hy(Xe) — Hy(X) U Xy) —
Hqu_l(X] N Xo) —>F]q_1(X1) @ﬁq_l(XQ)

M0KAa3bIBAET, UTO F]q(Xl UXg) & ﬁq_l (X1 N Xg), nockoJbKy qu_l(Xi) =0 nas
BCEX §.
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[IpuMeHnM Ternepb MHIYKIMIO 10 1. [10 MpeanosoKeHH0 HHAYKIHK NPO-
crpancTtBo Uy = X| U ... U Xy | alUKJIWYHO, MTOCKOJbKY X| N ... N X, | £ .
[IpuBenénnasi mocsaenoBatesbHOCTL Maiilepa—BbeToprca moxasbiBaer, uTo
Hy(Uy U X)) =2 Hy—((Uy 0 X)), Tpu 3tom Uy N Xy = (X1 N X)) U ..
..U Xm—1 N Xp). Tlpumenum npeanosioxkeHue HMHAYKUMH K MHOXECTBaM
XiN Xy ooy, Xu—1 N Xp. SlcHO, uTO MepeceueHue r U3 3THX MHOXECTB — 3TO
nepeceuenue r + 1 U3 mHoxectB Xi, ..., X,;. [Ipennonoxum, uto X; N ...
...N Xy =@ (310 3KBUBAJEHTHO TOMY, UTO MepeceueHHe paccMmarphBae-
MbIX MHOXeCTB X| N Xy, ..., X1 N Xy nycro). [To npeanosioxeHuto uH-
JYKUMH Tpynna ﬁq_l (U N X) oT/iMuHA OT HyJisl TOTJIA W TOJILKO TOTJA,
korta ¢ — 1 =(m—1) =2, re. ¢ =m — 2. [Ipeanoyioxkum Ttenepp, 4to
X1 n...N Xm 7& . Toraa qul(Ul n Xm) = H(qfl)f(mfl)Jrl(Xl n...N Xm)
Ho(g—-1)—-(m—-1)+1=qg—m+1. O

Tenepb Mbl MOXKEM JI0Ka3aTh CJeylollee yTBepKAeHHe, UACTHBIM CJyuaeM
KOTOPOTo sIBJIsIeTcsl 0ObIUHAsI TeopemMa XeJJu.

Teopema 14.10 (Xennmu [He2]). [lyecmo Xy, ..., Xy — KoHeuHbLL
Habop omxpoLmolx noOmHodNcecms R, npuuém nepeceuwernue a0bvlx r u3
amux mHodcecms Henycmo npu r < n+ 1 u ayuxauuno npu r < n. Toeda
npocmparcmso X| N...N Xy ayukAuyHo (8 4acmHocmu, Henycmo).

HoxaszateabctBo (cMm. [De]). Ilpeanonoxum, uto Teopema Xesiu
HeBepHa Jis1 Habopa MHOXKeCTB X, ..., X, TIpUUEM UYHCJIO M 3JleCh Hau-
MeHblllee. M3 MUHUMAJbHOCTH M CJIEyeT, UTO TepeceueHue JioObiX r < m — |
MHOXKeCTB X1, ..., X;; aUMKJIUYHO.

Paccmorpum cHauasa cayuail, korna Xy N ... N X, = &. D10 MoKeT ObiTh
autib npu m > n + 1. [lpumeHuB yTBepxKaeHue a) Jemmbl 14.1, mosayunm
Hp_o(X; U...UXy) #0. C apyroii cTopobl, m — 2 > n, T03TOMY COIJIACHO
Teopeme 14.8 mbl umeeM H,,_o(X; U ... UX,,) = 0. [TosyueHo npotiBopeume.

Paccmotpum Tenepnb cayuait, korna X; N ... N X, # &. Ilo npeanoso-
JKEHHIO MPOCTPaHCTBO X| N ... N X, He aUMKIMUHO. DTO MOXKET ObITh JHIb
npu m > n. CyuectByetr uncao p = 0, mis KoToporo ﬁp(Xl U...UXp) #0.
3anuuiem p B Buse p =q — m + 1. CorniacHo yTBepxKaeHuio 6) jemmbl 14.1
Mbl HMeeM qu(Xl N...NX,)#0. Hog=p +m— 1> n. 910 npoTUBOpeyUT
Teopeme 14.8. U

KJ'ICTO‘IHbIe romMoJqoruu

Hasi npousBosibHoro CW -kommniekca X MOXHO ONpeiesnTh KJIETOUYHble
FOMOJIOTHH TIOJI06HO TOMY, Kak 3TO JIeNajoch B CJyyae CHMIIHLMAJIbHbIX
KoMryieKcoB. TosIbKO Termepb BMECTO CHMIIHLMAJIbHBIX TOMOJIOTHH HYXKHO
B3ATb CHHTYJSipHbIE rOMOJIOTHH. Bocnosb3oBaBiiuch 3anaueil 14.3, nonyuyaem
Hi (X%, XF=DY 2 H(X* /X1 2 H; (Vo SE) npu i > 1. TTostomy H; (X*, Xk=1)=0
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npu i # k, a npu i = k 31a rpynna — cBo6osHasn*) abeseBa rpymnna, o6pasyto-
l[He KOTOPOH HAaXOISITCsl BO B3aMMHO OJHO3HAYHOM COOTBETCTBHH C R-Mep-
HbIMH KjieTKaMi Komruiekca X. K3 3Toro Mbl mnosiyuaem, B 4aCTHOCTH, UTO
Hp1(X*) = 0. JleficTBUTe/IbHO, TOUHAS TIOC/IEA0BATENLHOCTD MAPb

c— Hip (X5 X2 — Hi(X*) — Hy(XF) — Hy(XF, X5 —

nokasbisaet, uto H; (X*)= H;(X*~") npu i > k+ 1. Cnenosarennho, Hyy (X*)=
= Hk+1(Xk71) =, .. = Hk+1(XO) =0.

Kak u B cumMmnumanbioM cayuae, nonoxkum Cp = H;(X*, X*~1) u onpe-
nesum  romomopusam Oy Cp — Cp_;. CHoBa JokasbiBaeMm, uto Hp | =2
~Kerdp_1/Imdy u Hp_1(X) = Hk,l(Xk). [1pu nokasaresbcTBe MOCJENHErO
M30MOp(H3Ma HY>KHO BOCIOJIb30BATLCS TEM, UTO JitoOasi CHHIYJsipHAsi 1leMb
JIEXKHT B HEKOTOPOM KoHeuHoMmepHoM ocTose X V.

Ecsin Bocnosib30BaThCsl KJAETOUHBIMH FOMOJIOTHSIMH, TO CJIeylolllee yTBep-
JKJIEHHE CTaHOBUTCS oueBUAHBIM. [Tycmo X — CW-komnaexc, codepocaujuil
my kiemok pazmeprocmu k. Toeda pawne epynnet Hp(X) He npesocxo-
oum my,. DTO YTBEPK/IEHHE HAM MOHA0OUTCS MPH 10KA3aTeILCTBE HEPABEHCTB
Mopca.

14.5. HepaBencrBa Mopca

[lycte M" — 3amkHyTO€ MHOTOOGpa3ne, f — dyHKuHss Mopca Ha HEM ¢ TT0-
napHO pas/MUHBIMH KPUTHUECKUMH 3HaueHusiMu. [list kaxknoro k=0, 1, ..., n
MHOTr000pa3uio MOXKHO COMOCTABUTh UMCJIO 7, = rk Hp(M™), a pyHKUIMH — unc-
JIO M}, PAaBHOE KOJIMUECTBY KPUTHUECKHUX TOUEK HHJEKCA k. DTH UUCJIa CBSA3AHbI
onpesie/IéHHBIMU COOTHOLLIEHUSIMU U HepaBeHcTBaMH. [Ipexkae Bcero oTMeTHm,
uro S (—=1)*rp = x(M") = > (= 1)*my, (vacts 1, c. 267). Hecsoxno Takke
JI0Ka3aTh HEPABEHCTBO Iy < M. J1eHCTBUTENIbHO, B KOMIJIEKCE JIJISt BhIUHCJIEHHS
KJIETOUHBIX FOMOJIOTHI MHOrooGpasus M" rpynna uene# Cp paBHa Z™ (yacTb I,
Teopema 19.8 na ¢. 271). $lcHo, uto npu pakropusauuu Z™* noJyvaercs rpymn-
na, paHr KOTOPOH He TMPEBOCXOAUT M. BoJjiee BHUMATebHOE M3YyUEHHE 3TOTO
LIEMHOTO KOMIIJIEKCa TPUBOJIUT K CJIeyIoleMy 6ojiee TOUHOMY HEPaBEHCTRY.

Teopema 14.11. llycmo tp, — MmunumMarbHOE HUCAO 00PABYIOUUX
epynnol kpyuenus Ty 8 Hp(M"). Toeda

T+ 1ty +tp—1 < my.

Hoxaszateabctso. [pynnel T u Tp_| nonyuaiotes npu pakropusa-
MU cBOOOAHBLIX abesieBbIX moarpynn F, U Fp_| paHroB f, u f,_1, couep:ka-

*) B 1ol rpyne BcTpeualoTes JMiib KOHEUHbIE CYMMBI KJIETOK, NTOCKOJIbKY 06pa3 CHMILIeKea TpH
HErpepLIBHOM OTOOpaKeHWH KOMMaKTeH, a Jito6oe KoMmmakTHoe mojamHoxkectBo C W -kommiekca
riepeceKaeT JMLIb KOHEYHOe UMCJIO0 OTKPbITBIX KJETOK.
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mmxest B Cp u Cp_y. Ilpu stom mist rpynnsl F,_; ecTb cBobojaHasi aGeseBa
rpynna Fj,_, C Cp paura t,_;, snumopdHo otobpaxkaiomiascs Ha Fi_j npu
oTobGpaxkeHuu Oy, a sl Ipynnbl F, — ananoruunas rpynna F, C Cpy .
Paccmotpum B Cp moarpynmbl Fg, Fj,_, v emé csoboanyto noarpymnmy Sy
panra ry, kotopasi jexut B Kerd, u nepecekaercs ¢ ImOp4| ToJbKO MO
HYJIIO; 3Ta MOArPYyIIa COOTBETCTBYET CBOGOHOMY cjlaraeMomy rpynibl 1, (M").
[pynna F, conepxurcst B Im Oy, nostomy cymma F, + Sp npsimas. Haiee,
Ok(Fr ®Sp) =0, a OpFy_; = Fr—y, tne Fj,_, n Fr_y — cBoGoHbEIe abe/ieBbl
rpynnel oaHoro panra. ITostomy cymma Fy_| + F, @ S, Toxe npsimasi. Takum
o6pasom, rpynna Cj, paHT KOTOPOH paBeH My, COAEPKUT CBOGOHYIO abeseBy

NOArPYNIY paHra fp_| + tp + rp, NOITOMY fp_| + Ip + 1y < M. O
Yucsa rp 1 my, CBsi3aHbl TAKXKE CJle/lylOLLeH cepHell HepaBeHCTB.
Teopewma 14.12. a) /laga xamwcdoeo k=0,1, ..., n umeem mecmo

HepaseHCcmao

rp— "I +rp—o—...£rog< My —Mp_| +mp_o—...E£my

(npu k =n nepasencmso obpawaemcs 8 pageHcmaso).
6) [ycmo M(t)=>_ mpt* u R(t)=>" ryt*. Toeda mnocouren M(t)—R(t)

deaumcsa Ha 1 +1, npuuém ko3 puyuenmeor mHo2oUreHA MO=R(E) Heom-

1+1¢
pUUamMesbHbL.

JHoxaszaTeJsbcTBoO. JIerko NpoBepuThb, UTO YTBEPXKIAECHHE a) CJeLyeT
3 yreepxaenns 6). JleficTBuTebHO, yeTh > (my — rp)th =37 (1 + t)d,t*,
rnedp > 0. Tornamg —ro=do >0, m; —ry — (mg—r9) =dy 20, mg —ro —
—(my —r))+ (my—ro)=de >0 u 1.1 SlcHo Takke, uto d,, = 0. Takum
00pa3oM, 10CTaTOUHO JI0Ka3aTh yTBEPKAeHHE 6).

[lyctb a) < ag < ... < @, — KpuUTHUecKHe 3HaueHust pyHKuuu f. BoiGepem
uuesia by, ..., by Tak, uto —00 < by < ay < by < ... < Ay < by < 00,
M paccMoTpuM MHoroobpasus M, ={x € M" | f(x) < b,}, p=1,2,...
...,m + 1. Paccmotpum Takke wMuorounennl R,(f) = Y rk Hy(M,)t*
U R (1) =Ytk Ho(Mp, My)t* nast p > g. 3anuiiem TouHyio NocJe10BaTeb-
HoCTb napel (M, My):

Opy1

i T 6]
Hyp1 (M, Mg) =5 Hp(M™) == Hy(Mp) = Hp(Mp, My) = Hy—1(M,).
Slcho, uto

tk Hy(M,, My) =rtkImm + tkIm Oy,
rkImnm =rkH,(Mp) —rkImi =rk H,(M,) — (tk H,(My) — rkIm O).

[Tostomy

rk Hy (M, My) — (tk Hy(M ) — tk Hy (M) = rk Im ), + rk Im 941,
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a 3HAUMT,
Rpg(t) = (Rp(t) — Ry (1)) = (1 + 1)d py (1),

riae dp, — MHOTOUJIEH C HeOoTPHLATeNbHbIMH KO3(duiMeHTaMu. SIcHo Takxke,
uTo

D (Rpsi(t) = Ry(t) = Rus1 (1) = R(2),

p=l

g
Mo3TOMY OCTaéresl 10Ka3aTh, uto » . R,y1 ,(t) = M(f). las sToro poctaTouno
p=1
NpoBepUTh, UTo R,y ,(f) = t#, rae p — MHIEKC KPUTHUYECKOH TOUYKH MEXKILy
ypoBHAMHU [(x) = by 1 [(x) =b,. Ho M, = M, U (S* x D"7#), nostomy
He(M i1, Mp)ZHp (M, U(SH x D"=1), M )= Hy(S* x D"~ =2 H,(S*). O

14.6. YMHOXeHUs
Teopema Jitniendepra—3unbdepa

Teopema Diinen6epra—3usbbepa 3akiouaercss B ToM, uto f,(X x V) =
2 Hp(Co(X) ® C(Y)) 1151 NPOU3BOJIbHBIX TOMOJOTHUECKHX MPOCTPAaHCTB X U V.
K eé nokasartesbCTBY, OCHOBAHHOMY Ha TeopeMe 06 alMKJAUYHBIX MOJIEJSAX, Mbl
celyac NpUCTyIaeMm.

[lycts 7 — Kateropusi TOMoJOrHYeCKUX MPOCTPAHCTB U HEMTPEPBIBHBIX 0TO6-
paxenn#; 7 x 7 — Kareropusi, 00beKTaMH KOTOPOH CJIy>KaT yNopsiioueHHble
napbl TONoOJOruueckux npoctpaHets (X, Y), a MopduamMamu — yrnopsijioueHHbie
napbl HenpepbiBHbIX oToOpaxkenuilt [f: X — X', g: Y — Y'. Onpenenum 1Ba
dyukropa T u T’ uz kareropun 7 X 7 B KATErOPUIO HEOTPHLIATEIBHBIX [IEMHBIX
KOMIT/IEKCOB:

1) dynxrop T conocrasssier nape (X, Y) CHHIYJSpHBIN LEeMHONH KOMIJIEKC
C.(X xY);

2) dyukrop T’ conocrasisiet nape (X, Y) rensopuoe npoussenetue C, (X)®
® Ci(Y).

Hanomuum, uto TeH3opHOe MpoH3Be/ieHHe LEMHbIX KOMIJIEKCOB OMpe/esi-
eTcsl TaK:

C.X)C.(V= EP CrX)@Cy(Y),
p+q=k
O(cp ®cy) =0c, ®cy + (—1)Pc, @ Oey.

Dyukroper T n T/ aumkanuHb*) oTHoCHTeIbHO Mojienieil M = {(AP, A7)},
rie p W g npoGeraioT Bce Lesble HeOTpHLATe/bHble uuca. lefcTBUTE/BHO,

*) Onpenesenne GyHKTOPa, aUMKJIXUHOTO OTHOCHTEJILHO MOJeJiei, npuBeaeHo Ha c. 114.
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AlUKJIMYHOCTb (DyHKTOpa T OYeBMAHA, MOCKOJBKY MpocTpaHcTBO AP x AY
cTsiruBaemMo. YToObl 10Ka3aTh alMKJIMUHOCTL (hyHKTOpa T/, M0CTaTouHO MpoBe-
puTh, 4TO ecu Lenubie Komiekebl C, 1 C!/ aluK/IMYHbL, TO UEMHOH KOMILIEKC
C! ® C! toxe auukauueH. DTO JIETKO BLIBOJIUTCS U3 aJreGpanuecKoi TeopeMbl
Kronnera.

dyukrop T’ cBoGoaeH*) otHOCHTebHO Mojesell M. JleficTBuTebHO, Oa-
sucom cpoboanol rpynmnel Cp,(X) ® Cy(Y) cay»KaT CHHTyJSpHbIe LENMH BHIA
Cp @ Cq, HaXolslIMeCs BO B3aHMHO OJHO3HAUHOM COOTBETCTBHM C Mapa-
MH oToOpaxenuil [: AP — X, g: A7 — Y. [losToMy B KauecTBe 3JeMeHTa
epg € Ci(AP) ® C. (A7) MOXKHO B3ATb CHHTyJIsIpHYIO Lenb AP x A9,

®yuxrop T cBoGoseH oTHocHTenbHO Mogened {(AF) A%)} ¢ M. [leii-
CTBHTEJIbHO, GasucoM cBoGoaHoN rpynnbl Cp(X X Y) cayxkar CHHryJsipHble
11N, HaxoIsAlMecs BO B3aUMHO 0JIHO3HAYHOM COOTBETCTBHH C OTOOPAXKEHHSIMH
F: A* — X x Y. Jlio6oe Takoe oToOpaskeHHe 3a1aéTcsi Mapoil 0ToOpayKeHuii
[ AF = X, g: A* = Y. Tlyets dy: AF — A% x A¥F — nuaronanbhoe 0106-
paxenne. Torma F MOXHO MPENCTaBUTb B BHIE KOMIO3HMLHHM OTOOpaKeHHI

AF D Ak AR L8 ¥y TTostomy B kaueeTse sitementa e € C. (A% x AF)
MOKHO B3§ITb CHHTYJISIPHYIO Ll€Mb, COOTBETCTBYIOLLYIO OTOOPaKEHHIO dp.

M3 anrebpanueckoil Teopembl KioHHeTa cjienyet, uTo UMeeTCsl KaHOHWUe-
ckuil uzomoppuam Ho(C.(X) ® C.(Y)) = Ho(X) @ Ho(Y). SlcHo Takke, 4ToO
KOMIMOHEHTHI JIMHEHHON CBSI3HOCTH MpocTpaHcTBa X X YV sBJASIOTCS MpoH3Be-
JIEHUSIMH KOMITOHEHT JIMHEeHHOH cBsidHOCTH npocTpaHcTB X u Y. [Tosatomy cyuie-
CTBYET ecTecTBEHHbIH H3oMopduam ¢ : Ho(X) @ Ho(Y) — Ho(C.(X) @ Ci(Y)).
TeopeMy 00 alMKJIMUHBIX MOJEJSIX MOXKHO NPUMEHHUTb KaK K OTOOPaKEHHIO @,
Tak M K oToGpaxenuio o~ '. B pesyabrate nosyunM LenHble 0TOOpasKeHHsl
T:Ci(X xY)=CiX)@Cu(Y) uT: Ci(X) ® Ci(Y) = Ci(X x V), KOTOpBIE
B rOMOJIOTHsIX pasMepHocTd O HHIYLHMPYIOT 0ToOpasKeHusi ¢ W ¢~ cooTBeT-
CTBEHHO.

LlenHoe oTobpaxkeHWe T o T HMHAYLUPYET TOXKIECTBEHHOE OTOOpaxKeHHe
rpynnbl Hyp(X x Y), nostomy corjiacHo TeopeMe 00 alMKJIMUHBIX MOJEJSIX
oTo6pakeHue T o T LEMHO TOMOTOIHO TOXKAECTBEHHOMY 0TOOpaKeHHI0. AHaJto-
TMYHO OTOOPaKeHHe T o T TOKe LEMHO TOMOTOTIHO TOXKJIECTBEHHOMY 0TO6paxe-
nuto. CiyienoBarenbHo, otobpaxkenue 7y : H (X x V) — H. (C.(X) ® C.(Y)) —
u3oMopu3M. B urore nosyuaem cienyioliee yTBepKaeHHe.

Teopema 14.13 (Ditnenbepr—3unwbdep [Eid]). Aaa aoboix mono-
aoeuneckux npocmparncms X u'Y epynnot Hy(X X V) u Hp(Co(X) @ Ci(Y))
U30MOPPHOL.

O6benunnB Teopemy disien6epra—3uiboepa ¢ anreGpanueckoil TeopemMoit
Kionnera, nosyunm meopemy Kronnema Nyis CUHTYJISIPHBIX TOMOJIOTHH.

*) Onpenesenne GyHKTOpa, CBOOOJHOrO OTHOCHTELHO MOJeJel, NpuBeieHo Ha ¢. 114.
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Teopewma 14.14. [ a0boix monoaoeuueckux npocmparcms X u'Y
umeem mecmo u3omMop@uam

Hip(X x V)= (Ho(X) @ Ho(Y))r @ (Tor(H.(X), Ho(Y)))r—1.

JuaroHanbHas annpokcumauus AjlekcaHaepa—YUTHU

[Tyctb X — Tonosnoruueckoe npoctpanctso, d: X — X x X — nuaroHasb-
Hoe ortobpaxenue, d,: C.(X) — C (X x X) — unayuupoBaHHoe UM IeNHOe
oro6paxkenue, 7: Cu(X X X) — C.(X) ® Cy(X) — dyHKTOpHANLHOE LIEMHOE
oTo6pakeHue, HHIYLHpYIOllee H30MOP(U3M romosioruii. PaccMoTpum Komro-
3ULHI0 OTOOPaKEHUH

ColX) 25 Co(X % X) 5 C(X) ® Cu(X).

LlenHoe oto6paxenue 7dy: Cu(X) — Ci(X) ® Ci(X) dyHKTOPHANLHO W Te-
PeBOUT JI060H HyJbMepHbIH CUMIJIEKC U B U ® v. Bynem HasbiBaTh Jio6oe
thyHkropuasbHoe tenHoe otobpaxkenne Do: C.(X) — C.(X) ® C.(X), nepe-
BoJsALIee U B U ® v, duazoHarvHol annpokcumayueti. V13 reopembl 00 alllk-
JIMUHBIX MOJIEJISIX JIEFKO BBIBOJMTCS, UTO JiloOasi AMaroHa/bHast anmnpoKCUMallus
LIeTTHO roMoToTHa 7d . JleficTBUTeNMbHO, (hyHKTOP C,.(X) cBOGOEH OTHOCHTEIb-
Ho mogeneit M = {A*} a dynkrop C,(X) ® C.(X) auukauuen oTHOCHTENBLHO
9TUX MOJIeJICH.

JIJ1st CUHTYJISIPHBIX KOTOMOJIOTHH CUp-TIPOU3BENIEHUE ONpeNessieTcs Cely-
oM o6pazom. [lyers ¢” € CP(X; R) u ¢? € CY(X; R), rne R — HekoTOpoe
KOMMYTaTHBHOE KOJbII0 ¢ einHuIel. Torna Kolenb ¢” v c? npuHUMaeT Ha 11eMnH
cPt9 e CPHI(X; R) snauenne (¢’ @ c?, DocP*9). 3nech uMeeTcsi B BUILY, 4TO

(c?®@c, i ®@cj)=0pidgi(c”, ci)(c?, cj).

Ha ypoBHe xotieneii cup-npousBejieHle 3aBUCUT OT BbIOOpa JAHATOHANBHON
anmnpokcumatu Dy, HO HA ypOBHE KOTOMOJIOTHH CUpP-TMPOU3BEJIeHHe Oonpejie-
JIEHO MHBAPHAHTHO.

Jlnist BbluMC/IeHHH y106HO UMeTh AHAroHaJbHYIO arnmpoKCUMaLHIo, KOTopast
3anaérest mpoctoit popmyJion. it 3TUX Lesieid Jyulile BCEro NoaxXoauT duaeo-
HAAbHAs annpokcumauus Arekcandepa—Yumnu

0,1, ....n] =Y [0, ... i]@[i, ..., nl;
i=0

3neck UMeeTcs B BUAY, uto [0, 1, ..., 7] — cunryasipusiit cumnueke f: [0, 1, ...
.oonl—X,al0,...,i] u i, ..., n] — orpannuenus otoGpakeHusi [ Ha
COOTBETCTBYIOLME rpaH. Hy»KHO JIHLIb MPOBEPUTH, UTO 3TO OTOOpaKEHHE LeM-
Hoe. DTO JlelaeTCsl TOUHO TaK XKe, KaK U B CHMIIMIMA/IbHOM cJjyudae (cM. ¢. 116).
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Jlnist qparoHasibHOM anmnpokcuMaiuu AJsiekcaHaepa—YHTHH Ha yPOBHE KO-
uened cup-npousBeeHHe yCTPOCHO CJIEeAYIOLLUM 00pa3oM:

(P et [0, 1, ..., p4+qly=1{c", [0, ..., pc?, [p, ..., p+q]).

Onpenenum tenepsb cap-npoussenenre. Kouenb ¢” € CP(X; R) moxHo pac-
cmarpuBath Kak romomMmopduam c”: C.(X) — R (ipu i # p Ha i-MepHbIX LIeNsIX
romoMopguam HyJieBoi). PaccMoTpuM KOMMO3ULMIO 0TOOpaXKeHH i

C.(X) 2% C.(X) @ C(X) 225 C.(x) @ R.

JIOMHO2KUM 3TO TeH30pHO Ha R, a MOTOM ellé MPUMEHUM YMHOXKeHHe (1: RQR—
— R B Kouiblie R:

C.X) @R 2%, ¢ (X) @ C.(X) @ R 4881,
Wedeid o (xyoR o R L C.(X) @ R.

O6pas uenut ¢piq € Cppg(X; R) = Cpiy(X) ® R 0603HaUMM P ~cpyy. Ha
ypoBHE (KO)rOMOJIOTHH Cap-NPOM3BEJIEHHE HE 3aBUCHT OT BbIGOpPA JMATrOHAJb-
Ho# annpokcuMatnu Dy. IIist juaroHasbHoi annpokcuMaliii Ajiekcanaepa—
YutHu mosiyuaeM o6bIUHOE OTpesieJieH e cap-TMPOU3BeIeHHs:

e’ ~[0, 1, ..., p+ql={"lg,..., p+4qDIO, ..., q].

OTHOoCHUTEeNbHBINH caydan

B oTHocuTesnbHOM ciyyae (pyHKTOpHasbHAsi IleMHasi IKBHBAJEHTHOCThb
C.(X xY)u Ci(X) ® Ci(Y) 3amensieTcss Ha (PYHKTOPHAJBHYIO LEMHYIO K-
BuBajieHTHOCTb Cu(X X Y, (X x BYU (A x Y)) u C.(X, A) ® C.(Y, B). Ho
npu atom mpoctpanctBa {X x B, A X Y} J0/KHBI YAOBAETBOPSITH aKCHOME
BbIpe3aHHsl. DTa lleNHasi SKBUBAJEHTHOCTb CTPOMTCS CJEIYIOLHM 006pa3oM.
Ecau npoctpanctsa {X x B, A X Y} yJI0OBJIeTBOPSIIOT aKCHOME BbIpe3aHusl, TO
€CTECTBEHHOE BKJIIOUEHHE

Co(X X B) + Co(A x Y) = C.((X x BYU (A x Y))

VHIYLHPYeT U30MOP(U3M rOMOJIOTHH. 3HAUHT, eCTeCTBEHHOe 0ToOpaKeHue

C.(X x Y) C.(X x V)
C.XxB)+C.AxY)  CAX xB)UAxT)

TOXKE MHIYLHMPYeT H30oMopduaM romoJgioruil. lasee, dhyHKTopHasbHasi LierHast
3KBUBaJIEHTHOCTb C.(X) ® C.(Y) — C.(X x Y) nepesomut C.(X) ® C.(B)
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B Ci(X X B), a Ci(A) @ C(Y)—B Ci(A x Y). [ToaToMy nosiyuaem LEMHYIO

9KBUBAJICHTHOCTb Memny C (X XC;()X+XCY()A »; Y) 14
C.(X) ® C.(Y) ~ Colt) o C(Y)
C.(X) @ C.(B) + C.(A) ®C.(Y)  C.(A) ~ Cu(B)

Komnosuuust 3THx JBYX LEMHbIX 5KBUBAJIEHTHOCTEH U €CThb Tpe6yemaﬂ LenHast
9KBHUBAJICHTHOCTD.

I/ICHOJIBSyH 9Ty UEIMHYIO 3KBHBAJICHTHOCTb, MO2KHO I[IOJIYYHUTb rieopemy
Kionnema JIJIST OTHOCHTEJIbHBIX TOMOJIOTHI:

He(X X Y, (X x B)U (A x V) =
= (H*(Xv A) ®H*(yv B))k D (TO]'(H*(X, A)v H*(yv B)))k—l‘

KpOMe TOro, MO2KHO OINpeAEJIMTh BHEIIHEE TOMOJIOTHYECKOE YMHO2KEHHE
Hy(X, A) @ Hy(Y, B) = Hppg(X x ¥, (X x BYU(A x Y))

W BHEIIHEE KOTOMOJIOTHYEeCKOE YMHOXKEHHE
HP(X, A)@ HY(Y, B) — HP (X x Y, (X x B)U (4 x Y)).

[Tpu MOCTPOEHHH CUP-TPOU3BEEHHSI B OTHOCHTEILHOM CJlydae, T.e. JUisi
HP(X, A)) n H9(X, Ag), BOBHHKAIOT KOTOMOJIOTHH KOMIIJIEKCca KolerneH, o6pa-
uatoruxcsi B HyJib Ha Cy (A1) + Ci(Ag), a NpH NOCTPOECHUH Cap-TIPOU3BEIEHHUS

.
BO3HUKAIOT 'OMOJIOTUHU KOMITJIEKCA ——————F———. I—[OSTOM €CJIU MHO>KeCTBa
Co(A)) + Cu(Ay) v

{A|, Ao} B X yI0OBAETBOPSIIOT aKCHOME BbIpe3aHHsl, TO OMPEAEJEHO CUpP-Mpo-
u3BejleHHe
HP(X’ A]) ®H"(X, AQ) HH”"(X, Ay UAQ)

h cap-TiponsBeJieHnEe

HP (X, A1) @ Hpg (X, Ay U Ag) = Hy(X, Asg).

Koromosoruu npousBeaeHus: YacTHbIN cayuvaii

Teopema Kronnera pjsi KoromoJsioruii 1okaseiBaetcsi 6ojiee CJI0XKHO, YeM
JUIS TOMOJIOTHE (60Jiee TOro, OHa BepHa JIMLIb MPH HEKOTOPbIX YCJAOBHAX KO-
HeuHoctH). JlokasbiBaTh Teopemy KioHHera B 0oOlleM BHUJE Mbl He OyjeM, HO
B JanbHeHIleM (MpH A0Kas3aTesqbCcTBe TeopeMbl 06 u3oMopdusme Toma) ajs
Hac OyzeT BaKeH OJMH YAaCTHBIH CJjydyail TeopeMbl KioHHeTa, a HMEHHO BBbI-
paxkenue koromoJioruii mapbl (X x R”, X x (R"\ {0})) uepe3 koromosioruu
npoctpanctda X u koromosiorud napbl (R”, R\ {0}). st Hauana BblunciuM
koromoutorun H*(R", R™" \ {0}).
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Koromosioruueckasi nocsenoBaresnbHoctb napbl (R”, R” \ {0}) nokasbiBa-
er, uro H*R", R" \ {0}) = H*'(R" \ {0}) = H*~'(S"~"). TTostomy rpynna
H™R", R" \ {0}) usomopHa amiiuTHBHON rpyrre Kojbla KO3(h(HUIHEHTOB,
a Bce octasbuble rpynnbl H*¥(R®, R\ {0}), k # n, ny/nesbie.

Jlnsi kpatkocTH BBeéM oGo3Hauenns Rf =R" \ {0}, Ry ={x e R | x > 0},
R_ ={x € R|x < 0}. Vmeer mecto usomopcdusm Bbipesanus H'(R,) =
=~ %Ry, R_). 3anuiiem Tounyio noc/enobatenbHocTh Tpoiikk (R, Ry, R_):

HOR, R_) — HO(Ry, R_) - H'(R, Rg) — H'(R, R_).

[Toxaxem, uto HO(R, R_) = H'(R, R_) =0, a 3nauut, § — usomopcusm. Pa-
senctso HO(R, R_) = 0 caeayer u3 cpsisHocTH npocTpanctsa R, a paBeHcTBo
H*(R, R_) =0 npu k>0 caeayer U3 TOUHOCTH MOC/IEI0BATENLHOCTH Maphbl
(R, R_):

H*R) — H*R, R_) — H**'(R_).

[lycTh e — 06pas saementa 1 € HO(R,), COOTBETCTBYIOLIETO eHHHUHOMY 3Jle-
MEHTY KOJiblla KO3((HUIIMEHTOB, MPU KOMIO3UIIUK K30MOP(HHU3MOB

HORL) = HO(Ry, R_) -2 H'(R, Ry).

Ipynna H'(R, Ry) uzomopdHa aJiuTHBHOI Tpymne Kojblia Ko3hdUIMEHTOB,
W 3JIEMEHT e SIBJISIeTCs] eMHUIEN STOTO KOJblia.

Brelrnee KoromoJiornueckoe TMpoH3Be/leHHe KJacCOB KOTOMOJIOTHH Map
(X, A) u (Y, B) nexur B koromoJsiorusix napol (X x Y, (X x B) U (4 x Y)).
Bynewm st kpatkoctn o603nauath 31y napy (X, A) x (Y, B).

Jlerko nposeputb, uto (R, RE) x (R™, R = (R Ry*™). eiictsu-
TenbHO, mycTh 4 € R* n v € R™. Torna R” x R{' coctout u3 Takux nap (u, v),
uto v # 0, a Rfj x R™ coctout u3 Takux nap («, v), yto u # 0. Scuo, uto
06be/IMHEHHE ITHX MHOXKECTB COCTOHT U3 HEHYJIEBbIX BEKTOPOB B R,

Paccemortpum ssiement e” =e X ... x e, Kotopblit nexur B H"(R”, Rf).

n
Teopema 14.15. Ilyecmo A C X — omipotmoe nodmrnoscecmso. To-
eda omobpadicerue

HA (X, A) — HH((X, A) x (R, RY)),

s3adarnHoe hopmyrol o — o X e, a8a1emces u3omMopHuU3IMOM.
JdoxaszaTeabcTso. [Ipeanonoxum cHauana, uton=1un A = &. [lns
durcuposanHoro saementa o € H*(X) pacemotpum tuarpammy

HOR,) HO(Ry, R_) d H'(R, R°)

Jax Jax Jax

HEX) 2 HE(X % Ry) o HEX X Ro, X x R_) 25 HEFI(X x R, X x RY),
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TJle TOPU30HTAJbHbIE CTPEJKH B JIEBOM KBajJpaTe — H30MOP(H3MbI BbIpe3a-
HUsl, @ O’ — roMoMOpP(HU3M K3 KOPOMOJIOTHUECKOH MOCJIe10BATENLHOCTH TPOHKH
(X xR, X x Rp, X x R_). JleBblii KBajzpaT ainarpaMmMbl KOMMYyTaTHBEH, a Mpa-
BbIfl KBaApaT KOMMYTATHBEH C TOYHOCTBIO M0 3HaKa, MOCKOJbKY &' (a X x) =
= (=)*a x éx. Tomomopdusm &' sBasgercss H30MOPHHIMOM, MOCKOJLKY
Hi(X xR, X xR_)=0 npu i >0 (06a npocrpanctea X x R n X x R_
SIBJISIOTCS] 1e(hOPMALIMOHHBIME PETPAaKTaMH OJIHOTO M TOTO e MPOCTpaHCTBa
X x {—1}). B utore noayuaem, uTo seMeHT o X e € H*T1(X x R, X x Ry)
sBsieTcst 06pasoM 3/ementa o € H*(X) npu KoMnosuuuu M30MophU3MOB.

ITpeanonoxum Tenepnb, uto n =1, no A # @. Iyers z € Z'(R, Ry) — Ko-
LMKJI, TIPEICTABJSIIONIME KOroMoJIoTHUeckui Kiaace e. PaccMoTpuM KommyTa-
TUBHYIO JIHarpamMmMy

0 Cr(X, A) Ck(X) C*(A)

[ xe e [ xe

0 — CHI((X, A)x (R, Ry)) — CH (X xR, XxRo) — CH+ (AxR, AxRg) — 0

0

C TOYHBIMH CTPOKaMH. BepTHKajbHble OTOOpaXKeHUs! KOLEMHbIE, MOCKOJIbKY
d(c x 2) = (6¢) x z. [Tosromy Mbl noJiyuaeM KOMMYTATUBHYIO AUarpammy s
rpymnmn KOroMoJIorui

HE (X, A) HE(X) HY(A)

[ xe | xe [ xe

— HFL(X, A)x (R, Rg)) — HF (X xR, X xRg) — H*THAXR, AxRg) —

Mbl yxxe nokaszanu, uTo AJis abCOJIIOTHBIX KOTOMOJIOTHE BepTHKAJbHbIE 0TOO-
pakeHust — uzoMopduambl. [TosToMy H3 H-JIeMMbI CJIe/lyeT, UTO JJIi OTHOCH-
TeJIbHBIX KOTOMOJIOTHE BepTHKaJIbHbIe 0TOOPaXKEHHs TOXKe U30MOP(HHU3MBI.
Tpebyemoe yTBep:kaeHHEe IJI51 TPOU3BOJBHOTO 7 CJeAyeT U3 pa300paHHOrO
caydyast n = 1, MOCKOJIbKY B CHJIy aCCOLMATMBHOCTH BHELIHErO YMHOXKEHHS
axe"=(axe" ") xe. O

14.7. UuBapuant Xonda

MHTepec K roMOTONMUUYECKUM Tpynnam cdep BO3HUK ¢ TeX Mop, Kak Xordg
[Ho4] npusén npumep otoGpaxenus S? — S, He roMOTOMHONO MOCTOSTHHOMY.
Xond nokasan HeTPUBHAJIBHOCTb MOCTPOEHHOTO UM 0TOOpaKeHHsl, COTIOCTABUB
KaxkJ0My oToGpaxkennto [: S® — S? ero romoTonuueckuil MHBapHaHT, HbiHe
Ha3biBaeMblil MHBapuaHToM Xonda. 3ateM B [Ho6] Xond onpenenus takoi
MHBApMAHT 1151 oToGpaxenus [: S*~1 — S nus mo6oro n. [lepponauabible
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onpenenennst Xonda ucnosb3oBanu kosdduupent 3auensenusi. Ctuupon [St3]
JiaJl oripejiesieHrie MHBapHuaHTa Xorda ¢ MoMollblo YMHOKEHHS B KOTOMOJIOTHSIX.

[lycTh S" — opuenTHpoBanHasi n-mepHasi chepa, rae n > 2; [: S~ —
— S" — HenpepbiBHOE oTOOpaxkeHHe. Byjnem paccmarpuBaTh OpPHEHTHPOBAH-
nyto cepy S?"~! kax rpanuiy opuentuposantoro wapa D>, TTocTpoum npo-
cTpaHctBO X; = S" Uy D?". ToMOTONMUeCKHEi THIT 3TOFO MPOCTPAHCTBA 3aBUCHT
TOJIbKO OT FOMOTOIHUECKOTO Kjacca otoOpaxenus f (uactb [, ¢. 271). Berony
B 3TOM MyHKTe Mbl OyJeM paccMaTpUBaTh KOTOMOJIOTHH C KO3((pULHEHTaAMH
B Z. ITokaxem, uto Hk(Xf) =Z npu k=0, n u 2n; Bce ocTajbHble IPYMNIIbI
KOTOMOJIOTHH HyJieBble. PaccMOTPUM U1t 3TOTO KOTOMOJIOTHUECKYIO MOCJIeN0-
BaTelbHOCTL napel (X7, S"):

. — H* Xy, S") — H*(X;) — H¥(S") — ...

Teopema 0 Bbipesanun nokaswisaer, uro H*(X;, S") = H*(S*") npu k > 0.
[Tostomy npu k& # 0, n, 2n rpynna Hk(X,c) CTOMT B OKPY?KEHHH HYJIEBBIX IPYIIIT;
npu k = n nosyyaem nzomoppusm H"(X) — H"™(S™), a ipu k = 2n nosiyuaem
nsomopusm H2"(S2") = H>"(X;).

[Tycts o m 3 — o6pasyromme rpynn H"(X;) u HQ”(Xf), COOTBETCTBYIOLIIHE
opuenTaiysim chepbl S™ n mapa D", Torna o v o = H(f) 3, rne H([) — uesoe
UMCJI0. DTO UHCJIO HA3BIBAIOT UKBapuUarnmom Xonga otoOpaxenus [.

HenocpencTBenHo 13 onpenesenust BUAHO, UTO TIPU H3MeHEHNH OPHEHTALMH
cthepbl S™ unBapuanT Xora He M3MeHsieTCsi, a NPY H3MeHEHUH OpHeHTalllH
wapa D?* unsapuant Xonda H3MeHsieT 3HaK.

Ynpaxneunue. Jlann otobpakenns g: S" — S"u h: S — S Jlo-
kaxxute, uto H(gf) = (deg g)’H(f) v H(fh) = (degh)H (]).

Ecau 11 HeuétHO, TO v v @ = —v v v, IPUUEM ITOT JIEMEHT JIEXKHUT B IPyII-
ne Z. [Mostomy o v o =0, a 3uauut, H(f) =0 s so6oro otobpaykeHusi f.

Ecan [: 8% — §? — paccanoenne Xonda, to X; = CP?. B stom cayuae
ava=puH(f)=1

Ynpaxuenue. Hcrnosbdyst kBaTepHHOoHbl M uncaa Kasu, noctporite
oto6paxenus [: ST — S*u [: S — S8 ¢ unpapuantom Xonda, pasubiv 1.

3ameuanue. Anamc [A] nokasan, uro otoGpaxenue [: S — S”
¢ uuBapuantom Xora, paBHbIM |, cyllecTByeT TosbKo s 1 = 2, 4, 8.

WMuBapuant Xornda MOXHO ONpejesnTh MHOTHMH PasHbIMH CIOCOOAMH.
[TpuBeném elié oHO KOrOMOJIOTHUECKOe Orpejiesienne uuBapuanta Xonda (o
CYTH, TaKoe ke, HO Ha JpyroMm s3bike). [1ycTb [a] u [0] — o6pasyiouimne rpynn
H™(S") u H?"~1(§?"~1), cooretcTyloume opuentauusm cdep S™ u S~ 1
a U b — npencrapasiiolle UX KOLUMKJIbLL. Koromosornueckuil kiaacc KolmMkia
a v a nexur B H?(S") =0, nostomy cyulectsyer Kouenb ¢ € C2*~1(S"),
A1 KOTopoil ¢ = a v a. KoromoJsiornueckuil Kaace Kouukaa [#(a) Jexut
B H"(S*"~1) = 0, nostomy cyuectsyer Kouenb e € C*(S?*~!), nns xoro-
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poii 6e = [#(a). Jlerko npoBeputh, uto Kouenb [#(c) — e v [#(a) aBasercs
KouukioM. eiictButensho, 6(f7#(c) — e v [#(a)) = [#(a v a) — §(e v be) =
= [#(a) v [#(a) — de v de = 0. [To3TOMY MOXKHO PacCCMOTPETb KOFOMOJIO-
rHUecKMil Kjaace Kolukaa [#(c) — e v [#(a). DTOT Kaacc JeKUT B rpynre
H?=1(S?"=1) nosromy on nponopuuonanen knaccy [b]. Kosdduuuent npo-
MOPUHOHANLHOCTH — 3TO U €CTb UHBapHaHT Xornda (f).

Jl1s moKaszatesbeTBa SKBHBAJEHTHOCTH 3THX JBYX OINpe/iesieHUH MHBapH-
anta Xomnda Mbl pacCMOTPMM BCHOMOraTesbHOe NpocTpaHcTBo S; = S" U;
U; (8?1 x I), rae npuKaeHBaHHe NPOM3BOAMTCS MO OJAHOMY OCHOBAHHIO
wiamnapa S x 1, u napy (S;, S**71), B KoTOpyl0 BXOAMT 1pyroe ocHo-
BaHWe uMiMHApa. Teopema o Bblpe3aHUH MOKa3blBaeT, UTO Hk(Sf, S§on—ly =~
> H*(Xy, ) =2 H*(X}) npn k > 1.

PaccmoTpum cJiefyiolilyio iuarpammy:

Hﬂ(sﬂ)%Hﬂ(Sf)THﬂ(Sf, Sanl)iHQn(va Sanl)(?HQ/zfl(Sanl).

3nech sq(x) = x v x, a ocrajbHble 0TOOpaKeHHs] — eCTeCTBeHHble M30MOp-
dbusmbl (nepsblii MHAYLHpPOBaH npoekuued p: S; — S", apJsouleiics roMmo-
TOMHUECKOH SKBHUBAJIEHTHOCTbBIO, @ JIBa JIPYTrHX OGEpyTCsl U3 KOTOMOJIOTHUECKOM
nocJ/IeIoBaTeJIbHOCTH Mapbl). B 3Toll nuarpamme J0BOJILHO JIETKO YCMOTPETh
nepBoe ornpejeseHue uHBapuanra Xonda: kjaace [a] nmocpeacTBOM JBYX H30-
MOP(HU3MOB OTOKJECTBJSIETCS C KJIACCOM (v, 3aTeM K < pUMeHsieTcsl oTo6pa-
KeHue sq(a) = v v o, ¥ Mbl ostyuaeM kaacce 1 (f)3, rne f— o6pas knacca [b]
TpU ecTecTBeHHOM H3oMopdu3aMe. [TokaxeM, UTo ecan B 3TOH JUarpamme rne-
peiTH HA YPOBEHb KOLMKJIIOB, TO U3 HEé MOXKHO MOJYYHUTh BTOPOE OMpejlesieHre
uHBapuanra Xornda.

Ha ypoBHe KOUMK/I0B H30MOPGhH3M p™ NepeBOJHT KOLMKI @ B O} = p#(a).
Ipu s1OM [#(a) — Cy’KeHHe KOLMK/IA 4j HA MHOMXKECTBO CHHIYJISIPHBIX CHM-
niekcos S~ e [#(a) = i(a;), rae i: C*(S§*"') — C*(Sj) — ecte-
CTBEHHOE BKJIOUeHHe (orpaHnueHne (QYHKUIUH Ha MOJAMHOXKECTBO). AHAJIOTHUHO
s kouenw ¢ € C*(S%"), uns Kotopoli ¢ = a v a, pacecMOTpUM c; = p*(c)
n [#(c) =i(cs). o yenosnio i(ay) = [#(a) = de nns kouernu e € C*(S?~1).
[Tyctb e’ — npojoskenue Koenu e Ha Sy, T.e. e =i(e’). PasHoctb a; — de’
npeacTapasgeT co6oi Kouuka B C"(S;), ncuesaroumii Ha C™(S?*~"). Ero mox-
HO paccmaTpuBaTh Kak Kouukna B C*(Sy, §2=1): 5T0T KOLMKA NpencTaBaser
B H"(Sy, §2n=1) knace, cootsetcTBylommil Kaacey [a]. K nemy Hy»HO npume-
HUTb OTOOpaKeHHe sq. B KauecTBe npejcTaBUTeNsl MOJYUEHHOTO B pe3yJ/bTare
KJlacca MOXKHO B3fiThb KOUMKJ (a; — de’) v a;, MOCKOJIbKY Ha C™(S?*~1) 310
MPOU3Be/IeHHE HCUe3aeT 1 de’ — KorpaHuua.

slcHo, uto [#(c) —ew [#(a)=i(c;) —ie’ vi(ay)=i(c; — e’ way). [Tosro-
My KJacc KOUMKIa [7#(c) — e v [#(a) oTOXKAeCTBIALTCS C KAACCOM KOLMK/A
dep—e'va)=a;jva;—(6e')va;=(a; —de’)vay, uto u Tpe6OBANOC.
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14.8. CumnauuuanbHbiii 06bEm (Hopma [pomoBa)

[Tyete M"™ — 3amkHyTOE OpHeHTHpyeMoe MHoroobpasue. Kaxuoil cunry-
asipHoit wenn Y- oy f; € Cp(M™; R) MoxHO conoctasuts eé Hopmy || > oy fi|| =
= > |a;|. dra Hopma nepeHocuTcsi Ha romosiornu Hp(M™; R) caenyoumm
o6pasom: romosiornueckomy knacey ¢ € Hy,(M"; R) conocrassieTcst uncJio

I<Il = ini{||2]| | uuka z mpencraBasier kaace C}.

Cumnauyuanrorolli 06sém win Hopma [pomosa muorooGpasusi M" — sto
HIM™]|I, tne [M"] € Hy(M™; R) — dyH1aMeHTaIbHBIHA KJaace MHOrOoGpasust M.
CumruiiMasbHbii 00bEM 0603Hauatot ||M™]; ero cBoiictBa MoapoGHO 06CYXK-
natotes B [Gr4].
[Ipumep 14.6. Cnpasedauso pasencmso ||S'|| =0
HNokaszateabctso. Ilyers f,: [0, 1] = S' — oro6paxenue, 3anan-
Hoe dopmy.ioil [, (1) = e?™™  Torna [, — UMK, NPeACTaBIAIOWMIA TOMONOTH-

. 1
yeckuit knace n[S']. Tlostomy knacc [S'] npencrasien uukaoM ~ [, HOpMa

KOTOpOro paBHa —. O

Koncrpykuuio u3 npumepa 14.6 MoyKHO MTPUMEHHUTD /151 JIIOGOTO 3aMKHYTOTO
opueHTHpyeMoro MHoroo6pasuss M", njsi KOTOporo cyuiecTByeT oToOparke-
e M" — M" ckoJsib yroaHo 60J/bLIONH cTerneHH. Takue oToOpakeHHe JIEerko
cTposiTes, Hanpumep, Aas cdepbl S” 1 nag Topa T" (0CTATOUHO MOCTPOUTH
oToGpakeHue, crernelb Kotoporo Godbiie 1). [Tosromy [|S”]| =0 u ||T"| = 0.

[Tpumep 14.7. Ecau /\/I2 — chepa ¢ g pyukamu, ede g = 2, mo
M2 = 2x(M3)| = 2(2¢ - 2).

JlokasaTesabcTso. MHoroo6pasue MQg MO2KHO CKJIEHTb U3 4 g-yroJib-
HHKA. DTOT 4 g-yroJibHUK MOXKHO pa3pe3ath Ha 4 g — 2 TpeyroJibHuka. [Toatomy

IME] < 2 (M)] + 2. (1)

[Tpumenum HepaBencTBo (1) K MHoroo6pasmo NZ2, KoTopoe n-/IMCTHO HAaKpbIBa-
er M%. B pesyasrare noayunm || M2 || <[|N?|| <2[x(N?)|+2=2|x(N?)|+2=
—2|r1)((/\/!2 | +2. Ipu 1 — oo nosyuaem || M3 < 2|X(/\/l2 |
JlokakeM Tenepb HepaBEHCTBO HM = 2|X(M )|. Tyers f: A% — M3 —

CHHTYJISIPHBIA JIByMEPHBIH CHMITIEKC. PaCCMOTpI/IM yHHBEpCabHOe HaKpblTne
p:H?> — MQg, rie H? — nnockoets JloGaueBckoro; GyieM CUTaTh, 4TO MQg —
PUMaHOBO MHOrOOGpAa3ue, Ha KOTOPOM METPUKA COTJIACOBAHA C METPUKOM MJIOC-
kocti Jlo6auesckoro. st oToGpaskenus | cyiiectsyet nogusitie [ A2 — H?,
/IS KOTOPOTO Jiiarpamma

H?2
.k
QLMZ
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KOMMYTaTHBHA. 3aMeHMM CHHTYJSIPHBIH CHMIUIEKC [ Ha CHHTYJISPHBIH CHM-
naeke f/, 06pazoM KOTOPOrO CJIyXKHT TPEeyrofbHUK B MIockoctH JloGaues-
CKOTO C TeMH XKe BepLLIl/IHaMI/l Ecou wuka > oy f; npenctasJsier dpyHaameH-
TaJIbHbIH KJIACC [M I, To wuka Y a;p( i’) TOXe TMpeJCcTaBsieT (PyHAaMeH-
TanbHbli Kaace. [Ipn sTom 27|\ (M%) = vol(M%) < 3~ |ai| vol(p (f1(A%))), rre
vol — nyiomane QGUrypsl Ha TJIOCKOCTH .HoGaLIeBCKoro. HepaBenctBo 3mech
CBSI3aHO C TeM, UTO HEKOTOpbIe MepPeKPLIBAIOLINECST YACTH CHMIJIEKCOB MOTYT
B3aUMHO YHHUTOXKATbCS; ecsii Obl TAKUX COKPAILIEHUH He OblJ10, TO Mbl TOJYUHJIH
6bl paBeHcTBO. Hakownel, nJjolanp Jo6oro TpeyrojbHUKa Ha MaockocTH Jlo-
6aueBCKOro He HpeBOCXOIll/IT T, I03TOMY vol(p(fi’(AQ))) < m. CaienoBaTesibHO,
2(M2)] < 3 o] < [M2]. O

HpnMep 14.7 nonyckaer cienyiouiee o6obienue. [lyete M" — 3amkny-
TOE OpUEHTHpyeMoe eunepboauteckoe MHOrooOpasue, T.e. PUMAaHOBO MHO-
roo6pasue, YHUBEpPCaJbHbIM HAKPbITHEM Hajl KOTOPbIM CJYAKHT MPOCTPAHCTBO
Jlo6auesckoro H". Torna ||M"|| = vol(M")/vol(A™"), rae A" — cumriekc Mak-
cuMasibHoro o6béMa B H™. DTo yTBepkKnaeHue nokaszano Tépcronom [Th3];
cM. Takxke [Mul].

14.9. Koromosoruu ¢ HEKOMMYTaTUBHbIMU KO3 duuueHTamu
v Teopema BaH KamneHa

Jlnsi neaGesesoit rpynnbl G B [Ol] onpenenenst koromosoruu HO w H' ¢ ko-
s¢dumentamMu B 3710 rpynne. Jlenaercs 310 caenyroimm o6pasom. Kouenb
c¢" e C*(X; G) (npou3BOJILHON pa3MepHOCTH) onpeiesieTcs Kak (QyHKIHs, KO-
TOpasi KaxJIOMy CHHIYJsipHOMY cuMiuiekcy A" — X corocTtaB/sieT 3/eMeHT
rpynnel G (otHocuTesibHasi Kouenb ¢" € C*(X, Y; G) nmo/mkHa oOpauiaTb-
¢ B Hysab Ha cummiekcax A" — V). [pynnoByto onepaimio Mmo-npekHemy
OyJeM 3amuchiBaTh AJJIMTHBHO, HECMOTPSl Ha TO UTO OHA Terepb HEKOMMY-
tatuHa. Hasosém oanomepnyto kouenn z' € C"(X, V; G) koyuxiom, ec-
JM 1151 I0GOro CHHIyJsipHOro cummjekca f: A? — X BoinosiHsiercs: pa-
BEHCTBO

2'(J<t) — 2'(J<) + 2" (J€5) =0,

rie e AFTT— AF — oroGpaente, onpenenéntoe Ha c. 212. Kouens 2 €
€ C%X, Y; G) nasosém koyukaon, ecan 2°(fel) = 2°(fel) nast mo6oro cun-
ryasipHoro cumniekea f: Al — X,

Jlpa oanoMepHbix Kolmkaa z' u Z! nasosém koeomonoeuunoimu, eciu
cylllecTByeT Hy/ibMepHas Kolenb ¢, /11 KOTOPoli BLINOJHSETCS paBEHCTBO

21 (N =—"(Je)) +2' () + < (Jep)
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ISl BCeX OJIHOMEPHbIX CHHIYJISIPHBIX cuMIiekcos [: Al — X. (O6parure Buu-
MaHue, uTo MepeHoCcHTb z' (f) B JieBylo yacTh Hesbasi, IOTOMY UTO TpyMNNoBast
orepauusi HeKOMMYTaTHBHA. )

JIerko mpoBepUTb, UTO KOTOMOJIOTMYHOCTb — OTHOILIEHHE 3KBHBAJIEHTHO-
CcTH. MHOXKeCTBO KJacCOB 3SKBHUBAJEHTHOCTH — 3TO H €CTh HI(X, Y; G).
Mnuoxectso H'(X, Y; G) e siBsiercst TPynmnoi, HO COJEPKUT OTMeUeHHHbIi
(Hy/1€BOI1) 3JIeMEHT — KJlacC SKBHUBAJIEHTHOCTH TPHUBHMAJILHOTO KOLMKJA, KO-
TOPbI HA KaXJOM OJHOMEPHOM CHHIYJSIDHOM CHMILJIEKCe TMPUHHMAeT 3Ha-
yenne 0. [Monoxum H°(X, Y; G) = Z%(X, Y; G); 370 MHOXKECTBO SIBJsieTCs
TPYIOH.

[Tyets X| 1 X9 — nonmuoxkectBa B X = X| U Xo. Hast ¢ =0 wim 1 onpe-
JIeJTHM Hq(CiX"XZ)(X, Y); G), paccmaTpuBasi TOJIbKO Te CHHIYJSIPHbIE CHM-
TMJIEKChl, KOTopble 11eJuKoM JexkaT B X uian B Xo. Kakmoll xouenn moxkHO
COMOCTaBUTh €é CyKeHHe (OorpaHuueHHe) — KOllelb, MPUHUMAIOIILYI0 3HAUeHHs]
Ha yacti cumiiiekcoB. [Tokaxewm, uto ecau X = int X Uint Xy, To npu g =0
v 1 Takoe comocraB/ieHHe MHIYLMPYET B3AUMHO ONHO3HAUHOE OTOOpaKeHHe

it HYX, Y; G)— HI(CY X Y): G), (1)

NepeBOAsLLEee HYJIeBOH 2JIEMEHT B HYJICBOH JIEMEHT.

[Ipu g = 0 3T0 yTBep:KIeHHEe OUEBUAHO. [1eHCTBUTEIbHO, B OJHOM CJyuae
KOLMKJIbI MTPUHUMAIOT paBHble 3HAU€HHSI B KOHLAX JI0GOH KPUBOH, a B Apy-
roM — B KOHLIAX Jit060H KPUBOH, LieJUKOM Jexallell B X| uin B Xo. Ho sobyto
KPHUBYIO MOYKHO Pa3OHTb Ha 4acTH, KOTOpble LEJUKOM Jexkar B intX; wuiu
B int Xo.

Uto6bl noka3aTh TpebyeMmoe yTBepxKiaeHHe MpH g = 1, mocTpoum otobpa-
KEHHe

k: ZHCWYH (X Y)Y G)— ZV(X, Y5 G).

[Tycth 2! — NpoM3BOMILHBIN KOLMKJ, 3HAUYEHHsI KOTOPOTO ONpeeseHbl TOJIbKO

Ha cumniekcax B X; M B Xo, [: Al — X — npousBosibHBIH CHHIYJISIPHBII
cummnieke. UTo6bl onpeeuTh 3Hauenue k(z') na f, pasmenum otpesok Al na
M = 2" paBHbIX OTpe3koB [y, ..., [y (0OTpe3KH 3aHymepoBaHbl 10 MOPSIIKY).
Ecau m nocraTouHo BesMKO, TO J1060H OTPe30oK [, LEJUKOM JIEXKHUT B X| HIH
B Xo. B takom cayuae nosioxkum k(21 (f) =2 (f|;,) + ... +2'(f|1,). Koppekr-
HOCTb 9TOTNO OMNpeJeieH s CelyeT U3 TOro, uto 2! — Kouuk/. JledcTBUTeNbHO,
€CJIH 0Tpe3oK [, 1enKom aexxaimil B X| uiu B Xo, paséut Ha orpesku I’ u 1",
10 2" (flir) — 2" (Flr) + 2" (Fli) = 0.

[Tposepum, uto k(z') — kotwka. PaccMOTPUM MPOH3BOJILHBIN CHHIYJISIP-
bl cumnsieke f: A2 — X, BriGepem m Tak, uTo 06pas orpaHuuenusi [ Ha
JIOOOH CUMIJIEKC M-T0 OApULEHTPUUECKOTO MOJPa3NeseH!s] LEeJIUKOM JIEKUT
B X wm B Xo. Torma mjsi Kakaoro cummgexkca m-ro OapHIEHTPHUECKO-
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ro TIOJpa3JeJieHust BbIMOJHEHO YCJOBHE KOUMKJIWUHOCTH. [lokaxkem, uto u3
ITOrO CJIEMyeT, UTO YCJIOBHE KOUMKJIMYHOCTH BBIIOJIHSIETCS W Ui CHMILIEK-
coB (m — 1)-ro GapuueHTpuueckoro nojapasueseHusi. CJA0XKUM yCJOBHS KO-
UMKJHYHOCTH ISl cuMmmiiekcoB 1, 2, ..., 6 (puc. 39). B pesysbrare nosyuum

C9 C1

Puc. 39. Caoaxcerue ycarosutli KOYUKAULLHOCTMU

x+4+a +ay+b+bs+c; +co—x=0 (31ech a; — 3HaUeHHe KOLMKJIA Ha
CHUMIJIEKCE @; U T.1.). B J060# rpyrine 3/eMeHT, ¢ KOTOPbIM COTPSIXKEH Hel-
TpaJIbHbIHA 3JIEMEHT, CaM SIBJISIeTCS HEHTPaJIbHBIM. HoaTOMy ay+ag+b;+bo+
+ ¢ + ¢co = 0. Kpome Toro, no mnocrpoenuio 3uauenve Kouuknaa k(z') na
otpeske /, pa3buUTOM Ha JiBa paBHbIX oTpeska I/’ u [”, paBHO cymMme 3HAUEHHI
k(z')ua I’ nna 1",

SIcHo, uTO k TIEPEBOJUT KOrOMOJIOTHUHbBIE KOLMKJbI B KOTOMOJIOTHUHBIE.
[ToaTomy moJsiyuaem otoOparkeHue

k*: HY(CY XN (X YY) Gy — H'(X, Y; G).
HenocpenctBento u3 onpejeseHuil BUIHO, uto R*i* =id u i*k* =id.

YTBepxKaeHHe 0 ToM, uTo oTobpakenue (l) B3aMMHO OJHO3HAUHO, SIBJISI-
€TCsl aHAJIOTOM aKCHOMBI BbIPE3aHHsl ISl KOTOMOJIOTHI ¢ HEKOMMYTaTHBHbBIMH
Koapuurentamu. [Tosyuum Tenepb aHasor nocJsepopatesnbHoctH Maitepa—
Bretopuca. [lyets X| u Xo — noamuoxkectBa B X = X| U X9, xg € X; N Xg —
HeKoTopast Touka. Mel 6yaeM mpearnoJaratb, 4To ecTeCTBeHHOe 0ToOpaXKeHHe

it H(](X, Y, G) —)Hq(CiXI,Xz}(X’ Y), G)

B3aUMHO OJIHO3HAUHO. DTO CBOWCTBO BBIMOJIHSAETCS, Harpumep, ecan X =
=int X, Uint Xo.

Henpepoisroe orobpaxenue f: (X, Y) — (X', V'), kak u st 0ObIYHbBIX
KOrOMOJIOTHE, uHAyuupyer otobpaxenue [f*: HI(X', Y'; G) — HY(X,Y; G),
rae ¢ =0 wnn 1, nepeBojsilliee OTMEUEHHbIH 3J€MEHT B OTMEUEHHBI 3JIEMEHT.
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AHaJIorMyHoO BO3HHKAIOT OTOépa)KeHI/IH

-
HY(CHE M (X, Xy): G) =5 HY (X, X, N Xy G)

z;l

HY(CY (X, xo); G)

[Tpu stom oToGpaxeHne [ B3aMMHO OJHO3HAUHO, TOCKOJBbKY KOLEMH, MPH-
HUMalolllMe 3HaueHus1 Ha cuMiiekcax B X| U B Xo M oOpallaioumecss B HyJb
Ha BCeX CHUMILIEKCax B X9, — 3TO, MO CYTH, TO K€ CaMoe, UTO KOUEeMH, MpH-
HUMAaloLMe 3HAUEHHUST HA CUMIJIeKcax B X| W obpallaiolidecs B HyJib Ha BCeX
cummniiekeax B X| N Xo.

Jast Tpofiku npoctpaHcTB Z C Y C X MOXKHO onpelesuTh oToOpaxKeHue
§: HOY, Z; G) — H'(X, Y; G) caenyommm o6pasom. JIisi 1aHHOTO KOFOMO-
noruueckoro knacca o’ € HO(Y, Z; G) onpenennm kouens ¢? € COX, Y; G),
nonaras ¢(x) =a’(x) s x €Y u ¢%(x) =0 ansa x ¢ Y. 3atem onpeaesnm
kownka z' € Z(X, Y; G), nonaras z!'(f) = —c%(fel) + ¢°(fel) mns moboro
cuuryssipHoro cumnsekca [ Al — X

Paccmorpum auarpammy otoOparkeHHit

HO(X) N Xo, x0; G) -2 HY(X, U Xy, x0; G) —— H(X,, x0; G)
i | it 2)
H'(Xa, xo; G) S H' (X1 N Xy, xo; G),

rae otoOpakeHust i W ji WHAYLHMPOBaHbI BKJIOUEHUAMH, a oToOpaxkeHue A
orpejessieTcsl KaK CJelytoliasi KOMINO3ULHsT 0TOOParKeHHH:

HO(X, N X, x0; G) HY(CH YN (X, x; G) —— H'(X, x0; G)

la 1 Tlé"
HY (X1, X1 0 Xe; G) s (e %) (x, xy: G)).

Jliisi 0ToOpaXKeHHsi B MHOXKECTBO C OTMEUEHHBIM 3JIEMEHTOM MOXKHO Orpe-
JIEMTh $J1pO Kak NpooGpa3 OTMEUEHHOTO 3JIeMEHTa.

Teopema 14.16. a) Cnpasedauso pasencmeso Kerif NKeriy =ImA.

6) Iycmo a € H' (X1, xo; G) u b € H'(Xo, xo; G). Toeda pasencmso
it(a) = j5(b) sksusasenmuo momy, 4mo cyuw,ecmeyem 3iemenm ¢ €
€ H' (X1 UXa, xo; G), 045 KOmopoeo if(c)=auij(c)=0b. boaee moeo, ecau
HO(X| N Xy, xo; G) =0, mo makoii aaemenm ¢ onpedesér 00HO3HAUHO.

HokaszateabcTBo. Paccmorpum BMecto A ortobpaxenne A’ =
=15(/7)~'6 (13 KoMmO3MLMK OTOGPAKEHHH, COCTABASIOLMX A, Mbl yOHpaem
nocsenHui usomopdusm). TpeGyemoe yTBepaKIEHHE A0CTATOUHO J0OKA3aTh JJIsl
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JMarpaMmMbl

HOMX, 0 Xa, x0) 25 HYCE2 (X, )~ 11Xy, x0)

@ | | | (3)
H'(Xg, xo) —=2— H' (X, N Xa, x0)

(nJ1s1 KpaTKOCTH B 0603HAUEHHUSIX Mbl YOpaJsu rpynny KosdduureHtoB G).

O6a mHoxecta Im A’ u Ker(i{)* N Ker(if)* cocTosiT U3 KaaccoB KBH-
BAJIEHTHOCTH KOLIMKJIOB, 00OpallalollUXcs B HYJb HA OJHOMEPHBIX CHMIJIEK-
cax, uejukoMm Jjexawmx B X; N Xo. To, uro pasenctso ji(a) = j5(b) 3k-
BMBAJIEHTHO CYIIECTBOBAHUIO 3JieMeHTa ¢’ € H‘(CiXI‘XQ)(X, X0)), AJIs1 KOTOPO-
ro (i1)*(¢’) =a n (i5)*(c’) = b, npoBepsiercs HemocpejcTBeHHO. PaBeHCTBO
HO(X; N X3, x0) = 0 o3Hauaer, uyTo npocTpaHcTBO Xi M Xy JIMHEHAHO CBSA3HO
(ecit G # 0). EnquHCTBEHHOCTD 2JieMeHTa ¢’ cjleflyeT U3 JIMHeHHON CBSIBHOCTH
npoctpanctBa X; N Xo. O

Teopema 14.16 mnosBoJisieT nosyuuTb HauboJee OOLLYI0 BEPCHIO TEOPEMbI
BaH KammneHa o dyHaameHTa/ bHOM rpynne o6beMHEHUs ABYX MHOXKeCTB. [ls
ITOTO HaM MOHAMOOUTCS OTpesiesieHre aMasbraMbl TPy, chopMyJHPOBaHHOE
JIBOMCTBEHHBIM 06pa3oM. A uMeHHO, rpynna G siBJsieTcs aMaJsibraMod JBYX
rpynn G u Go no oTHolueHuio k rpynne Go u romomopdusmam ¢ : Go — G
u @y Go — Go, €C/IM KOMMYTATHBHAS JHArpaMma

0 — Hom(G, G') s Hom(G,, G)

v | ) [er

Hom(Gs, G') 2% Hom(Go, G)

ToyHa Jyisi Jit000# rpynnbl G'. DTo onpejesieHne SKBUBAJEHTHO OMPEAEIEHHIO
amaJibraMbl, MPUBEIEHHOMY B yacTH .

Teopema 14.17 (Oaym [Ol]). [Tycmo npocmparcmsa Uy, Ug u U; N
N Uy auneiino ceasuol u xg € Uy N Usy. Ipynna 7 (U U Us, xg) Asasem-
ca amanrveamoi epynn wi(Uy, xo) u m(Us, x9) no omrowenuo Kk epyn-
ne w (U U Uy, xo) u eomomopgpusmam, uHOYyupOBAHHOIM BKAIOUeHUAMU
U NUy—U; ulU NUy — Uy, moeda u moavko moeoa, Koeda ectme-
cmeerHoe omobpanerue

i*: H'(Uy U Us, x0; G') — H' (CIV"Y2 (U, U Us, x0); G')

83AUMHO 00HO3HAUHO a5 A0bol epynnol G,

JoxaszateabcTtBo. [lpennosoxum cHauaja, uTo oToOpaxKeHue i*
B3aMMHO OJIHO3HAYHO JIst Jit000# rpynmbl G'. Toraa HMeeT MeCTo KOMMYTaTHB-
Hast muarpamma (2) (¢ 3amenoit G na G’). Kpome toro, u3 yc/oBusi JuHeRHON
eBsizHOCTH TIpocTpancTsa Uy N Us nosyuaem, uro HO (U, U Us, xo; G') = 0.
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[Tyctb X — JiMHERHO CBsI3HOE TPOCTPAHCTBO U Xo € X. Bo3bMéM sj1eMeHT
w € m (X, Xo) ¥ PacCMOTPUM TMOCJEN0BATENBHOCTh OJHOMEPHBIX CHMILIEKCOB
Al ..., Al KoTopble cOCTaB/ISIOT NETJIIO, JIEXKALLYIO B FOMOTOMHYECKOM KJac-
cew. [lnn 2! € Z1(X, xo; G') nonoxum 2! (w) = 2! (A]) + ... + 21 (A)}). Jlerko
MPOBEPHTh, uTo 2!'(w) JeHCTBUTENLHO 3aBHCHT TOJLKO OT FOMOTOMHUECKO-
ro kjacca nemim u, 6ojee Toro, z'(w) 3aBHCHT TOJLKO OT KOFOMOJIOFHUE-
CKOro Kjacca UMKaa z', T.e. Mbl nosyuaem otobpaxkenwe H'(X, xo; G') —
— Hom(m (X, xp), G'). D10 oToGparkenre B3auMHO 0OjiHO3HAuHO. [1prmeHHB
teopemy 14.16 u samenus H' ua Hom, nonyuaem, uro m(U; U Uy, xo) —
amaJsbrama.

[Tpennogoxum tenepsb, uro 7 (U; U Uy, x9) — amanbrama. 3amenns Hom
Ha H', nmosiyunm TouHylo KOMMYTaTHBHYIO AMarpammy

OHHI(Ul U Us, xo; G/)L)HI(U]Y X0; G/)

is | Lt

H (Us, x0: G) —2— H'(U 0 Us, x0)

Jist iio6o# rpynnbl G, CpasruBast eé ¢ (3), rae X; 3ameneno Ha U;, mosiyuaem,
uyTo oToOpakeHHue i* B3aWMHO OJIHO3HAUHO. O

§ 15. U3omopdusmbl Ilyankape u Jlepuiena
JJ1S1 TONOJIOrMYE€CKMX MHOTroo0pa3uii

st Tornosiornueckux MHoroo6pasuil uzomopdusm Ilyankape Toxke nmeer
MECTO, HO €ro J10Ka3aTe/IbCTBO TpeCyeT MPHUBJEUYEHHS] COBCEM APYIHX METO-
JIOB, MIOTOMY UTO He Jito00e TONOJIOrHYeCKOe MHOrooOpasue TPUAHTYJHPYEMO.
[IpuBoanMble HHXKe J0KasaTesabcTBa H3oMopdu3mos [lyankape u Jleduieua
caenyioT B ocHoBHoM [Sal] u [Bu].

15.1. dyHaameHTaNbHbIA KJacc

[Ipexxyie uemM 3aHATbCS MOCTPOeHHeM (yHJIAaMeHTaJbHOTO KJaacca sl TO-
MOJIOTHYECKHX MHOro0Opa3ni, Mbl JIOKaXKeM TeopeMy o6 oOpalleHHH B HYJb
k-MepHBIX TOMOJIOTHI TOMOJOrHUECKOTO MHOTrooOpa3us M" npu k > n u Teo-
pemy 06 o6pallleHuH B HYJIb 7-MEPHBIX FTOMOJIOTHH HEKOMMAKTHOTO TOIMOJIOTH-
yeckoro MHoroo6pasus M" 6e3 kpasi. [TocienHsis Teopema Hy»kHa /151 OCTPO-
eHHust PyHIaMEeHTaNbHOrO KJacca.

Teopema 15.1. Ecau M" — monoaoeuueckoe mHoeoobpasue, mo
Hpy(M™) =0 npu k> n.
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JokaszaTesabcTBo. PaccMOTpUM MPOU3BOMBHBIA CHHTYJSPHBIN LUK
2p € Zp(M™). OGbennnenne o6pa3oB CHHIYJSPHBIX CUMIJIEKCOB, BXOASLINX
B 2j, — KOMITAKTHOE MHOXKECTBO, MO3TOMY OHO COAEPKHUTCS B OObEIMHEHHH
KOHeUHoro Habopa OTKPBITBIX MHOXkecTB Uy, ..., Uy, Kakaoe M3 KOTOPBIX
roMeoMopdHO OTKPLITOMYy MHOXKecTBy B R”. Ilyets V; =U; U U U ... U U;.
[Tokaxkem, uto H,(V;) =0. Ilpn j =1 310 cnenyer u3 teopemel 14.8. Tlpu
j > 1 paccmoTpuM TouHylo nocJgenoBatesnbHocTh Mailepa—Bberopuca ans
Vj—l @] Uj = Vji

. —>Hk(V]'_]) D Hk(U/) — Hk(V,) —>Hk_1(vl'_] n U]) — ...

Mmuoxectsa U; n V;_; N U; roMeoMopdHbI OTKPLITHIM MHOXKecTBaM B R”,
nostomy Hp(U;) =0 n He_((V;—1 NU;) = 0. Kpome Toro, Hp(V;_;) =0 no
npeanonoxkenuio unaykuun. [ostomy Hy(V;) = 0. dto oznauaer, uto z¥ —
rpaHMlla CUHIYJspHO# Lenu B V; C M". (]

JIJ1si CBSI3HBIX HEKOMIAKTHBIX MHOTOOOpa3uii TeopeMy 15.1 MOXKHO YCHIIUT:
Hp(M™) =0 npu k > n. Urobbl n0Ka3aTh 3TO, HAM MOHANAOOUTCS CJeylollee
BCIIOMOraTesIbHOE yTBEpPKIIEHHE.

Jlemma 15.1. [Tycmo U CR" (n > 2) — omkpoimoe mHOMecmso, a €
€ H,(R", U). [lpednoaoscumn, umo ois 8cex moyek x € R"\ U goLnoaus-
emcs pasercmso (iy)«(a) =0, ede iy: (R, U) — (R, R" \ {x}) — ecme-
cmeerHoe gxaoyenue. Toeda o= 0.

JokaszaTesabcTBo. PaccMOTpUM TOUHYIO TI0C/I€10BATENBHOCTD T1aphl
(R", U):

d.

— H,R"Y — H,(R*, U) = H,_(U) — H,(R") — ...

3nech 0, — U30MOP(U3M, OITOMY JIOCTATOUHO J10Ka3aTh, uTo J.av = 0. [TycTb
z € Z,—1(U) — uuka, npeacrapasiiolliiii roMmoJiornueckuil knace O.«. Hocn-
Teslb €M 2 KOMIAKTeH, T03TOMY MOXKHO BbIOPaTh OTKPbITOE MHOXecTBO V
TaK, uto V C U, MHOXKeCTBO V KOMMAKTHO M HOCHTE/b LEMH 2 CONepPIKHTCS
B V. CaenoBatesbio, B H,_ (V) ecTb ssieMeHT [3, Uil KOTOPOTO i3 = O.x,
rie i: V — U — ecTecTBeHHOE BKJIOUEHHE.

[Tosbaysich KOMIAKTHOCTbIO MHOXKecTBa V| BhiGepeM B R OTKPHITHIH Ky6 @
TaK, uToObl OH cojiepakag V', u nosoxkum K = Q \ (@ N V). Torna KNV =g,
M103TOMY WISl KaxK10i TOUKH X € K MOXKHO BbIOpaTh 3aMKHYTbIH Ky6 P Tak, uTo
x €Pu PNV =g KomnaktHoe MHOXKeCTBO K MOXKHO MOKPBITH KOHEUHBIM
UMCJIOM TaKuX KyooB Py, ..., Pp,.

[To ycnoButo (iy).a =0, mosToMy KOMMyTaTHBHasl AHarpamma

Ox

Hy (V) ——s H,_ (U) Hy(R", U)

| | | @

Hoe (R (i) — Hoe (R (i) <2 (R, R\ {x})
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T10Ka3bIBaET, UTO 00pa3 sJ1eMeHTa (3 Npu roMoMopduame BKJtoueHus 1, (V)—
— H,_(R"\ {x}) — HyJieBO# 3/1€MEHT.
[Tokaxkem Tenepb, uto o6pa3 3JjeMeHTa (3 NPU roOMOMOpQU3Me BKJIOUE-

ug
wust Hy, (V) — H,—1( Q@ \ U P,<> — To)Ke HyJsieBOH 3JemeHT. Paccmorpum
i=1

k
mHoxectBa Q= Q \ U P; (=0, 1, ..., m) 1 0pUMeHUM HHIYKLHIO M0 K.
i=1

[Ipu k =0 yTBepKaeHHE OUEBUAHO, NOCKOJbKY Qo= @ n H,_1(Q) = 0. Uro-
Obl clesaTh LIar HHIYKLUHMH, PACCMOTPHM TOUHYIO MOCJeI0BaTe/bHOCT Maii-
epa—DBbetopuca misi @ 1 R” \ Ppy (3T0 MOXKHO cliesaTh, MOCKOJbKY 00a
MHO2KECTBA OTKPbITbI):

Ho(Q U (R"\ Prst)) — Hoe 1 (Qrst) = Hoy (Q) @ Hy_y (R \ Pyy).

MtuoxectBo @ U (R" \ Pp11) OTKpBITOE, MOITOMY €ro /1-MepHasi TpyIa roMmo-
JIOTWH HyJieBasi. 3HAUUT, j, — MoHOMOpP@U3M. OcTaércsi 3aMeTHTh, UTo 06pasbl
sJieMeHTa [ Npu roMoMopdH3Max, UHAYLHPOBAHHBIX BKJIKOUEHHIMH V — Qp
u V. — R"\ Ppyy, — HyJeBble ajeMeHTbl. [l nepBoro romomopdusma 310
BEPHO COMNIACHO TIPEIMNOJIOKEHUIO MHIYKLMH, a JIIsi BTOPOrO — MOTOMY UTO
Hn—l(Rﬂ \ Pk+l) = Hn—l(Rﬂ \ {x})

MHoxecTBO ) comepxutcst B U, mosromy romomopeusm H,_ (V) —
— H,_1(U) npencrasJjsiercst B BUAE KOMIO3ULUH romoMopduamMoB H,_ (V) —
— H,_1(Qm) — H,_1(U). O6pas sjementa (3 1pu MepBOM TOMOMOP(H3-
Me — HyJieBo# 3j1ieMeHT. [Tostomy i, =0, T.e. d.ax = 0. O

Tounast nocsenoBaresnbrocts napbl  (R”, R” \ {0}) nokasbiBaer, uro
Hp(R?, R" \ {0}) = Hp(R" \ {0}) = Hp_(S"") npu Bcex k > 1. Tlostomy
Hy(R", R"\ {0}) 2Z u H,(R", R" \ {0}; Zo) 2 Zo nipu nn > 2.

Ecan U — oTkpbiTast Kapta, romeomopdHast R" W colepxkailiasi TOUKy x €
eM", to Hy(M", M"\{x}) 2 H,(U, U\ {x}) = Z (wu Zo B ciyuae Ko3hu-
LIMEHTOB B Zg). UT0oObI 10Ka3aTh T0, 1OCTATOUHO MPUMEHUTb TEOPEMY O BbIpe-
3aHnu K MHOxkectBaM M™ \ U C M" \ {x} C M". (Yenosue M*\ U C M" \ {x}
BbinoJiHsierest, nockosbky M*\ U =M"\U nx € U.)

[pynnst H,(M", M" \ {x}) urpatot BaxHyt poJib B IOCTPOEHHH (yHIaMeH-
TaJIbHOTO KJsacca.

Teopema 15.2. Ecau M" — c843H0e HeKOMNAKMHOE MHO2000pasie
6e3 kpas, mo H,(M") = 0.

JlokasartedabcTBo. [TokaxeM, uro ajs JioOol Touku x € M"™ romo-
mopeusm py: Hy,(M") — H,(M", M"\ {x}) nyaeso#. [Tycts [2,] — knacc ro-
MOJIOTHH, MPeACTaBAeHHbIH LHKIOM 2, € Z,(M"), C — KOMNaKTHbIH HOCHTEb
uMkaa 2,. [penanosoxum chavana, uto x € M*\ C. Torna uukn 2, sijsiercs
06pa3oM HEKOTOPOTo LKA Z, pU roMoMopdusme iy : Z,(M"*\{x})— Z,(M").
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[Tostomy p«[2n] = p«ix[2:] = 0, nockosnbky p.i, = 0. [lpennonoxum Te-
nepb, uto x € C. 1o ycaoButo MHOroo6pasue M" HekoMnakTHO. B uacTHOCTH,
M"™ # C. Tlosromy mMoxHO BbiOpaTh Touky y € M"\ C. Paccmorpum romeo-
mMopusM ha: M" — M™, KOTOpbI H30TOMEH TOXKIECTBEHHOMY W MEPEBOJUT X
B y (Takoil romMeoMopdu3M CyLLeCcTByeT Jyisl JII0OOro CBSI3HOIO TOMOJOrHUe-
CKOro MHoroo0pasust 6e3 Kpasl; 3TO J0Ka3blBaeTCsl TOYHO TaK »Ke, KaK W /s
rJaJIKuX MHorooGpasuii: yacTb I, jiemMma 06 OJHOPOJHOCTH MHOTOOGpa3nH).
[omeomopuam A unpyunpyer romeomopdpuam M™ \ {x} — M" \ {y}, nosromy
MMeeT MECTO KOMMYTATHBHAs HArpaMmma

(M) 22 (M, M )
h*:idJ' lh*
(py)=
Ha M) 225 H (M7, Mo ).

PaBenctso (py).« =0 cnenyer us pasenctsa (p, )« = 0.

Kak u npu nokasatenbctBe Teopembl 15.1, mMbl Oynem paccMmaTpuBath
KaXK/blil CHHTYJISIPHBIA UMK 2, € Z,(M™) oTie/IbHO, @ B TaKOM CJlyuae BMe-
cto M" MOXKHO paccMaTpuBaTh KOHeuHOe 06be/liHeHHEe OTKPBITBIX KOOPAHHAT-

k
HbIX OkpectHocTel Uy, ..., Uy, romeomopdubix R™. [Tosoxum V, = |J U;
M TIOKaXKeM, UTO LHMKJI 2, SIBJASIETCS TPaHULEH HEeKOTOPOro LHKJA E; IVm,
T.e. H,(Vy) =0.
[Ipumennm unaykuuto no k. Ilpu k2 = 1 yTBepKaeHHe 0UeBHIHO, MOCKOJbLKY
U, craruBaemo. UToGbl clieqaTh ar HHAYKLUHH, PACCMOTPUM M0CJIe10BaTe b=
HocTb Maliepa—Bberopuca ajist AByX OTKPLITbIX MHOXKECTB Vi U Upy:

Hy(Vie) ® Hy(Ups1) — Ho (Vi) — Hym1 (Ve N Up 1) —
B anl(vk) 3] anl(UkJrl)'

[To npenanonoxkenuto unaykuuu H,(V,) = 0. Kpome toro, us crsiruBaemocTtu
mHoxectBa Upyy caenyet, uto H,(Upy1) =0 u Hy—1(Upsy) = 0. Tlosto-
My paBeHCTBO H,(Vjyi) = 0 9KBHUBaJIEHTHO MOHOMOP(HOCTH roMoMopdu3mMa
b Hyt (Ve NV Upy1) = Hy—1 (Vi)

[Tpennognoxum, uro B € Hy,_1(Vy N Upyy) 1 i = 0. Paccmorpum nuna-
rpammy

Hy(Vigr, Vi N Upt) s Hy(Ups1, Vi N Uptr)

Ti// la/
* // *

o, i
Hy(Viey Vi N Upt) ——— Hy i (Ve N Up) —— Ho— 1 (Vi)

!

Hy1(Upg1) =0.
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B sroii auarpamme BTopasi CTpoKa M BTOPOH CTOJIOEI — YYaCTKH TOYHDIX TMO-
cJeoBatesibHocTelt nap. M3 pasenctsa i3 = 0 chaenyer, uto 8= 93" nis
nekotoporo 8" € Hy(Vy, Vi N Upy1). Kpome toro, = 9.3 nist HekoToporo
B € Hy(Upy1, Vi N Upyy), nockodibky 0, — snumopdusm. Paccmorpum 3Je-
Ment =i’ —i”[". 3anuuiem yuacTok TOUHOH MOCJeI0BATENLHOCTH Naphl:

- Ox
Hy(Vir1) 25 Hy(Vies 1, Vi N Up) = Ho— 1 (Vi 0 U ).

slcno, uto O, = 0. n 0.i = 0" Tostomy 0.3 = 0,i' 3 — 0.i"" = 0.5 —
—o!B"=p—p=0, asnauur, 9,0 = p.a wis nekoroporo « € H,(Viyy).

TouHo TaK »Ke, KaK 3TO Mbl JieJali B Hauaje J0Ka3aTeNbCTBa, MCMOJb3Ys
HEKOMIMAKTHOCTb MHOrooGpas3usi M”, MOXKHO T0Ka3aThb, UTo /st JIOGOH TOUKH
x € M" romomopduam (py)w: Hy(Viyr) = Hy(M™, M"\ {x}) HyseBoii. B uact-
HOCTH, p.a=0.

[yers x € Upy \ (Vi N Upyy). Torma Ve N Upyy € M™\ {x}, nostomy
rOMOMOP(U3M ( Py )« MOXKHO MPEJICTABUTH B BUJIE KOMIIO3ULIMH FOMOMOP(H3MOB

Hoy(Vieg1) 25 Hy (Vw1 Vi 0 Upger) — Ho(M?, M7\ {x}).

CaenoBatenbho, 0 = (py)sa = Lipea = 1,0 = L3 — [i!B". Touka x He
JEXHUT BV, 103TOMY L, i) MOXKHO 3aMeHHTb Ha KOMITO3HLIMIO TOMOMODPGhH3MOB

H,,(Vk, VkﬂUk+1)—>H,l(Vk\{x}, VkﬂUk+1)—>H,,(M”\{x}, M”\{x})zO

3uauwur, /i) = 0. W3 storo caenyer, uro [,.i’ 3" = 0. [locse oToxkaecTB/ieHus
Hy(M", M" \ {x}) ¢ Hy(Upsy, Ups \ {x}) romomopduam [.i! npespariaercs
B roMoMOpPdU3M

(ix)«: HoUps1, Ve NV Upg1) = Hy(Upgr, Upr \ {x}).

[Tosromy, Bocnosib3oBaBiikch Jiemmo# 15.1, nosyunm 3'=0, a snauut, S=0. O
CanencrBue 1. [lycmo M" — cea3znoe monoaoeuieckoe mHo2000-
pasue. Toeda p.: Hy(M") — H,(M", M"\ {x}) — moromopgusn.
HoxaszateabctBo. [lyctb o € Hy(M") u p.aw=0. Torna B rpymnne
H,(M" \ {x}) ectb snement (3, misi Kotoporo i, = a. Ho mHorooGpasue
M"\ {x} HekomnakTHO, nostomy H,(M" \ {x}) = 0. O
Cnencreue 2. [lycme M" — ce1a310e monoaoeuueckoe mHo2000-
pasue. Toeda aubo H,(M") =0, aubo H,(M") =7 u dra aoboii mouxu
x € M" eomomoppusm p.: Hy(M") — H,(M", M" \ {x}) ssasemcss moHO-
MoppuamMon.
HokasateabcTso. lomomopopusm p.: H,(M")—H,(M", M"\{x})=
& 7 corjacHo cJelcTBHiO 1 sBJjsieTcss MoHoMopduamom. [lostomy Jn6o
H,(M™) =0, nu6o H,(M™) = Z u o6pa3oM romoMophu3Ma p, CJAY:KUT rpyrnna
mZ C Z. HyxHo Juuib npoBepuTh, uto m = *£1.
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[Ipennonoxum, uto m > 1. JlokazarenabctBo TeopeMbl 15.2 (1 cnenctsust 1)
MPOXOJISIT HE TOJBLKO JJIst TPYIIbl KO3 hHUIMEHTOB Z, HO 1 /151 11060 abesieBoi
rpynnbl KosgguuentoB G. [Tonoxum G = Z,, 1 pacCMOTPUM KOMMYTaTHBHYIO
JHarpaMmmy

«®id
Hoy(M") @ Zy 225 Hy(M?, M7\ {x}) ® Zy

P1 JVMOHO CPZJ'MOIIO
Ho(M™; Z) —2s Ho(M", M7\ {xY; Zy).

MOHO
31ech ¢ U Y9 — MOHOMOP(HHU3MBI M3 (POPMYJBI YHUBEPCATBHBIX KO3 (hHIIHEH-
ToB. [oMoMophuaM p, ® id ToKe no/KeH GbITb MOHOMOpdUaMoM. C Ipyroh
CTOPOHBI, ecau « — obpasyiouiast rpynnsl H,(M"), to (p, ® id)(a ® 1) =
=p.a®l=m®1=0. O
st kaxknoit Touku x € M" pacemorpum rpynnbt T, = H,(M", M\ {x}) =
> 7w Ty(Zo) = Hy(M", M" \ {x}; Zo) = Zy. Ceituac Mbl BBEIEM TOMOJOTHIO

na muoxectBax 7 = |J Ty u T(Zo) = U Ty(Z9) Tak, uToObl eCTECTBEHHbIE
xXeMn xemn
npoekund 7T u T (Zg) Ha M" aBasiyich HAKPBITUSIMH. OTMETHM, UTO 3TO 3K-

BUBaJIEHTHO 3ajaHuio Ha M" jioKaJbHBIX CHCTEM KO3((MHUIIMEHTOB C TPyNnaMH
Z 1 Zo. 1nst Ko3(h(ULMEHTOB B Zg JIOKAJIbHASI CUCTEMA TPUBHAJIbHA, TOTOMY UTO
€CTb POBHO OJMH U30MOPDU3M Zg — Zo. [IpocTpancTBo 7 (Zg) npencrapgsier
cob6oll 1Ba sK3eMIIsApa MHOroo6pasust M"; ofMH U3 HUX COOTBETCTBYET HyJe-
BOMY 3JIEMEHTY TPYINbl Zg, a Ipyroi — HenyJeBomy. I1isi KosphuiimeHToB B Z
Mbl XOTHM MTOCTPOUTb JIOKAJIbHYIO CHCTEMY KO3(h(DHLIMEHTOB, KOTOpast 0600L1aeT
cucremy Or M" 151 riaikuX MHOrooGpasHil.

Bynem HasbiBaTh MHOKecTBO V' donycmumeim, ecau V — BHYTPEHHOCTh
3aMKHYTOTO 1uapa, Jiexkallero B HekoTopo# kapte Ha M". Ilpu noctpoenun
TOMOJIOTHM Ha MHOXKeCTBe 7 Mbl BOCMOJIb3yeMCS TE€M, UTO €CJIM MHOXKeCTBO V
nonyctumoe U x € V, 1o Bioxkenne M"\ V — M" \ {x} sBnisiercs romoro-
MHYEeCKOH 9KBHUBaJIEHTHOCTbIO. M3 3TOro cJejyer, 4to MHAYLMPOBAHHBIA 3THM
BJIOXKEHHEM TOMOMOP(HH3M

iy HoM", M"\ V) — H,(M", M"\ {x}) =T,

SIBJISIETCS H30MOP(PU3MOM (JIJIsT CHHTYJISIPHBIX TOMOJIOTHH 3TO JI0Ka3bIBAETCS
TOUHO TakK e, KaK M Il CUMIIMUMAJBHBIX: CM. TeopeMy 3.3 Ha c. 25). s
Kaxkjoro asementa o € H,(M", M" \ V) mHoxectsa {iy a | x € V} Gynem
CUUTATb OTKPBITHIMH. DTH OTKPbIThle MHOXKecTBa 06pasdyloT 6a3y TOMOJOTHH
npoctpaHctda 7. OTMETHM, UTO JONyCTHMble MHOXKecTBa V' obpasytor 6asy
TOMOJIOTHH TpocTpaHcTBa M".

Opuenmauyueii TONOJOrHUECKOr0 MHOTOOOpasnsi M" Ha3bIBalOT HeNpepbiB-
Hoe ceueHue S HaKpbITUs T — M", 1yt KOTOPOTO Kax</blil 3JieMeHT S(x) € Ty
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siBasieTcst obpasytotiei rpynnbl Ty = Z. SIcHo, uTo y CBA3HOTO TOMOJIOTHYECKOTO
MHOroo6pasusi 6e3 kKpasi ecTb JUOO POBHO JBe OpHEHTAllMH, JUOO HU OJf-
Hoit. TomoJsiornueckoe MHOroo6pasme, y KOTOPOro €CTb OpUEHTALMS, HA3bIBAIOT
opueHmupyemoim, a TOOJOTHUECKOE MHOTO0OPa3ne ¢ 3alaHHOK OpHEeHTallueN
Ha3bIBAIOT OPUEHMUPOBAHHBIM.

MoKHO TaKxkKe OTNpelesUTh OPHEHTALMIO TOMOJOTHYeCKOro MHOToo6pa-
3ust M™ OTHOCHUTEILHO IPYTIbl KO3(DMUIIHEHTOB Zo KaK HEMpPePbIBHOE CEUEHHE S
HakpbiThst 7 (Zo) — M", nisi KOTOpOro Kaxbli sjemeHt S(x) € Ty(Zy) siB-
Jsiercst obpagytoleid rpynnbl Ty (Zg) = Zo. $IcHO, UTO Takoe ceueHHe BCerja
CYLIECTBYET W €IMHCTBEHHO, TOCKOJbKY y TpPYMnbl Zg POBHO ojaHa ob6pa-
3yloLLasl.

[omostornueckuit kiace o € H,(M") HasbIBAIOT PyHOAMEHMANLHOIM, €CIH
st Bcex x € M" ortobpaxenne py: H,(M") — H,(M", M" \ {x}) = T, ne-
peBoIMT « B obpasytoinytlo rpynnbl Ty. Kak Mbl ceiluac yGemumesi, QyH-
JlAMEHTAJIbHbIA KJIACC TECHO CBA3aH C OpPHUEHTALMEH: KaxK10H OpHEHTAlMH
3aMKHYTOTO TOTIOJIOTHUECKOTO MHOro06pasusi COOTBETCTBYeT (pyHIaMeHTaslb-
HbII KJacc. B UacTHOCTH, /Uil 3aMKHYTOTO CBSI3HOTO OPHEHTHPYEMOTO MHO-
roo6pasust H,(M") = Z. Tlpexae ueM nepexoiuTb K OPHEHTHPYEMbIM MHOTO-
o0pasusm, pazbepémesi C HEOPHEHTHPYEMbIMH.

Teopema 15.3. Ecau M" — neopuenmupyemoe c813H0€ MONOAOU-
yeckoe MHO2000pasue 6e3 kpas, mo H,(M")=0.

HokaszateanbctBo. [lycts a € H,(M"). Inst kaxuoit Touku x € M”"
paccMOTPUM 3JieMeHT ay € Ty, KOTOPBIN siBJsieTcsi 06pa3oM 3JieMeHTa « MpH
romomopuame p.: H,(M") — H,(M", M" \ {x}) = T,. V3 neopuentupyemo-
CTH MHOroo6pasusi M" cJjieyeT, uTo CyUIECTBYET MyTb <y, NpH 06X0le BIOJb
KOTOPOTO vy 3aMeHsieTcst Ha —ay. [loatomy o, = 0. CaienctBue 1 Teopemsl 15.2
nokasniBaet, yto o = 0. O

Bocnosibayemcst BBEIEHHBIM 0603HAUEHHEM vy TIPH (POPMYJIHPOBKE H JIOKA-
3aTesIbCTBE CJIE/YIOUIEr0 YTBEPKIEHHUSI.

Teopema 15.4. [Iycmo M" — c8a3H0€ 3aMKHYMOe opueHmupyemoe
mHoc000pasue ¢ opuenmayueti s: M" — T. Toeda cyujecmsyem eodur-
CMBEHHbLL PYHOAMEHMANLHLE KAACC ¢, 04 KOMOPOeo iy = S(x) 044
gcex x € M".

HoxaszaTedabcTso. Haubosee BaxkHas U TpyJaHasl yacTb TeOpPeMbl —
cyulecTBoBaHUe (hyHIaMeHTa/lbHOro Kjacca. C 3TOro Mbl U HauHEM, a eJIMH-
CTBEHHOCTb JIOKaXKEM B KOHLIE.

Hanomuum, uto ecan V — nonyctumoe®) MHOXKeCTBO, TO OToOpakeHue
iyy: Ho(M", M"\ V) — Ty — uzomopuam. DTo M03BOJISET MOCTPOUTb Tpe-
GyeMblil Kaacc romosioruit ay B Hy(M™, M™ \ V). Mbl XOTHM CKJIEHTb TaKHe

*) Onpefesienne JOMYCTUMOTO MHOXKECTBA NpUBeaeHo Ha ¢. 250.
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KJacChl C MOMOLIBIO OTHOCHTEJILHOH MocJenoBaTesbHOCTH Maiiepa—BbeTo-
puca W MoJiyunTb romoJiornueckuil knace B H,(M", @) = H,(M™"). Ilpu pa-
6ote ¢ nocJgenoBatesbHoCTsIMU Maliepa—Bbetopuca yno6Hee HMeTb Jes0
C OTKPBITBIMH MHOKECTBAaMH, /ISl KOTOPbIX aKCHOMAa BbIpE3aHHs BBIMOJHSETCS
aBToMaTtHueckd. [Tostomy BMecTo J0mycTHMOro MHoxkKectBa V' BO3bMEM ero
sambiKanie V; oToGpaenue iy  — TOXKE H30MOP(MHU3M, CJIEI0BATEBHO, MBI
MOXKeM MOCTPOHTh KJIACC oy € H, (M", M™\ V).

Muoroo6pasue M" KOMMNAKTHO, TIOSTOMY €r0 MOYKHO MOKPbITb KOHEUHbIM
HAaGOPOM 3aMbIKAHHIl I0MYCTUMBIX MHOXKeCTB V1, ..., V,,. [Ipeanosnoxum, uro
Mbl Y2K€ MOCTPOUJIH 3JIeMEHT

Q. k€ Hﬂ(Mﬂ, M" \ (‘71 U...u Vk)),

JUIs1 KOTOpOro iy« . p = S(x) npu Bcex x € Vi U ... U V}; 31nech iy — romo-
MOphH3M FOMOJIOTHI, MHIYLIHPOBAHHbIA 0TOGPaXKeHHeM nap

(M, M\ (VU U V) — (M", M™\ {x)).
PaCCMOTpHM OTHOCHUTEJIbHYIO TTOCJI€1I0BATE/bHOCTDH Maﬁepa—BbeTopnca

Ho (M, M\ (ViU ... U Vi) —
— Hy M, M"\ (ViU ... UV) @ Hy (M, M\ Vi) —
— Hy(M", M"\ (Vi U...U V)N Vigy)).

BoabméM B npsiMoit cymMme 3JeMeHT (v g, —CQg41). Mbl XOTUM 10Ka3aThb, UTO
OH sIBJIsIeTCs1 06pa3oM HEKOTOPOro 3JeMeHTa

oy k+1 € H,(M", M" \ (‘7] Uu...u Vk+1)).
OT0 9KBUBAJIEHTHO TOMY, UTO 00pa3 3JjemMeHTa (. g, —Cy1) B
Hﬂ(M”, M" \ ((‘7] U...uU Vk) N V/H-l))

pasen HyJi0. O6o3Haunm 3701 06pas uepes 3. [1o yesosuio st Beex x € C =
=V U...UVy) N Vg romomopdusm H,(M", M"\ C) — T, nepesoaut (3
B HY/JIb.

Jlemma. llyemo U C M" — omkpoimoe mHoxcecmso, a sremenm [3 €
€ H,(M", U) makos, umo 0aa scex x € U eomomopcpusm H,(M", U) — T,
nepesodum (3 8 Hysb. Toeda 3 =0.

JlokaszaTesbcTBO. Mbl NPUMEHUM Ty K€ CAMYyI0 TEXHHKY, KOTOPYIO
y»Ke MHOTOKPaTHO WCIOJIb30BaJU: YTBEPXKJIeHHEe CHayasja J0KasblBaeTcs sl
MpOCTbIX obJacTeil, a 3aTeM PacrpoCTPaHsETCs ¢ TOMOLIBIO MOC/eI0BaTE N b-
HocTH Mailepa—Bberopuca.
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[Tpeanonoxnm cHauaga, uro MHOxKecTBO M™ \ U COepKUTCS B KOOPAH-
HaTHO! okpecTHOCTH W ~ R". PaccMOTpUM KOMMYTATHBHYIO AHarpaMmy

Ho(W, W AU~ Ho (W, W\ {x})

|= |=

Ha(M", Uy —2 Hy (M, M\ {x}).

3/1ech BepTHKAJIbHBIE CTPENKH — H30MOP(MHU3MbI Bbipe3aHusi. PaBeHcTBO p. 3 =
= () 5KBMBAJIGHTHO paBeHCTBY i, = 0, e 3 — npoo6pas 3 npu u3omopduame
Boipesannsi. [1pumenus jemmy 15.1, noayunm 3 =0, a snauut, § = 0.

[Tepeiiném Tenepb Kk o611emMy cayuato. [lyets V; — oTkpbiTas KoopauHaTHas
OKpecTHOCTb MHoroo6pasusi M", romeomopduas R”. KomnaktHoe MHOKeCTBO
M"\ U MOXKHO TTOKPBITh KOHEUHBIM UHCJIOM OTKPBITBIX MHOXKecTB V. [Tosioxmnm
U= M"\U)n V. Torna M*"\ U = M"\ U;), r.e. U= U;. losromy
JIOCTATOUHO TPOBEPHTh, UTO €CJIM yTBEPIKJEHHE JIEMMbl BEPHO ISl OTKPBITHIX
muoxectB U’ u U”, 10 ono BepHo u 1yisi Muoxkectsa U’ N U”. Pacemorpum
OTHOCHTENIbHYIO MocseaoBaTeabHocTh Maliepa—Bbetopuca

Hyot (M, U' U Uy — Hy(M", U' 0 U — Ho(M", U') @& Hy(M", U").

Jlerko mposeputhb, uto H,y (M", U U U") = 0. JleficTBUTENHHO, PACCMOTPHM
TOUHYIO T1OCJIE0BATEILHOCTD Maphl

Hypst(M") — Hp (M", U' U U”) —s Ho(U' U U").

3nech Hypt(M") =0u H,(U'UU") =0, ecin U' U U" #£ M" (ecam xe
Uy u” =M", to pasenctso H,y (M", U U U"”) =0 oueBunno). Takum
06paszoM, 1oJiyuaeM MOHOMOP(hHU3M

Ho(M", U 0 U") — Hy(M", U') @ Hy(M", U").

[Tyctb npu 3T0M MOHOMOPH3Me 3semeHT 3 iepexoaut B (5, 5”). [ycrtb, na-
nee, By, By v B — o6pasbi anementos 3, 3’ u 3 npu oro6paxennu B Ty. Torna
B = Px u BY = —P. [osromy eciu B, =0, to B, =0 u 87 =0. 1o npen-
noJioxkenuio paseHctBo [y = 0 Boinosusiercst mist Bcex x € M*\ (U' N U”).
3nauut, paBeHctBo (3, = 0 BbinosHsieres s Becex x € M" \ U’, a paBeHCTBO
"/ = 0 BoinogHsiercst auist Bcex x € M™\ U”. Y3 storo caenyer, uto ' =0
u 8" =0. YcaoBrue MoOHOMOP(HOCTH 03HavaeT, yto Torna u 3= 0. O
DJIEMEHT v ... 11, 0OPA30M KOTOPOTO SIBJISETCS SJEMEHT (v, ky —Clpy1),
obsafaer TpeGyeMbIM CBOHCTBOM, T. €. iyx| . py] = S(X) AsBcex x € Vi U...
U Vk+1.

EnuHcTBeHHOCTD (hyHAAMEHTAJIBHOTO KJIacca 10KasblBaeTCst BECbMa MPOCTO.
Eciu a u o — 1Ba (yHAaMeHTa/IbHBIX KJACCa, COOTBETCTBYIOLIMX OpHEH-
Tauuu S, To A Bcex x € M" romomopdusm H,(M") — H,(M", M" \ {x})
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nepeBojHT Kiaacc « — ' B s(x) — s(x) = 0. Ho ator roMmomopdusm sisjsiercsi
MoHoMOphHU3MoM (ceactBue | Teopembl 15.2). O

OTHOCHTEILHO TPYNIbl KO3(PQUUHEHTOB Zo MHOro0Opa3ue BCErla OpHeH-
THPYeMO, NPUUEM OpHeHTalUs eAUHCTBeHHA. [lasi rpynibl KO3(pPUUMEHTOB Zo
MOYKHO TIOBTOPHTb Te ¥Ke CaMble pacCysKJeHHs], UTO U MPH 10Ka3aTeNbCTBE TEO-
pembl 15.4, U A5 KaXJI0TO 3aMKHYTOTO CBSI3HOTO TOMOJOTHYECKOTO MHOT0006-
pasusi MOCTPOUTH (hyHAAMEHTAbHBIN KJIacC B TOMOJIOTHSIX ¢ KO3(h(hHIIHEHTaMH
B ZQ.

15.2. U3omoppusm Toma

Nzomopduam Toma cBsidbiBaeT k-MepHble KOTOMOJIOTHH 3aMKHYTOTO MHOTO-
o6pasusi M" u (n+k)-meptble koromoJgioruu napol (M x M", M"x M"\d (M")),
rne d: M" — M" x M" — nuaroHanbHoe otoGpakeHue. IlocTpoenne storo
130MOph13Ma OCHOBAHO HA MPHUBOJAUMBIX HHxKe JiemMax 15.2 u 15.3. Hauuém
C TOTO, UTO BBEJIEM HEKOTOpble 0603HAUEHHSI.

[Tycts M"™ — 3aMKHyTO€ OpHEHTHPOBAHHOE TOMOJIOTHUECKOe MHOrooGpasue
c opueHrauuedt s: M" — T, py, po: M" x M"* — M" — npoekuuu Ha nepBbIi
¥ BTOPOH MHOXKHTeJb. a5t Kaxkao# Toukn x € M" paccMoTpum oTobparkeHne
Ly M"Y — M™ x M", 3ananHoe dopmyioit [ (y) = (x, y). D10 oTOGparKeHHEe
VHJyLIUPYET 0TOOpakKeHHe nap

(M", M"\ {x}) = M" x M", M" x M"\ d(M")),
KOTOpOe MBI TOxKe OyneM o603Hauath /y.

Jlemma 15.2. [lycmo V C M" — omkpoimaa okpecmHocme, KOmMo-
pas 8 AOKAAbHOLX KOOpOUHAMAX co0epicumcs 8 ulape, a OH, 8 C8010
ouepedv, codepacumcsa 8 wape D" 6oabwieco paduyca ¢ mem dce 4eHmMpom
xo€ V. Toeda cyuecmsyem eomeomoppusm 9: pr' (V)=VxM'— p]’l (V),
obaadarowuii credyrouumu c80ILCmaamu:

1) 0(x, y) = (x, y’) das scex x € V, y € M" (30ece y' — nekomopas
mouka mHoecoobpasus M");

2) O(x, x) = (x, xg) 015 8cex x €'V,

3) (p20ly)«(s(x)) = s(xp) 044 8cex x € V (30eco umeromces 8 8udy omood-
padcerus nap, NOCKOAbKY S(X) — KAQACC 20MOA02ULL NAPbL).

[Ipu gopmyruposike csoticmsa 3) O6blLAO UCNOALZOBAHO CBOUCMBO 2):
(p2bli)(x) = pab(x, x) = pa(x, Xo) = xo.

HoxaszaTeabcrtso. [Toctpoum romeomopduam V' x D" Ha cebsi cJe-
JyIOLMM 06pa3oM: KaxK[blii OTPEe30K ¢ KOHUaMH (X, x) u (x, y), rie x € V
vy € 0D", nunelino oTo6pa3uM Ha OTPe30K ¢ KoHlIamu (x, xo) u (x, y). Ha
puc. 40 nokasaHo, Kak yCTPOEHO OrpaHHUeHHe 3TOr0 0ToOpaXKeHus Ha {x} x D"
npu n=2. Ha V x D" romeoMopdu3M TOXKIECTBEH, MOITOMY €ro MOXHO
npoao/KuTh Ha V' x M™ Kak ToxknecTBeHHoe oToOpakeHue BHe V' x D™,
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OtobpaxkeHue pofl, — 3T0 KakK pa3 To 0ToOpaKeHHe, KOTopoe U300paxKeHo
Ha puc. 40. flcHo, uto 370 OTOGpAXKEHHE COXPAHSIET OPHEHTALHIO. O

Y

7

Puc. 40. [Tocmpoenue eomeomoppusma

Jloist KaXKa0ro oTKpbITOro MHoykectBa V' C M"™ MoxKHO paccMOTpeTh mapy
(P~ V), pTHV)NdMM) = (V x M", V x M"\ d(M")),

KOTOPYIO Mbl 6yjieM 0603Hauatb V . Jlas najbHeliero BaxKHoe 3HaUeHHe UMe-
et napa M"™ = (M" x M", M" x M™\ d(M™")). Ormernm, uto otoGpaxkeHue [y
MOXKHO paccmatpuBath Kak otoOpaxkenue map (M™, M™\ {x}) — M"*.

Jlemma 15.3. a) llpu i < n cnpasedauso pasencmso H;(M") = 0.

6) HUmeem mecmo uzomopdusm Hy(M") = H,(M"™);, samom uzomop-
Gusm uHdyyuposar omobpasceruem, KOMoOpPoe NepPesooum HYAbMepPHYIO
yeno, coomgemcmsayrouiyio mouxke x € M", 8 omuocumervroili n-mepHolLil
yuraa, npedcmasasioujuii kKaacce (L)« (s(x)).

JdoxkaszateabctBo. Bocrmosnesyemcs nemmoin 15.2. Ilycth MHOXKe-
cTBO V' yNOBJIETBOPSIET YCJOBHIO 3TOH JieMMbl U 6 — COOTBETCTBYIOLIUH €My
romeomopduam. Torna 6 orobpaxaer d (V) B V X {x¢}, nosromy 6 unayuupyer
romeoMopduam nap

VX =(V x M", V x M"\ d(M")) — V x (M", M"\ {x0}).

uauut, H (V*) 2 H (V x M", V x (M"\ {x0})). [1pumenuB teopemy Kion-
HeTa JI/Isl OTHOCUTEJIbHBIX TOMOJIOTHIA, MoJIyuuM, uto rpynna Hy(V *) uzomopd-
Ha TIPSAMON CyMMe TPy

B Ho(V) @ Hy(M", M\ {xo}) = Ho(V) @ Hp(M", M"\ {xo})
pt+q=~k
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B Tor(H,(V), Hy(M", M"\ {x0})) = Tor(Ho(V), Hey (M", M"\ {x0})).
p+qa=k—1

Ho H;(M", M" \ {xo})) =0 npu i < n. [ostomy Hp(V>*) =0 npu i <n
n Hy (V) = Ho(V) @ He(M", M" \ {xo}).
PaccMoTpuM cJiefyoliLyio MarpamMmmy:

Ho(V) @ Hy(M", M™ \ {x0})

. I=

Ha(V, VA §oed) ~225 Hy (VX)) =2 Hy(V X M,V s (M {xo})
J'(PQ)*
Ho(M", M7\ {x0}).

Mbi 3HaeMm, uto (pefly).(s(x)) = s(xg). [Tostomy ortobGpaxkenne Ho(V) —
— Ho(V) @ Hy(M", M"™ \ {x0}), unayupoBanHoe otobpaxeHuem [x] — [x] ®
® s(xp), sBasiercst usomopduamoM. Ecsiu Ml Bepuémest B ,(V *), To BMecTO
3TOro orobpaxkeHus nosayuum otobpaxkenue [x] — (L)« (s(x)).

Takum oGpaszom, it MHOXKecTBa V' yTBepKaeHHe JieMMbl BepHO. O6paTuTte
BHUMaHHE, UTO Mbl HE MOJIb3yeMCsl CBSIBHOCTbIO MHOXKecTBa V'; M3oMophusMm
H,(V*) = Ho(V) nmeeT MecTo M JUIsl HECBSI3BHOTO OTKPLITOTO MHOXKecTBa V.
[TosToMy ocTaércst MPOBEPUTD, UTO €CJIH YTBEpKJAeHHE JIEMMbl BEPHO /ST OT-
KpbIThiX MHOKeCTB Uy, Us 1 U N Us, TO OHO BepHO U Ay MHOXKecTBa U U Us.
Paccmotpum nBa yuacTtka nocJenoBatenbHocteil Matiepa—BbeTtopuca u o1o6-
pasuM OJIMH U3 HUX B IPYrol MOCPECTBOM rOMOMOPhH3Ma, OMUCAHHOTO B yCJI0-
BUH JIEMMbI:

Ho(Uy N Us) Ho(Uy) ® Ho(Ug) Ho(Uy U Us)

! | |

H,(U NnUy)*) — Hn_](UlX) &) Hn_l(UQX) — H,_ 1 (U U Ug)™).

CoxpaHsisi KOMMYTaTHBHOCTb, K 9TOH lMarpaMMe MOKHO JI0MUCaTh CrpaBa Aha-
rpamMmmy

0 0

J J

— H, (U, NU2)*) — H,(U) & Ho(Ug),

B KOTOPOH IPyMIlbl TOMOJIOTHH, CTOSILIME BHU3Y, HyJeBble. [IpuMeHUB 5-J1eMMy,
noJiyuuM Tpedyemoe. O
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Bocrnosbaopasimck gemMoit 15.3 1 opmyJioil yHHBepcaIbHBIX KO3 PUIIH-
entoB, nosyuaem Hi (M™) =0 npu i <nu H*(M™) = Hom(H,(M">), Z) =
= Hom(Hy(M™), Z); ob6a nzomopduama Kanonuueckue. Kymace U € H*(M™™),
COOTBETCTBYIOLIME roMoMopduamy Hy(M") — Z, uHayuupoBaHHOMY ayrMeHTa-
LMell, Ha3bIBaAIOT KAaccom Toma Tomosorudeckoro MHoroo6pasust M". Knace
Toma opHosHauHo xapakrepusyercst TeM, uto (U, (Iy)«(s(x))) =1 nas Bcex
xeM' re ([FU, s(x)) = 1. Dro, B uactHocTH, 03Hauaer, uto /U — obpa-
aytoiast rpynnbt % (M", M™\ {x}).

[lycte X = M" x M" u A =M" x M*"\ d(M"). Torna U € H" (X, A).
Jlnist Koromosioruueckoro kaacca of € H*(M") knace p;(a) nexur B H*(X),
MOITOMY MOXKHO PacCMOTPeTh OTHOCHTeJIbHOe cup-npoussenenue H*(X) ®
® H(X, A) — H" k(X A). Tonoxum ®*(af) = pi(ak) v U € H" (M),

Teopema 155 (usomopdusm Toma). Omobpadcenue ®*: HF(M") —
— H" R (M™) — usomopgpusn das scex k.

JlokasaTeabcTBO. a5 KaXaoro oTkpuiToro MHoxectBa V C M”
nycte Uy € H"(V*) — orpannuyenne KoromoJiornyeckoro kmacca U nHa V.
Paccmorpum cap-npoussenenve (VX)) @ Hp(V*) — Hp_y(V x M™). Hna
Br € Hy(V>) nononint 9, (Bx) = (p1)«(Uy ~ i) € Hyu(V).

[Tyctb V — OTKpbITOE MHOXKECTBO, YJIOBJETBOPSIOLIEE YCJOBUIO JIEeM-
Mbl 15.2. Torna romeoMopduam € u3 3TOH JieMMbl HHAYLHUPYET U30MOP(U3M
% : H'(V x M", V- x (M" \ {x})) — H"(V*). Teopema 14.15 Ha c. 235
M03BOJISIET OTOMKIECTBUTL vjeMenT 0* ! (Uy) ¢ snementom 1 @ 4" € HO(V) @
® H*(M", M"\ {x}), tne v" — o6pasytowiasi rpynnsl H"(M", M" \ {x}), s
Kotopoit (7", s(x)) =1 (B o6o3Hauenusix Teopembl 14.15 umeem " = e”: mbl
otoxkaecTssieM rpymnel H"(M", M"\ {x}) u H"(R", R" \ {0}) nocpeactBom
1U30MOpdH3Ma Bbipe3aHust).

[omomopduam 6 obnanaer TeMm CBOHCTBOM, uTo p; = p;f (Ha MHOXKe-
ctBe V). [ToaToMy H3 eCTeCTBEHHOCTH cap-TPOU3BEJeHUS CJIE/lyeT, UTO

(P Uy ~ Br) = (p1):0.(0% (0"~ (Uv)) ~ Be) = (p1)« (0"~ (Uv) ~ 0. (Br)).

dnement 0.(0) nexur B Hy(V x M™, V x (M"\ {x})). Teopema KioHHera
M03BOJISIET OTOXKJIECTBUTH €r0 C 3JeMeHTOM by, ® S(x), rne bp_, € Hp_, (V).

TomoMopuam (py),. NepeBOJUT cap-Npou3BejieHHe 3JjieMeHTOB | @ " €
e HO(V) @ H*(M", M" \ {x}) #t bp_p @ 5(x) € Hpp(V) @ Hy(M", M" \ {x})
B bj_p,. D10 03HAUAET, UTO w4« (0r) = br_,. OToOpaXkenue By, — by_, 3anaéres
KOMIO3ULHER H30MOP(HH3MOB

He(VX) S Hy(V x M7,V x (M7 {x})) =
= Hen(V) @ H"(M", M"\ {x}) = Hp—n(V).

Takum o6pasoM, @, : Hp(V>) — Hyp_, (V) — uzomopdpuam.
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Mcnosib3yst craniapTHble paccy:KIeHdsl ¢ rocJjiefoBaTesibHOCTbI0 Matie-
pa—DBbetopuca, nosyuaem usomophusm @ : Hy(M"*) — Hp_,(M") nast Bcex
k>n.

[Tepefiném Ha ypoBeHb 1ieMel U MOCTPOUM ISl (o, JABOHCTBEHHOE OTOOpaXKe-
HHe Kollenell. 3aTeM OT oToGpaKeHHsl Kollernel nepeiiéM K oToOpaKeHuio Ko-
romosioruit @* : H¥(M™) — H, 1, (M™¥). TTokaxem, uto @* = ®*, T.e. p*(af) =
= pi(a®) v U. JleficteutenbHo,

<80*(04k)7 Brtn) = <04kv Ox(Brsn)) = <04k7 (P)+(U A~ Bryn)) =
= (pi(@®), (U~ Bryn)) = (p1(@*) © U, Bryn));

Mbl BOCIOJIB30BaIUCH TeM, UT0 (o9, B7 ~ ypiq) = (@ v BP, vp4q) (TeOpE-
ma 8.2 Ha c. 82).

Ocraérest TpoBepuTh, uto ¢* — uzomopduam. Fsomophusm ¢, unayurpyer
KOMMYTaTHBHYIO Harpammy

0 —— Ext(Hy_ (M"), Z) ——— H*(M") ——— Hom(Hy(M"), Z) —— 0

[ | [

0 — Ext(Hppn_1 (M"™¥), Z) — H¥ (M) — Hom(Hpyn (M), Z) — 0.

31eChb @i U Q.9 — U30MOPMHU3MEI, TOCKOJBKY ¢, — H30MopduaM. CornacHo
5-JleMMe ™ ToKe U30MOP(HUIM. O

15.3. U3omopdusm Ilyankape

[1pu nokasatesbeTBe TeopeMbl 06 H3oMopduame [lyaHkape /st TOMOJOTH -
yecKHX MHOroo0Opasuii HaM MoHaa006sTCs CeYIOLIHe 1Ba CBOHCTBA 3aMKHYThIX
TOMOJIOTUYECKUX MHOrOOOPAa3ui.

Teopema 15.6. a) Jliwboe 3amkHymoe monoaroeuieckoe mHo2000-
pasie M™ noacro sroaxcumo 6 R¥ das nexomopoeo k.

6) [Tycmo [: M" — RF — gaodcenue 3aMKHYMO20 MOROAOUHUECKO2O
mHoeoobpasus M". Toeda cywecmsyem omirpoimoe muoxwcecmso U D
D f(M™), pempaxmom komopoeo sasasemcea f(M").

JlokaszateabctBo. a) Ilyets Uy, ..., Uy — OTKpPbITbIE MHOXE-
ctBa, romeomopdubie R” u nokpeiBatoiime M. dukcupyem romeoMopdUsMbl
hi: Ui = R" 2= 8"\ {yo} n paccmorpum otoGpaxenus [;: M" — S", sananHble
thopmy.Jioit
hi(x) pos x €U

i) = Yo s x & U
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OtobGpaxkeHue f; HENMPepbIBHO, MOCKOJIbKY lirgU f(x)=yo. HaGop otoOpaxenuii
x—0oU;

m
fi, ..., [m MOXHO paccmaTpuBaTh Kak ojHo otobpaxenue f: M" — [ S C
i=1
CR™ D Scno, uto ecam x # x', 1o f(x) # [(x'). [To9TOMY M3 KOMIAKTHOCTH
MHorooGpasus M" u xaycaopdosoctu npoctpanctsa R™ D cnenyer, uro
[ — romeomopdusm M" na f(M") c R™+D,

6) Jlnst KpaTKocTH GyjieM o603Hauath o6pas MHorooGpasus M" B R¥ toxe
yepes M". Bribepem B R* nocratouno 6osbiioil cummieke AF Tak, uto-
6bl MHOrOOGpasue M™ nexano crporo Buytpr AF. TToctpoum (6eckoHeuHyio)
Tpuanryasuuio npoctpanctsa A* \ M" cienytomum o6pasom. CHauana BO3b-
MéM GapuieHTpuueckoe noapasjenende cumaekca AF. Cpeay nosyuenHbix
CHMIIIIEKCOB BhIOepeM Te, KOTopble TepecekaioT M". Iyt 3THX CHMIIIEKCOB
TOKe BO3bMEM HX GapHIleHTPHUECKHE TTOfIpa3/iesieHns], a OCTaJbHble CHMIIEKCH
ocrapJisieM 6e3 uamenenui. CJjeylolni war jAenaercs TOYHO TaK Ke, U T. L.

M3 xomnaktHocTH MHOroo6pasdust M" cjienyet, uto paccTosiHue OT Ji060i
Toukn x € AR\ M" 10 M" n0J103KHTE/IHHO, TO3TOMY Y TOUKH X €CTh OKPECTHOCTb,
nepeceKarascs JHiib ¢ KOHEUHBIM YHCJIOM CHMIJIEKCOB, MOCTPOEHHBIX TAKHM
o6paszoM. DTO 03HAYaeT, UTO Hallla KOHCTPYKLHs TEeHCTBUTENBHO ONpesiensieT
HeKylo Tpuanryasimio K mpoctpanctsa A%\ M™.

[Toctpoum Teneps B A cemeiictBo noamuoxkects Ng C Ni C ... n Herpe-
pbIBHBIX oTOOpaxkenuit r; . N;— M" tak, uto M" C N; u orpannuenue r; Ha M" —
TOXJleCTBeHHOe oToOpaxkeHue. B kauectBe Ny Bo3bMéM oObenuHenue M
¥ BCEX BEPILIMH CUMILIHILMAIBbHOTO KoMmiekea K. Kaxiyto Touky x € Ny 0To6-
paxkeHue ro nepeBoAUT B OJMzKailyto®) K x Touky M". B uactHocTH, ro(x) = x
JUIsl Bcex Touek x € M™.

MuoxectBa N; u otobpaxkeHusi r; OyaeM CTpouTb uHaykuued no i. [lpu
3TOM NpH nepexojie ot N; K N; | OynyT 106aBaSTbCS HEKOTOpPbie U3 (i + 1)-Mep-
HBIX CHMIJIEKCOB KoMmmjekca K, a umenHo e cummiekehl A € K, rpann-
bl KOTOPBIX cojepkatess B N;, mpuuém otoGpasenne DAL 15 M" mox-
HO TIPOJIOJIKHTB JI0 HEMpepbiBHOrO oToGpaxenus ALl — M" Oto6pakenne
riy1 na AT Mb sanagum caeayioumm o6pasoM. PaceMoTpum Bee HempepbiB-
Hble oToGpaxkenus @: Al — M" nponosmkatome otoGpaxenue r;. [lycTb
5(¢) — nuamerp MHoxkectBa (ALY, Scno, uTo 6(p) He MeHblue anHameTpa
muoxkectsa r; (OALFY). TlycTh @ — Tounast HUXKHSIS TPaHb MHOXKECTBA BCEX UM~
cen 6(p). Ecm a = 0, 10 r; oto6paxaer AT B onny Touky x, € M™. B takom
cayuae nonoxum riy (A = x,. Ecam a > 0, T0 B KauecTe 0TOOpaKeHus
riy1 na A BLiGepem To M3 oToGpakenuii ¢, 15 KoToporo a < &(p) < 2a.

*) Muoxectso M C RF kommakTHo, mostomy st J0Goil Toukn x € R ecth xorst Gbl oHa
Touka y € M", qst kotopoit ||x — y|| = d(x, M"). bmkaiinas k x Touka M" — 310 J0Oas U3
TaKHX TOUEK Y.
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o0
[lycte N = | N;, r: N — M" — oto6pakenue, KOTOPOe COBIMANAET C [;
i=0
Ha N;. HernocpencTBEHHO M3 KOHCTPYKLMH I BUJIHO, TO 3TO 0TOGpaKeHHe Hemnpe-
pbIBHO BO Bcex Toukax MHoxkectBa N \ M". [Toatomy ocTaéresi poBepHTD, UTO
JUIs1 KaxK10i Touku x € M" otoOpaxkeHue r HEMPEPbIBHO B TOUKE X H, Kpome
TOro, N COEpKUT OTKPBITYIO OKPECTHOCTb TOUKH X.

Jlemma 15.4. Jlaa mob6oeo € >0 moaxcno soiopame 6 > 0 mak, umo
ecau x € AR\ M" u d(x, M") < 8, mo amo6oii k-meproiii cunniexc us K,
codepacauuil x, umeem ouamemp MeHvule €.

JlokaszaTesbcTBo. BbibepeM HaTypajbHOE UMCJO /M Tak, UTO JHa-
MeTp J1I060T0 CUMIIEKCa /-T0 GapUILEHTPHUECKOTO MOpa3/ieNeHUs] CUMIIEK-
ca A% menbue e. [lycts K, — nonkommieke B K, COCTOSILIMHA U3 Te€X CHM-
MJIEKCOB M-To GapHLIeHTPHUeCcKoro noapasenenus A¥| kotTopble He nepeceka-
1ot M". Ecan K, = &, To B KauecTBe § MOXKHO B3$ITb JIH000€ MOJIOXKHUTEJNbHOE
uncsio, Hanpumep €. Ecan Ky # @, To nonoxum 6 = d (|Ky|, M™). dto uucno
MOJIOKUTENBHO, TTOCKOJIbKY MHOXeCTBA |Kj,;| 1 M" KoMmnakTHble, MPUYEM OHHU
He nepeceKaloTes.

[pennonoxum, urto d(x, M") < 6. Torna x & |K,,|, nmosromy k-mepHbiii
CHMILIIEKC m-T0 GaphLeHTPHUeCKOro nopasenenns AF| conepkatmii x, 1041-
»KeH nepecekarb M". Cor/iacHo Hallell KOHCTPYKLMHM TakKoH CUMIJIeKC Gapu-
LIeHTpHUeCcKH mnojpasjensiercs. [ToaTomy k-mepHblii cummnieke u3 K, couep-
KalMi x, moJiyyaercss He paHee ueM Ha (m + 1)-m ware. JluameTp Takoro
CHUMILJIEKCA MEHBILIE €. (]

Jlist Kaxkaol Touku x € M" C R* u n1s Kakmoro € > 0 MOCTPOUM CHCTe-
My OTKpPBITbIX OKpectHocTell Vo D Vi D ... D Viyy B R¥ tak, uto Vg C N
ur(Vegr) CDE_, tie D ={y e R*| ||lx — y|| < &}. B kauectse Vj BbiGepem
OTKPBITOE MOAMHOKeCTBO B DF _| cosepaKaliiee TOUKy X 1 TaKOe, 4TO MHOKECTBO
Vo N M"™ siBiisieTcsi IOMYCTUMBIM MOJMHOXKECTBOM, roMeoMopdHbiM R". Bynem
TaKkxKe cuntaTh, uto Vo C A*. Tlpu i > 1 okpecTHOCTb V; CTPOUTCH 10 OKpeCT-
Hoct Vi_ caenyrouuM obpasom. CHauagna BeiOepeM unco (i) > 0 Tak, uto
Df‘5g(i) C Vi_1. 3atem, noJibaysich gemMmoi 15.4, BoiGepem unco (i) Tak, uTo
ecan y € AP\ M" u ||lx — y| < (i), To 060l k-MepHbIii cummieke 13 K,
cojJiepXKallnh y, UMeeT quametp Menblie €(i). MoxHo cunrtaTh, uto 6(i) < &(i).
OtkpbiToe B R¥ MHOKecTBO V; BRIGEpeM TaK, 4ToGbl OHO COEPIKAIOCh B D)’fﬁ([)
(M comepaKaJio TOUKY X); KpoMe Toro, MHOxKecTBO V; N M™ oJKHO ObITh 101y~
CTHMBIM MHOKECTBOM, roMmeoMopdubIM R”. Bynem Takxke cuntath, uto V; C A%,

[yctb y € Viyy \ M", A*(y) — k-MepHbiii cumnsieke u3 K, cofepkatimii y.
[To nocTpoentio Bee BepiunHbl cumiekca A (y) nexar B Df’%(Hl) CVp. Ecan
v — BepuuHa cummniekca A*(y), 1o ||o — r(v)| < ||v — x||, nosToMy oGpasbl
BCcex BeplIMH cummiekca AF(y) npu oroGpaxkeHun r Jexar B D§,45(k+1) C
C V.
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MmuoxectBo Vj, N M" romeomopcro R”, mostomy oTobGpaxeHne r, 3agaH-
HOe Ha BeplunHax cummiekca A*(y), MOXKHO MPoNO/IKUTL Ha ero pébpa Al
3nauut, Al C N. ¥V orobpaxenusi r, 3ajaHHOr0 Ha BepUIMHAX CHMILIEKCA
A¥(y), ectb nponosmKenue Ha pedpo Al nis koToporo nuamerp o6pasa sT0-
ro pebpa Menbie 25(k + 1), nostomy auamerp muoxkectsa r(Al) menbue
46(k + 1) < §(k). Konuwl pe6pa Al snexar B Vy, nostomy r(Al) C Vo N M™.

Takue e paccyKieHHs MOYKHO TTPUMEHHTB 1JIsT IByMEPHOTO OCTOBA, H T. JI.
B wurore nosyunm, uto Af(y) C N u r(A*(y)) € Vo = DF_. B uacthoct,
r(y) € D¥_, mostomy otoOpakeHue r HenpepbiBHO B Touke y. Kpome Toro,
Vg1 CN. O

Jlemma 15.5. /Jlaa 4106020 3aMKHYMO20 MONOAOUUECKO20 MHOO-
obpasua M" cyuwecmsyem omipoimas 8 M"* x M" okpecmrocmo W mHo-
acecmsa d(M™), 0as komopoi omobpancerus pilw u pelw eomomonto.

JokaszaTeabcTso. Bocrosb3oBasumces Teopemott 15.6, Baoxum M"
B R* n BhiGepem okpecTHocTh U, KoTopasi peTparupyetcsi ha M". M3 Komnakr-
HOCTH MHOrooGpasusi M" cJeyyer, uTo MOXHO BbiGpaTh € > 0 Tak, uTo ecJiu
paccrosine B R¥ Mexkty Toukamu x, y € M" MeHblie €, TO OTPE30K ¢ KOHILAMH
X vy nexur B U.

Oto6paxeHusi p; U py Ha MHOXKecTBe d(M") coBnanator. [TlosToMy KOM-
NaKkTHOCTb MHOrooOpasust M" nossoJisier BblOpath B M” x M" okpectHocts W
mHoxectBa d(M™") Tak, uto Juis JioO0i Toukd w € W paccTosiine Mexiy
ToukaMu p;(w) U po(w) MeHblie €. OTpe3ok ¢ KoHUaMH pi(w) U po(w)
Jexut B U, nosTomy otoOpaxkeHusi py|y U po|w romorontsl B U. Perpakuus
r: U — M" nosBoJisieT o 3TOH rOMOTOIMMH MOCTPOUTH romotonuio B M". [

Paccmotpum otobpazkenne T: M" x M" — M" x M", 3anannoe (opmysoft
T(x, y) = (y, x). DT0 oTOOpaAKEHUE HHAYLHPYET oToOpaxkeHue nap T : M"* —
— M/’l)(‘

Jlemma 15.6. Ecau o€ H*(M™), mo T*a=(—1)"a.

HokaszateabctBo. [lycte V — nonyctuMoe OTKpbITOE MOAMHOMKE-
cTBO MHOT0OG6pasust M", romeomopgHoe R”. PaccMoTpum KOMMYTaTHBHYIO 1Ha-
rpamMmmy

H*(M”X) T* H*(M”X)

. .
HYV xV,V x V\d(V))LH”(V x V, VxV\d(V))
3nech i* — romomMopu3M, HHAyLMPOBaHHbIH BkioueHnem nap (V x V|
V x V\d(V))— M" . Jlerko nposeputb, uto H(V x V, V x V\ d(V)) =
& 7. JleiicTBUTeNIbHO, TOYHAS TMOCJEIOBATENbHOCTb Mapbl MOKA3bIBAET, UTO
HYV xV, VxV\d(V)=H" " (V x V\d(V)). Kpome Toro, V x V\d (V)=
~R" x (R \ {0}) ~R*\ {0} ~ "1 Buauur, H*(V x V, V x V\ d(V)) =
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=~ H"=1(S"~1) = Z. O6pasyioleii 3T0i TPyNmbl cay:KUT saement 3 = i*(U),
rjie roMoMOpU3M i* MHIyLUHMpOBaH BKJoueHuem V C M".

[Tpexyie uem nokasbiBaTh TpeGyemoe paBeHctBo T*(3 = (—1)"F, noka-
xkem, uto napa (V x V, V x V \ d(V)) romoronuueckd sKBUBaJIEHTHA Mape
(R" x R", R" x (R" \ {0})) ~ (R", R" \ {0}). Dra romoronnyeckast 3KBUBa-
JIEHTHOCTb CTpOUTCS cieaytoim ob6pazom. OToxaectsuM V' ¢ R” u B Kaxaom
croe {yo} X R Touky (yo, Yo), NpuHamiexayto d(V), cipuHem B TOuky (4o, 0)
TaK, UToObI CJIOH nepelén B ces. DTy FOMOTOMHUIO (KCABUI») MOXKHO MOCTPOUTh
Tak, uToObl Touka (yo, 0) nepeuwia B (yo, —Yo)-

Urobbl 10Ka3aTh paBeHcTBO T*f3 = (—1)"3, 10CTaTOUHO MPOCJIEANTDb, KaK
T neiicTByeT Ha OfIMH cJIoM, Hanpumep Ha ciiolt yo=0. [Ton nefictBuem T Touka
(0, xg) mepexoaut B TOuky (x¢, 0). [Tocsie romoTonNM Mosiyuaem TOUKy (xg, —xo)-
CrpoelpoBaB 3Ty TOUKY Ha HCXOJAHbBIH cJjoil, mojyunm Touky (0, —xo).
3uauurt, romomopduam 7*: H*(R", R"\ {0}) — H"(R", R"\ {0}) unnyuuposau
orobpaxeHueM xg — —Xxg. CTeneHb 3TOro oTo0pakeHusi papHa (—1)".

[Tycts W — oTKpbITasi 0KpeCTHOCTb MHOXKecTBa d (M™), ynoBJjieTBopsitolas
ycJioBuio Jiemmbl 15.5. 3amenus npu Heobxonumoctd W na TW N W, mox-
HO CYMTaTh, 4TO OoKpecTHOocTh W WHBapuHaHTHa oTHocHTesbHO 7. [losioxKum
U=M"x M"\ W. Torna U C M" x M"\ d(M"), m03TOMy MOXKHO MpHMe-
HUTb TEOPEMY O Bbipe3aHuH W MoJyudTh uzomopdusm H*(W, W \ d(M")) =
= H*(M"™*). Do nosBoJsieT npeacTaBuTh H3oMopdusm Toma ®* B BHIe KOM-
MO3ULMH OTOOPAXKEHHH

H* (M) L2 gy 2L (W, W d (7)) =2 H (M),

rie U’ — orpanuuenue knacca Toma Ha W. [Tycts oo € H*(M"*). Bocnosibzo-
BaBILKCH TeM, uTo p; T = po, MOJNYUUM

“((pilw)" (@) v U') = (polw)"(a) » T*(U") = (=1)"(p2lw)" () v U".

Ho (pi1|w)~(p2|w), nostomy T*®*(a) =(—1)"®* (), a 3nauurt, T *a=(—1)"«
MOCKOJIbKY P* — H3oMopdu3am. (]

Tenepb y Hac mouTH BCE roToBO A1 10Ka3aTesbcTBa H3oMopduama [lyan-
Kape. Y6e1uMcs JIMIIb B TOM, UTO TPYIITH FOMOJIOTHI 3aMKHYTOTO TOTMOJIOTHYE-
CKOTO MHOT006Pa3nsi KOHEUHO TOPOXKIEHHbIE.

Teopema 15.7. Ecau M"—3amkuymoe monoioeuueckoe MHO2000-
pasue, mo epynna H.(M") koneurno nopoxcdénnas.

JlokaszaTenbcTso. byrem cunrath, uto MHoroo6pasue M" BjoxkeHo
B R¥. Paccmotpum B R* oTkphiToe MHOKecTBO U D M™, peTpakToM KOTOPOro
apasercst M. Tlyets A* — cummaeke B R¥, conepxauwmii U. Paccrosinue d
MeXKJly KOMMaKTHbIMH MHOxkecTBaMu M"™ u AF\ U 1oJ0XKuTeNbHO, T103TOMY
MOXKHO BbIOpATh /M TaK, UTO JUaMeTp JIOOOro CHUMILIEKCA m-T0 GapULEHTPU-
yecKoro noapassenenus cummniekca A menbiue d.
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PaccMoTpuM cuUMIIMIMANBHBIE KOMIIEKC K, COCTOSIIIME U3 TeX CHMIIEK-
COB M-ro GapULEHTPHUECKOro nojpasenenus cummniekca A*, kotopble nepe-
cekator M". Slcho, uro M" C |K| C U. Ilycts r: |K| — M"™ — orpanHuueHune
perpakiuu U — M". Komnoauuus otoGpasenuit M" = |K| 5 M" spnisiercs
TOXKJIECTBEHHBIM OTOGPaX<€HHEM, M03TOMY 7y H.(|K]|) — H.(M™) — snumop-
¢usm. Ho rpynna H.(|K|) koHeuHo nopoxaéHHasi, mostomy rpymnna H,(M™")
TO2Ke KOHEUHO TOpOXKIEHHAs. O

Teopema 15.8 (usomopduam Ilyankape). [Hycmo M" — samxnymoe
opueHmupyemoe MmMonoAo2ULeCKOe MHO2000pasue c¢ opuexmayuet S,
[M"] € Hy(M™) — ¢pyndamernmanvHelii Kaace, coomsemcemsyrowuti opu-
enmayuu s. Toeda omobpaxcernue D: H¥(M") — H,_,(M"), 3adannoe
popuyaoii D(a®) = ak ~ [M"], asasemcs usomopgusmon npu ecex k.

HokasateabctBo. [lyets o € Cp(M™) — wuKi, NpeacTaBisionmi
dynnamentanbiblii kiace [M"]. Pacemotpum otoGpakenue Dy : CH(M™) —
— Cy_p(M"), 3anannoe dopmysoit Dya’ = a’ ~ o'. W3 pasenctsa 0o/ =
=0 caenyer, uro dDy = (—1)""*D 44, nockonbky d(Dya’) = d(a’ ~ ') =
= (=1)""*6a' ~na/ +a' ~ ' = (—1)"*5a’ ~ o/ = (—1)""*Dy(5a’). 3na-
unT, oTo6paxenne Dy NMEPEeBOANT KOLUMKJ B LHMKJ, MOITOMY OHO HHIYLHPYET
roMoMopdu3aM (KO)roMoJiorHii, KOTOpbIi coBMnajaer ¢ romomMmopduamom D.

Teopemy 06 uzomopduame IlyaHkape Mbl cHauaja joKa)kem Jisi KO-
tuLMeHToB B Zj, a y:Ke M3 3T0ro BblBeleM eé ans KoddhulueHToB B Z.
[Tostomy Gynem paccmatpuBaTh (KO)rOMOJIOTHH ¢ KO3(QHUIMeHTaMH B R, Te
R — KOMMyTaTHBHOE KOJIbIO C €JINHHIIEN.

Jlnst romosoruueckux kjaaccos a, 3 € H,(M"; R) o6o3nauum uepes a X 3
o6pa3 ajieMenTa a ® 3 B H,(M" x M"; R) npu mMoHoMopdu3me H3 Teope-
mbl Kionuera. Jlyisi koromoJgioruueckux kjaaccos a, b € H*(M"; R) o6osna-
uuM uepe3 a X b sgnement py(a) v ps(b) € H*(M" x M* R). Kak u pa-
nee, U € H"(M"*) — knacc Toma. Hanee, U = i*(U) — snemeHt rpynmbi
H"(M"™ x M"), coorBerctBytommit U npu romomopduame i*: H"(M"*) —
— H"(M" x M™). T1pu romomopduame koJiell Z — R, nepeBojsiiiem | B eiu-
HHLLy Koablia R, anement U nepexomut B sseMenT Koablia H™(M" x M"; R),
KOTOPBII MbI Toxke GysieM oGo3nauath . Hakoner, [x] — oGpasyiotias rpymnbi
Hy(M™), 3ananHasi mpou3BoJibHOH Toukol x € M".

Daement [x] x [M"] npencrasnen B H,(M" x M") uukaom (Iy).([M"]),
nosToMy roMoMopdusm i.: H,(M" x M") — H,(M"*) nepeBomuT 3JieMEHT
[x] x [M"] B (Ix)«(s(x)). 3nauur,

(U, [x] x [M"]) = (ix(U), [x] x [M"]) = (U, (L) (s(x))) = 1.

Kanacewr [x] x [M"] u [M"] x [x] nosyuatoTcst Jpyr U3 japyra rnocpeicTBOM
npeo6pasoBanust Ty, nosromy [M"] x [x] = (—1)"[x] x [M"]. Takum oGpasom,

(O, [M"] < [x]) = (=1)(U, [x] x [M"]) = L. (1)
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Jlokaxem erié onny dopmyay: ecau a? € HP?(M"*; R) u b7 € H1(M"; R), To
Uo@ xb?)=(=1)M0 o (b7 x a’); (2)
3nech noapasymesaetcsi, uto U € H™(M" x M™; R). JleficTBUTE/ILHO, COTIACHO
Jgemme 15.6 Mbl HMeeM
(=D"U v (@’ xb?)y=T*(U v (a” x b7)) =
=T*(U) v T*(@” x b7) = (=1)"TP1U o (b7 x aP).

N3 storo paBenctBa misi U caenyer paBenctso (2) as U.
OcHoBHast 11eJIb HAIIMX BBIUKCJEHUH COCTOUT B TOM, UTOOBI BbIPA3UTh

(U, D(a*) x Be) = (0, (a* ~[M"]) x B)

yepes (a*, B;). Ilns storo momumo dopmya (1) u (2) Hy>KHbl BbipaxKeHust
s (a® x 1) ~ ([M"] x B) u (1 x a®) ~ ([M"] x Bk). Tlo onpenenenuio

ak x 1= pia*) v pi(l)=pi@?)vlulxa =10 p;a®). Mostomy

(@* x 1) ~ (IM"] x Be) = pi(ar) ~ ([M"] x Bp) m

(1 x a®) ~ ([M"] x Be) = p3 (@) ~ ([M"] x Bp).
[lyets [mo, ..., my] ¥ [bo, ..., br] — cUMILIEKCHI, BXOJSIILIME B NPEJICTABUTE-
Jieil roMmoJiornueckux knaccoB [M"] u B. Torna [mo, ..., m,] X [bo, ..., bp]
npejcTaBJseT co00i CyMMy CUMILIEKCOB [V, ..., Uptr], TE U; = (Mm@, OB()),

a JJIA Ujy1 BO3MOXHBI JBa cayuas: 1) vip1 = (Mue+1, 0sw); 2) Vigr =
= (Mm@, bp@+1). 1o onpenenenuto

pi@*) ~lvo, ..., Ongrl = (pF (@), [Ons -\ Onge])[00, -, Ua] =
(ak, P1 [Un, ey UﬂJrk])[Uo, ey U,l] =
<ak [mM ey mM(,,+k)]>[vo, ey Uﬂ],
p3(a®) ~ v, ..., Ungi] = (¥, [bB(,,), e b Do, -, val.
YT006bI MOJyUHINChH HeHyJIeBbIe BEIPAXKeHHsT, CUMIVIEKCHI [M(n), - - -, MM(ntk)]
U [0By, - -+, bB(n+k)] MOKHEL OBITE HEBBIPOXKAEHHBIMH. Bo caydae 2) cum-
nyieKe [vg, ..., Uptr] 3THM YCJOBHEM OTpeJeJisieTcsl OJHO3HAYHO, MO3TOMY

pi(ar) ~ ([M"] x B) = (a*, Br)[M"] x [bo]; BMecTo [bo] MoxkHO B3siTL [x],
MOTOMY UTO BC€ TOUKH CBSI3HOTO MHOroob6pasusi M" 3ajnaioT OiMH W TOT
»Ke HyJIbMepHbI Kjacc romoJoruil. B caydae 1) omHo3HauHo omnpeaenén

TOJILKO CHUMIUIEKC [Ty, ..., Uptr]. ot cumniekca [vg, ..., Upsr] HOK-
HO BBITIOJIHATBCS TOJILKO YCJOBHE Uy = (Mg, bg) W v, = (My_p, by). Cym-
Ma BceX TaKMX CHMILIEKCOB paBHa [mo, ..., My—p] X [bo, ..., b]. [To3aTOMY

pi(ar) ~ (IM"] % Br) = (ar ~ (IM"]) X Br.
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Tenepb Mbl [0Jy4aeM, 4TO

(0, (@ ~ M) x B = (T, (@ x 1)~ (M"] % By) =
= (0w (@ x 1), [M"] x 8) 2 (0 o (1 x a¥), [M"] x i) =
= (0, (1 x a*) ~ (IM"] x By) = (T, {a*, Be)IM"] x [x]) 2
2 (—1)"(a*, Be),

(U, D(a*) x Br) = (=1)"(a", B). 3)
CoortHowiente (3) No3BoJsieT cenaTh BbBO, uto ecu a* # 0, to D(ak) #
£ 0. 3uaunr, otodpakennss HEM™; R) 25 Ho_py(M"; R) u H*™*(M"; R) 2

LN Hp(M"; R) — monomopduambl. Ecsin Kosibllo R siBJsieTCsi MOJIEM, TO
H*(M™; R) — nuneiinoe npocTpaHCTBO HaJ oJieM R, IBOHCTBEHHOE MPOCTPaH-
ctBy Hp(M"; R). Cornacto Teopeme 15.7 3TH mpocTpaHCTBA KOHEUHOMEpHbIE,
MO3TOMY OHHM H30MOPCHBEI OTHOMY H TOMY K€ JIHHEHHOMY TpOCTpaHcTBYy V.
Mbi nostyunsin isa monomopcuama V, — V,_p u V,_, — V, KoHeuHoMepHbIX
JIMHEHHBIX npocTpaHcTB. CJleoBaTeIbHO, STH MOHOMOP(MHU3MBI BJSIOTCS U30-
mopduamamu. Takum oGpasom, Teopema 06 uzomopduame Ilyankape nokazana
115 KO9(OULHEHTOB B Z ), p — NPOCTOE UHCJIO.

Yro6bl 10Ka3aTh TeopeMy 06 usomopdusme [lyankape st KoappuLureHToB
B 7, TOCTPOMM LIeNHOil KoMMeke ¢ rpynnamu ueneii C,_, = C*T'(M") @
® Cop (M), 1.e. Cp = CFI(M") @ Cr(M"™). Tpauuunbiii romomopdusm
0: Cy — Cp_y 3anaaum (opmyJioi

@', Be) = ((=1)*6a" 1, 9 + Dy(a"=*H1).
Jlerko npoBeputh, uto 00 = 0. JleficTBHTETLHO,
9A(@" Y, B)=(=86a" "1, (0B + Dy (") + (= 1) Dy (6a"*1)) =0,
nockosibky Dy (a1 = (= 1)F 1Dy 5(a"—*+1).
HMmeer MecTo KOpOTKasi TOUHAst MOCJIEI0BATENBHOCTh
0 — Co(M") — C"™*+1 (M) @ Co(M") — C"—F+1 (M) — 0.

M3 Takux KOPOTKHX TOUHBIX TOCJE0OBATENbHOCTEN IPYIN CKJAAbIBAETCS TOU-
Hasl MOCJeJ0BaTeNbHOCTb LEMHbIX KOMIJIEKCOB. 31IeCh, NpaBia, 0ToOpaXKeHHe
Cy — C*(M") aBnsieTcsl LENMHBIM TOJBKO C TOUHOCTBIO J0 3HAKa, HO H 3TOTO
JIOCTATOUHO JIJISi TOCTPOEHHS] TOUHOM TOCJ/IeIOBATEBHOCTH FOMOJIOTHIH LIEMHbIX
KOMIJIeKCOB. [loKaxkeM, UTo B 3TOH TOUHOH MOCJIEI0BATENLHOCTH CBSA3bIBAO-
it romomopuam H k1 (M™)— H,_ | (M") cosnaznaet ¢ romomopduamom D.
TefictButenbHo, myeth a € C"*+1(M") u §a=0. BriGepem B Cy, 31ement (a, 0),
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KOTOPBIii 0TOGpakaetcs B a. 3atem pacemotpum d(a, 0) = (0, Dy (a)) 1 Bo3b-
MéM B Cp(M™) npoobpas storo ssementa. OH pasen Dy (a). OtoGpaxenue
a— Dy(a) u ecTb cBA3bIBaIOLIMEI roMOMOPGH3M (Ha ypoBHE Lened).

Ty ke camyto KOHCTPYKLMIO MOXKHO MPUMEHUTD JJIs1 TPYIITbl KO3(hhULHeH-
TOB Z, W TOJIyYHTh TOUHYIO TOCJIEN0BATENIbHOCTD

s HR M, Z) 2 Hy (M Z,) —
— Hy(C; Zp) — H™FHYM™ 7,) 2

)

B KOTOpO# romomopduambl D — uzomopduambl. M3 3toro chenyer, uro
H.(Cs; Z,) = 0. Ho Bce rpynmnbl /1, (C.) KOHEUHO MOPOXKAEHHbIE, TOITOMY H3
(hopMyJibl YHHBepCasbHbIX Ko3hduureHToB caenyert, uto H,(C,) = 0. 3nauur,
D — usomopduam 1 1i1st Ko3((HULHEHTOB B Z. O

Jlio6oe cBsI3HOE 3aMKHYTOE TOTMOJIOTHYeCKOe MHOrooGpasue OpHeHTHpye-
MO OTHOCHTEJIbHO TPYMIbl KOSPMHUIHEHTOB Zg, MOITOMY Te Ke Cambie pac-
Cy:KIeHus1 (TOJIbKO B YMPOLIEHHOM BHJE) MOKa3bIBAIOT, UTO OTOOpaXKeHue
D: H*(M", Zy) — H,_,(M"; Zs), 3anannoe dopmyaoii D(a¥) = ak ~ [M"],,
SIBJISIETCS] H30MOP(HU3MOM.

15.4. U3omopdusm Jledena

Jlaist ToroJioruecKux MHOrooGpasuii Teopema 06 usomopcdusme Jledinena
BBIBOJUTCSI U3 TeopeMbl 06 naomopuame [lyankape mo Tofi ke caMoil cxeMme,
yTO M 14 I1aIKMX MHOTOOOpa3uil. Ho Tenepb HaM Hy:KHa TeopemMa 0 BOPOTHHKE
JJ11 TOMOJIOTMYECKUX MHOTo0Opa3ui, KoTopasi JI0Ka3blBaeTcs: 0oJiee CJ0XKHO,
yeM B TJIaJKoM ciayuae. Kpome Toro, Hy»KHO MOCTPOMTb (DyHIaMeHTaJbHBbIN
KJIaCC OPHEHTHPOBAHHOTO TOMOJIOTHUECKOTO MHOr006pasus ¢ KpaeM M 10Ka3aThb
€ro CBOKCTBa.

Teopema 0 BOpOTHHKE J/Is1 TOMOJOTHUECKUX MHOrO0Opa3uil Obljia 10Ka3aHa
BpayHowm [Br7]; naue usnoxenue cienyet [Col].

Teopema 159 (o Bopornuke). [lycmo M"™ — komnaxkmroe mono-
aoeudeckoe mHo2oobpasue ¢ kpaem B = IM". Toeda & M" cyuecmsy-
em omkpoimoe mHoxcecmeo U, komopoe codepaucum B 1 eomeomopghro
B x [0, 1). boaee moeo, eomeomopgpusm h: U — B x [0, 1) moocHo 861~
opamoe mak, umo h(x) = (x, 0) daa scex mouek x € B.

JlokasaTedabcTBo. JI1s9 KaxKI0H TOUKH X € B MOXKHO BbIOpaTh B B
OTKpHITOE MHOMKeCTBO Uy Tak, uTo cylecTsyer Biaoxenue i, : U, x [0, 1] —
— M", nna xotoporo h,(y, 0) =y mna Bcex y € U,. MHoxectBo B KoM-
MakTHO, MO3TOMy H3 MNOKpbiTHa {Uy} MOXHO BbIOpPAaTh KOHEUHOE TMOJIO-
kpbitie {Uy,, ..., Uy, }. 15 KpaTKOCTH 3TH MHO)KecTBa OyjeM 0G03HauaTh
Uy, ..., Uy, a COOTBETCTBYIOLIME BJOXKEHUSI — Ay, ..., Ay
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Tonosornueckoe npocTpaHcTBO B xayca0phoBO U KOMITAKTHO, [103TOMY OHO
HOpPMaJibHO. 3HAUUT, B MOKpPbITHE {U;} MOXKHO BIMCaTh OTKPbITOE MOKpbiTHE {V;}
Tak, uto V; C U;.

OcHoBHast ujiesi J0Ka3aTeJbCTBA TEOPEMbl O BOPOTHHKE COCTOUT B TOM,
4ToGBI PACCMOTPETH TOMOJIOTHYECKOE MPOCTpaHcTBO M ™, KoTopoe moJydaer-
cs1 mpuknenBanueM B x [—1, 0] k M" mo orto6paxenuio ¢: B x {0} — M",
nepeBojsiLLeMy Touky (x, 0) B Touky x € B C M". 3ateM ¢ NOMOLLBIO «JI0KaJb-
HBIX BOPOTHHKOB» h;: U; x [0, 1] — M™ unmyKuueii no m Hy»HO NOCTPOMTH
romeomopdusm M" na M.

3ananum Baoxkenns H;: U; x [—1, 1] — M* dopmy.oii

hi(x,t) naste€|0, 1];

Hi(x, t)= (x, 1) nas t € [—1, 0]

Ha U; x {0} o6a oroGpaxkeHusi coryacoBaHbl, O3TOMY MOJydaeM KOPPEKTHO
onpe/eéHHbIe BJOXKEHHsT. Mbl BOCMONb3yeMCsl UMM ISl HHIYKTHBHOTO MTOCTPO-

enust pyHKumit f;: B—[—1, 0] v Bjoxkennit g;: M"—M™* uisi=0, 1, ..., m,
KOTOpble 00JIaJIAl0T CJEAYIOLUIMMU CBOK-
CTBaMH:

L
a) fi(x)=—1 s xe JV, (suact-
=1

HOCTH, [m(x) = —1 s Bcex x € B); x

0) gi(x) = (x, fi(x)) wst x € B;

B) gi(M")=M"U{(x, 1) |1 = [i(x)}.
Ecau ynactesi mocTpouth Takue OToG-
paxkenusi, T0 g, — romeomopcusm M"

=
S

Ha M™, mosToMy Mbl noJjyyaem Tpegye- 1 0 1
MBI BOPOTHHK.
[Tonoxum go =idye u fo =0. Bynem Puc. 41. Mroacecmso
H ' (g1 (M)
CUUTATh, UTO fi_| U gi_| y2Ke TIOCTPOEHbI, i \&i-l

v 3atimémcs noctpoenuem f; u g;. Pac-

cMotpumM muokeetBo M (g1 (M")) € U; x [—1, 1]. Muoxectso g;_;(M")
coaepxkut M", mostomy Hl._' (gi—1(M™)) D U; x [0, 1]; cxemaTHuHO 3T0 H306-
pakeHo Ha puc. 41. Mbl XOTHM MOCTPOUTH BJIOKEHHE (; : Hi_'(gi,l(M”)) —
— U; x [—1, 1], pasyBas c/ion HaJl TOUKaMH X € B J10 TeX 1op, Moka cJ1oil Hajy
KaX<J10¥l TOuKoil x € V; He coBmamét co BceM otpeskom [—1, 1]; no-apyromy
3TO MOXKHO 3anucaTh Tak: gpi(Hfl(gi_](Vi))) =U; x [—1, 0]. TTpu 5TOM MbI
XOTHUM, 4T0Obl OTOOpaKeHHe ¢; ObLI0 TOXKAECTBEHHO Ha (Ui \Ui) x [-1, 1]
n Ha U; x {0}. UToGbl IOCTPOUTL TAKOe BJIOKEHHE, Mbl BOCIIOJIb3YeMCsl JIeM-
Moii Ypeicona (uacth I, Teopema 7.6). 3amkuyThie MuoxkectBa U; \ U; u V;
Jiexkalllie B HOpMaJibHOM NpocTpaHcTBe B, He nepecekatores. [Tostomy cyuile-



268 [naBa IV. CunryJ/sipHble roMOJIOTHH

cteyer dynkums \;: U; — [0, 1], xotopasi npunumaet suauenne 0 na U; \ U;
u snauenue 1 ua V;. Ilycts L, — addunnoe oroGpakenne otpeska [f;_i(x), 1]
Ha otpe3ok [(1 — N\i(x))fi—1(x) + Ni(x)(=1), 1]; npn x € V; nosyuaem orpe-
30k [—1, 1], a mpu x € U; \ U; nonyuaem otpesok [f;_i(x), 1], T.e. B 31OM
csiyuae otoGpaykeHue ToxkjaecTBeHHoe. [ns (x, ¢) € Hfl(g,',l(/\/l”)) TIOJIOXKUM
wi(x, t) = (x, Ly(t)); oTo6paxeHue ; HempepbiBHOE. 3alaiuM, jlajee, 0TOO-
paxenue ®;: g;(M") — Mt bopmyoii

Bi(x) = HipiH ' (x) nnst x € g1 (M") 0 Hy(U; x [-1, 1]);
N B JUISl Bcex Jpyrux x € g;(M™).

Hakonel, nosnoxum g; = ®;g;_;. KoppekTHoCTb onpejesieHHst oToOpaxe-

Hust ¢; (a TeM caMbiM W g;) CJEyeT U3 TOTo, UTO OTOOpaKEHHE ; TOXKJe-

ctBento Ha (U; \ U;) x [—1, 1] u na U; x {0}. Oto6paskenue ®; (a TeM cambimM

U gi) SIBJSETCS BJIOXKEHHEM, MOTOMY UTO (o; — BJIOXKEHHE, MOCKOJIbKY KaKa10€e

otobpaxkeHue L, B3auMHO ofHo3HauHOo. Kpome Toro,

GiotMYYNH (U x [=1, 1)) =Hi(U; x [0, 1)) U{(x, t) |t > [i=1(x), x € U}

B CHJy CBOHCTBa B) aasi g;—i. PyHkuus f[;(x) onpenensercs tenepb CBOM-
ctBoM 6). CBOMCTBa a) U B) BBINOJHSIOTCS MO OCTPOEHHIO. O

[Tycte M™ — KoMnakTHOe TomoJioruyeckoe MHoroo6pasue ¢ kpaem OM".
PaccMoTpum 3aMKHyTOe TomMoJlorHueckoe MHorooGpasie M™, KoTopoe moJyua-
eTcs U3 JIBYX 3K3eMILISAPOB MHOroo6pasus M™ 0ToX/1eCTBJIEHHEM COOTBETCTBRY -
IOLLIUX TOUYEK HX KPaéB.

st Bcex Touek x € M"™ \ OM" moxuo onpenenutsb rpymmbt Ty (em. ¢. 250)
W 10CTponTh Hakpbitie 7 — M"™ \ OM". MHuorooGpasne M" HasbiBalOT opu-
eHMUPYeMbiM, €CJH Y ITOT0 HAKPBITHS CYLIECTBYET TaKOoe CeueHHe S, YT
s(x) — o6pasyiowiast rpynnbl Ty ajsi Bcex x € M" \ OM". Ceuenue s Ha-
3bIBAIOT MPH 3TOM opuermayueti. JIerko npoBepuTb, 4ro MHoroo6pasue M”
OPHEHTHPYEMO TOTJIA H TOJLKO TOTJIA, KOra MHOrooGpasue M" opHeHTHpYeMo.
Kpome Toro, ecan mHoroo6pasue M" opueHtHpyemo, To MHoroo6pasue OM"
TOXKE OPUEHTHPYEMO, T. €. KaxKa1ast KOMIIOHEHTa CBS3HOCTH MHoroo6pasust OM”"
OpHeHTHpyeMa.

[lycts «y — o6pasytomas rpynmsl Ty = H,(M", M" \ {x}). Tomosoruue-
cKuil knacc a € H,(M", OM™) HasblBaloT (hyHOameHmarbHolm, €Caiv /s BCEX
x € M"\ OM" oroGpaxenue p.: H,(M", OM") — H,(M", M"\ {x}) = Ty ne-
PEBOMUT & B auy.

Teopema 15.10. [lycmo M" — Komnakmmroe c8a3HOE OpUeHMUPY-
emoe monoasoeuyeckoe mMHoeoobpasue ¢ kpaem OM", s — opuenmayus
mrocoobpasua M". Toeda cywecmsyem edurncmsaenHoli yroamenmaro-
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Holll kaace o € Hy(M", OM™), daa komopoeo «ay = s(x) npu scex x €
€ M"\ OM". [Ipu amom cessolsaroujuii ecomomoppuam Oy : H,(M", OM™) —
— Hy—_1(OM"™) nepesodum o 8 ynoamenmarvHolli KAACC 3AMKHYMO20
mHo2000pasua OM", m.e. O.(c) 3a0aém Ha Kadxcool KOMNOHEHMme C8A3-
Hocmu MHO2000pasus OM™ ¢yndamenmanvroLll Kaacc.

JloxkaszaTedsbcTso. OpueHTauus S 3a1aéT OpHeHTaLHMIO § MHOTOOOpA-
aus M". Muoroo6pasne M" 3aMKHyTOe U OPHEHTHPYEMOE, TOSTOMY CYIIECTBYeT
dyHaamenTabHbli Knace & € H, (M™), 11st Kotoporo (py)« (&) = §(x) as Beex
x € M". Knacc o Mbl GyzieM CTpOMTD o Kaacey &. JIjist 9Toro Ham notpebyertcst
M30MOpPU3M

Hy(M", M"\ (M"\ OM™)) = H,(M", OM").

DTOT M30MOPPU3M MOXKHO Obl10 Obl MOJMyudThb, BbipesaB (M") \ OM", rue
(M™) — BTOpo# sK3eMmIsip MHOrooGpasusi M". Ho Tak noctynaTh Hesib3sl, 110~
ToMmy uto ycqosue (M?)\ OM”* C int(M")" ne Bbinosinsiercst. JlJist HOCTPOEHHsI
TpeGyeMoro n3oMopguaMa Hy»KHO BOCIOJIb30BATHCSI TEOPEMOH O BOPOTHHKE:
Mbl Gynem Bbipesath (M") \ OM™ ne uz (M"), a uz o6bemunenusi (M")’
1 BopoTHuKa M". Ilpu sTOM HyKHO ell€ BOCIMOJIb30BATbCS OUYEBUIHBIMH TO-
MOTOMHUECKUMH SKBUBAJIEHTHOCTSIMH.

Knace o Mbl onpenenum kak o6pa3 kjaacca & MpH KOMIO3ULIMK TOMOMOpP-
(bu3mMoB

Hoy(M"y — Hy (M, M\ (M™\ OM™)) = H,(M", OM").

BbinosiHeHHe paBeHCTBa vy = S(X) MPH 3TOM OUEBMHO.

[Tyets x € OM". Bo3bMéM B HeKOTOpoH KapTe MHoroo6pasus dM" 3a-
MKHYTBI wap D"~ ¢ UeHTpoM x M paccMOTPUM B OTKPBITOM MHOMKECTBE
U=0M"x [0, 1) u3 TeopeMbl 0 BOPOTHHKE MOAMHOKecTBO £ ={(x, {)|x€D"~!,
t €0, 1/2]}. Tlonoxkum M} =M™\ int E. Vimeer mecTo KOMMyTaTHBHAst Ha-
rpaMma

i R

Hy(M", OM™) Hy(M"™, M) —~ 2(E, OF)
o [o =|o.
iL .,
Hy— 1 (OM") Hy—1 (M) H,—1(OE)

l(px)* l gl

Hy 1 (OM™, OM™\ {x}) — Hyo (M2, M2 {x}) <— H,_, (E, OE \ {x}).

[opu3oHTa/IbHBIE H30MOP(U3MbI B 3TOH JHarpaMMe BO3HMKAIOT U3 TEOPEMbI
0 BbIpe3aHWH (MHOTJIA BbIpE3aHHe HYXKHO MPOU3BOJUTHL He HENOCPEJICTBEHHO,
a uyTh GoJiee aKKypaTHO, HCII0Jb3ysi OUEBHIHbIE TOMOTONHUYECKHE SKBHBAJIEHT-
HOCTH).
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[lyets y € intE. IlpeacraBum romomopdusm (py).: H,(M", OM") —
— H,(M", M"\ {y}) B BHe KOMMNO3ULIUH

Ho(M", OM") 5 Hy(M™, M%) — Ho (M", M\ {y}).

daemeHT (py)«(a) = s(y) sABAsieTcs o6pasytomiedt rpynnel H,(M", M"\ {y}) =
& 7, N03TOMY 9JIeMeHT i, (v) siBIsieTcst oopaaytouei rpynmbl H,(M", M%) = 7.
3uauur, B rpynmne H,(E, OF) = 7Z moxHo BbiGpaTh 06pasyiolilyio « Tak, uTo
ki(d) =i.(a).

KoMMyTaTHBHOCTb JHarpaMMbl MOKasbiBaeT, uTo k.04 (a') = i, 0. (). Tlo-
5TOMy 06pasbl 37eMeHTOB Oy () u O (c’) B rpynme H,_ (M}, M} N\ {x}) = Z
copnanatot. [1pu aTom 06pas ssiementa d, (o) siBjisieTcsi 06pasyolLle, 1o3ToMy
o0pa3 asnemenTa J,(«) Toxe sBasieTcst oOpasyiouiel. Cie0BaTebHO, S1eMEHT
(px)+0s (o) siBaISIETCS OOpasytoleit rpymnmbl H,_ (OM", OM™ \ {x}) 2 Z. dto
o3HauaeT, uto O, (o) — hyHaaMeHTabHBIH Kaace MHOrooOpasus OM".

Tenepp y:Ke Jierko 10Ka3aTh OCTAaBIIYIOCST YacTh TEOPeMbl — €IMHCTBEH-
HOCTb (pyHIaMeHTasNbHOTO Kiacca «. [lpemmosoxkuM, 4uto < M g — JiBa
(dhyHIaMeHTaNbHBIX Kaacca B H,(M", OM™), cOOTBETCTBYIOLIMX OJHOH W TOM
)e opueHTauuu. Torma O.(a) W Oi(aw) — ABa (yHIAMEHTa/NbHBIX KJacca
B H,_1(OM"), COOTBETCTBYIOLIMX ONHOH M TOH ke opueHTauuu. [lostomy
a) — ag € Ker 0.

3 Teopembl 0 BOPOTHHKe cJielyeT, uto npoctpanctea M™ u M"\ oM"
FOMOTOMHYECKH 9KBUBAJIEHTHBI OJIHOMY H TOMY »Ke npoctpaHctBy M™ \ U, rie
U =0M" x [0, 1). TTostomy H,(M") = H,(M" \ OM") = 0. CsienoBateJibHo,
B TOUHOMH MOCJEe0BATEJbHOCTH

Hy(M") — Hy(M", 9M™) 2= H,_, (OM")
cJieBa CTOMUT HyJib, a 3Hauut, Kerd, = 0. O

Tenepb MOXHO BOCMOJIb30BATHCS TAKMMH K€ PACCYXKJEHWSIMH, Kak JJIsi
TJ1IaJIKHX MHOr00Opasuii (B TPUAHTYJHPYEMOM CJIyuae), M JI0Ka3aThb CJjelylollee
yTBepKeHHE.

Teopema 15.11 (u3omopdusm Jleduieua). [Tycmo M" — komnaxm-
HOe opuexmupyemoe monoiouieckoe MmHocoobpasue ¢ kpaem OM",
[M"] € H,(M", OM"™) — ¢pyndamenmanvioiii kaacc. Toeda eomomopghusmol
D: Hy(M", OM") — H,_p(M™) u D: H,(M") — H,_p(M", OM™), 3a0annbie
cap-npoussedenuen Ha [M"], asararomea uzomopguzmanu.

JLJ1st TOMOJIOTHIT U KOTOMOJIOTHI ¢ Ko3(duiieHtamu B Zg Teopema 06 H30-
Mopduame Jledirera BepHa U B ciyyae HEOPHEHTHPYEMBIX MHOTOOOPA3Hil.

Ganaua 15.1 [Sal]. Ilycte M" — KoMnakTHOE OpHEHTHPYyeMO€e TOMO-
Jornueckoe MHoroo6pasue ¢ kpaem dM". Tlpeanosoxkum, uro Kpait OM" pas-
OUT Ha HerepeceKatolecs: MHOxKecTBa V) u Vo, Kaxi0e U3 KOTOPBIX COCTOUT
13 HECKOJIbKUX CBSI3HBIX KOMIOHEHT MHOrooOpasust OM". Jlokaxkute, uto ro-
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momopduam H*¥(M", Vi) — H,_,(M", Vy), 3anannbliii cap-npou3BeieHHeM Ha
[M"], aBasieTcs U30MOP(HHU3MOM.

15.5. 0O6006ueHre TeopemMbl XeJu

Hcnosib3ysi HeKoTopble pesyJibTaThl M3 M. 15.1, a uMeHHO Teopembl 15.1
v 15.2, MOXKHO TiepeHecTH 06001IEHHYI0 Teopemy Xesuu (Teopema 14.10 Ha
¢. 227) Ha Npou3BOJibHbIE MHOT00Opa3Hsl.

Teopema 15.12 (He6pynnep [Del). [Hycmo M" — n-meproe mono-
Aoeuueckoe muoeoobpasue, Xy, ..., X;m — HabOOp OMKpoLMbLX NOOMHO-
acecms M", npuuém nepeceuerue awboix r < n+ 1 mHoxecms weny-
CMO U umeem Hyaresvle NPUBEOEHHbLE 20MOA0UL 045 BCeX padmepHocmel
He gblule N —r.

a) Ecau M" He asasemcsi comoa02uueckoll n-mepHoti cgpepoii, mo npo-
cmpanemso X; N ... N Xy, ayukiuyHo (8 4acCmMHOCMU, Henycmo).

0) Ecau M" — eomoroeuueckas n-mepras chepa, mo HymscHo 0ONOAHU-
meabHO NPednoA0NC UMb, 4O HUKaKue n + 2 us muoxcecms Xy, ..., X, He
nokpoisarom M"™; moeda npocmparcmso X N...N Xy mosxe ayukau4Ho.

JlokaszaTeanbcTso. [Ipeanonoxkum, uto Teopema HeBepHa 1Jisl Habopa

MHOKeCTB X1, ..., X, TPUUEM UMCJIO M 37€Chb MUHUMAJbHO. 13 MUHUMA/bHO-
CTH M CJIEJyeT, uTo repeceueHre JoObiX r < m — | u3 mHoxkectB X1, ..., Xy
AUMKJWUHO. 3HauuT, K Habopy Xi, ..., X,y MOXKHO NpPHUMEeHUTb Jemmy 14.1
(cMm. c. 226).

[Ipennonoxum cHauana, uro X; N ... N X, = &. [lo ycjoBuio Teopembl
9TO BO3MOXKHO JiHlb rpu m > n + 2. Ilyets ¥ = X; U... U X,. Cornacho
yTBep:kaeHuIo a) Jemmbl 14.1 rpynna F]q(Y) =0 oTyiMuHA OT HyJSI B TOUHO-
CTH TIpH ¢ = m — 2. C 1pyro#l CTOpPOHHI, corjacHo TeopeMe 15.1 Mbl nMeeM
H,(Y)=0npu g > n, nostomy m — 2 < n. Cornocrasisist 3T0 ¢ HEPABEHCTBOM
m > n+ 2, noayuaem n =m — 2. Ilpu stom H,(Y) # 0, a 310 BO3MOXK-
HO JiMllL B TOM cJydae, Korna Y = M". JleiictBuresibHo, ecau Y # M", To
Y — HekoMmmakTHOe rn-MepHOe MHoroo6pasue 6e3 Kpasi, MOITOMY COIJIACHO
teopeme 14.10 mbl umeem H,(Y) =0. HMrak, rpynna ﬁq (M™) oTaiMuHa OT HyJs
B TOUHOCTH TpU ¢ = n. IDTo o3Hauaet, uto M" — romoJsiornueckasi cdepa.
Ho no ycnoButo ecin M" — romosornueckasi cepa, To Y #= M™. Tlosyueno
NPOTHBOpPEUHE.

[Ipenanonoxum Tenepb, uro X; N ... N Xy # 0. Mbl Takke npeanoso-
XKHM, YTO mpocTpancTBo Xj N ... N X, He auuK/JIn4yHO. [103TOMY MOXKHO BBI-
6parth HauMeHbllee uncyao p = 0, A KOTOpPoro /‘7,, Xin...nX,) #0. Tlo-
JoxuMm g = p +m — 1. CoryacHo yrtBep:xieHHto 6) seMmbl 14.1 Mbl nHMeeM
ﬁq(Xl U...UXy) #0. [IpumenuB K n-mMmepHomy MHorooGpasuio X; U... U X,
teopemy 14.10, noayuum g < n. Kpome toro, ¢ — m + 1 = p > 0, nostomy
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<g+1<n+ 1. B rakom ciyuae 1o ycJoBHIO TEOpPeMbl MPOCTPAHCTBO
Xl U Xm MMeeT HyJieBble NPHBeEHHbIE TOMOJIOTHH /15l BCEX pa3MepHOCTel
He Boile n — m. [lostomy p >n —m, 1.e. ¢ — m+ 1 > n — m. Conocrapssis
3T0 ¢ HepaBeHCTBOM ¢ + | < n + 1, nosyuaem ¢ = n. M3 MUHUMAJBHOCTH P

(1, COOTBETCTBEHHO, ¢) caenayeT, uto X| U ... U X, — n-MepHas roMoJiorHye-
ckast cepa. Ho torna M" =X, U...U X, a 3T0 NPOTUBOPEUHT YCJIOBHIO.
CHoBa noJtyueHo NPOTHBOPEUHE. O

Ganaua 15.2. [lpuBenute npuMep 7 + 2 OTKPBITBIX MOJAMHOXKECTB S”,
nepeceuenue JOObIX I < 11 + 1 U3 KOTOPBIX sIBJISIETCS (HEMYCTHIM) CTSAMHBAEMbIM
MHO2KECTBOM, a 00'be/IMHEHHE BCEX 3THX MHOXKECTB coBnajaer ¢ S” (B uacTHo-
CTH, OHO He alMKJHYHO).

§ 16. XapaktepucTuyeckue KJaacchbl: NPOaOJKEHUE

MHorue cBOHCTBa XapaKTEPUCTHUECKHUX KJIACcCOB yI0OHO JIOKA3blBaTh, UC-
MoJb3ysl CHHTYJISIPHbIE TOMOJIOTHH W KOromoJsiordd. OCHOBHAsi 4acTb 3ITHX
CBOMCTB cBsizaHa ¢ u3oMopduamom Toma. Ho Hauném Mbl ¢ 10Ka3aTesibCTBa
teopembl 11.31, chopmynupoBannoii Ha ¢. 186. [1pu nokasaTenbeTBe Mbl OyneM
MCIMOJIb30BaTh 0003HAUEHUs], BBEJIEHHbIE MPH (QOPMYJIMPOBKE 3TOH TEOpeMbl
W UyTh paHbllle.

HoxaszateabctBo Teopembl 11.31. JocraTouHo npoBeputhb aJisi
xi(§) Bce cBOHCTBA, KOTOPBLIM JIO/KHBI YIIOBJETBOPATh XapakTepUCTHUECKHE
kaaceol. To, uto x9(€) =1 1 x;(§) = 0 npu i > dim &, HemocpeaCTBEHHO BKJIO-
yeHO B onpesesienue. [IpoBepum, uto ecau g: B) — B — npousBosbHOE 0TOG-
paxenue, 10 x;(g*(£)) = g"(xi(£))-

Cuioun paccioenuit g*(€) u € Haj Toukamu by U g(b;) KAaHOHHUECKH OTOXK-
JIECTBJISIIOTCS, TIO3TOMY CJIOW paccyioeHudl Pg*(€) u P& Hajl 3THMH TOUKaMu
TOXKE KAHOHMUECKH OTOXK/ECTBIAIOTCS. 3HAUUT, ONpeiesieHo 0ToOpaKeHne pac-
cioennit g: E(Pg*&) — E(PE). dasi aToro otobpaxeHus: quarpamma

E(Pg*e) -2+ E(Pe)

! |

g
By———B
KOMMYTaTHBHA. 3HAUMT, pacciaoeHre g(A¢) H30MOPPHO paccoeHnIo Ag+¢. [To-

3ToMy B KoJble [1*(E(Pg*§)) umeer mecTo paBeHCTBO Z(ag¢) = agr¢. Ilo
n—1
onpesesientio ay.. = > (— )ity (g* §)az,*é i

i=l1

n—1 n—1
g @) =g (D) x@al | = (=) gt (n(€) g% (@l

i=1 i=1
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MPH 3aMUCH MOCJEHEr0 PABEHCTBA Mbl BOCIOJb30BaNUCh TEM, UTO g*(ﬁaé) =
= g*(ﬁ)g*(aé) Juist mo6oro snementa 3 € H*(B). YunTbiBasi 0JHO3HAUHOCTh
pasJsioxkeHuH, noaydaem x;(g*€) = g*(x;(€)), uto u Tpe6GoBaNOCh.

[Tepeiiném K 10Ka3aTeqbLCTBY NOCAENHEr0 (HauboJIee CI0KHOT0) YTBEPK]IE-
HUSI O TOM, UTO HMeeT MecTo hopmysna YutHu xx(§ & n) = Y x;i(&)x;(n).

i+j=k

(Popmysry YUTHH MOXKHO 3amucaTh M JIPYTMM 3KBHBaJIeHTHBIM CIIOCOGOM, HO
cefiuac HaMm yjo6Hee J10Ka3bIBaTh €€ /15 pacc/oeHui Hajl ojiHo# 6a3oii.) B -
HefiHoMm mpoctpanctBe V) @ Vo ectb noanpoctpanctea Vi @ {0} u {0} & Vs,
uzomopeuble Vi u Vs. [TosTomy B Tomosioruueckom npocrpanctse E(P(€ & 1))
KaHOHMYECKH orpesiesieHbl noanpoctpanctsa £(PE) u E(Pn). Ilpu stom noa-
npocrpanctsa £ (Pn) u E(PE) siBasiorest nehopMalliOHHBIME PETPAKTaAMHU TIPO-
crpauctB U = E(P(E@n) \ E(P§)u V = E(P( ®n)) \ E(Pn) cootBeTCTBEH-
Ho. PaccMoTpuM B KoJiblie KoroModioruii npoctpatnctsa E(P(€ & 1)) seMeHTbl

m n

ar =Y (=Da@y" " o ae = (=D xmy",

i=0 j=0
rie y = x1(Aegn), m =dim& u n = dimn. Beeaém ais xpatkocTH o603HaueHHe
E =E(P(& ®n)). PaccMoTpuM KOroMoJIOrHUECKYIO TT0CJIEA0BATENLHOCTD Maphl
(E, V):

s H™E, VY 2 H(E) S (V) —

OtobpaxkeHue i* COOTBETCTBYET OTpaHMUEHMIO Kjacca KoromoJoruii Ha V.
Ho E(P&) siBasietcst iepopMallOHHBIM PETPAKTOM MpocTpaHcTBa V, mosromy
BMECTO OrpaHMueHust Ha V' MOXKHO paccMmarpuBaTb orpaHuueHue Ha E(PE).
[Tokaxkem, uTO MpH OrpaHHueHUH Kjaacca «; Ha E(PE) nosyuaercsl KJjacc

m .
> (=Dixi(©)ad™" = 0. deirctsurenso, nyets Ae = [*(y'). Tlpu orpannuenin
i=0

kaacea y =x(Aegy) Ha E(PE) nonyuaem knace xy(Ae) =x1([*y1) =[x (v)) =
= [*(a) = a¢ (Mbl Mo/b3yeMcsl JOKA3aHHbIMH paHee CBOMCTBAMH: eCTeCTBeH-
HOoCTbIO M TeM, uto x1(y') = a). [TocsieoBaTeILHOCTL Mapbl TOUHA, MO3TOMY
cylecTByeT sjieMent o € H™(E, V), mnst Kotoporo p*aj = aj. Anasnoruuto
CyLIeCTBYeT 3JeMeHT b € H™(E, U), s Kotoporo p*ag = ag. DJieMeHT
o) v ay nexutr B H*(E, U U V) =0, nostomy o] v oy, = 0. CriesoBaresbHo,
a)vay=(p*a)) v (p*af) =0. B urore nosyuaem

ST ED @y Y 1) mynT ) =o.
i=0

i=0

B cayuae knaccoB Ltucpens—YuTHu paccMaTpuBalOTCs KOTOMOJIOTHH € KO-
sthulmenTamMmu B Zo, JIJisi KOTOPbIX YMHOXKEHHE KOMMYTATHBHO (A He KOCOKOM-
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MyTaTHBHO). B csydae knaccoB UkeHst x; U y MMeIOT YETHYIO pa3MepPHOCTD,
M03TOMY /ISl HUX YMHOXKEHHE TOXKe KOMMyTaTHBHO. CJ/ie10BaTeIbHO, MOJyueH-
HOe PaBeHCTBO MOXKHO TepernucaTh B BHIE

m-+n
Z<—1>k( 3 () ux]-m))ymﬂ—k _o.
k=0 i+j=k

C J1pyroii CTOpPOHBI, CYLIECTBYIOT €IMHCTBEHHbIE 3JIEMEHThl X (€ @ 1), I/ KO-

TOPBIX
m+n

> (=D €@yt =0
k=0

3uaunt, X ((®n) = > xi(§) v xj(n), uTo U TpeGOBAIOCH.
i+i=k

16.1. U3omopdusm Toma pas pacciaoeHui

Y KaxkJI0To rJ1ajJKoro MHOrooGpasusi eCTh KacaTejlbHOe paccJioeHHe. ¥ To-
MOJIOTHUECKOTO YK€ MHOrooOpasusi KacaTeJIbHOTO pacc/ioeHust HeT. B cBsisu
¢ atuMm MusHop [Mid] BBEN MoHATHE MHKpOpPACCJ/0eHHs, KOTopoe 060611aeT
MOHSATHE BEKTOPHOTO paccJyoeHus. [Tpu 3ToM y KaxK10ro TOnoJorHueckoro MHO-
roo6pasust ecTb KacaTeJlbHOe MHKPOPACCJIOeHHE, C KOTOPbIM BO MHOIHX OTHO-
ILIEHUSIX MOKHO paboTaTh TaK »Ke, KaK ¢ KacaTeJbHbIM PACCJOEHHEM TJIAJIKOTO
MHoroo6pasus. Hanpumep, npuBeéHHOE Bbillle J0KA3aTENbCTBO H30MOP(H3-
ma [lyankape aJisi TOMONOrHUECKHX MHOroo6pasuil (pakTHUeCKH OCHOBAHO Ha
MCIMOJb30BAHWH MUKPOPACCJIOEHHUH.

Mukpopaccioerue pa3mMepHOCTH 11 — 3T0 oToOpaxkenue p: E — B, KoTo-
poe obJiajiaeT CJAEYIOIIMMH CBOHCTBAMMU:

1) cyuiectByer oto6paxkenue i: B — E, nist Kotoporo pi =idg;

2) oroGpaxeHue p JOKAJbHO TPUBUAJILHO B TOM CMbICJE, UTO JIIs JIIOOOH
TOUKH b € B Haiiiytcesi oTKpbiThie okpectHoctd U 2 b, V 3 i(b) u romeo-
Mopdusm hy: U x R* — V N p~1(U), ans kotopbix phy (i, v) = u 1is Beex
(u, v) €U x R" u hy(u, v) =i(u) nast Beex u € U.

[Tpumep 16.1. Bekmoproe paccaoenue p: E — B asisemcs muk-
popaccaoenuem. B Kauecmese i MoicHO 831me Hyaesoe cederue i(b) =
= (b, 0).

[Tpumep 16.2. [Ilyemo M — monoaoeuueckoe mHoco0bpasue 6e3
kpas. Toeda npoekyus p: M x M — M na nepsoLii mHOMCUMENb ABALEMCA
MuKkpopaccaoenuem. B kavecmse i MOWCHO 833mb duaeoHarbHoe 0mob-
pasxcerue d: M — M x M.

JlokasaTeJbCTBO TOTO, U4TO B MpuUMepe 16.2 neficTBUTENbHO ToJydaercs
MHKpopaccyioeHue, hakTHUECKH COJEPXKUTCS B I0Ka3aTebCTBe jeMMbl 15.2 Ha
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c. 254. D10 MUKpopaccioeHHe HAa3bIBAIOT KACAMEAbHOIM MUKPOPACCAOCHUEM
TOTMOJIOTUUECKOT0 MHOTOOOpasust M.

st Tonosornueckoro Muoroo6pasusi M ¢ kpaem OM KacaTesbHOE MHK-
popaccJ/ioeHre MOXKHO OTpelesuTh caeaytlouluM o6pasoM. [Ipuk/aenM K Kpaio
MHoroo6pasuss M npsimoe npoussenenne OM x [0, 1). M3 Teopembl 0 Bo-
POTHHKE CJIe/lyeT, YTO B pe3ysbTaTe TOJYYHTCS] TOMOJOTHYECKOe MHOTO06pa-
sue M'. Y M’ xpasi ner. KacaresbHoe Mukpopaccoenre Muoroobpasust M —
3T0 orpaHuueHue Ha M X M KacaTeJbHOrO MMKPOpPaccJioeHUss MHOrooGpa-
aust M.

O6bIuHO MUKpoOpaccsoeHue p: £ — B paccmatpuBaercsi BMecTe ¢ (PUKCH-
poBaHHBIM oTOOpaxKeHHeM i: B — E.

Hea mukpopaccioenust p: £ — B u p’: E' — B (Hanp ogHO# 1 TOH XKe
6asoit B) ¢ ¢ukcupoBanHbiMu oToOpaxkenusivu i: B — E u i’: B — E' na-
3bIBAIOT JIKBUBAACHMHbIMU, ecid B E U B E’ eCTh OTKpPBITbie OKPECTHOCTH
U u U’ mnoxects i(B) u i’(B) u cyuectsyer romeomopduam hi: U — U, nas
kotoporo hi =i’ n p'|yh = py.

Teopema 16.1. Jlag samknymoeo eradkoeo mioeoobpasus M ka-
camenvHoe paccaoeHue IKBUBANCHMHO KACAMENbHOMY MUKPOPACCAOe-
HUIO.

JlokaszaTenbcTBO. BBenéM Ha KacaTeJbHOM PacclO0eHHH PUMaHOBY
MeTpHuKy. JlJIsT Kakaoro kKacartesbHOro BekrTopa v € TyM CyllecTByeT eIdH-

. d
CTBEHHAs reojieanueckast v, (f), aisi Kotopoi v,(0) = x n TG (0) =v. Pac-

CMOTpHM oToOpaxkenue exp,: TyM — M, KoTopoe COMNoCTaBJseT KacaTesb-
HOMY BEKTOPY U TOUKY ~,(l). KomnaktHocTh MHOroo6pasusi M mno3sBoJisieT
BbIGpaTh uncsao € > 0 Tak, 4to WISl BceX x € M orpaHuueHue orobpaxke-
HUSl €Xp, Ha OTKPBITHII wap B Ty M, COCTOSILMA U3 BEKTOPOB AJHHbBI MEHbLIIE €,
nHddpeoMopHO 0ToOparKaeT ITOT LIap Ha HEKOTOPYIO OTKPBITYIO OKPECTHOCTh
TOUKH X B M.

[Tycte U — OTKpBITasi OKPECTHOCTh HyJieBoro ceuenust B TM, cocrosiiast u3
BEKTOPOB JJIHHbI MeHblile €. OToGpaxenue h: U — M x M, 3ananHoe dopmy-
Joit A(x, v) = (x, exp,(v)), aBasercs nuddeomopbruamom okpectHocTd U Ha
okpectHocTb U’ nuaronasnu d (M) B M x M. Oro6paxenue h obsagaer BceMH
TpeGyeMbIMH CBOHCTBAMH. O

Kaace Toma U € H*(M x M, M x M\ d(M)) xapakrepusyercsi TeM, UTO
1151 o060k Touku x € M otoGpaxkeHue nap

Lo (M, M\ {x}) — (M x M, M x M\ d(M)),

3ajanHoe dopmysoit [ (y) = (x, y), nepeBoaut U B o6pasyioliyto rpymnibl
H™ (M, M\ {x}), 1.e. [;U — o6pazytowas rpynnsl H"(M, M\ {x}). [lo ana-
JIOTHH ¢ 3TUM Kaacc Toma n-mepHoro Mukpopaccsoenust p: E — B — 310
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Koromosioruueckuil kiaace U € H™(E, E \ i(B)), KoTopblil 06Jiaaer ciaeyto-
UM CBOHCTBOM: [JIsl JII0OOH TOUKU b € B ecTecTBEeHHOE BKJIIOUEHHE

iy: (p~H(0), pTH(B)\i(b)) = (E, E\ i(B))

nepesoaut U B o6pasytoutyio rpynnsl H™(p~1(b), p~1(b) \ i(b)).

Ceituac Hac 6yayT WHTepecoBaTh Kjacchl Toma B cJjydae BelleCTBEHHBIX
BEKTOPHBIX paccJjioeHuil. FiMeeT MecTo ciiefyioliiee yTBEpKIeHHE.

Teopema 16.2. [lyecmo & — opueHmuposarHHoe BeujecmseeHHoe
n-mepHoe seKkmoproe paccaoerue Had komnakmuoim CW-komnaexcon B.
[Tycmeo, dasee, E = E(§) — npocmparncmeo paccaoenus u Eg— omkpoimoe
nodmroscecmso 8 E, cocmosauee uz scex nernyresolx sekmopos. Toeda

a) cywecmsyem edurcmeennolll kaacc Koeomoaoeuti Ug € H'(E, Eo)
¢ Koagpuyuenmamu 8 Z, obradarouuti mem c80LUCMBOM, Mo 048 10601
mouku b € B kaacc Koeomoroeuil iyUe asasemes obpasyioweii epynnol
H™R", R" \ {0}), 3adawuweli sotbpannyto opuenmayuio cros R”;

6) H(E, Eo) =0 npu i <n;,

B) omobpascenue H (B) — HT(E, Ey), 3adannoe Gopmyroti*) o —
= p* () v U, asaaemes usomopgusmnon 0as ecex i.

JlokaszaTenbcTBO. B caydae, Korja paccjoeHue TPUBHAJBLHO, T. €.
E=BxR"Ey=B x (R*"\{0}) u p: E — B — npoekiysi Ha [I€PBbIi MHOXH~
TeJlb, Bce TpeGyeMble YTBEPKJIeHHsT (PaKTHUECKH cojlepyKaTcs B Teopeme 14.15
Ha c. 235 (B o6o3HaueHusix 31Ol TeopeMbl X = B, A= u e" = Ug). llo-
9TOMY HYKHO JIHLIb TIPOBEPHTD, UTO €CJii TpeGyeMble YTBEPIK/IEHHsT BEPHbBI HaJl
OTKpbITBIMH MHOKecTBamMu U, V- u U NV, To onn BepHbl U Han U U V.

[ycts E' = p~ ' (U), E2=p~"(V),E3=p~ " (UNV)uE*=p~ (U UV).
3anuuiem nocJenoBatesbHocTs Maiiepa—BbeTopuca:

H'=NEP, E§) — HU(EY, Eg) — H'(E', Eq) ® H'(E?, E§) — HU(E®, EY).

[pn i < n caesa u cnpasa or HY(E*, Ef) crosit nyan, nostomy H'(E*, Ej) = 0.
I10 NoKasbiBaeT yrBepxKaeHUe 6). CBOHCTBO €IMHCTBEHHOCTH MOKA3bIBAET, UTO
kaaceol Uy € H'(E', E}) u Uy € H"(E?, EZ) onpeiensiioT oiuH W TOT Ke
snement rpynnbt H"(E®, EJ). Tlostomy cyutectsyer knace Uy € H(EY, Ey),
npoektnpytouwiicst B Uy u B Us. Pasenctso H"~'(E3, E3) = 0 nokasbisaer,
YTO 3TOT KJACC eIMHCTBEH. DTO JIOKA3BIBAET YTBEPXKIEHHE a).

UroO6bl 10Ka3aTh YTBEP:KIEHHE B), HY»KHO PACCMOTPETb aHAJIOTHUHYIO TMO-
caenoBatenbHOCTb Maliepa—Bperopuca misi 6a3 paccjoeHuil U 0To6pa3UTh
eé B HamMUCaHHYIO BbIlIe MocJaeaoBaTesbHOCTE Maiiepa—BreTopuca, conocra-
BUB 3JIEMEHTY «v 3JieMeHT p*(a) w U. [TpumenuB 5-jiemMmy, noJiyuaem tpebye-
Moe. O

#) OTHOCHTeJIbHOE CUp-TIPON3BeieHHe Kaaccos p*(a) € HI(E) u Ue € H'(E, Ep) nexur
B HITY(E, Ey).
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Ecau pacciioenne € He 06513aTeslbHO OPUEHTHPYEMOE, TO JUIsl KO3 hHIIHEH-
TOB B Z BepHa Teopema, aHajoruuHas treopeme 16.2.

[MocaepoBarenbHocth TM3nHa

[lyets p: E — B — opueHTHpOBaHHOE BeKTOpHOE paccjioenue & pasmep-
HOCTH 1. PaccMOTpUM TOUHYIO KOTOMOJIOTHUECKYIO MOC/e10BATeNbHOCTD Mapbl
(E, Eo):

s HIE, Eo) L i EY L i (Eg) 2 I E, Eg) —

OtobGpaxkeHue p siBJsieTCST TOMOTOMMUECKOH 3SKBUBAJIEHTHOCTBIO, T03TOMY
p*: H*"(B) — H*"(E) — uzomopdusm. Kpome Toro, umeer Mecto H30Mop-
dusm Toma ¢*: H'(B) — HT"(E, Ep). Bocno/ib3oBaBIIMCch 5THMH H30MOP-
(huaMamH, MoJyYUM TOUHYIO MOCJIEN0BATENLHOCTh

) =1 ) o ) 1k )
s HUBY P it gy PN i gy 220 it By s

DTy TOUHYIO MOCJEI0BATENBHOCTh Ha3bIBAIOT nocaedosamenrvrocmoro li3u-
Ha [Gy].

B nocaenosatenbHocTd [u3nHa otoGpaxkeHue (*p* MHAYyLHMPOBAHO Orpa-
HHueHHeM oToOpaxenusi p Ha Eg. Kpome Toro, otoGpaxenve p*~!j*¢ Bbi-
paxkaeTcs uepes kaacc Jfiepa e(£). A umenno, p*~!'j*p(a) = a v e().
Teiietstensiio, p*=" f*p() = p*=' j*(p* () w Ue) = p*~ (p*(a)  j* (Ue) =
=au(p*~1j*(Ue)). Octaérest mposeputh, uto p*~1j* (Ug)=e (&), 1. e. j*(Ue)=
=p*e(€). [Iycrb R" — cj10#i HaL HEKOTOPO# TOUKO# 6a3bl. PaccMOTpUM Kollenb
B £, npunnmarotityio 3auenne 0 Ha cumriekce A" C R" \ {0} u snauenne +1 Ha
cummiiekce A" C R”, BHYTpH KOTOPOro JexKHT Touka 0 (3HaK 3aBHCHT OT TOTO,
COTJIacoBaHbl JIH OPHEHTAlMH CHMILIeKca M cJios). KoromoJsiornueckuil knace
TaKoW LeMNH onpeieséH OJHO3HAUYHO, MPHUEM OH coBnajaeT Kak ¢ j*(Ug), Tak
uc p*e(§); aT0 BUHO HEMOCPEJICTBEHHO U3 OMNpeieseH i,

JIs1sl HEOpPHUEHTHPYEMbIX BEKTOPHBIX PACCJIOEHHH HMEET MEeCTO TOYHAs Mo-
CJIeloBaTeNbHOCTb [M3HHA /7SI KOTOMOJIOTHH ¢ Ko3(duureHTamMu B Zg; 3i-
JepoB knacc e(§) mpu 3TOM TMPHUBOAMTCS MO MOJAYJIO 2, T.€. OH 3aMeHsIeTcsl
Ha @, (§).

Tounast nocsenoBatesbHOCTL [M3MHA UMEET MECTO M /ISl OPHEHTHPOBAH-
HOro*) JIOKa/JIbHO TPHBHAJbLHOTO paccaoenust p: E — B co caoem "', no-
CKOJIbKY TAKOMY PacCJI0EHHIO MOXKHO COMOCTABUTb OPHEHTHPOBAHHOE 11-MEPHOE
BEKTOPHOE paccJioeHHe.

Sanpaua 16.1. DBbluncante rpynnbl  KOTOMOJIOTHH — MHOrooGpasusi

G (2n + 2, 2), ucnosibayst paccaoenne V (2n + 2, 2) s, Gi(2n+2,2).

*) D10 03HAuUACT, uTO BCe ciou S" ! opHeHTHPOBAHBI COrIACOBAHHBLIM 0GPA3OM.
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16.2. ®opmyabl Toma u By

B stoMm nyHKTe Mbl GyJeM pacCMaTPUBATh KOTOMOJIOTHH € KO3 QHUIIHeHTaMU
B Zso. IlycTb £ — BellecTBEHHOE pacCJOeHHe Hajl KOMIAKTHBIM CHMIJIHLHA/b-
HbIM KomriekcoM B, Ug — ero knacc Toma, a ¢: H(B) — H'*"(E, Ey) —
uzomopusm Toma, 3ananHblil opmy.ioit p(a) = p* (o) v Ug.

Teopema 16.3 (Tom[Thl]). Kaacc UImugers—Yumnu w;(§) pasen
¢~ 1(Sq Ug), ede Sq' — ksadpam Cmunpooa.

HNokasateabctBo. [lposepum, uto ¢~ 1(Sq’ Ug) obnanaer Bce-
M cBoiicTBamu i-ro knacca Lltudens—Yurnu. Scno, uto ¢~ '(Sq" Ug) =
= ¢~ (U¢) = 1. Kpome Toro, ecam i > n = dim¢&, 1o Sq’ Ug = 0.

[TpoBepum ecrectBenHocts. [lyers f: B’ — B — npousBosibHOE 0TOGpa-
Kenue, & — paccyoenue Haa B, [*(§) — unayuupoBanHoe paccjoenue Haa B,
g: E — E’ — nocuofinoe otobpa)keHne pacc/oeHui, HHAYLIHPOBaHHOE 0TOG-
paxkenuem f. Torna g*(Ug) = Uj+(¢) n ana uzomopdusmon Toma umeer mecto
KOMMYyTaTHBHasi JMarpamma

HY(B) " HI*"(E Ey)
[r e
HY(B') < H'*"(E", E}).

1

[Tostomy ¢’ [* = g*p, 1.e. [*p~! = (¢')~! g*. CaenosarenbHo,

J*@i(€) = [~ (Sq' Ue) = (¢') "' g"(Sq' Ug) = (¢') ' Sq'(g* (Ue)) =

= (¢) 7" Sq' Upe () = wi([*(€))-

[IpoBepum copmysry Yutnu. Ha 31oT pas eé ynoGHee n0Ka3bBaTbh B BH-
ne w(€ xn) =w(€) x w(n). PaccMoTpUM BHellIHee MPOHU3BELEHHE KJACCOB
Toma Ue € H™(E, Eo) v U,y € H"(E', Ej). Knace Ug x U, nexut B rpynne
H"W™E x E', (E x Ef) U(Ep x E')). Muoxectso (E x E}) U (Eg x E’)— 310
B TOYHOCTH MHOXKECTBO HEHyJeBbIX BekTopoB B £ X E’. [lostomy Knacc
Ue x U, nexxut tam xe, rae ¥ kaacc Toma Ugy,,. Tlokakem, yTo 3TH nABa
KOTOMOJIOTHUECKHUX KJlacca B JI€ACTBHTENBHOCTH COBManaioT. st 3Toro nocra-
TOUHO MPOBEPHTB, UTO OrpaHuueHue kaacca Ug x U, na (R™™™ Ri*™™), rae
R™™ — cyioit paccioenust € X 1, sIBJSIETCS] HEHYJIEBLIM KJIaCCOM KOTOMOJIOTHE
I71s1 cJ10s1 paccyoeHus € X 1 Hal Kaxao# Toukoid. Ho paccmarpuBaemblil knacc
paBeH BHeLIHeMy NPOU3BeJeHHI0 orpanuuennii knaccos Ug u U, na (R™, Rf)
u (R", Rf), a cornacno teopeme 14.15 na c. 235 310 npoussejieHue HeHyJeBoe.

Jl1st nokaszaresbeTBa GopMysTbl YUTHH HYKHO €l1Ié TIPOBEPUTh, YTO H30MOP-
tuambl Toma pacciyioenuit &, ) 1 £ X 1) cBsI3aHbl COOTHOLLEHHEM @¢ (ar) X p () =
= exnla x 0), T.e.

(pgaw Ug) X (pyBv Ue) = (pexy(a x B)) v Ugsy.
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B cJiyyae KOSq)q)I/ILU/]eHTOB B ZQ HE HY>KHO YYHUTbIBATHb 3HAKH, TOSTOMY

(péaw Ug) x (pyBw Ue) = (pga x pyB) w (Ue x Ug).
PaenctBo Ug x Uy = Ugxyy MBI y2Ke 10Kasanu. [lycTb pg U ppr — Npoekuuu
B x B’ Ha nepBblil H BTOPOH MHOXHTEJH, Pg M Pgr — aHaJOTHYHbIE 0TOOpa-
wenust 1t £ x E'. Torna Péxylax B)=pg, (Prow ppB) = (pg pexy) o
(P Pexn) B u piax prB=(pgpge) v (pi pyB)=(pepe) av (pype)* B
Ho pppexn = pepe (06a oToGpakeHHst — ecTecTBeHHble Npoekuun £ x £’
Ha B) W ppr pexy = PePE-

B urore nosyuaem, uto ecan @ (€) = ¢~ (Sq Ug), 10 Pexn(@(M) X @(E)) =
= exn((pg ' SqUe) x (0, SqUy)) = Sq Ue x SqUy = Sq(Ue x Uy)
= SqUexy = Pexy (@ x €), a snaunt, D) x B(E) = D1 x €).

Ocraérest npoBecTH BbluMc/eHHst st paccaoenus vy, nHapg RP! ~ SI.
st sToro paccnoenusi napa (£, Eg) npenacrasasier co6oit auct Mébuyca M
u Juct Mébnyca ¢ BbIpe3aHHOH LeHTpaJbHOH OKpy:KHOCTbIO. JlechopmaliioH-
HbIM PeTPaKTOM Takoi napbl sBjasercs napa (M, 0-M), rne 0-M — kpuBas,
napasjesbHasi kpaio Jucta Mé6uyca W oTCTOsiNlAsi OT HEro Ha pPaccrosi-
nue €. Msomopduam Buipesanusi nokasbisaet, uto H* (M, 9. M)=H*(RP?, D?),
a KoromoJioruueckas rocJjenoBatesbHocts napbl (RP?, D?) nokaseiBaeT, uto
HiRP?, D*)=H!(RP?) npui > 1. Takum o6pasom, kiacc Toma U paccyioenust
Y} OTOKIECTBISIETCS C €AMHCTBEHHBIM HelyJieBbIM daementom o € H!'(RP?).
Ho Sq' a =a v a#0, nostomy Sq' U # 0, a snauut, o~ '(Sq' U)#£0. O

®opmysa Toma BepHa /15l BCeX BEKTOPHBIX PacC/OeHHH, HO e€ MpUMeHeHre
CHJIbHO 3aTPYJIHEHO TeM, UTO HYXKHO BblUuMCJATh kjaacc Toma. Ecan ke Mbl
OTPaHHUUMMCSl KacaTeJbHbIMH PacCJOeHHUSIMH MHOr006pasuii, To JJIsl KJIacCoB
HITHenss— YUTHH TaKUX pPacCJOeHHH MOXKHO MOJYUuTh GoJiee siBHYIO (hopMy-
JIy, B KOTOPOH He ydyacTByeT kjacc Toma.

[yets Sq”: Hyo(X) — H.(X) — onepauusi, conpsikénnas Sq = Y. Sq',

i>0
T.e. (o, Sq" B) = (Sqa, B). i moGoro samkuyToro MHorooGpasusi M"
MOYKHO OMpesieuTh Kaace Koromosoruit v = D~'Sq ' [M*] € H*(M"), e
[M"] — dynnamentabblii kKaace (¢ kosdduuuentamu B Zg), a D : HF(M™) —
— H,_p(M") — nzomopduam [lyankape. Knacc v HaswiBatoT xaaccom By
MHoroo6pasus M".

Teopema 164 (By [Wu]). Kracc By samxuymoeo mHoeoobpa-
sus M" obaadaem caedyroujumu csoticmsamu:

1) (¢ v, IM"]) =(Sqa, [M"]) 041 06020 remenma o € H*(M");

2) w(M") = Squ.

JlokasaTesabcTso. [loonpenenenuio Dv = Sq’ [M"*]. TTostomy

(Sqa, [M"]) = (o, Sq" [M"]) = (o, Do) =
={(a, v~ [M"]) ={avu, [M"]).
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Yro6bl npoBepUTh paBeHCTBO Ww(M™) = Squ, 10CTaTOUHO NPOBEPUTb, UTO
(w(M"), B) = (Squ, 8) mis moboro snemenra 5 € H,(M"). Cornacto ¢op-
mysne Toma SqU = p(w(M")). Bmecto kacca Toma kKacaTesbHOTO paccJso-
€HUsl MOXKHO B3fTb Kjacc Toma KacaTesbHOrO MHKPOPACCJOEHHs, JeKalluid
B H"(M" x M", M" x M"\ d(M")). T1pu sTom nzomopuam Toma umeer Buj
pla) = pfav U, tne py: M" x M" — M" — npoekuusi Ha NepBLIA MHOXKH-
TeJb. B Takom ciyuae pfa=a x 1, e 1 € HO(M™) — elMHHUHBI SJIeMeHT.
3uauur, SqU = pf(w(M") v U = (wM") x 1) v U

Bocnosbayemcst knaccom U € H(M™ x M™), BBeéHHbIM Ha ¢. 263, 1 j10-
Ka3aHHbIMH TaM jjisi Hero cBoiictBamu (1) u (2). Jlast aToro knacca, Kak u Jijis
kiacca U, Boinosnsietcst cootHotenne Sq U = (w(M™) x 1) v U. SlcHo, uto

(Squ, 8)

(v, Sa” ;)2(0, Sq” Bx Dv)=

(U, Sq" pxSq" [M"])=(U, Sq" (3 x [M"])) =
(SqU, Bx [M"])=(([@M")x 1)vU, Bx[M"])
((
(

)

Qi1 xwMm) T, Bx[M"])=(0T, (lxw(M”

~

)A(BX[M”]»:
L@, §). D

HenocpenctBeHHo U3 onpejesieHns kaacca By Jierko BbIBOAMTCS, UTO ec-
JM U =00+ 0] + ... +0, e v; € H{(M"), 10 v; =0 npu i > [n/2].
Tleiicteutensho, nyets Sq’ [M"] = mg + my + ... + my,, e m; € H;(M").
Ecin a € H*(M"), 10 (o, my) = (Sqa, [M"]) = (Sq"* a, [M"]). Tpu 31OM
Sq"*a =0, ecnin n — k >k, 1.e. 2k < n. CnenopatesnbHo, my = 0 npu
2k < n. dto o3nauaert, uto v,_p =0 npu 2k < n, T.e. v; =0 npu 2i > n.

Sapnaua 16.2. Ilycte v =vg + vy + ... + U2 —Kaacc By samknyTo-
ro muoroo6pasust M*, a w =1+ w; + ... + w, — knacc lUtudpens—Yyuru.

||N>

0, B (@M~ M) =(T, fx Dw(M")'

a) lokaxure, uto ecM Wy =... =W, =0, T0 0 =...=0, =01 vpy| =
= Wht1-

6) Jokaxute, uto ecyiu @) =...=w, =0 u n =2k wi 2k + 1, T0
wk+1:wk+2:...:wn:0.

3anaua 16.3 [Mi3]. Ilycts M** —szamkuyroe (2k — 1)-cBsizHOe MHO-
roo6pasue. JlokaxKuTte, UTO Ha AMaroHasu (hOpMbl MepeceyeHHsi MHOTOOOpa-
aust M** cTosT uéTHble uMC/Ia TOTJA M TOJILKO TOTJA, Koraa W, (M*) = 0.

Bocno/sib3oBaBLIMCh pe3y/bTaToM 3ajaun 16.2, MOXKHO J0Ka3aTb CJelylo-
11[ee yTBEpPIKIEHHE.

Teopema 16.5 (tudens [St6]). Jlwboe samknymoe opuermupy-
emoe mpéxmeprHoe MHo2000pasue napaiieaudyemo.

JlokaszaTenbcTBo. Urobbl 10Ka3aTh napasenu3dyemMocTb MHOM000-
pasusi M3, Hy)KHO MOCTPOUTL TPH JIMHEHHO HE3aBMCHMbIX CEUYeHHs! ero Kaca-
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TeJILHOTO PAacCJ/I0eHHsl. YUHTBIBAsi OPUEHTHPYEMOCTb, AOCTATOUHO MOCTPOUTh
JIBa He3aBUCHUMBIX ceueHusi. [1pu mocTpoeHu k He3aBUCHMBIX CEUEHHUH n-Mep-
HOTO BEIIECTBEHHOTO PACCJ/I0eHHs TIEPBOE MPENATCTBHE BOSHUKAET MPH MPOJI0JI-
eHuu Ha (n — k + 1)-mepubiit octoB. Ecin n — k HeuétHo u k > 2, To 370 npe-
MSTCTBHE — B TOUHOCTH KJIaCC W,_k4+]. B HalleM ciaydae 370 GyJeT Kaace ws.
Ecaiu mocTpoeHb! 1Ba He3aBUCHMBIX CeYeHHsI Ha ABYMEPHOM OCTOBe, TO 3ajaya
pellleHa, TIOTOMY UTO TIPEMSITCTBHE K TPOJOJKEHHIO X HA TPEXMEPHBIH OCTOB
JIEXKHT B Koromosiorusx ¢ Koshduuuentamu B mo(V (3, 2)), a V (3, 2) ~ RP3
u mo(RP?) = 0. IMosToMy m0CTaTOuHO J0KAa3aTh, uto we(M?) = 0. [lns opu-
eHtupyemoro MHoroo6pasus @ = 0. CorsiacHo 3anaue 16.2 6) u3 paBeHcTBa
w) =0 caenyert, uto wo =0 u w3 =0. O

Gameuanue. llrugens nokazan napanneni3yeMocTb 3aMKHYTOTO OpPH-
EHTHPYEMOro TPEXMEPHOro MHOF00GpasHs B PeANoNoxKeHHH, uto wq(M?3) = 0;
y Hero He ObUIO yOEIMTENLHOrO J0KA3aTeJbCTBA TOTO, UTO 3TO PABEHCTBO
BbITOJIHSAETCS.

UlTudens 3anumancss oblell 3amadefl o TMoCTpoeHHH 1 — | JHMHEHHO
HE3aBUCHMBIX BEKTOPHBIX TI0JIell Ha OPHEHTHPYEeMOM A-MepHOM MHOToo6pa-
31H, T.e. 3ajayell 0 MapaJsJieJu3yeMOCTH MHOroo6pasusi; HMeHHO sl pelle-
HUSI 3TOH 3aJaud OH TIOCTPOMJI TEOPHIO XapaKTepUCTHUecKUX KjaaccoB [St6].
[To cosery Xonda IlTtudesns Hauan ¢ npocreiilliero HETPUBHAJILHOTO CJIy-
yasi n = 3. Ho Bce MHOroumnc/eHHble MPUMepbl OPHEHTHPYEMBIX 3aMKHYTBIX
TPEXMePHBIX MHOr006pa3ui, KOTOpble OH PacCMOTPeJ], OKaszalnch Mapasiient-
3yeMBIMH.

O pesyabratax Ltudens Xond cnenan pokaan Ha NepBoi MexXayHapoj-
HOM TomoJiornueckoil KoHdepenunu B Mockse (1935 r.). [1pucyrcTBoBaBLIMi
Ha 3TOM JIOKJajle YUTHH CKaszaJj, YTO 3HAauUUTesNbHasi 4aCTb THX Pe3yJbTaToB
COZIEPKUTCSI B TOJIBKO UTO BhIlLIeIIeH ero 3amMetke [Wh2], o kotopo# LLtndesns
u Xond Torza euié He 3HaJH.

16.3. TlpensiTcTBHA K BJAOKEHUSIM

[lycTh 3aMkHyTOE MHOTOOGpasue M" norpyskeHo B R"* 1, — Hopmaiib-
HOe paccjioeHue Jis 3Toro norpyxenus. CorsiacHo teopeMe YUTHH (Teope-
ma 11.10 na c. 164) w;(vyn) = w;(M"). 3naunt, w;(M") =0 npu i > &,
nockosibky dimwvy. = k. B Tom cayuae, korna mHoroo6pasdue M™ BJOXKEHO
B R"T* nosisasieTcs gonosnuTebHoe yeaosue @y (M") = 0, 10Ka3aTebCTBOM
KOTOPOTo MBI cefuac 3aimMémces.

M3 Teopembl 0 TpyOUaTOll OKPECTHOCTH CJIEYET, UTO €CJIM 3aMKHYTO€ MHO-
roo6pasue M" Bioxkeno B R"T* 10 mns nocratouno magoro £ > 0 MHoO-
»KecTBO Mg, cocrosiiee M3 Touek, yaanéHHbix oT M" He GoJee ueMm Ha &€,
romeoMopHo npocTpaHcTBy pacciioenust E(vy«) = E. Tlpu s3TOM BO3HHKaeT
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romeomopuam nap (E, Eg) ~= (M., M\ M"). Vcnosibaysi u3oMopcusm Bbi-
pesanusi, nonyuaem H*(E, Eg) = H*(M., M. \ M") =2 H*(R"T¢ R\ M),
PaccMOTpUM KOMIMO3HIMIO JIBYX TOMOMOP(H3MOB OrpaHHueHH s

[_]l?(}er-He7 Rn-i—k \ Mrl) . Hk(]RrH-k) . Hk(Mn) (1)

DTa KOMIO3MIMSI, OUEBMJIHO, HyjeBas, nockosabky H*(R"T*) = 0. [Tostomy
JIOCTAaTOUHO J1I0Ka3aTb CJe/ylollee YTBEprKIAEHHE.

Jlemwma. llpu komnosuyuu (1) xaacc, coomsemcmayioujuii. KAQACCY
Toma U € H¥(E, Eo; Zs), nepexodum 6 wy(vyn).

JlokaszateanbcTBo. Hynesoe ceuenne s: M — E unayuupyer uso-
Mopduam s*: H*(E) — H*(M™). TTokakeM, uTo KOMMO3HLHsI TOMOMOP(HU3MOB

HE(E, Eg) — HE(E) 22 HE(M™)
nepeBoaut kiaace Toma U B wp(vyms). HefictButenbHo, usomoppusm Toma
@: HR(M™) — H?*(E, Eo) nepesoaut knace s*(U|g) B knace p*s*(Ulg) v U =
=Ulg)vU=U v U=Sq"U. Tostomy s*(Ul|g) = o' Sq* U = wy(vpm).
Ecnu 3amenuts napy (£, Eg) Ha romeomopduyio eit napy (Mg, M\ M"),
TO MOJIyUHM, YTO KOMIIO3HULHSI TOMOMOP(U3MOB OrpaHHUEHHs]

He (M., M.\ M"Y — H¥(M.) — H*(M"™)

MepeBOINT KJacc, COOTBETCTBYIONMH Knaccy Toma U, B wg (vyn).
Kommnoszuuus (1) Bkiiouaercsi B KOMMyTAaTHBHYIO AHArPaMMy

jr_]k(RnJrkv Rrﬂrk \M”) SN Hk(RnJrk)

I J

HY (Mo, Mo\ M7 ——— H*(M™).

[Tosromy npu Komnosuuuu (1) knace B H*(R"T¢ R\ M"), cooTBetcTByIO-

wui kaacey Toma U, ToxKe NepexoauT B Wg(Vyn). O
Sangaua 16.4. Jlokaxure, uto ecau n = 2™, to RP" HeJib3sl BJIOXKUTb
2n—1

B R .
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KoromoJgoruu Yexa u ne Pama

§ 17. KoromoJaoruu ¢ koa(pduureHtamMmu B nyuke

17.1. Tlyuku u npeanyuku

[Ipeanosioxkum, uTo KaxKaoMy oTKpblToMy MHOxKecTBY U C X comnocTasieHa
abenesa rpynna JF(U), npuuém F () =0, a KaKJIOMY BKJIIOUEHHIO OTKPBITHIX
mHoxkects V — U conoctaenen romomopduam ri) 1 F(U) — F(V), nasvizae-
MBI 2omomoppusmon oeparuderus. Ilpeanonoxum, aajaee, 4To 3TH COMO-
CTaBJIEHHs! YOBAETBOPSIIOT CJIEAYIOLINM YCJIOBHSIM:

1) I’g = id]:(U);

2) rl, =riprl, ecou WCVCU.

B rakom cjyuae rosopsr, utro F — npednyuox abesieBblX rpynn Ha X.

[lycte F u G — npeanyykd Ha OJHOM U TOM »Ke rpoctpaHcTse X . [1penrno-
JIO?KUM, 4TO JUIsl JIO60r0o OTKpheITOro MHoXKectBa U C X 3anmaH romoMophu3m
hy: F(U) — G(U), npuuém auarpamma

hy
FU)—G()
v, 1

FV) 25 g(v)

KoMMyTaTuBHa 1t Bcex V C U. Torma roBopsit, uTo 3ajaH eomMomMopghusm
npeanyukos a: F — G.

AHaJIOTHUHO MOXKHO OTPEJIENIUTh MPEANYUOK KOJIEl, UK NPeInyuyok R-Mo-
nysiedt, riae R — QUKCUPOBAHHOE KOJIbIIO; TOMOMOP(U3MbI TAKHX MPENYUKOB
TOXKE OTPeNeJISIIOTCsT aHATOTHYHO.

[Tpumep 17.1. [aa kaxcdoii abeaesoti epynnor G MOAICHO paccmom-
pemo npednyyoK, KOMopuli A0O60MY HEnycrmomy OMKPLLIMOMY MHONICe-
cmey U C X conocmasasem epynny G, a nycmomy MHOMECMEY cONo-
cmasasem Hyaesyio epynny. Imom nApednyuoK Ha3vi8al0N TOCTOSTHHBIM.

[Tpumep 17.2. B kauecmse F(U) 6030mém mHoMECMBO HenpepoLe-
Holx yukyull na U; epynnosas onepayus — nomoueuHoe CAONCeHUe

dynkyull.



284 I'naBa V. Koromousioruu Uexa u ne Pama

Inst kpatkocTu snement ri (f), rae [ € F(U), 6ynem obosnauats f|y.

[Ty4oK — 3TO MpeAnyyoK, yA0BJIETBOPSIONIMH OMPEAeJTEHHBIM T0TOJHHTE b~
HpiM ycgioBusim. Copmysnpyem 3ti yeaosust. [lyers U = {U} — HekoTopoe
ceMelCcTBO OTKPBITHIX noaMHOxKecTB B X. CemeiictBo ssementos {fy € F(U)},
U € U, Gynem HasbiBaTh CO2AACOBARHUIM, eClU [y|uny = [urluny: s Jo-
6bix U, U’ € U. Kaxnoe ceMeliCTBO OTKPBITBIX MHOXKECTB U4 3a1aéT OTKPBITOE
muoxectBo V = |J U. Ipeanyuok F HasblBalOT ny4KOM, €CIH JIsi JI0GOTO

veu
ceMeHCTBa OTKPBITBIX MHOXKECTB U BBIMOJIHSIIOTCS CJEIyIOIIHe YCIOBUSI:

1) ecan snement [ € F(V) takos, uro f|y =0 nast Becex U €U, 1o [ =0;

2) aJsi Jo6Oro COracoBaHHOrO ceMelcTBa ajneMeHToB {fy} cyuiecTByer
snement [ € F(V), nast koroporo |y = fy nast Bcex U € U.

[Tpumep 17.3. [lycmo X — 0b6vedunenue 08yx Henepecekarowuxcs
omkpoimolx muoxcecms Uy u Us. Toeda (Heryresoil) nocmosHHbill npeo-
ny4oK Ha X He 8A51emcs NY14KoM.

Hoxaszateabctso. [lycte U ={U;, Us}. CemelictBo 3/1eMeHTOB 0 €
eF(Uy), feF(Us), [#0, cornacosano, Ho He cylecTBYeT 3/emenTa [’ € F(X),
st kotoporo f'ly, =0u ['ly, = [ #0. O

[Tpumep 17.4. llycmo X =R, F —npednyuok oeparuiernHolx yHK-
yuii, m.e. F(U) cocmoum u3 oepanudermolx pynxyuti Ha U. Imom npeo-
NY4oK He A8Aemcs NYUKOM.

Hokaszateabctso. [lyecte U = {Uplren, tne U, = (—k, k). Torna
cemericTBO aeMeHToB { [}, Tme fr(x) = x, cormacoBaHHOe, HO He CYIIECTBYET

o0
orpanuuenHod ¢yukuun f na R= J Uy, koTopast Ha Kaxaom MHOXKecTBe U,

k=1
coBrnasagna o6bl ¢ fp. lelcTBUTEIbHO, TAKOH (yHKUMEH Morja Obl ObITh TOJIbKO
dhyHKUMS f(X) = x, a OHa He OrpaHUUeHHasl. O

JIto6oMy NpeyuKy MOXKHO COMOCTABUTh MyUOK, HCMOJIb3Ysl TTEPEXOJT K Mpsi-
MoMy npeniesty. HamoMHUM COOTBETCTBYIOIME OMpPEeIEHHUS.

MHozkecTBO J HAa3bIBAIOT HANPABACHHbIM, €CJH MEXKIY HEKOTOPBIMH €ro
3/1eMEHTaMH 3aJaHO OTHOLLUeHUe « > (3 TaK, YTO BbLIIOJHSIOTCS CJeAyloLHe
YCJIOBHS:

1) a > «a nast moboro « € J;

2Q)ectna>0uf>y 10 a>7;

3) misa mobbiX «, (€ J Hainéres § € J, aist KoToporo o >0 u 3> 6.

[Tpumep 17.5. [lycmo J cocmoum u3 OmKpoLmolx MHOINCECME, CO-
depacauwyux dukcuposannyro mouky x € X, a omnowenue V < U coom-
semcmsyem sxatouenuro V C U. Toeda J — nanpasienroe mHoxicecmaso.

[lycts J — HanpaByieHHOe MHOXKecTBO. CHcTemy aGesieBbix rpynmn {G,},
o € J, Ha3bIBalOT HANPasAeHHOL, ecyau s aoboi napbl 371eMeHTOB « > [3
3anaH romoMopuaM fog: Go — Gg, NPHUEM fon =id U [gy 0 fap = [ay.
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[Tpumep 17.6. [lycmo F — npednyuok na npocmparcmse X, J —
Hanpasaenroe mroxcecmso u3 npumepa 17.5, Gy = F(U) u fyv = rf.
Toeda {Gy}, U 3 x,— HanpasaenHnas cucmema aberegolx epyni.

Jlist HanpaBJIeHHOH CHCTeMbl abeJieBbIX Tpyni npamod npedea lim Gq

ac/
ornpeneasieTcda CaeAylum 06p830M. paCCMOTpI/IM HeCBfA3HOE OG’be[II/IHeHI/Ie

rpyrn G, U MPOGAKTOPU3YEM €r0 M0 CJELYIOIIEMY OTHOIIEHHIO 9KBHBAJIEHTHO -
CTH: Zq ~ g3, €ClM [o5(Z8a) = [35(gs) Anst HekoToporo § (3nech gq € Gq
u gs € Gg). Ipynnosas onepauust BBOAUTCS CJeyloLIMM o0pasoM: {ga} +
+{gs} ={las(ga) + [8s(gp)}, TAe > 1 3> 0.

Jlnsi HanpaBsieHHOH cucTeMbl abesieBblX rpymnn W3 npumepa 17.6 npsiMoi
Mpejiesl COCTOMT U3 POCTKOB B TOUKE X, KOTOPbIE OMPEAEISIOTCS CIAEAYIOUIHM
o6pa3oM. bynem cuutarb, uro snementsl f € F(U)u ge F(V), tne U u V —
OTKPbITble OKPECTHOCTH TOUKH X, IKBUBAJIEHTHbI, eC/iu [|y = g|w m/1st HekoTo-
poro oTkpbitToro Muoxkectsa W C U N V. Kiacc 9KBUBaJ€HTHOCTH, B KOTOPOM
JIeXKUT aseMenT f € F(U), Ha3bIBAIOT pocmKoM 3JeMeHTa [ B Touke x U 060-
3HauatoT [y. Cji0xKeHHe POCTKOB OIMPE/IENSETCs] €CTECTBEHHBIM 00PA30M.

[onoxum Fy = lim F(U) (r.e. Fy — rpynna pocTkoB B TOUKe X) H F=

Usx

= |J Fy. Cuabuum F TonoJiornei Tak, utoObl €CTeCTBEHHAst poeKius p: F —
xeX
— X, oTo6paxarotiiasi Fy B x, 6bl1a JOKaJbHBIM roMeoMopuamoM. [Tycts U C

C X — oTKpBITOE MHOXKECTBO, f € F(U). PaccMOTpUM MHOXKECTBO BCEX POCT-
KOB fx, x € U. Taknue mHo>KecTBa OyjieM cuuTaTh 6a30H TOMOJOTMH MPOCTpaH-
ctBa F. Slcno, uto ecan F cHaGKeHO Takoll TOMOJIOTHeH, TO p — JOKaAbHbIi
rOMeOMOP(HU3M.

Ceuenuem npeanyuka F Haj OTKPbITbIM MHOxkecTBoM U C X Oynem Ha-
3bIBaTh HenpepbiBHOe oToOpakenue s: U — F, aist Kotoporo p os = idy.
MHozkecTBO ceuennii Hax U Gynem o603uauath I'(U, F); 9T0 MHOKECTBO 5iB-
JISIETCS TPYNMOH co cJleaytollell onepauueit: (s; + S2)(x) = s1(x) + So(x) s
Kaxka0il Toukn x € U. Jlnsi cemeiictea rpynn I'(U, F) ¢ pasHbIMH MHOKe-
ctBaMu U ecTecTBEHHBIM 06pa3oM oIpejiesieHbl FTOMOMOP(U3MbI OrpaHUUeHHH,
KOTOpbi€ y/I0BJIETBOPSIIOT aKCHOMAM Npejiyuka. bosiee Toro, eciii Mbl 110/102K1M
FU)=T(U, F), To nosyunm npearyuok JF, KOTopblii siasiercs nydkoM. Ero
Ha3bIBAIOT MYYKOM, 1OPOHCOEHHbIM F NN accoyuuposanHoim ¢ F.

Kasxxomy snementy [ € F(U) moxkHo conoctauTh ceuenne s € I'(U, F),
MoJ0KUB §(X) = [r. Tak Mbl noJryuaemM roMoMophuamM npeanyukos 7: F — F.

Teopema 17.1. Ecau F — nyuok, mo T — uzomoppusm nyu-
Ko8, m.e. 048 moboeo omkpeimozo muoxcecmsa U C X omobpascerue
Ty F(U) — F(U) s6aaemcs usomopgusmon.

HoxaszateabcTBo. [IpoBepum cHauana, uto 7y — MOHOMOP(H3M.
[lyes f, g€ F(U) n [, = g nas Bcex x € U. U3 onpenenenusi poctka
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cJIeJlyeT, uTo JIs KaxKiaol Toukd x € U Haiijnércs okpectHocTh V 3 x, aasi
Kotopoit fly = glv, T.e. (f — g)|v =0. [Tostomy u3 nepBoil akcHOMbI Myuka
caenyet, uto [ = g.

[Tposepum Ternepnb, uto 7y — snumopduam. Ilyers s € T'(U, F). Torna
JUIs1 KaxKa0H Toukn x € U Haiaérest okpecTHocTh V' 2 x M HaWiéTCs 2JieMeHT
f e F(V), nas koroporo f, = s(x). D10 o3Hauaet, uto ceueHus s U Ty (f)
COBIMAJIAIOT B TOUKe x. JIBa ceueHus, COBNAJAOUINX B TOUKE X, IOJXKHbI COBIA-
natb U B HekoTopoil okpectHoctd W 3 x. [losromy s|wy = 7w (f|w). Kaxnon
Touke X € U Mbl COMOCTaBU/IH OTKpPbITOoe MHOXKecTBO W, 3 x (nexaiee B U)
u saement ¥ € F(Wy) tak, uto [ =s(y) s seex y € Wy. CewmeiictBo
ssemenToB {[* € F(W,)} cornacoBanHoe, T.e. [*|w,.aw, = [*|w,nw.. HeficTBu-
TenbHO, s Beex y € Wy N W, Bbimosnsiercst pasenctso [y = s(y) = [;.
[Mostomy 7w, Aw, (f*|w.aw, — [?|w.nw,) = 0; ocTaércs 3aMeTHTb, YTO MOHO-
MOP(HOCTbL T MBI y2Ke J0Ka3asi. Bocrnosb3oBaBIIMCh BTOPOI aKCHOMOH MyuKa,
nosiyuum sJjement f € F(U), nis kotoporo f, = s(x) nas Bcex x € U. (]

[IpsiMble npesiesibl UacTo GbIBAET YIOOHO BBIUKCJATH HE MO BCEMY Hanpas-
JIEHHOMY MHOJKECTBY J, a 10 HEKOTOPOMY €ero nojMHoxKecTBy Jo. [ToaMHoKe-
¢tBO Jo CJ Ha3bIBAOT KOPUHAAbHLLM B HATIDABJIEHHOM MHOXKeCTBe J, ecJiu
Juist moboro « € J B Jg ecTb 3JeMeHT d, 1Jisi KOTOPOro « > 4.

Teopema 17.2. [lycmo {G,}, a € J,— nanpasaennas cucmema abe-
aesolx epynn, Jo CJ — kogunarvHoe nodmuoncecmso. Toeda Jo — Ha-
npasieHHoe MHOMecmaso u llrg Gy = I‘.‘E Gg.

ael a€ly

HoxaszateanbctBo. s «, B € Jy MoxkHO BbiOpaTh &' € J Tak, uTo
a>d0"u B>, 3atem wis 6’ MoxKHO BbIGpaTh & € Jg Tak, uto &’ > 4. [Tostomy
Jo — HarnpapBJieHHOEe MHOXKECTBO.

ToxxnectBenHble otobpaxenust G, — G, KOMMYTHPYIOT ¢ OTOOpaKEHUIMU
fas, O3TOMY TOXKeCTBeHHbIE oTOOpaxkeHus G, — Gq, a € Jp, 3a1a10T TOMO-
Mopduam lim G, — lim Gq. ITOT rOMOMOPHH3M — SMUMOPPH3M, OCKOJIbKY

act acly
JUist io6oro ssemeHTa g, € Gy, a €J, MOXKHO BbIGpaTh § € Jy Tak, uto o > 0.
Torna onpeneneno orobpaxenue fos: Go — Gs ¥ Go ~ g5 = [as(gs). I1po-
BEpHUM Terepb, UTO 3TOT roMoMopduaM — MoHomopduam. Ilycte g, ~ 0 ans
HekoToporo B € J, T.e. MOXKHO BbIOpath § € J TaK, uTo fas5(ga) = f35(0g) =
= 0s5. Bribepem v € Jo TaK, uro § > . Torna [fay(ga) = [5y © fas(8a) =
= [5,(04) =0,, 1.e. go ~ 0, 115 Hekotoporo 7y € Jo.

O

17.2. KoromoJsoruu Yexa

[ycts U = {U,} — OTKpPBITOE MOKpPBITHE MpocTpancTBa X ; F — Mpernyuok
Ha X. Mbl 6ynem npeanoJaraTb, 4To Bce MHOxKecTBa U, MomapHo pasniuu-
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Hbl. s kpaTkocTH BBeiéM oGo3HaueHne Uy, .o, = Uqy, N ... N Uy,. Koyens
ck e CkU; F) conocrasaser ynopsiouennomy Ha6opy Uy, - - -, U, 3/1eMeHT
F(Ungy -y Uny) € F(Uny...0r,)- Koepanuunoiii eomomopgpusm onpenensier-
cst hopmyJioit

k+1
0" (Uags - Uae) = D (=1 c* WUags -+ U+ Ua )l
i=0

0 pyy”

[IpocTast cranpaprHas npoBepka MokasbiBaer, uto 66 = 0. DTO Mo3BoJseT
ONPEAEJIUTL TPYIIY KOMOMOJIOTHH [:]k(l/l; F) — koeomoaoeuu Yexa moxpbi-
TH U ¢ KosdulrMeHTaMu B npeanyuke F.

[Tpumep 17.7. Ecau F— nocmosiHHolll npedny4ok, COOmMeemcmay-
rowuii abeaesoii epynne G, mo H*(U; F) = H*(N (U); G), ede N (U) — neps
nokpoeimus U.

[TocpencTBom nepexona K NpsiMOMY Mpeiesly MOXKHO OMpPeLeIHTb KOroOMO-
Jorun Yexa, 3aBucslilMe TOJbKO OT CAMOTO MPOCTPAaHCTBA X, a He OT KOHKpeT-
HOro ero MokpbiTHs U. It 3TOTO HYXKHO MOCTPOMTHL HAMpaBJIeHHOE CeMel-
CTBO Tpymnn KoromoJioruid. [lenaercst ato caenytonm obpazom. [lyets U <V,
T.e. U ={U, | @ € A} — usmenbuenne nokpbitist V = {Vz | 3 € B}. Cornacto
OMpe/ieIEHHI0 U3MeJIbUeHHSs CyLIeCTBYeT oToOpaxkenne A: A — B, g KoTo-
poro Uy C V(a) a5t Beex a € A. Conoctasum kouenu ¢k € C¥(V; F) kouenb
Nk e CRU; F), nist kotopoii

WY Uags -+ Uay) = Vagag)s -+ » Viion))-

JIerko npoBepHTh, uTo 0TOOpaxKeHHe A KolernHoe, T. e. A § = §A# . Kouennoe
otobpaxenne A# HuayLupyeT romomMopduam koromosornii \*: H*(V; F) —
— H*U; F).

[omomopuam A* He 3aBucHT oT BeiGopa A. [lpexkie ueM noKasbiBaTh 3TO
yTBep:K/JeHHe B OOLLEM BHJAE, MOSICHUM, MOUEMY OHO BEPHO /ISl MOCTOSIHHOTO
nyuka F.

[Tpumep 17.8. [laa nocmosaunoeo nyuka F eomomopdhusm

X ARV, F) — HAU; F)

UHOYyuposan cumniuyuaisrom omoodpascernuen \: N(U) — N(V), nepe-

sodawun o 8 Ma). Ecau p: A— B — dpyeoe omobpascenue, 041 Komo-

poeo Uy C Vya), MO 0mobpasicenus X u fi 20MOMOnHoL.
HoxaszaTeabcTBo. [Ipeanosoxum, uto Touka x MPUHAJIEIKUT CHM-

nnekcy [, ..., a,]. Torna Touku \(x) u fi(x) MpHHAIEKAT CUMILIEKCY C Bep-
WUHAMH  A(ay), - .., AMay), pw(ag), - .., p(ay); TaKOH CUMIJIEKC CYIIECTBYET,
MOTOMY UTO

ﬂ (Ve N Vi) 2 ﬂ Uy, # 2.
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CoeIMHUB TOUKH A(X) M fi(X) OTPe3KoM, JIerko MOCTPOMTH TpeGyeMmylo roMo-
TOIHIO. O

[Tepeiném Tenepb K 0611leMy yTBEPXKIEHHIO.

Teopema 17.3. [lycmo A\, p: A— B— dsa omobpascenus, 011 Ko-
mopoix Uy C Vi) tt Ua C Vo). Toeda cyujecmsyem coyennaa eomomo-
nus, ceasvieaouas omobpascenus \N# u p# .

JlokaszaTenabcTso. [lyets orobpaxkenue D: CH(V; F)—Ck1(U; F)
3aJ1aHo PopMyJIoH

k—1
(D) Uag, -y Uay )= (=D Vaagys -+ Vaans Vitanys -+ +» Vitaw)-
i=0

[TokaxeM, uto §D+DJ=p* —\#. B Buipaxennu (5(Dc®)+D(5c*)) (U, . .., Ur)

OrpaHUueHHus1 Kolenef (—l)i(—l)/ck(VA(o), N N U, ..., Vi)
n (—=DA(=DFe* (Vo <o Vagys Vidiys -« - ?#(i), -y Vir)) HA MHOXKECTBO
V/\(O).../\(j)u(j)...;(i\)...u(k) B3aMMHO YHMUTOXKAIOTCsl. 371€Ch MPEJIoJiaraeTcsi, 4to
i > j. Cayuat, xoraa i < j,BaccmannBaeTCH anasiornuHo. Hu ¢ uem He cokpa-
H1arTCs TOJBKO YJI€HbI Ck(VA(o), VH(O), ey Vﬂ(k)) H (71)k(71)k+1(1k(V)\(0), .

- Vs Viw). L]

MbI OCTPOUJIH HaTIpaBJIeHHYIO CHCTeMY abesIeBbIX TPYII, TOSTOMY MOXHO
paccmoTpeth npsivoit mpejiet lim H*RU; FYy=H*(X; F)— koeomoroeuu Yexa
npoctpancTBa X ¢ Kosdduurenramu B npeanyuke F. Koromosorun Hexa mnpo-
ctpaHcTBa X ¢ Ko3(hulHeHTaMH B TIOCTOSTHHOM IPeJITyuke, COOTBETCTBYIOILEM
aGenesoii rpynne G, Mbl Gyem oGosuauats H*(X; G).

Teopema 174. Ecau K — KoHeuHblll CUMAAUYUAAbHOLL KOMNACKC,
mo H*(|K|; G) = H*(K; G).

Hokasateanbctso. [Tycts Uy — nokpeiTie npoctpancTsa |K | oTKpbi-
ThIMK MHOKeCTBaMu st v;, rie v; — BepiunHa kommekca K. Torna neps N ()
oroxectsasercs ¢ K, nostomy H*(Uy; G) = HX(N (Uy); G) = H¥(K; G).

[lycts K’ — Gapuuentpuueckoe nompasiesenne Komriekca K, hy: K/ —
— K — cUMIUIMIHa/bHAsT anmpoKCHMaLHs ToXKIeCTBeHHOro otobpaxenus (A,
comnocrapJisieT 6apULEeHTPy IpaHy OJHY M3 BEPLIMH 3TOH rpaHu), U — MOKpPHI-
THe mnpoctpaHcTBa |K| 3BE3IAMH BEpUIMH CHMIIHLMANbHOTO KoMmrjiekca K.
Ecnu oroxnectsuts N(U;) ¢ K/, To hj MOXKHO paccMmaTpuBaThb Kak oToOpa-
x)enue N (U ) — N (Up). DTo oTobpaxkeHHe HHAYUUPYET U30MOP(HHU3M KOrOMO-
JIOTHH.

3ateM MOXKHO paccMoTpeTb Uy, — NOKpbITHe |K| 3B&31aMH BepLUHH /71-TO
GapuLeHTpHUecKoro nojapasnenetus kommiekca K. Ortobpaxkenue N (Uy,) —
— NUp—1), uuayuMpyiollee H30MOPPHU3M KOTOMOJOTHH, CTPOUTCS TOUHO
TaK XKe.
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MBI TOCTPOMJIH HaNpaBJeHHOEe MHOXKECTBO Uy > U > ... M HalpaBJIeHHYIO
cucteMy abeseBblx rpynn % (U,; G), B KOTopoil Bce roMoMOp(U3MbI fap
ABJSAIOTCS H3oMopduaMamu. [Tostomy lii)n[:]k(um; G) = HK(K; G).

UroObl BOCMOJMb30BATLCS TeopeMol 17.2, mokaxkeM, uTo MOKpbITHSA Uy >
> U| > ... 00pasyloT KoHHaNbLHOE MOJMHOMXKECTBO B MHOXECTBE BCEX IO-
kpbiTHii npoctpanctBa |K|. [lyctb U — npou3BoJibHOE OTKPHITOE MOKPHITHE
npoctpanctsa |K|, § — ero uncsio JleGera (Mbl mpenosiaraem, 4To CHMIIJIH-
LMa/bHbIH KOMILIeKC K BJIO2KEH B €BKJIM0BO TIPOCTPAHCTBO). Bribepem m Tak,
yTo AMaMerp Jo6Oro CUMIJIeKca m-ro OapUILEHTPUUECKOTO MOJApa3ieseHus
komriekca K wmenbiie 6. Torna U, < U. O

Teopema 17.5. [lycmo X — wopmasvHOe monosoecuteckoe npo-
cmpancmso, Y — eco komnaxkmmuoe noonpocmparcmso. Toeda ﬁk(Y; G)=
= ILnHk(L{; G), ede U — nokpoimue Y mHodicecmsanu, ompolmoimu 8 X
(a e 8'Y, kak 8 onpedeaeruu Koeomorozuii Yexa).

JlokaszateanbcTBo. [lycts U — nokpbiTHE ¥ MHOXKECTBAMH, OTKpPbI-
ThiMi B X. BbiGepem u3 Hero KoHeuHoe noanokpbitie {Uy, ..., U,} u pac-
CMOTpUM MokpbiTHe Y MHOoxkecTBamu U; MY, otkpbitbiMu B V. Jlio6oe noa-
MPOCTPAHCTBO HOPMAJILHOTO TPOCTPAHCTBA Xayca0phoBO, a KOMIIAKTHOE Xay-
c110phoBO MPOCTPAHCTBO HOpMaJbHO. [To3ToMy mpocTpaHCTBO Y HOpMAaJbHO,
a snauut, B mokpbithe {U; N Y} MoxHO BmHcaTh OTKpbITOe MOKpbiTHE {V;}
Tak, uto V; C U; N'Y. 3nech V; — 3ampikanne V; B Y, HO OHO ke Gyjer
v 3amblkanuem V; B X, nockosibky Y 3amMkHyTO B X.

[TocTpoum Ha6op otkpbiThix B X mMHoxectB Wi, ..., W, Tak, uto Vic W,
W, cU u “HEPBbI MOKPbITHIA (Vi, ..., Vb u {Wl, cee Wﬂ} COBITAJIAIOT, T. €.
V,l N...NV;, =@ Toraa u TOJbLKO TOr/a, Koraa W, 1.0 W = g. [lyctb
C| — ob6beanHeHne Bcex MHOXKecTB Buiaa Vi M...N V, , He nepeceKaloumx

V,. Muoxecta V|, C; u X \ U; 3aMKHYTbl B X NpHUéM MHOKeCTBa v,
u Cy U (X \ Uy) ne nepecekaiorest. [Tosromy B X MOXKHO BbIGpaTh OTKphITOE
muoxectBo Wy tak, uto V; C W; u W, N (Cy U (X \ U))) = &; 310 paBeHCTBO
osnauaer, uto W, N C, =@ u W, C U,. Tlokaxkem, uTo HEpPBbI MOKPbITHI
{Wl, Vo, ..., Vb u {Vl, ..., V,,} cosnaznaior. Scno, uro ecau Wy N Vi, N
ﬂV —Q TO VlﬂVllﬂ ﬂV = @, MOCKOJIbKY V1CW/1CW/1 l—Ipea—
nonomnM Tenepb, yro Vi N Vl1 N...N Vp = . Torna Vin...nV i, CCy.
Ho W, NC, =g, nosromy Wp N V” N...N Vi, =a. [loBTopus Ty e camyio

koHerpykuuio ansg Wy, Vo, ..., V,, noctpoum Wo u T. 1.
[Tokaxkem, UTO HepPBbI MOKPBLITUH MPOCTPAHCTBA ¥ OTKPBLITHIMU B X MHOXKe-
ctBamu {Wy, ..., W,} u otkpbiThiMu B Y MHOXKecTBamu {W; NY, , W,nY}

cosnanawt. flcro, uro ecan W; N...NW; =2, 0o W; N...N W/ ﬂ Y = @
[Tpeanonoxum tenepn, uro W; N...NW; NY =a. Torna Vn n. ﬂ V

a 370 3KBUBaJIEHTHO Tomy, uto W, N...NW; = 2. 3uaunr, W;, ﬂ ...N W/,ﬁ =
=.
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Mrak, Mbl MoKasaJju, 4TO MOKPBITHS MPOCTPAHCTBA Y OTKPHITHIMH B X
muoxkectBamu {W, ..., W,}, ansi kotopbix HepBbl mokpbituit {W, ..., W,}
u {W,nY,..., W, N Y} cosnanaiot, KouHaIbHbl B MHOMECTBE MOKPbI-
THI MpPOCTpaHCcTBA Y MHOXKECTBAMH, OTKPBITBIMH B X. 3HAUMT, CONJIaCHO
Teopeme 17.2 Mbl HMeeMm Ii’njﬁk(u; G) = lirgl:lk(W; G). Tlo noctpoenuio
HEW; G) = H*W N Y; G); 3nec WNY ={W,NY, ..., W,NY}. Kpome
TOTO, MOKPBITHST W N Y Ko(hHHAaJbHBI B MHOXKECTBE BCEX OTKPBITBIX MOKPBITH
npoctpanctBa Y. M3 3toro cienyer TpebyeMblii H30MOP(pH3M. O

JIJ1s1 BBIUMCJIEHHST YeXOBCKHX KOTOMOJIOTHE 4aCTO ObIBAET MOJIE3HO CJIEIYIO-
1ee yTBeprKIeHHe.

Teopewma 17.6. [lycmo X — komnaxmroe mpuareyaupyemoe*) npo-
cmpanemso, Y, — n00KOMNAEKC HeKOMOpOl MpUuaneyiiyul npocmpar-

cmsa X. [lpednoroacum, umo |Yi| D |Yo| D ... u () |Ya| =Y. Toeda

HY(Y; G) = lim HE(Y,s; G). =

HoxaszaTedabcTtso. [Tycts X, — Tpuanryssiuus npoctpanctsa X, ajisi
KOTOPOH Kakoe-To**) nojpaspesnetue Y, sBsETCS TOJHBIM T10KOMIIJIEKCOM,
T. €. €CJIM HAa Habop BEPUINH KOMIJIEKCa Y, HATSHYT CUMIIIEKC KoMIiekca X, TO
Ha TOT HAGOP BEPILUMH HATSHYT U CHMIIIEKC KOMIIEKea Y,. DTy TPHAHTYIALMIO
Mbl BBIOEpPEM CTOJIb MEJKOH, UTO GY/yT BbIMOJHATHCS JBA YCA0BUA: 1) anameTp
Jo6oro cumriekca X, Membiie 1/n (4To6bl MPHUIATL 3TOMY CMBICJ, HYKHO
BJIOKHTb X B €BKJMJ0BO [POCTPAHCTBO); 2) 3Be3[a KaxKAOH BeplUMHbl X,
COJIEPKUTCS B 3Be3Jle HEKOTOPOU BEPUIMHBI KOoMIIekea X, . Mbl Gynem npeji-
noJiaraTh, 4TO TPUAHTYJSALMS Y, HHAYUMPOBAHA TPHAHTYJsALUEN X, .

Pacemorpum nuisi Y, nBa nokpoitust U, u U); U, — TOKpbITHE 3BE3NAMH
B Y, Bcex BeplinH KoMIuiekea Yy, U, — NOoKpbITHe 3BE3/1aMu B X,, BCEX BepILIHH
kommsiekca Y,. [lepBoe mokpbiTHE OTKPBHITO B Y,, BTOpOEe OTKPHITO B X,.

YcsoBue 2) mo3BoJisieT MOCTPOUTh CUMIUIMIIMAJIBHYIO anmnpoKCUMALHIO
hn: Y, — Y,y Brmouenust |Y,| C|Y,—1|. HepB nokpoitust U, MOXKHO 0TOXKIE-
CTBHUTH C Y, MO3TOMY MOJyuaeM CUMIIMLHAIbHOE oToOpaxeHue hy,: N (U,) —
— N(U,—1) ¥ HHIYUMPOBAHHBIH UM TroMOMOpP(dH3M (He 0053aTeJbHO H30-
Mopuam) (A,)s: H*U,—1) — H*(U,); 115 KpaTKOCTH MblI OMYCTHJH TPYIITy
koapuumentos G. Takum oGpasom, lim H*(Y,) = lim H*(U,).

Jlns nokpbiTHit U, U3 ycaoBus 2) caenyer, uto U, < U, _,, 103TOMy BO3-
Hukaer romomopduam (). : H*U!_ ) — H*(U.). Tlokaxem, 4To HepBbI MO-
KpbITHi U, v U], COBMAJAIOT, a 3HAUMT, MOCJE OTOXKJECTBJIEHHS ITHX HEPBOB
roMoMopduambl ()« 1 (A),). coBNaAoT.

*) D10 03HauaeT, uTo cyuiecTByeT romeomopduam X — |K|, rae K — HEKOTOPbIH CHMIUIHLHAb-
HbIH KOMIIJIEKC.
**) 3anaua 8.3 u3 uactu [ nokasbiBaet, UTo JOCTATOUHO B3sITh OAPULIEHTPUUECKOE MOJPA3/IEIEHHE.
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Slero, uto st(v, Y,) C st(v, X,), mosromy ecau (st(v;, Yn) # @, T0
N st(vi, X,) # @. [peanonoxum Ttenepb, uro (|st(v;, X,) # . D10 03Ha-
yaet, UTO Ha BepLIMHbI {v;} cUMIJIeKca B X, HATsHYT cummiiekc. [lpu sToM
{v;} — BepuMHbl KOMIUIEKCA Y,, a [0 MOCTPOEHHIO CHUMIIHLMAJIbHBIA MO~
KOMIIEKC Y, ToJiHbIN. 3HAuWT, Ha BepluHbl {U;} B Y, HaTSHYT CHMILJIEKC,
T.e. (st(v;, Yn) # .

Taknm oGpasom, lim R (U,) = lim HEUL).

YroO6bl BOCNIONB30BATLCSI TeOPeMOil 17.2, mokakeM, uTo MOKpPBITHS U| >
> U > ... o6pasyloT KoHHAIbHOE MOIAMHOXKECTBO B CeMeHCTBe MOKPBITHI
npoctpancTBa Y OTKPHITHIMH B X MHOKecTBaMu. [lycTh U — mokpbiTHe mpo-
cTpaHcTBa Y MHOXKecTBaMH, OTKpbIThIMM B X. CHauasa rnokaxem, uto U mo-
KpbIBaeT HeKoTOpoe MHOXKeCTBO |Y,|. TTpearnosiokum, uto B Kaxm/a0M MHOXKE-
ctBe |Y,| ecTb Touka y,, He nokpuitasi U. M3 komnakrtHocTd npoctpaHctBa X
CJIEJly€eT, UTO MOCJIE0BATENLHOCTD {1/, } COMEPIKHUT CXOMSILLYIOCS MOANOCIIE10Ba-

oo
TeIbHOCTD {Y, }. [Ipenenbhast Touka y jexut B () |V, =Y. Ona, kak u Jo6ast
n=1
TOUYKA MHOXKECTBA Y, MOKPbITA HEKHM OTKPBITbIM MHOXKeCTBOM U M3 MOKpbI-
st Y. Ho torna y,, € U nnsa pocratouno GoJBLIOTO R, UTO MPOTHBOPEUHT
TpeAnoNoXKeHHIO.

Touno TaK ke, KaK jloKasbiBaercsi Teopema JleGera 06 OTKPBITHIX MOKPHITH-
51X, MOJKHO J10Ka3aTh, UTO CYIIECTBYET MOJIOKHUTEJNbHOE YHCJI0 0, obJajaroliee
CJIelyIOLIMM CBOHCTBOM: €CJIM JIHaMeTp MHOXKecTBa B, nepecekatouiero |Y,|,
MeHbllle J, TO B COLEpPKUTCS B OJIHOM M3 OTKPHITBIX MHOXKECTB MOKPBITHS U.
[Mycts 1/m < 6/2 n m < n. TlokaxeM, uTo MOKPBITHE U, BIUCAHO B MOKPbI-
e U. Tuamerp moGoil 3Be3/ibl BEPIIHHBI KOMIIeKkca Y, MeHbile 2/m < 6.
Kpome Toro, sTta 3Besna nepecekaer |Y,|, nockosbky |Yy,| C |Y,|. 3nauwur,
3Be3J/la COJIEPIKUTCS B OJIHOM M3 OTKPBITbIX MHOXKECTB MOKPbITHS U. O

C nomolipio Koromosiornit Yexa MoxHO copMyJIHPOBaTh W J10Ka3aTh cJie-
JyIOIKH Gosiee 0OLIME BapHAHT ABOHCTBEHHOCTH AJiekcaniepa.

Teopema 17.7 (npoiictBeHHOCTb Anekcannepa—Ilontpsiruna). [Tycmeo

A C 8" — samknymoe nodmuoscecmso. Toeda H*(A) = H,_,_(S"\ A)

npu 0 < k<n—1.(3deco H* — npusedénHovle 4exo8cKkue KO2oOMOA0ULL,
H. — npusedénnoie cuneyraprole 20MOA0RULL)

HoxagzateabcTtBo. Ilyeth K — cTosib Mesikasg TpuaHryJsiuus cde-
pa S", uto He Bce n-mepHble cummiekchl K mepecekaior A; K™ — m-e
GapulleHTpUUecKoe Tojpasjiesenne kommniekca K. Paccmorpum M, — non-
Kommieke B K™ cocTosilmil U3 TeX CHMILIEKCOB, KOTOpble Mepecekaior A.
Cumnimmumanbibiil Kommieke M, He o6si3aH GbiTb MHOTOOGpasueM; y Hero
MOTYT ObiThb 0CcOOble TOUKH (M1 ocobble cumiiekebl). Ho Bce ocoGbie Touku
Jexar BHe A, nostomy u3 M,, MOXKHO BbIpe3aTb Majible OKPECTHOCTH OCOObLIX
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Touek Tak, utobnl M, crtano MHoroo6Gpasuem, cojep-
Kauwm A (puc. 42).

Tak MOXKHO MOCTPOUTb MOCJ/IEAOBATENLHOCTL TPH-
aHTYJIMPOBAHHBIX MHOTO06pasuit M; D Mg D ..., npu-

50K
NI

KX

Wye.

LN

o0
uém (\M; = A. Ias M; BepHa Teopema JBOW-
i=1

CTBeHHOCTH AJiekcaHnjiepa ﬁk(/\/li) = Flﬂ,k,l(S” \ M;);

Puc. 492. 5TO J0KA3blBAETCSl TOYHO TaK Ke, Kak B TNJaj-
Hcnpasaenue KOM (TpUAHTYJIUpyeMOM) cJjydae. DTH M30MOPHU3MBbI
komnaexca My, KOMMYTHPYIOT ¢ TOMOMOP(MH3MaMH, WHIyLUPOBAHHbBI-

~

MH BJIOXKeHUsIMH M, C M;, nostomy lim ﬁk(Ml-) =
- g
= lim Hy—p—1 (8" \ M;). Cornacto Teopeme 17.6 mpsiMoii mpefes, CTOSILUUH

c/leBa, — 9T0 TpyMna 4exoBCKUX Koromosoruii A*(A). Y6emumes, uto cripasa
CTOMT TPyMMa CHHIYJIAPHBIX TOMOJIOTHEL H,_fp_1(S™\ A).

Tomomopduaml H,_p_1(S™ \ M;) — H,_p—1(S™ \ A), uHayLHpOBaHHLIE
BKJIIOUEHUSIMH, JIAI0T TOMOMOP(H3M IEE Hy_p_1(S™ \ M;) — Hy_p 1 (S" \ A).
Hy:xHo mpoBepuTh, uTO 3TOT roMoMopduamM — uzomopduam. Hocuress moboii
cunryssipHoit uenu u3 C,_p_1(S" \ A) KomnakreH. BJjioxeHHbie Apyr B Apy-
ra OTKpbITble MHOKecTBa S” \ M; NOKPBIBAIOT €ro, M0TOMY OH COJEPIKHUTCS
B 0JHOM u3 HUX. M3 3TOrO Cremyer snumopdHocTs. MoHOMOP(HOCTL CrletyeT
M3 KOMIAKTHOCTH HOCHTeJNs! (11 — R)-MepHOH CHHTYJSIPHOH LeNH, TpaHHLel
KOTOPOH CJY:KHT PasHOCTb JBYX JAAHHBIX (71 — R — 1)-MepHBIX CHHIYJISIPHBIX
uernew. O

17.3. PaccyioeHHs1 cO CTPYKTYPHOU Ipynmnoi

[lycts G — TonoJioruueckas rpynna, B — TonoJioruueckoe npocTpaHCTBO.
[Ipennonoxum, uto rpynna G 3(pdeKTHBHO NeHCTBYeT HA TOTOJOTHUECKOM
npoctpaHcTse . JIokasbHO TpuBHa/bHOE pacciioeHue p: £ — B co cjoem F
Ha3bIBAIOT paccaoexuem co cmpykmypuoli epynnoi G, eciu roMeoMop-
dusmbl ;2 p~H(U;) — U; x F o61anaiot c/ielyiolim cBOACTBOM: st JI060il
napbl MHIEKCOB i, j Halaéres oTobpaxenue g;;: U; N U; — G, A5t KOTOPOro
hih]-_'(u, [)=(u, gij(w)[) nasa seex u e U; N U;. Heficteue G Ha F sdek-
THBHO, MO3TOMYy OTOOpakeHHe g;; OJHO3HAUHO 3ajaéTcsi roMeoMopduaMaMH
h; u hj. D10 oToOpaxKeHHe HasblBAOT Pyrkyuetl nepexoda. PyHKUMH Me-
pexoja OIMMCBIBAIOT, KaK TPOM3BOJUTCS CKJeiiKa O6IIel 4acTH «CTOJOHKOB»
Ui x FnU; xF (puc. 43).

B sTom ompenesieHnu paccioeHHst CO CTPYKTYpHOH TPYNMoH ecTb CyIlle-
CTBEHHBIH HEJI0CTATOK — 3aBHCHMOCTh OT MOKpbiTHs {U;}. UToObI H36GaBUTHCS
OT 3TOr0 HEJOCTATKa, PACCMOTPUM Bee romeomopduambl Ay = p~H(U) — U x F,
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Puc. 43. dynkyuu nepexoda

KOTOpbIe MOYKHO 100aBUTb K roMeoMopdu3MaM /;, a UIMEHHO Te TOMeOMOp(hH3-
Mbl, KOTOpble 00/1aJal0T CJeLYIOIMM CBOHCTBOM: /ST Kaxaoro U; Halnércs
otobpaxenue gy ;: U NU; — G, aast KoToporo hUhfl(u, )=, guiwf)
st Beex u € U N U;. Takne romeomopuaMbl OyjieM Ha3biBaTh QONYCMUMbLMU
kapmamu. Bynem cuutaTh, uto JBa nokpbitus {U;} u {U]’.} ¢ roMmeoMopdUaMaMu
{hi} n {h’;} 3anaioT oHO 1 TO JKe pacc/ioenne o CTPyKTypHoli rpynnoi G, ecim
y HUX COBMAaJaloT MHOXECTBA JIOMYCTUMBIX KapT.

BBeném Tenepb noHsithe u3oMopduama JIByX paccJoeHHH CO CTPYKTYPHOI
rpynnoit G Hajx oaHo# u Toi xke 6asoit B. Ilycte p: E—Bu p’: E' - B—
paccJioenust co cTpyKtypHoil rpynmnoit G. Tomeomopdusm ¢: £ — E’ HasbiBaioT
UB0OMOPGUIMOM PACCIOEHHH CO CTPYKTYpHOU rpynmnoil G, ecau Ais KaxJIou
TOUKM b € B BBINOJHAIOTCS Cellylollie CBOHCTBRA:

1) coit p~!(b) oToGpaskaercs na caoit (p’)~1(b);

2) MoxKHO BbIOpaTh oKpecTHOCTh U 3 b, oTobOpaxenue gy : U — G, nony-
ctumyio Kapty Ay : p~'(U) — U x F ais paccioenus E W 10nycTUMYIO KapTy
hy,: (p') =" (U) — U x F anst paccnoenust E' tak, uto st Beex u € U umeer
MEeCTO PaBEHCTBO hbgphal(u, =, guf).

Hanpumep, n-MepHble BEKTOpHBIE PacCJ/OEHHSI — TO TO XKe CaMoe, UTo
paccjioenuss co caoeM R™ u crpykrypHoit rpynnoit GL(rn, R). M3omopcusm
BEKTOPHBIX PaCCJOeHHH — 3TO TO Ke camoe, UTO H30MOP(H3M pPacC/OeHHi
CO CTPYKTYPHOH rpymnnoil. Ecsiu B BEKTOPHOM pacc/iOeHHH MOXKHO BBECTH pH-
MaHOBY METPMKY (Hanpumep, ecju 6a3a KOMNAKTHA), TO MOXKHO CUMTaTh, UTO
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crpykrypHasi rpynna — 3to O(n). [Ipu 3TOM pacciioeHrie opHeHTHPYyeMO TOT/a
¥ TOJIbKO TOTJA, KOTJIAa B KAauecTBe CTPYKTYPHOU TpyMIbl MOXKHO B3ATh SO(n).
[Tpumep 17.9. I[lycmo mnoecoobpasue CP" nokpormo kapmanu U,
i=0,...,n, komopoie 8 00HOPOIHbIX KoOpOurnamax (2¢: ...:2,) 3ada-
romes ypasuenuamu z; = 0. Toeda Kanoruueckoe paccaoenue ) nad CP"
gadaémes pyukyuamu nepexoda gi; = z2i/z;.
JoxaszaTeabcTBo. CloeM KAaHOHHUECKOTO PACCJOEHHsS Hajl TOUKOM

(20:...:2,) aBasiercs npsmast (A2, ..., Az,). lomeomopdusm h;: p~ 1 (U;) —
— U; x C moxHO 3a1athb hopmysioh i;(Azg, ..., Azy) = ((20: ... 2n), Ai), TIe
A=Az, e (A2g, ..., AZy) = )\i(§, eee, z—”) [To onpenesiennio \; = gijA;,
T. €. g,‘/‘:/\[//\/‘:Zi/Zj. O

[Tpumep 17.10. Ilycmo n-meproe sekmopHoe paccioerue 3a0aém-
ca yukyuamu nepexooda gi; (6 kascdol mouke g;; npedcmasisem co-
6oi mampuyy nopadka n). Toeda dsoiicmseenroe paccroerue sadaémes
pynryusnu nepexoda (g/;)~".

HokasateabcTBo. Ortobpaxkenue g;;: Vi — Vo unnyuupyer aBofi-
cTBeHHOE oToOpaxenne Vg — V", kotopoe 3anaércs martpuue g;‘ Ho
Hac HHTepecyeT He 3TO OTOOpaXKeHHe, a 0OpaTHOe K HeMy OTOGparKeHHe
Vi— Vs O

Ecan € — onHomepHoe pacciioenne ¢ GyHKUUAMH nepexona gij, TO IBOM-
CTBEHHOE paccisioeHne £* 3apaérest pyHkuusaMH nepexoaa 1/g;;. Sleno rakke,
YTO ecJIM OJHOMEpHOE paccJsioeHHe 1 3anaérest yHKLUMSAMH mepexona f;j, TO
paccJsioeHne £ @ 1) 3anaérea (yHKUMAMH nepexozaa g h;;. B uactHoctH, pac-
cJioeHne & ® £ TpUBHAJIBHO.

[Tpumep 17.11. Paccmompum omobpadicernue

p:CP"'\ (0:...:0:1) - CP",

sadannoe gopmyroi p(zo: ... 2p01) = (20:...:2,). Imo omobpadce-
HUe 8A5emcs 8eKMOPHLM PACCAOCHILeM, 0B0UCMBEHHOIM KAHOHUECKO-
My paccaoenuro L.

IlokaszaTenbcTBo. Tomeomopdusm h;: p~ ' (U;) — U; x C moxnO
sagatb opmysnoi A;(2g ... 2ua1) = (20 .- 20), Ni), THE N = 2,01/2i
Toraa gij:)\i/)\j:rzj/zb O

17.4. HekommyTaTuBHble KoromoJoruu Yexa

TouHo Tak ke, Kak onpezeJsieTcst Ny4ok abesieBblX Py, MOKHO OIpese-
JIUTb TMyUOK HeabeJsieBbIX Ipynn Ha npocTpaHcTBe X. B HeaGeseBoM ciyvae
rpynnb Koromosioruii H*(X; F) npu k > 1 onpenesuth He/b3s, HO MOXKHO
onpejeuTh KoromMoJiornueckoe MuoxectBo [ (X; F) ¢ OTMEUEHHEIM 3/1eMeH-
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ToM. [Tpu 3TOM ecsin F — nydok aGesieBbIX IpyIII, TO 3TO MHOXKECTBO COBNAjaeT
¢ rpynmno# KoromoJioruii Uexa, mpuuém OTMEUeHHbIH 2JeMEHT COBMAAaeT ¢ Hy-
JIEBBIM 3JIEMEHTOM TPYITbl KOTOMOJIOTHH.

Hanomuum, uro ecan F — nyuok abesieBbIX TPYNM Ha TOMOJOTHUECKOM
npoctpaHctBe X u U = {U,} — OTKpPBITOE MOKpbITHE TpOCTpaHcTBa X, TO
kouenb ¢! € C'(U; F) conocraensier ynopsinouennomy naopy U;, U; sement
c\(U;, Up) e F(UiNU;)=T(U;NU;; F). Tpu 5T0M Kouenb ¢! siBasieTcst Kounk-
JIOM, ecJiM Juist Jiio6oro ynopsaaoueHnoro Ha6opa U;, U;, Uy, npu orpaHuyeHnu
na U; N U; N Uy, umeer mecto pasenctso ¢! (U, U;) +c'(U;, Up) = (U;, Uy).
Kouens ¢! siBnsieTcs korpanuteii, eciu cyuectsyet kouenb ¢! € COU; F), us
KOTOPOil 1y orpanuuenny na U; N U; umeer mecto pasenctso ¢! (U;, U;) =
= O(U;) — (U

Jlnst myukoB HeaGesieBbIX TPYMIT COOTBETCTBYIOLIME OIpPE/EEHUs TaKHe.
Kounka (onHomepHbit) [ cHOBa conocTasJsieT ynopsiioueHHomy Habopy U;, U,
sqement f;; € F(U; NU;) =TU; NU;; F), npuuém st orpanuuenuit na U; N
NU;NUy, nmeet MecTo paBeHCTBO fij fir = fir. [IBa koumkna f u f’ sxBuBanent-
HBI (OTJIMYAIOTCST HAa KOTPaHHUILy), eCJIH JIsT KaXKloro MHoxKecTBa U; cylecTByer
snement g; €' (Uj; ]-') JJ1s1 KOTOpOro npu orpannyenyu Ha U; NU; umeet mecto
paBeHCTBO fi g f,,g] KoromoJiornueckoe MHOKeCTBO HI(L{ F) — 310
MHO2KECTBO KJIACCOB 9KBHUBAJNIEHTHBIX KOLMKJIOB. OTMEUEHHbIH 3JIEeMEHT 3TOro
MHOKECTBA — KJIacC KOLWKJA |, KOTOPBIH KaxKAOMY YropsiioueHHOMY Habopy
Ui, U; conocrapasieT equuynbli sanement rpynnel I'(U; N U;; F).

KOI‘OMOJ]OI‘W-IGCKOQ muoxectso H'(X; F), kak u B KOMMYTaTHBHOM CJlyuae,
CTpOUTCSl Kak npsmMoi npezes. [lycTb nmokpbitie U — n3MesibueHHe MOKPbI-
st V u U; C V). Torna kowkay [ € Z'(V; F) MOXKHO COMOCTABUTH KOLMKI
M | e Z'(U; F), ns koroporo (A ) (Ui N Uj) = f(V,\ ) N Vi) OtoGpae-
HHe A7 MHyLHpyeT 0T06pa>KeHne NV .7-') — H'U; F). HpOBepnM uTO
ecan U; C Vi), TO p* = X*. DKBHBAJIEHTHOCTb KOLUMKIOB A¥ [ u p# [ ycra-
HaBJIMBAET HyJbMepHast Kolelb g; = fx() u@). JefcTBUTeNbHO, H3 ypaBHeHHs!
KOUWHKAA CIEYET, U0 fuiy A1) Ity AG) IAGha(i) = v 1€ &7 (VF [ij g =
= (1# 1)i.

Paccmorpum nyuok G Ha B, nas xoroporo I'(U, G) — rpynna Bcex Hernpe-
pbIBHBIX oToGpaxkeHuit U3 U B G, T.e. G — NMyuyoK POCTKOB HENpPepbIBHbIX
¢yHKIMi co 3HaueHussMM B G. Ecsim 3amano oTkpeiToe mokpeithe U = {U;}
npoctpancTBa B u sanan kownka g ={g;;} € Z'(U; G), T0 MOXKHO MOCTPOUTL
pacci/ioenue E 4 Haj B co eTpyktypHoii rpynnoit G u cyioem F. J1y1s1 3Toro Hy»KHO
B3ATh JIM3BIOHKTHOE OObelnHeHHe MHOXKeCTB U; X F U JUIi KaXKI0H TOUKH
ueU;NU; oroxnectsutb Touky (u, f)€U; x F ¢ Toukoit (u, gij(u)f)eU; x F.
KoppeKTHOCTb TaKoro 0TOXKAeCTBIeHHs 06ecreunBaeTcsi ypaBHeHHEM KOLMKJIIA.
Hans nonyuennoro nmpoctpancTtsa £, npoekuusi pg: £y — B uugyuupobana
ecTecTBeHHOHU npoekuuen U; x F — U;.
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Ecam 3ananbl aBa kouvkaa g € Z'(U; G) v g’ € Z'(U; G), 10 paccioenust
pg: Eg— By pg: Eg — B uzomopdubl (Kak pacc/oeHHst CO CTPYKTYPHOH
rpynmno# (G) Toraa u ToJIbKO TOTAA, KOTIa KOUUKIAaM g U g’ COOTBETCTBYET OJIMH
H TOT 3Ke JeMeHT KoromoJioruueckoro muoxectsa H'(B; G).

SlcHo TakKe, uTO M0GOE paccsoeHre Ham B co cTpyKTypHOH rpynmoit G
M csioeM [ MOXKHO MOJIYYHTh KaK paccilioeHue £y U1 HEKOTOPOro KoLuKaa g.
[TosToMy MMeeT MecCTO CJelylolliee YTBEPKIEeHHE.

Teopema 17.8. [lycmo 3adano aghdhexkmusroe nenpepolsroe deli-
cmeue monoaoeuueckoll epynnot G Ha npocmpancmee F. Toeda kaaccol
uzomopprolx paccaoenuti Had B co cmpykmyproi epynnoti G u cao-
en F Haxodamcs 6 ecmecm8eHHOM 83AUMHO OOHO3HAYHOM COOMBeN-
CmBulL ¢ dAeMeHmaniL Koeomoroeuweckoeo muoncecmea H'Y(B; G). Ipu
AMOM MPUBUANLHOMY paccroeruio B x FF coomsemcecmayem ommeuerHoLl
dNeMEHM.

§ 18. Koromogaoruu ne Pama

Harnomuum, uto nuddepenimansias k-dbopma w Ha MHOroo6bpasuun M" —
3TO MOJHJHHERHAsT KOCOCHMMEeTpHUecKas (yHKUMS OT £ BEKTOPHBIX MOJel
&1, ..., & Ha M". JluHeitHoe npocTpaHcTBO R-opm Ha MHOroo6pasun M™ Mbl
GyeM 0603Hauath™*) QF(M™). Ilns neyx muddepenumanbibix Gopm wy €QP(M™)
H wy € Q9(M™") onpesesieHo MX BHeILHee MPOU3BeNeHHe wi A wy € QPTI(M™M);
npu 31oM wi A we = (—1)"9we A w|. BHelllHee ymMHOKeHMe MpeBpallaeT JUHeH-
Hoe npoctpanctso Q* (M") = @ Q*(M") B anre6py.

k>0

[nankoe otoOpaxenue f: M™ — N™ unayuupyer JMHeHHOe 0TOOpaXKeHHe
[ QF(NT) — QF(M™), a umenno (f*w)(&, ..., &) = w(f&1, ..., &), Tie
[« = df — nuddepenunan orobpaxkenusi f. B JiokasbHBIX KOOpAHHATAX 3TO
oTobpaKeHue BBINISAUT chaeayloumM obpaszom. [lyets xp, ..., x, 4 yy, ...

., Ym — JNOKaJIbHble KoopauHathl Ha N u M™. Torna

* af[l af[/e
f (Z Qi ..., a’x[l VANIAN a’x[k) = Z i, ...ip oy, ce oy, dy/l VANIVAN dy/‘k.

Oto6paxenne f*: Q*(N") — Q*(M™) siBnsietcst romoMopduamMom asre6p.

[Toctpoum noJiusmHeiiHoe oTo6paxenue d : QF(M™) — QFF1(M™), o6nana-
foliee caenyoummMu ceoiictBamu: 1) d o d = 0; 2) d mosManHEHO OTHOCHTEIb-
HO IIAAKUX QYHKUHMH, T. €. dw(wéo, &1, .., &p) = wdw(o, ..., &p) Las M060H
dhyHkuMd @ € C*°(M™). las 3Toro Ham noHaloOUTCS TMOHATHE KOMMYTaTopa
BEKTOPHBIX TMOJIEH.

*) B uactu | nenonbaoasoch o6osuauenne ARM".
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[Tyctb € u n— BekTOpHBIE MOJIst Ha M™, paccMaTpuBaemble Kak auddpeper-
HuaJjibHbie orepatopsl, ¢ € C°(M"). TTonoxum [£, n](p) = E(n(v)) — n(&(p)).
8% B 8%
aX[an o a)Cjaxi’

Ecau BocnoJsib3oBaThesi TEM, UTO TO B JIOKaJIbHbIX KOOPAH-

HaTax ﬂO.HyLlI/]M Bb]pa)KeHl/le
8771 851 )
€, nl(p) = Z(&, ) e

Takum o6pasom, B hUKCUPOBAHHOM JIOKAJILHOU CHCTeMe KOOpAUHAT [, n] npes-
cTaBJjsieT co6oil BeKTopHOe ToJie. Oneparop [£, n] Ha ryanKux (yHKUMSIX He
3aBHCHT OT BbIOOpA JIOKAJILHOH CHCTEMBbI KOOPJAHMHAT, MOTOMY MBI MOJyYaeM
BeKTOpHOE TI0JIe [, 1], KOTOpOe Ha3bIBAIOT KOMMYMAMOPOM BEKTOPHBIX TMO-
Jaei € un.

HenocpenctBeHHo W3 ompenesenusi BuaHo, uro [€, n] = —[n, £]. Jlerko
MPOBEPUTD, UTO ecyii ¢ € C(M™"), o [p€, n] = w[&, n] — n(p)E; nas nokasa-
TEJILCTBA HYXKHO 3aMETHTb, UTO

(&)
8)6]'

= ft 8)6,

Tenepb Mbl yke MOKeM onpejeauth otobpaxenue d. [yeth w € QF(M™).
[Tonoxxum

dw(&, -, &)—Z(—l)@ (R )

+ Y DG Gl e G &)

0<i<j<k

Ilns @ € C®(M") = Q%(M") nonoxum dp(€) = £(p). KococummerprunocTb
U MOJIMJIMHEHHOCTh dw BUJHBI HEMOCPEICTBEHHO U3 OrpejesieHusi. PaBeHCTBO
dw(p, ..., &) =pdw(, ..., &) caeryer U3 Toro, uto

G(w(po, -0 &)+ w0, &1, o & &) =
= P& (w(po, - v &iv o &) F G@w (o, - G &) F
+ pw([&o, 55] b &) — GOw(plo, - G &) =
=& (W, -, L&) Fwl€o, &l G &)

BBeném JiokanbHble KOOpPAHHATBI X|, ..., X, W BbIUUCJAUM JHddepeHiman

topmbl w = (x) dxi, A ... ANdx;, tae i} <...<lip. Ilonoxum & = P

9 ; . o

&= Ir 0 e o <. <[k BekropHble noJist & 1MonapHo KOMMYTHPYIOT:
Ik
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[&i, &1 =0. ITosTomy

w(éor -0 o) = Z( 1)ﬂ—(w(§o, - &)

3necb w(&o, ..., Epy - -y §k):<p(x),ecnu11:/0, cedip=jp—t, ipr1=1]p, .-
, [p = jk, @ BO BCeX OCTaJbLHLIX c/yyasx nosaydaem 0. Ilpu stom j,_1 < j, <
< jp+1. 3Hauwr,

(*1)” &) =
0
_( 1)P ‘deh A, A N oy e Epy e E8) =
Jp
2 odx;, Ny A Adxj, A A dx o, - ).

3 Xip

B urore nosyuaem

d(p(x)dxy, A ... Adxi,) = ag;x) dxy Adxi, A ... A dxi,.
s=0 ¢

[Tosib3ysicb 3TUM Bbipa)KeHUEM, JIETKO MpoBepuTh, uto d o d = 0; kpome
TOr0, eCln w — k-dopma, To d(wy A wy) = dw; Awy + (—1)fw; A dws.

Juddeperunanbhyto GopMy w Ha3bIBalOT 3amkHymoil, ecan dw = 0. ud-
(hepeHLMabHYIO (POPMY W HA3BIBAIOT MOUYHOLU, ecii w = dw’ JJis HEKOTOPO#
dhopmMbl w’. DakTOPNPOCTPAHCTBO 3aMKHYTHIX R-(opM Ha MHOrooGpasuu M"
Mo TOYHbIM R-(hopMaM Ha3blBalOT KocoMonoeusmu de Pama u 0603HAUAIOT
HSR(M”).

Mpumep 18.1. HJL(R) =R u Hi(R) =0.

JdoxaszateabcTBo. st R ecTb TONBKO OJMH HETPUBHAJIBHBIH THD-
depenuman d : Q°(R) — Q' (R); npu 310M (0 1 i—f dx. Slcuo, uto Kerd cocro-

UT U3 MOCTOSIHHBIX PyHKUMHE. [TosTomy HBR(R) = Kerd = R. Jlerko npoBepuTh,

uro Imd = Q' (R). I[ev”[cmmeﬂbﬁo mobasi 1-hopma Ha R nmeer BI/III Edx,
re € € C®(R). IMonokum o(x / €(t)dt npn x =0 u go(x) / &(t) dt
npu x < 0. TorzLa dp = Edx. Taknm obpasom, Hpp(R) = Q'(R)/Imd =
=Q'(R /Ql (R) =0. O

H pumep 18.2. Ecau M" — csa3n0e mHoco00bpasue, mo HBR(M”)%R

JlokaszaTenabcTso. Sapo romomopdusma d: Q°(M™) — Q' (M") co-
CTOUT U3 PYHKLMIH, KOTOPbIE B KAXJI0H KOOPJHHATHOH OKPECTHOCTH Y10BJIETBO-
PSIIOT YCJIOBHIO g—fl =...= 38:: = 0. Takue QyHKUMH NOCTOSIHHBI HA KaxJOH
KOMIOHEHTE CBSA3HOCTH MHOTO00Pa3usl. O
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Jlerko npoBepuTh, uTo oToGpaxenue [*: QF(N™) — Q*F(M™), nuayunpo-
BaHHOE TVIaJIKUM oTobpaxkeHueM [: M" — N™ uennoe, T.e. df*w = [*dw.
JlelcTBUTENILHO, HA BEKTOPHBIX MOJISIX &p, - . ., & 06e (POPMbI IPUHUMAIOT OJIHO
M TO >Ke 3HaueHHe

S DGw(for - G ) +
Y DO G G e L)

i<j

nockoabky f.[&i, &1 = [[+&i, [+€;]-

Teopema 18.1. [lyecmoe M" = U, U Uy, ede U; u Uy — omkpoimoLe
mroxcecmsa. Toeda umeem mecmo mouras nociedosamenrvrocmos Maiie-
pa—Beemopuca

— HEg(M") — HER(Uy) ® HER (Us) — HER(Uy N Usg) — HEEF (M™) —

HoxaszaTedsabcTso. JIocTaTOUHO NOCTPOUTL TOUHYIO MOCJ/EA0BATEIb-
HOCTb TPYT KolleneH

0 — QEM™) 5 QF(Uy) @ Q4 (Us) 2 QF (U 1 Uy) — 0.

[ycts w € QF(M™). Tonoxkum i*(w) = (ifw, ijw), Tae ifw U ijw — orpanu-
yenust popmbl w Ha Uy u Us. Tlyeth wy € Q%(U)) u we € Q¥ (Us). TTonoxum
¥ (wy, we) = jfw) — jswe, e jfw; — orpanuyenue Gopmbl w; Ha U;.

MounomopdHocTb roMoMopdu3Ma i* oueBHjHA, MOCKOJbKY (opma Ha M"
0JIHO3HAUHO 3a1aéTCsl CBOUMU orpaHuueHusiMu Ha Uy u Us.

[Tokaxkem, uto j* — snumopduam. [lycts {\;, Ao} — naaxoe pasbuenue
eMHHUILLL, NoauuHéHHoe MokpbiTHio {Uy, Us}. Torna dopmy w € Q%(U; N Uy)
MOKHO MPEACTABUTb B BHIE [} Adgw + i A\jw; 311€Cb Agw — KOPPEKTHO Onpejie-
nénnasi hopma Ha Uy, nockosbky Ao = 0 Ha muoxkectse U; \ (U; N Uy).

Hakonell, npoepum, uto Ker j* = Imi*. M3 paBenctsa j*i* =0 cuenyer,
yro Kerj* D Imi*. Ilycts (wy, wo) € Kerj*, T.e. jiw; = jswe. ITO 03Haua-
eT, uTo wi(Xx) = we(x) nas Bcex x € U; N Usy. TlosTomy MOXKHO OrpenesnThb
dopMy w Ha M", nosaras eé paBHOH w; Ha U; M wg Ha Usy. SlcHo, uto
iI*w = (wi, wo). O

Jlnisi HekomMakTHOTO MHOro0Gpasust M" napsiny ¢ anreGpoit aucdepeHim-
a/JibHbIX opm Q*(M™) uacTo ObIBaeT MOJIE3HO paccMaTpUBaTh anredpy 2 (M")
i depeHHatbHbIX GOPM ¢ KOMIAKTHBIMH HOCHUTENSIMH (T. €. hOpM, TOXKJe-
CTBEHHO PaBHBIX HYJIO BHE HEKOTOPOTO KOMMAKTHOrO MHOxecTBa). Judde-
peHiman d AJsT HUX OTIpeesIsieTCsl TOUHO TakK »Ke; cBoHCTBO d o d = 0 ajd
HEro TOXKe BBIMOJHAETCS, MOITOMY 1O (DOPMaM € KOMIAKTHBIMK HOCHTEJISIMH
MOYKHO TOCTPOHTb KOTOMOJIOTHH, KOTOpble Mbl OyneM o6GosHauatb f}(M").
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Ecan mHoroo6pasue M" komnaktho, To Koromosiorud Hp, uw HX st Hero
cosnaaatot. Ho ecan M" HekoMnaKTHO, TO 9TH KOFOMOJIOTHH Pas/iMUHbI.

[Tpumep 183. Ecau M" — c8a3noe Hekomnakmuoe mro2oobpasue,
mo HY(M") = 0.

NokaszaTeabcTso. Supo romomopduama d: QO(M™) — QL (M"™) co-
CTOMT M3 MOCTOSIHHBIX (PYHKIME ¢ KOMMAKTHBIMM HOCUTENsIMH. Ho nmockoJibKy
M" HekoMMakTHO (M CB$SI3HO), Takasi (PyHKLHSI TOJbKO OJIHA — TOXKIECTBEHHO
paBHast Hy.lIO. O

[pumep 18.4. Hmeem mecmo usomopgusm H!(R) = R.

HoxaszateabctBo. Popma ¢(x)dx (c KOMIAKTHBIM HOCHTEJIEM) Jie-
XKUT B 06pase romomopduama d : Q2(R) — Q! (R) Toraa u TosbKo Tora, Korja

HOCHTEJIb (YHKLHHU @(X) = /_X (1) dt KomnakTeH, T.e. /_OO Y(t)dt =0.
Paccmotpum otobpaxenue Q! (R) — R, sagannoe popmyioi (x) dx —
— /_ ¥(t)dt. SlcHo, uto 3T0 oTOOpaXkeHue — 3nUMopduam. Ero snpo cos-

nanaer ¢ Imd. Tlostomy Q! (R)/Imd = R. O

KoromoJsioryin ¢ KOMMaKTHBIMH HOCHUTEJSIMH MMEIOT BeCbMa CYLIECTBEHHOE
OTJIHUHE OT OOBIYHBIX KOTOMOJIOTHE Jie Pama, KoTopoe NMposiBJIsSieTCs 1axKe B CJIy -
yae KOMIMAKTHbIX MHOr00Gpasuil. A UMEHHO, JJIsi KOTOMOJIOTHH C KOMIMAKTHBIMH
HOCHTEJIIMU MMeeT MeCTO TOuHasi nocJjejoBatesibHOCTL Maiiepa—Bbetopu-
ca, HO OTOOpaKeHusl B Hed HampaBJ/ieHbl B OOpPATHYIO CTOPOHY, T. €. TakK, Kak
JUISl TOMOJIOTHH, a He JJisi KoromoJioruil. [1puunHa storo 3akjiouaercss B TOM,
yTo ISt (POPM C KOMITAKTHBIMH HOCHTEJIIMM HeJib3si HCIO0JIb30BaTh Orepa-
[MI0 OTpaHUYEHHs] (POPMbI Ha OTKPbITOE MHOXKeCTBO. JlelCTBUTENIbHO, €eCJH
KOMIAKTHBIE HOCHTEJIb (DOPMbI COJIEPXKHUT JIAHHOE OTKPBLITOE MHOXKECTBO, TO
B pe3yJbTate MoJiyunTcs opma ¢ HeKOMNaKTHbIM HocuTeseM. Ho B ciy-
yae GopM € KOMIAKTHBIMK HOCHUTEJSIMH JUIS OTKPBITOTO MHOXKeCTBa U MOXKHO
MCMOJb30BaTh OMEpPalUio PaCpOCTPaHEHHs! POPMbI HA MHOXKECTBO, COJlepKa-
utee U, nonarasi gopmy paBHo# HyJio BHe U. JleficTBuTesbHO, J06asi Touka
BHe U MMeeT OKPEeCTHOCTh, He MePeCeKalolyocsi ¢ KOMIMAKTHbIM MHOXECTBOM
KcU.

Teopewma 18.2. [yecmoe M" = U, U Uy, ede U; u Uy — omkpoimoLe
mroacecmsa. Toeda umeem mecmo mounas nociedosamesvrocme Maiie-
pa—Beemopuca

o — HE M"Y — H* (U 0 Ug) — HEU)) @ H¥(Uy) — HEFFY(M™) — ..
ﬂ OKas3aTeJdbCTBDO. I—[OCTpOI/IM TOYHYIO MOCJAEN0BATE/IbHOCTD
0 — QUL N Uy) 25 QL (UL @ Q (Un) - QM) — 0

caeayionmm o6pasom. Ilyctb w € QX (U N Uy). Tonoxkum j*w = (jiw, —j3w),
rie jpw — pacnpoctpanenne dopmbl w Ha Up. Iast dopm wy € Q8 (U,Y)
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Hwy € Qf(UQ) MOJIOKHM (¥ (w1, wo) = ifwi + ijwy, Te [pwp — pacrpocrpaxe-
H1e GopMbl w, ¢ MHO)KecTBa U, Ha Bcé MHOroobpasHe.

MoHOMOP(hHOCTb U TOUHOCTb B CpeliHeM ujieHe oueBHaHbL. [1poBepum smu-
MopdHocTb. [TyeTh w € QX (M™) u {\|, Ao} — rnaakoe pazGueHne eMHULbI, M0/~
unHEHHOe nokpbiThiO {U, Us}. Hocuresib dopmbl A ,w npejcTasasier co6oii ne-
peceyeHHe KOMIAKTHOTO MHOXKECTBA SUPP w M 3aMKHYTOTO MHOXKECTBA SUPP Ap,
M03TOMY OH KOMIIAKTeH (3aMKHYTO€ MOJIMHOYKECTBO KOMIAKTHOTO MPOCTPAHCTBA
KOMIMaKTHO). 3HauuT, A,w € 2. (U,). ScHo, uto i (A\jw, dw) = w. O

18.1. Teopema Crokca. [omoTonuueckass MHBAPUAHTHOCTD
UnrerpupoBanue dopm

Bribepem B R" koopauHathl u 3anuiieM dopmy w € Q"(R") B Buje w =

=X, ..., Xg)dx; A ... Ndx,. JIns KpaTKOCTH 3T0 OyJieM 3alUChiBaTh TaK:
w=(x)dx. Hepeﬁaﬂ K JIPYroil cucteMe KOOpAMHAT y(x), mojyunm dy; A ...
Ndy, = det( )a’x1 A ... Adx,. Kpatko 310 Oyjnem 3amucblBaTh TakK:

Ay
Xj

Hbl hyHKLIMK Y (Y) 1 p(x). SlcHo, uto w(x) dx=w=1(y) dy=1y(y) det(

nostomy ¢(x) = 1 (y(x)) det(gﬁj)-

CDopMyJIa 3aMeHbl NMEePEeMEHHbIX B MHTETpaJie IMoKa3bIBaeT, 4To

vydy = [ o)t (Fe)|dx =+ [ oo

Oyi
an
€T OMNpele]UTb UHTErpas (opmbl chaeayoliiM oo6pazoM. [Ipennosnoxum, uto
B R" dukcupoBana opuenrauusi. [lyctb w € O (R") — dhopma ¢ KOMMNAKTHLIM

HocuteseM. [Tosoxum /Rn w= /Rn
eHTalMsl KOTOPOH corjiacoBaHa ¢ opHeHtauuei R”.

UroObl onpeneuTs uxmeepas popmol w € O (M"), rne M" — opueHTHpo-
BaHHOe MHOT0OGpa3ue, TOCTYMHM CJelyloluM o6pa3om. BosbMém nponssoib-
HBIl JIOKaJIbHO KOHeuHbl# atnac {Uy} ¢ Kapramu f,: U, — R, coxpaHsitolumH

opuenTaumto. [lyctb {A,} — noaunHéHHoe emy rJiajKoe pasGHeHHe eMHHMIIbI.

[Tosn0:xuM
_ —lye,
/”w;/”)\a(fa)w ;/Ua)\aw.

dy = det( ) dx. B HOBBIX KoopaHHaTax w = ¥ (y) dy. BeisicHuM, KaK CBsi3a-

9yi
ox; ) dx,

R~

rle 3HaK £ COOTBETCTBYET 3HAKy OIpeesHTess det( ) IT10 no3BoJsi-

p(x) dx, rie x — cucrema KOOpAHHAT, OpH-
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Hocurenb dopmbl A\yw — 3aMKHYTOE TMOJAMHOYKECTBO KOMITAKTHOIO MHOMKe-
CTBa SUPP Ag, MO3TOMY OH KommnakrteH. Ecsau {Vg} — npyro#i opuentnpyio-
Ui atiac u {ug} — NoAUMHEHHOE eMy pa3OHeHHe eHHMIIBI, TO H3 PABEeH-

ctBa », ug = 1 caenyer, uro Z/ Aaw =Y / Aappw. Hocurens dopme
ﬁ 6% UQ ayﬁ' UCY
Aaptgw qnexut B Uy, N Vg, nostomy /U Aaltgw = /v Aaptpw. CrienoBaTesbHo,
Ju,, A
%:/Ua Agw = g%/‘/ﬂ Aaflgw = Zﬁ: /V/B ft3w, MOCKOJBKY %: Ao = 1. DT0 03HA-

Yaer, 4UTo olpeneseHrue nurerpaJia q)OprI w 110 MHOI‘OO6p83HFO Mm" KOPPEKTHO.

Teopema Crokca

Teopema Cmokca 3akimouaeTcst B TOM, UTO /M” dw== /6M” w st 060K

thopmbl w € QF(M™). Bo Bropom uHTerpasie opMasbHO cjeloBao Obl BMe-
CTO w Hanucathb [*w, rae i: OM" — M™ — ecTecTBEHHOE BKJIOUEHHE; APYTHMH
CJIOBaMH, [*w — orpaHudenue dopmbl w Ha OM”". OT 3HaKa £ nepej BTOPbIM
VHTErpajloM MOXKHO H36aBHTHCs MOCPEICTBOM cCorvallleHns 06 OpHeHTalllH
OM", uHIyLMPOBAHHOH opHeHTaluell MHoroo6pasust M".

aitMémcs 10KazaTeIbeTBOM TeopeMbl CTOKCA.
Cayuainn 1. M"=R"

[yetb w=@dx; A...Ndx,_; € (R"). Torna dw:a%pdxn/\dxl A...

ANdx,_| = (—1)”"57@(1)61 A ... NAdx,. TTosTomy

dwz(—l)”—l/(/ aidxn) dri o dx
Rn — 0 Xn

Ho / <p a’xﬂf oy, v, Xy, 00) —@(xy, ..., Xp—1, —00) =0, NOCKOJIbL-

Ky HOCI/ITeJlb (yHKLHMH ¢ KOMIAKTEH.
Cayuait 2. M"=R" ={(xy, ..., xy) €ER" | x, > 0}.
[yets w=Y@idx; A ... Ndx; A...Ndx, € Q"I R"). Torna dw =
i

=y (—1)”*'% dxy A ... Adx,. TTostomy
i n

dw= Z ( )L_] (/ Opi dxl) dxl dxl- . ..dxn +

I<i<n
—|—(—1)”"(/OO Oon dx)dxl...dx .
0 (‘?Xn n n—

R"
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; o Jp; .
Ecau i # n, to / 8:/;1 dx; =0, xak u B cayuae 1. Ilpu i = n nosyuaem
—00 i
WHTerpas !

 dyn
/ ago dxf’l :Soﬂ(xla vy Xpn—1, OO) - ()Df’l(xlv ey Xn—1, 0) —
0 OXn
= 7(,0,1()C1, ey Xn—1, 0)
3nauwur,
dw:(—l)”/ <pn(x1,...,xﬂ,l,O)dxl...dx,,,l:(—1)”/ w;
R’ Rn—! OR"

MpH 3aMKMCH MOCJEJHEr0 PaBeHCTBA Mbl BOCMOJb30BAINCh TEM, UTO TPU Orpa-
nuuenn Ha OR’L dopma dx, obGpallaercs B HyJib; [I03TOMY IIPH OFpaHHUEHUH
Ha OR’} or gopmbl w ocTaérest TONLKO OJHO caaraemMoe @, dxy A ... Adx,_y.

Ot 3Haka (—1)" MOKHO H30aBUTLCH, €CJH TperoJaraTb, YTo OpUeHTaLus
OR'} sanaérca dopmoit (—1)"dx; A ... Adx,_;. [To-npyromy 310 cornauenue
MOXKHO CopMyJIMpoBaTh cJjeayolium obpasoM. Ilyctb 6asuc ey, ..., e,—]
3a/1aéT MOJIOXKUTEJIbHYIO OPHEHTALMIO Kpasi, € — BEKTOp BHeELIHeH HopMaJu
K Kpaio. Torma 6Gasuc ¢, ey, ..., €,—| 3a1aéT MOJIOKHUTEJbHYIO OPHEHTALHIO
MHoroo6pasus. IleficTBUTENBHO, € = —e,,, T03TOMYy 6as3uc €, ey, ..., €, OpH-
€HTHPOBaH Tak ke, Kak 6asuc (—1)"ey, ..., e,—1, en.

B nanbheiiiem mbl Gyaem npeanosiarath, uto opuentauus OR BbiOpana
MMEHHO Tak, U B ¢opmyse CTokca 3Hak nucatb He Gynem. OTMETHM, UTO Ha
c. 106 Mbl, McXoast M3 JAPYrHX COOOPa)KeHHH, MPHUIIK K TOMY XKe CaMOMYy
corJiallieHuo 06 OpUeHTalluK Kpasi.

Cayuait 3. M" —npousBojibHOE OPUEHTHPOBAHHOE MHOTOOGpA3HeE.

[Tepexon ot R” 1 R K MPOM3BOMLHBIM MHOTOOOPA3HSM JIeaeTCst MOCpe/l-
cTBOM pa3buenuil enunuibl. [lyets {U,} — opuentupyiouwmi atnac st M”,
B KOTOpOM Bce MHOxKecTBa U, mudpdeomopdubl R” nmu R ; {\,} — noquu-
HEHHOe eMy riajKoe pasGuenne eaunulbl. [Ipeactasum hopmy w € Q7 H(M™)
B BHIEe w = Y A\yw. Teopemy CToKca J0CTaTOUHO J0Ka3aTh JJIsi KaXI0H OT-
JeJbHOH popMbl Anw. Hocutenb 3Toil popmbl — 3aMKHYTOE MOAMHOXKECTBO
KOMIIAKTHOrO MHOXKecTBa supp A C Uy, NO9TOMY OH KOMIAKTEH.

TomoTonMueckass MHBApUAHTHOCTb KoromodJioruii ae Pama

Teopewma 18.3. Iycmoig, ij: R" —R" x R=R"" — gromcenus, sa-
dannole popmyramu x — (x, 0) u x — (x, 1). Toeda 041 scex k = 0 cyuye-
cmeyem aunetinoe omobpaxcenue D : QF(R™ ) — QF=1(R"), o6aadarowee
caedyroujum ceoticmson: dD + Dd =i} — ij.

HNokaszatenbctTso. s pe QYR = C®(R"!) nonoxum Dy =
=0. Ilpu k > 1 6asucuble dopmbl uz Q¥(R"*!) paséupaiotcs na asa Tna.
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A wuMmeHHO, mycThb ! — KoopjauHaTa Ha npsMod R, xi, ..., x, — KOOpIHU-
Hatel B R"”. ®opmbl, B KoTopble He BXomuT df, OyjaeM 0003HAuaTh o =
=adx;, N...Ndx;, a opMbl, B KOTOpble BXOAUT df, GyaeM 0003HauaTh
B=bdtNdx; N...Ndxj,_,.Jlio6as dopma siBjsieTcs: cyMMOil (hOpPM TaKHX BH-
JIOB, M03TOMY TpeGyeMoe YTBep:K/IeHHe I0CTATOUHO J0Ka3aTh TOJbKO JIJIsT HUX.

[Tonoxkum Da=0u DG = (/01 bdt) dxj N...Ndxj,_,.

3aiimémcs Terepb npoBepkoil paBeHcTBa dD + Dd =i} — if Bo Bcex TPéx
cayyasix: Juist QYHKUME @, 1J1sT hOpMbl ¢ U 1J1sT (hopMbl 3.

1o -

l.dDe=0uDdyp= [ Z£dt = (1) = p(0) = (i} — i§).
1

2 dDo=0n Ddo =, g—?)dxil/\.../\dxik:(if‘—ig)a.

3. Ilpexkne Bcero 3ametnm, uto i3 = if 8 = 0, mocko/ibKy orpaHuuyenue df
Ha ig(R") u Ha i (R") ToxK1ECTBEHHO PABHO HYJIO (BCe KacaTesbHble BEKTOPbI
MMEIOT HyJIeBYIO -KoopauHaty). Jainee,

1
ab
dDp = Z</O x. a,’t) dx; Ndx;, A ... Ndxj, |,

i

Ddﬁ:D< g—idxi/\dt/\dxj]/\.../\dx,-M):

1
:—Z(/O gjl dt) dxi/\dle /\.../\dx,-kfl.

[Tostomy dD + Dd 3 = 0. O

Canencrteue (nemma [lyankape). B R" awbas zamxuymas ougpge-
penyuaronad k-cpopma (k> 0) mouna, m.e. HSR(R”) =0npu k> 0.

JlokaszaTtenbcTBO. Paccmorpum orobpaxkenue f1: R" x R — R”,
3ajiaHioe opmyJioit (x, t) +— tx. Torna Hiy = id u Hig = * (otroGpaxkenue B 0).
[yctb w € Q*(R") n dw=0. Torna w = (i} —if)H*w=dD(H*w) + Dd (H*w).
Ho D d(H*w) = DH* dw, nostomy w = dD(H*w), T.e. popma w Toyna. [

Teopemy 18.3 MoxkHO N0Ka3aTh W AJis1 OTOOPaXKeHUH i, ij: M" x R — M";
JI0Ka3aTesIbCTBO He TpeOyeT HHKAKUX CYlIeCTBeHHbIX M3MeHeHuil. Kak cien-
CTBHE, MOJIyuaeM, UTO TOMOTOIHblE OTOOpPaXKEHHsS] HHAYLHPYIOT OIMHAKOBbIE
oto6pazkeHusi KoromoJioruii e Pama.

R npu k=n;
0 npuk#n.

HokasateabcTpo. Henonssys nuddeomoppusm R” ~= S™\ {xo},
MOXKHO TTOCTPOUTh TOUHYIO MOCJIEI0BATEIbHOCTD

0 — QFR") — QF(S") — QF(S™)/QF(R™) — 0.

[pumep 18.5. Hf(R")NH{gR(S")N{
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3nech QF(S™)/QF(R") — pocTku k-hopM B Touke xo. Koromosiorun pocTkos
k-hopM JIErKo BBIUMCJSIIOTCS € MOMOLIbIO jeMMbl [lyankape. JleficTBUTENbHO,
JIOCTAaTOUHO MaJlyl0 OKPECTHOCTb TOUKHM X( MOXKHO CUMTATh PACIOJIOXKEHHOH
B R", M03TOMY M3 3aMKHYTOCTH R-(DOPMbI B MaJIOfl OKPECTHOCTH TOUKH X TPH
k >0 cienyet eé TOUHOCTb.

[To KOpOTKO¥ TOUHOF MOCJ/Ie0BATENBLHOCTH (OPM MOXKHO TOCTPOHUTH TOU-
HYI0 TOCJIe/I0BaTe/IbHOCTL Koromosiornii. B pesyabrate nosyuum HEF(R?) =
o HSR(S”) npu k > 2. Kpome Toro, roJiyuaeMm TOUHYIO [0CJI€I0BATEb-
HOCTb

0 — HYR") — HBR(S”) — R— H!R") — HIIDR(S”) —0

0 R
I ~ I 1 (Qly
[Tostromy H, (R") = Hpp(S"). B uacthoct, Hpp(S') = R.

Ocraércst BBIUMCANTD KoroModioruu e Pama cdepnl S”, n > 2. Ilpencra-
BuM S" B BiJle 00beIMHEHHsT OTKPBITBIX MHOKeCTB U =S"\{x |} u Us=S5"\{xo},
mudpeomopdubix R?. [Tpu s1om Uy NUs~S"~! x R, a 3nauur, HSR(UI NUy) =
=~ HEL(S"~"). Tlostomy npu & > 0 noc.ienosatensHocts Maiiepa—Bbetopuca
T10Ka3bIBaET, UTO H,’;R(S”_l) = HSJRZI(S”). [Ipu k=0 u n > 2 nosyuaem tou-
HYIO T10CJ/Ie/I0BATENLHOCTD

HBR(S”) — HBR(R”) D HBR(R”) — HBR(S”_') — HIIDR(S”) —0

H H
R ROR R

M3 tounoctu B uieHe R @ R caenyer, uto B 3ToM usieHe Ker 2R u Im = R,
a 3HAUWT, SIPOM OTOOpaXKEHHUsT HBR(S”*I) — HlljR(S”) cayxkut R. [Tosromy
HER(S") =0. O

Jlnbast n-popma w € Q"(S") 3amknyra. Ecan 3ta hopMa w TouHa, TO OHa
JEXKUT B saape otoOpaxenus Q'(S") — R, 3anaHHoro gopmynoi w — /” w.

JlelicTBHTENBHO, /5n da = 0. Paeenctso Hfjp(S") = R nokasbisaer, uto npo-
CTPAHCTBO TOUHBIX 11-(hOPM COBMAJAET C SAPOM 3TOro oTobpaxkeHus. [ToaTomy
KOTOMOJIOTHUYECKHH KJace Jito6oi n-hopMbl w, IS KOTOPOH /s” w # 0, aBas-
€TCsl HEeHyJIEBbIM 3J1eMeHTOM rpymibl Hjp (8") = R.

YroObl MOJyUHTh HeHyJeBOH kjaacc KoromoJioruit B A} (R"), Hy:KHO B3ATb
dopMy @(x1, ..., xp)dx; A ... Adx,, 115 KOTOPOH ¢ — (PYHKIHS C KOMIAKT-
HbIM HOCHTEJIEM U /R” o(xy, ..., Xp)dxy ...dx, #0.
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18.2. U3somopdusm llyankape naa koromoaoruin ne Pama

[lycTh M" — KOMNaKTHOE OpHEHTHPOBaHHOe MHOrooGpasue, af € QF(M™)
u Bk e QPR(M™). Torna of A "% € Q"(M™), 103TOMy MOKHO PaccMOTPETh
MHTEerpaJ //W af A B B cayuae, Korna mHoroo6pasue M" HeKOMMAKTHO,
TakoH MHTerpajs MoXKeT okaszaTbCsl pacxopsmuMmcs. YTo6bl sToro n3beKarts,
OyieM npeanoarath, uto 3% € QIR (M").

Ecnmu M"™ — mHoroo6pasue 6e3 Kpasi, TO MOCTPOEHHOE TakUM 06pa3oM
otobpaxenne QF(M") x QF—*(M") — R nepenocurest Ha KoromoJioruu jie Pa-
ma. Jlefictutennho, nycth do =0 u d "% = 0. Torna d (W' A %) =
=dw VA B u d(ef A WY = £0f A dw" R nostomy  dopmbl
dwk=1" A Bk w ok A dw*=! Tounbie. A nuTerpan Tounoil dopmbl (¢ KOM-
MaKTHBIM HOCHUTEJIEM) MO0 MHOTroo6pasnio 6e3 Kpasi paBeH HyJ0. DTO 03HAUaerT,
uTO 0TOGPAKEHHE TEPEHOCUTCST Ha (DAKTOP 3aMKHYTHIX (hOpM MO TouHbIM. B pe-
ayaibTate TnoJyyaeM GuinHeiHoe otoGpaxenue HEp(M") x HI7H(M") — R,
T. . meitHoe otoGpaxenne D: Hfp (M™) — (HI=*H(M™))*.

Teopema 184 (usomopdusm Ilyankape). Jlag opuermupos8am1oeo
mHoeoobpasus M" 6es kpass omobpascerue D HSR(M”)H(H(?_’?(M”))* —
uzomopgusam.

HoxaszateabctBo (cm. [Gr2]). CHauana npoBepuM, UTO YTBEpKIIE-
nue BepHo mas M" = R". Tpynnel H*(R") u HF(R") Mbl yxe BbiuMc/siiu
(nemma Ilyankape u nipumep 18.5). OTaMuHbl OT HyJsisl ToabKO rpynnbl H O (R")
u H(R"), npuuém o6e onu usomopdHsl R. ITostomy poctaTouHo npoBepuTh,
uTo otoOpaxenue D: HBR( ") — (H(M™))* HeHyneBoe.

Iycts 1 € HY(R") — Koromosornueckuii kaace dynkuuu na R”, Toxnie-
CTBEHHO paBHOH 1, a p(xy, ..., x5)dx; A ... A x, € QY R") — dopma, Koro-
MOJIOTHUECKHI KJlace KoTopo# oTauueH ot 0. Torna

(D(1), p(x, ...,xn)>:/l’ O(X1, ooy Xp)dxy Ao A x, #0,

a sHauut, D(1) # 0.

YTBepaKaeHue fokazaHo aast M" =R", a TeM cambIM U JI/1s1 BCEX OTKPbIThIX
MOJIMHOYKECTB MPOU3BOJILHOTO MHOTO0Gpasust M", nuddeomopdubix R”. Uto6b!
MIePeHeCTH €ro Ha BCe OTKPbITble MOAMHOXecTBa MHoroo6pasus M" (a Tem
caMbiM ¥ Ha Bcé M™), Mbl MPUMEHUM CTAHJAPTHYIO TEXHHKY, OCHOBAHHYIO Ha
otoOpaxKeHHH OJIHOH nocJieoBaTebHOCTH Mariepa—Bbetopuca B apyryio.

Paccmotpum nocnenosatensHocts Maliepa—BbeTopuca 1/t KOTOMOJIOTHIA
C KOMIMAaKTHBIMH HOCHTEJISIMH

coe— HITRM?) — HITHUL) © H 7R (Ug) —
— H'"%(U, N Us) «— H" =YM") — ...
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W yaJu3upyeM e€, T.e. PACCMOTPUM MOCJEN0BaTE/IbHOCTb JBOHCTBEHHBIX MPO-
CTPAHCTB U JIBOMCTBEHHBbIX 0TOOpaxeHHi. 3aTeM oTOOpasUM MOCJ/ea10BaTe/b-
HocTh Mailiepa—Bberopuca ansi KoromoJsioruii 1e Pama B nyasusupoBaHHyio
M0CJ/1e/10BaTe/IbHOCTb MOCPEACTBOM 0TOOpakKeHust D:

H*(M") H* (U@ H*(Uy) H*(UinUsg) —— H**1(M")
| D | 2oy @0, | Do, [ o

HIR M"Y — HI=RU ) @ HIH(Un)* — MU NUo)* — HE—F=1 (M),

[TokarkeM, UTo MoJIyyeHHas AHarpaMMa KOMMyTaTHBHA C TOUHOCTBIO JI0 3HAKA.
KOMMyTaTHBHOCTL JIGBOTO M CPeJHEro KBajpara, B KOTOPbIX HMCIOJIb3YIOTCs
TOJILKO OTlepaliuy orpaniuenus popMbl H pacrpocTpanenust GopMbl, OUeBHIHA.
3aiiMéMcs npaBbIM KBagpaToOM.

B npasom Kpaaparte BepxHee OTOOpasKeHHe YCTPOEHO CJELyIOLMM 00-
pasom. [lyeth of € Q¥(U; N Us) n da* = 0. Tlpencrasum dopmy of
B Bute of = af — ok, e of € Q% (U;). ®opme of conocrasasiercst popma
ottt e QI (M™), kotopas pana daf na U;. Ortobpaxenue H'~F=1(M") —
— H'=k(U; N Uy), KoTopomy JBOHCTBEHHO HUKHee 0ToGpakeHHe KBajpara,

yeTpoeHo caeayiotwm oopasom. [lyets f—#=1 € Qr=k=1(M") u dpr=F=1 = 0.
Tpencrasum dopmy B7~*~! g pune g1 = gr=*=1 4 gi=k=1 e pr=*=1 ¢
€ Q.(U;). ®opme %=1 conocrasasierca dopma B % € Q'R (U N Us),
KOTOpasi paBHa dﬁf‘k_l = —dﬁg’_k_' (3mech nojapasymeBaercsl paBeHCTBO Ha

U, N Us). TpeGyeTcsi 10Ka3aTh, 4To /U ﬂU af ApTR =4 » aftl A prk=t,
1 2

cHo, yto

/ AN :/ at+l A grke! +/ at+l A grhel =
n U1 UQ

:/ daf A\ B! +/ dak A pa=k=t
U,

Us

dopma af A BF! umeer komnakthblil HocuTenb B Uj, MOSTOMY HHTErpad
/U d(ak A BF*=1) pasen 0. 3nauwr,
i

(71)k+1/ akJrl /\ﬂﬂfkfl :/ Oé]f /\dﬂ?_k_] +/ ozg /\dﬂg_k_]-
n U, Us

n—h—1 _ n—k—1 o
Hocurenn dopmer d 3] = —df JIEXKUT B MepeceueHud HocuTesel
hopm ﬂf*k*l i1 ;4,717 nostomy oH Jsiexkut B Uy N Uy. 3uHauut, 31y hopmy



308 ImaBa V. Koromosoruu Yexa u jne Pama

MOYKHO paccMaTpHBaTh Kak pacrpoctpaHenne dopmbl 4%, Tlostomy

(_1)k+l / ak+l /\ﬁﬂfkfl :/ allz /\ﬁﬂfk _/ a/Qz /\ﬁﬂfk —
n UnU, UnU,

k_ _k —k k —k
:/ (06170[2)/\6’1 :/ (6% /\6” ,
UnU, UnU,
4TO U TpeOGOBAJIOCH.

Tenepb U3 H-J1eMMbI CJIE/lyeT, UTO ecJii TeopeMa 06 nzomopduame [lyaHkape
BepHa Ji1s MHoroo6pasuit Uy, Uy u U N Uy, To OHa BepHa U 1 MHOroo6pasus
UyuUs=M".

Caienylolnii (M BaXKHEHIINH) 11ar — 10Ka3aTesabcTBO M3oMoppusma [lyan-
Kape s Jo6oro oTkpbiToro MHoxkecta U C R". Tlycts U — 6asa TonoJio-
rvd npocTpaHcTBa R”, cocTosilasi U3 OTKPBITHIX MPSIMOYTOJLHHKOB, 3aJlaHHbIX
HepaBeHCTBAMH q; < Xx; < by, i =1, ..., n. DT1a 6aza obJajaeT IByMsl BaxK-
HBIMH /ISl HALIKX 1le1ell cBoicTBaMu: 1) st moGoro MHOXKecTBa U3 U BepHa
Teopema 06 uzomopcusme [lyarkape; 2) nepeceuenue JOObIX JIBYX MHOXKECTB
U3 U CHOBA JIEXKHUT B U.

Jlemma 18.1. [Tycme U — 6aza monosoeuu mroeoobpasus M", dia
komopoii soinoansromes ceoticmsa 1) u 2). Toeda 011 41006020 KOHeUHOO
00vedunenus muoxcecms u3 U eeprna meopema o6 uzomopgpusme Iyaw-
Kape.

HoxkasateabctBo. [lyers Uy, ..., U, — mHoxkecTBa u3 U. Jloka-
»KeM MHJyKLHeH Mo k, uto Teopema o6 u3omopcdusme [lyankape BepHa s
Uy U...U U Tlpu k=1 370 BepHO coryiacHo cBoiictBy 1). Tlpu & > 1
MpeCTaBUM paccMaTpuBaeMoe MHOXKecTBO B Buie U’ U Uy, tne U' = U U ...
... UUp—. Dast muoxkects U’ u Uy, Teopema 06 uzomopuame [lyankape Bepra
M0 MPEANOJOKEHHIO HHAYKIHH, TIO3TOMY OCTaéTCsl MPOBEPUTh, UTO OHA BepHa
st muoxkectda U' N U, = (U NUR) U ... U (Up_y NUp). Cornaco cBofi-
cTBYy 2) Teopema 06 u3oMopduaMe ITyaHkape BepHa sl KaxK/10ro MHOXKeCTBa
U; N Uy, nosromy ona Bepha u aist U’ N U, O

Jlemma 18.2. [Tycmo U — 6asa monosoeuu mHoeoobpasus M", 0aa
Komopoii gotnoansemcs cgoticmso 1). Toeda 043 moboeo (He obazamens-
HO KOHeuH020!) 06vedureHruss TonapHo He MepeceKarolulnXCcs MHONMCeCms
u3 U sepua meopema 06 usomopgusme lyankape.

Hokasateabcto. [lycts {Untaea CU, puuém Uy NUg =@ mnisi

mo6bIX o, 3 € A. Torna ecTeCTBEHHbIE BKIIOUEHHST Qk( U Ua) — [I *(Us)
acA a€A
@ kU, — Qf*k( U Ua) aBasIOTCS H3oMopduaMamMu. Bo BTOpoMm
acA a€cA
calyyae 6epércsl psiMasi CymMMa, a He IIpsiMoe [TPoM3BeieHHe, I0TOMY uTo hopMa

C KOMITAaKTHbIM HOCHUTEJeM MOXKeT ObITb OTJIMYHOH OT HyJis1 JIMIb HAa KOHEYHOM
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umcsie MHoKecTB U,. [locsie Jyanusaiuu BTOPOro 0ToGpaKeHHsi Mojyuaem
— * —

ugzomoppusm Q! k( U Ua) — [I Q*(Ua,)*. 3nech yxke crout npsimoe

a€cA a€cA

npoussesenye. CUTyalus B TOUHOCTH TaKasi, Kak Julsl Lereil ¥ Kolerneil: B Kax-

AY10 1erb BXOAUT KOHEYHOE YUCJ/IO CUMIIJIEKCOB, HO KOUEMb MO2KET NMPUHUMAaTb

HEHYyJIeBO€ 3HaUeHHWEe Ha JI0OOM MHOXKECTBE CHMILJIEKCOB.
Hepexo;lﬂ oT q)OpM K KOrOMOJIOTHSIM, TOoJIydaem I/]SOMOpq)I/ISMbI KOIroMoJ10-

FHﬁ, KOTOPbIE BKJ/IIOUAIOTCA B KOMMYTATHBHYIO AHAarpammy

HsR( U Ua) — [ e (Ve

acA a€A

lo |11
Hc”‘k< U Ua)* = 1 He*Wa.

acA a€eA

3Hauut, D — uzomopdusm. O
[Tyete U C R" — n1pou3BoJ/ibHOE OTKPBITOE MHOXKECTBO. Ero MokKHO mpej-
0 _
craButh B BUae U = |J Vi, tne V; C U; B KauecTBe MHOXKeCTB V; MOXKHO B35iTh
i=1
OTKPBITbIE LIapbl PALMOHANLHOTO pajuyca ¢ palMoHaNbHbIMU LeHTpamu. [To-
qaoxum K; = V). [panuua mHoxecTBa K| — KOMMaKTHOE MOJAMHOXKeCTBO B U,
105TOMY €€ MOXKHO MOKPbITb KOHeuHbIM HaGopom MHoxecTs Vi, ..., V; . ITo-
JoxkuM Ko = Vo UV, U... UV, . Ananoruuto noctpoum K3 u T. 1. 1o mocrpo-
oo
ennio | J K =U u K; CintK;y,. W3 ycaoBust K; C int K;4; caenyer, uto cy-
i=1

[11eCTBYET KOMIIAKTHOE MHOYKeCTBO L;, 151 KoToporo K; C intL; C L; Cint Ky

(puc. 44).

Li Lt—l Li—2
| \ 1
I — ‘ [« ' /]
\ T I
| T / ]
¢ I ( ! i
| A [ [ AW |
| I I |
(N / [ I
| L/ I Y >:
| ¢ I/ ! I
1 |
D) , D
L | ¢ 1
| \ | N I
| / } / i /
- ‘ oo ﬂ;
! { —Ui— ! Ui_s
A
Kiti K; Ki—i Ki—s

Puc. 44. Muowecmsa K; u L;
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[Tokpoem muoxkecTBO K; \ K;—| MHOXecTBaMK 6a3bl U, LEJTHKOM JiexKalllk-
mu B int(L; \ L;—). Y13 komnakrHoctn mMHoxectBa K; \ K;_| cJjemyer, uto u3
3TOTO MOKPBITHSI MOYKHO BbIOpaTh KoHeuHoe noanokpeitTHe. [lyets U; — 06b-
e/IMHEHHE BCEX MHOXKECTB, BXOJSLIMX B 3TO MOAMNOKpbiTHE, COrJacHO JieM-
Me 18.1 nist MHOXKecTBa U; BepHa Teopema 06 nsomopdusme [lyankape. Kpome

o0
toro, no nocrpoennto |J U; =U n U;NU; =@ npu |i — j| > 1. Tlyctb
. L
Wi = U Ugyy1 u Wy = |J Uy;. Corsacto snemme 18.2 Teopema 06 naomop-
i=0 i=1
tusme Ilyankape Bepna nis mHoxkecTB W u Wo. Kpome Toro, U = W U Ws.
[ToaTomy ocTaéresi MpoBepUTh, UTO Teopema 06 nzoMopduame [lyankape BepHa
st Wi N Wy. Muoxkecrso W) N Wo npencrasiisier co60i 06benHeHNe monap-
HO He nepecekatoumxess MHoxkecTB U; N Uiy, i =1, 2, ... Kaxpnoe u3 3Tux
MHO2KECTB siBJIseTcsl 00 beIlUHEHHEM KOHEUHOTO unuc/aa MHOKecTB U3 U. [TosTo-
My corsiacHo jiemme 18.1 nyist MHoxkecTBa U; N U;1| BepHa Teopema 06 H30MOP-
¢usme [lyankape, a 3Hauur, coriacHo semMe 18.2 ona BepHa u aist W N Wo.

Jlaist npousBoJibHOro MHOrooGpasust M" nokasaresibetBo u3omopusma [ly-
aHKape Ternepb MOXKHO MPOBECTH MPUMEPHO MO TOH »Ke cXeme, uTo W sl
oTKpbIToro MHoxkecTBa U C R". EnvHCTBEHHOE CyllleCTBEHHOE OTJIHUME COCTO-
UT B BblOope 6asbl TomoJoruu U. B kauectBe U BO3bMEM HabOpP OTKPBITHIX
MHOKeCTB, romeoMopdubix R” u nokpbiBatoumx M”, U Bcex MX KOHEUHBIX
nepeceuenunit. Ing 3Toll 6a3bl CBOHCTBO 2) BBIMOJHSAETCS MO OMPEEsEHHIO,
a CBOHCTBO 1) BbIMOJIHAETCS MOTOMY, UTO JI0OOE MHOXKECTBO H3 U4 MOXKHO
paccmaTpuBaTh Kak OTKpbITOe MOAMHOXKecTBO B R, a ajsl TaKMX MHOXKECTB
usomopuam Ilyankape Mol yxke nokasaiu. Kpome Toro, BMeCTO 11apoB paLiu-
OHaJILHOTO pajuyca ¢ palHOHaJbHbIMH LEHTPAMH HYXKHO B3SITb MOJIXOMSILLYIO
cuétHyto 6agy TornoJioruu npoctpanctsa M". B ocrajbHOM 10Ka3aTesbCTBO
npoxoauT 6e3 u3MeHeHUH. O

§ 19. Teopema ne Pama

Teopema ne Pama [Rh] yrBep:knaer, uto nst 3aMmxkHyToro muoroo6pasust M”
Koromosioruu e Pama Hpjp (M™) u3oMopdHbl CUMIIMUMANBHBIM (M1 CHH-
ryasipHbIM) KoromoJiorusm H*(M™; R). 3nech umeercss B BULY M30MOP(HU3M
anreop, T. €. \w-yMHOXKEHHE KOLeTel COOTBETCTBYET A-yMHOXKeHHIo hopm. Ceii-
yac W3BECTHO MHOTO Pa3HbIX J0Ka3aTesNbCTB TeopeMbl 1e Pama, HO Bce oHH
He OYeHb MpocThle. MBI MPHUBENEM J10KA3aTebCTBO, KOTOPOE BOCXOIUT K YHT-
Hu [Yu] (cm. Takke [Si]). ITo noBoay npyrux pokasatesbcTB TeopeMbl ae Pama
cm. [X1], [¥Y3], [We2], [Sa2] u [Cu]. Kpome Toro, Mbl JOKaxkeM aHaJjor
TeopeMbl Jie Pama /i CUMIIMIHA/IbHBIX KOMIIJIEKCOB.
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§ p

19.1. doka3areabcTBo Teopembl ne Pama

Tpuanryssuuio f: |K| — M" nasbiBaiot eaadkoil, ecyu st Jiio60ro n-mep-
Horo cumiiekca A" Komiiekca K CyLIeCTBYeT OTKpbiToe MHOXKecTBO U D A"
B R" u cyulecTByeT npojo/iKkeHrHe otobpaxkenusi f|an Ha U, KoTopoe siB-
Jsietcst (TaakuM) BJoXKeHHeM MHoroo6pasuss U B M”". Mbl 6ynem npen-
noJiarath, 4to (UKCHpoBaHa riajakasi Tpuanryssiuust M". (B uactu [ noka-
3aHO CYLIECTBOBAHHE MMEHHO TVIAJKOH TPUAHTyJAsUMK MHorooOpasus.) [lyctb
CH(M™) = C*(K; R) — rpynna k-MepHbIX CHMILIHIHMAJLHBIX Kollenei. 3aja-
M oTobpaxkenue p: QF(M™) — C*H(M") dopmynoii (p(wk), A¥) = N wk.
Teopema Crokca nokasniBaert, uto p dw = (dp)w, M03TOMY 0TOOPaXKeHHE p UH-
JIyLIUPYyeT rOMOMOP(U3M JIMHEHHBIX POCTPAHCTB p* ! HSR (M) — H¥(M™; R).

Mlar 1. Omobpancenue p* — anumopghusn.

[Tokaxkem, 4TO SMUMOP(HOCTL MMEET MECTO YK€ Ha YPOBHE KoLlere,
T.e. Kaxo0i Kouenu c* € C*(M") moxno conoctasuth dopmy wh € QF(M™),
s Kotopoit p(w¥) = c®. Jlns noctpoenust hopMbl M0 KOLEMM HaM TMOHA-
J00HTCsT CrelanbHoe pasbueHue eIUHULbI, MOAUMHEHHOE MOKPBITHIO {stv;},
rie vy, ..., U, — BePIIMHBl KoMruiekca K. A MMeHHO, MycTh Xx; — GapHieH-
TpHYecKasi KOOp/IMHaTa, COOTBETCTBYIONIAsl BepllMHe v; (MpearoJaraercs, uro
x; =0 s 110601 TOUKH, JexKalllell BHE CHMILIEKCOB ¢ BeplIMHOH v;). [lyethb

F; — MHOXeCTBO BCeX TOUeK, JAJISI KOTOPBIX X; > a (; — MHOXeCTBO

n+1’
1
BCEX TOUEK, JUIT KOTOPBIX X; < P (puc. 45). TlycTb A; — HeoTpHlIaTENbHAS

raajKast (pyHKIHMs, KoTopast oJIoxKuTesbHa Ha F; 1 obpaiiaercsi B HyJb Ha G;.
MuoxectBa F; nokpeiBaior M”. JlefictButenbHo, cymma n + | 6apuueHTpu-

Puc. 45. Muowcecmsa F; u G;
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yecKMX KOOpJMHAT JiloOoH Toukn x € M" paBHa |, mostoMy oiHa M3 HMX He

MeHbllle Takum o6pazom, dyHkuus A(x) = A\j(x) + ... + A\ (x) noJio-

o
YKUTEJbHA. —It[oaTomy byukumnn {p;}, e p;(x) = A (x)/A(x), o6pasyiot riaakoe
pasGueHHe eMHULbI, ToAUMHEHHOE MoKpbITHIO {M" \ G;}.

[ycts A =[v;,, ..., v;,] u c® — kouens, aBoficTeennas cummniekcy A,
T.e. {ck, AF) =4, Conocrasum Kouenu c* dopmy

k

ooty =RV (=1 g d iy Ao Ny A A d g,
j=0

B peay/brate noJyuum JimMHeiiHoe otoOpakenue @: C*(M™) — QF(M™) (nu-
HeilHoe oToGparkeHHe J0CTaTOuHO 3ajaTh Ha Oasuce). JlokaxkeM MocJienoBa-
Te/bHO CBOHCTBA 5TONO OTOGPAKEHUS, KOTOPbIE MO3BOJST CeNaTh BBIBOJ, UTO
p* — 3MUMOpPHU3M.

Cpoiictbo 1. Cnpasemuso pasenctso dp(ck) = p(5ck).

Sleno, uto dp(ck) = (k + )!'d iy A ... A dpi,. Boiuncaum tenepb ¢(5ck).
Kottenb ¢k npeacrapisier co6oil cymmy Kollereii, ABOACTBEHHBIX CHMILIEKCAM

Buaa [v,, v, - .., ;). [1o3TOMYy Kollenb ﬁl)’gp(écf) paBHa

k
/ . —

Z Lp d,uio/\.../\d,uik—Z(—l)’ui!. dpp Ndpig N Adp Ao Adp, |,
j=0

rie S osHauaer cymmupoBaHue 1o BceM (k 4 1)-MepHBIM CHMIIEKcaM

[vp, Vigs - -+, Us,]. 3amerum, uto ecau p & {io, ..., i}, HO HAa BEPLIHHBI U,

Vigs -+ -, Ui, HE HATAHYT CUMIUIEKC, TO W, d iy A ... A dp;, = 0. [eficTBu-

TeJbHO, ecliu X & stv,, To p,(x) = 0. Ecmu xe x € stv,, To x, #0. Ho

toraa x;; = 0 nis nekoroporo j (unaue x, # 0, x;, #0, ..., x;, # 0, mosromy

TOUKa X JIEXKHT BHYTPH CHMIUIeKCa [vp, Uy, ..., U;,]). PaccMoTpum oTkpbiTOe

1
MHOXKeCTBO U, cocTosiiiee U3 Touek iy € M", nist KoTopbix y;, < PR Touka x
n

NPUHAIEKHT MHOXKecTBY U W pi;; obpamiaercst B Hy/Jb Ha U, MOCKOJIbKY
U C G;,. Cnenosarenbto, d p;, = 0. Takum o6pasom,

/
Zupduio/\.../\d,uik: Z fp dptig Ao A d g,
p&lio,...ix}

Bocrosb3oBaBiiuch 3TUM CBOMCTBOM W TeM, uto . p;(x) =1 (a 3Hauwr,
> dp; = 0), nosyunm

k
/ . —
g E (—1)/uijd,up/\duio/\.../\d,uij/\.../\duik =
j=0
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. ! —
(—1)’2 i du,,/\d,uio/\.../\d,u[j/\.../\duik =

|
.M*’

j=0
k . —

= (=1 Z piy dppp Ndpig Ao Ndpg AN d g, =
j=0 p&lio,.. ik}
k —

= (—1)/Zui!.d,up/\duio/\.../\d,uij/\.../\duik:
j=0 pF#ij
k —

= (l)luij(Zdup>duio/\.../\du[j/\.../\a'mk
i=0 P#ij
k

= (_1)/Mi,'(_d,uij)d,uio/\---/\dui,/\"'/\d,uik:
=0

k
:quijd,uio/\.../\du[k.
j=0

B pesyJsbrare nosyuaem, uto
p(Ock) = (k+ D> ppdpig A Adpy, =
p
=(k+ Ddpy A... Ndp;, =de(ch).

Ceoficto 2. Ecom (c°, v;) = 1 st kaxnoit Bepumnbl v;, 10 0(c?) = 1

(cbyHKLMS, TOKIAECTBEHHO paBHas 1).

Sleno, uto ¢ = >, e ¢ — kouenb, aBoiicTBennas cummniekcy [o;].

L
[ostomy @(c®) =3 ;i = 1.
i

Ceoiicto 3. Ecmu ¢f — kouens, apoiicteennast cummiexkcy Af =
= [0iy, -+ Ui, ], TO opma p(ck) ToxmecTBenHO paBHa HyJIO B OKPECTHOCTH
muoxecta M" \ st Ak,

[To onpenenenuio

k —
P(cd) =k (=D dpig Ao Ndpy AN d .
j=0

Oynkumus p; U hopMa d p; TOXKIECTBEHHO paBHbI HYJI0 Ha MHOXKecTBe Gy, T10-

31oMy dopma p(ck) ToxknecTBenHo paBua HyJio Ha MHokecTBe Gy, U ... U Gy,

DTO MHOMKECTBO CONEPIKHT OKPECTHOCTL MHoxkecTBa M™ \ st Ak,
CBoitcTBO 4. CnpaBelMBo paBeHCTBO p o ¢ = id.
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[Tpumenum uHayKumio no k. CHavana paccmotpum caydait k£ = 0. [lycts
kotenb ¢ npoiicTBenna cummiekcy [v;]. Torna ¢(c?) = wi u {pp(c?), [v;]) =

= Jioy wi = pi(vj). Ecmn i # j, 70 v; ¢ stu;, a BHe stv; dyHKUMs ; paBHa

nyJto. Kpome toro, p;(v;) Z,ul (v;) = 1. TTostomy kouenb pp(c?) nBoiicTBeH-

Ha cummniekey [v;], T.e. p(p(ci) =c).

[Ipennosioxkum Tenepb, uTo 2 > 1 W CBOHCTBO 4 j0Ka3aHO sl BCEX KO-

ueneii pasmeproctn k — 1. Tlyeth ¢¥ — kouenb, npoiicTBennasi cumriekcy
AF =Tv;, ..., v;,]. Cornacno cpoiictBy 3 dopma @(c¥) obpalaercs B Hyb

BHe st A¥, nostomy ona ToxzecTBeHHO paBHa HyJIIO Ha JIOGOM R-MEPHOM CHM-
niekce, oTanuHoM ot A¥. Octaérest nposeprth, uto {pp(ck), A%) = 1. Iycts

k—1 \ k=1 _ '~

C;; — KOLeIlb, IBOHCTBEHHAS CHMIIEKCY As,j = [viy, -+, Vijy - -+, U, ). Tor-
k—1 .

nadegy' = cktck 4 ck tneck, ..., c®—xouenu, nBoiicteennbie k-mep-

HBIM CHMILIEKCAM, TPaiblo KOTOPBIX cayxkHuT cummieke AXS! (i kotopbie o1-
auunbl o AF). Ho Mbl TosibKo uto nokasanu, uto (pp(ck), A¥Y =0 nput #s.

Buaunt, (pp(5elyl), AF) = (pp(ck), AF). C npyroii croponsl, Bocnoansosas-
umcehb cpofictBoM 1 u hopmysiofi Ctokca, noJyunm

(pp(6ckyh), AF) = (dpp(clyh), Al =

- [t = 2 [ et = [ et =
GIN: Al N

(B caMOM KOHILe Mbl BOCTOJIb30BAJUCh CBOHCTBOM 4 Uil Kollemel Kopa3mep-
HoctH k — 1).

ITHUM JI0Ka3aTeJILCTBO 3MUMOPMHOCTH 0TOOpaXkeHusi p* 3aBepiieHo. Jleii-
CTBHTEJIbHO, W3 CBOWCTBA | CJelyeT, UTO « WHIYLHPYEeT TOMOMOpP(H3M
@*: HY(M™; R) — HEL(M"), a u3 cBoiictBa 4 ciienyer, uto p* o ¢* = id.
[TosTomy p* — snumopdusm.

War 2. Omobpancenue p* — moromopghusm.

[Tycts A™ — cummiieke B R”, m > 1. Jokaxkem cienyloline yTBepKaeHHSsI.

(Ag), k> 0. Iyctb w* — 3amkHyTas popma, onpeeséHnas B OKPeCTHOCTH
OA™. Ecniu m =k + 1, To IONOJIHUTEJBHO Mperoaraercs, uto / wk=0.

aAn
Torna cyuiecTyer samMkHyTasi hopma o, onpejiesiénnas B OKpeCTHOCTH CHM-
niekca A™, 1ist kKotopoit o = w* B okpecTHoCTH DA™,

(Bg), k> 1. Tlyets w® — samknyras dopma, onpenesnénnas B oKpecT-
Hoctn cumniekca A™, of~! — dopma, onpenenéunas B okpectHocTH JA™.
[Tpe/noNoxKuM, uTo B OKPECTHOCTH IpaHHilbl OA™ BBINOJIHAETCS PABEHCTBO

k—dao*=1 Ecom m =k, To 10NONHATENLHO MPe/NOIaraeTes, uTo /6N ot =
k1

=/ wk. Torna cymectsyer dopma B+~ = o*~! onpenenéunas B oxpect-
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Hoctu OA™, nns kotopoit BF! = o#~! B okpectHoctn OA™ u dBF! = w

B OKPECTHOCTH cummekca A,

O6a 1oMoJHUTEbHBIX TIPENOJ0KEHHS CBA3AHbI C TEM, UTO I/ TpebyeMoi
(hopMbl (v JIOJKHA BBIMOJHATbCS TeopeMa CTOKCa, a 3TO HAKJA/AbIBAET HEKO-
TOpble OrpaHHUEHHs] HAa HCXOJHYI OpMY w.

Cxema JloKaszaTesibcTBa OyneT Takas. CHauajla Mbl JIOKaXKeM YTBEpIKjle-
Hue (Ap), a 3atem JokaxeM, uto (Ax_1) = (Bp) u (Br) = (Ap).

(Ap) 3amruyrocth 0-chopmbl (ynkimu) w’ o3nauaer, 4To oHa NocTosIHHA
Ha KaXkao# cBsiHo# KommnoHenrte. Ecau m > 2, 1o MHoxectBo OA™ ¢BSI3HO;
OKPECTHOCTb 3TOTO MHOXKECTBA TOXKE MOXKHO CUHTATh CBA3HOH. B 3tom ciy-
yae cdopma w” pasna koncrante ¢ u Mol nonaraem o’ =c. Ecan m =1, 1o
MHOXKeCTBO OA™ HecBsS3HO, HO B 3TOM cJiyuae m = k + 1, M03TOMY JOJIXKHO

k

R w? = 0. IMyers A' = [vg, vy]. Torna 310 ycsoBue

BBIMOJTHATBCS YCJIOBHE /6‘
umeet Bua w’(v) = w’(vg), NOITOMY Ha 06EMX KOMIOHEHTAX CBSAZHOCTH (op-
Ma w” IpUHMMAET OJIHO M TO »Ke 3HaueHue ¢, U Mbl CHOBa noJiaraeM o’ = c.
(Ap_1) = (Byp). Tyetb w* — 3amknytas opma, onpeenénnas B OKpecT-
noctn A™. Coryacho Jemme [lyankape w® = dﬂf’fl JUISl HEKOTOPOH (hOpMbl
ﬂf’*l (MBI TIpejioJiaraeM, uTO OKpPeCcTHOCTb cumriekca A™ nuddeomopd-
Ha OTKPBLITOMY n-MepHOMy wiapy). PacemoTtpum B okpectHoCTH OA™ hopmy

A=l = okl — g8 Torna d*=! = wk — Wk = 0. Bosee Toro, eciu m = k,

0 /. S :/(mk k=l — /aN gt = N dwk — /Akdﬁf_' = 0. TTosTomy
K hopme v+~ ! moxHO npumenuth yreepykaenne (A,_1). B pesyabrate nosyunm,
uTO CyllecTBYeT 3amKHyTas dopma ¥~ !, KoTopas onpenesena B oKpecTHO-
ctn A" npuuém yF T = AF1 = of=1 — g1 g okpectHoeTH OA™. dopma
prl = ﬂf’*l + yf”*l o6J1aiaeT BCeMH TpeOyeMbIMH CBOHCTBAMM.

(Br) = (Ag). Tlyctb w* — samkuyTas dopma, onpeeiéHHasi B OKPECTHOCTH
OA™, rne A™ = [vy, ..., Uy]. Paccmorpum MHOXKecTBO (OA™)\ 01, ..., Unl,
romeoMopgHoe OTKpbITOMy (m — 1)-mepHoMy 1wapy. MoxKHO cuMTaTb, uTO
OKPECTHOCTb 3TOT0 MHOXKECTBA FOMeOMOp(HA OTKPBLITOMY f1-MEPHOMY LIapy.
B rtakom cayuae MOXKHO TpuUMeHUTb Jemmy [lyankape u moJyuuts copmy
%=1, onpenenénnyio Ha 3TOHl OKPECTHOCTH H YJIOBJETBOPSIOLLYIO paBeH-
erBy dB*~! = w*. B uactnoctn, dBf! = wk B okpectnoctn OA™! e
A"V = [ovy, ..., 0n]. Tlpn m > 1 MOXHO TNpuUMeHHTb yTBepKieHue (Bj)
K dopmam w® u B! u cummmexcy A”!. HyXHO JMIIL NPOBEPUTH, UTO

npu m — 1 = k BBITIOJIHSIETCST paBEHCTBO / wk = /BNH B*1. Tlonoxknm

Amfl
c =9A™ — A"l Torma 9c = —OA™ ! u mo6oli cumIieKe 1enH ¢ co-
JlepKUTCS B OKPECTHOCTH, Ha KoTopoil ompenenena dopma (4~ TTostomy

k_ k—1 _ k k—1 _ k k_ k_
/Amfléu [;Amflﬁ _/Amflcu +/6(76 _/Amflw +/Lw _éAmw _0
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[IpumenuB yrBepxkaenue (Bp_i), nosyuum gopmy Bf‘l, KOTOpast onpee/eHa
B OKpeCcTHOCTH chMIiekca A"~ npuuém ﬁf" = 3*=! B okpectHocTH DA™ !,

dopmbl ﬂf_l u %! coBnanaloT Tam, rae oHu obe OmpejeseHbl, MOITOMY

M3 HHX MOXHO CKJEUTb opmy o/f_l, KoTopasi ornpejesieHa B OKPeCTHOCTH

OA™=! 4 ynoBneTBopsieT paBeHCTBY do/f’*l = wp. UTOOBI NPOJOJIKUTE €€ 110
dopmbl o1 onpenenénnoii B okpectHocTH cummiekca A paccMOTpHM
¢yHKIMio A, KoTopasi paBHa | B Manoil okpectHocTH OA™ u pasHa 0 BHe
uyTh Gosblieii okpectHocTH JA™. dopma of~! = \a¥~' o6nanaer seemnu
TpebyeMbiMH cBoHcTBaMU. OcCTaércsi pacCMOTpPeTh OTJeNbHO ciyuad m = .
B stom cayuae dopma w® onpenenena B OKpPeCTHOCTSX BeplIMH Up H 0Uj;
TH OKPECTHOCTH MOXKHO CUMTATbh HeMepeceKalolMMUCs (M ToMeoMOp(HbIMH
OTKpBITOMY 11-MepHOMY 1apy). CorsnacHo JiemMe [lyaHkape cyliecTByeT opma

Oél]e_], KOTOpas ornpejie/ieHa B 3TUX OKPECTHOCTAX W YJIOBJETBOPSIET PAaBEHCTBY

k—1

da/f_l = wk. dopma of ! onpenenéuunas B okpecTHOCTH oTpeska [vg, U],

ctpoutest 1o opme of ! Touno Tak xe, KaK H paHblle.

MounomMophHOCTb 0TOGpaXKeHHUsT p* BbITEKAET U3 CJIEYIOLIEH JIEMMbI, KOTO-
PYIO Mbl JIOKaXKeM, UCIO0JIb3Ysl yTBep:keHHe (By).

JTemma. [Tyemo w® — samxnymas opma na M", npuuém p(w*) =
= 0ck=! daa nekomopoii koyenu c*~' € CF=1(M"; R). Toeda cywecmsyem
popma o' na M", 0aa komopoti do*~! =Wk u p(aft) = c* .

HokaszaTeJsbcTso. Hanomuum, uto Mbl PUKCHPOBAJIH TPHAHTYJISILUIO
[ |K| — M". ®opmy of~! Mbl Gynem cTpouTh MHAYKUMel 10 pasMepHOCTH
octoBa Komruiekca K. A HMeHHO, Mbl OyJeM CTPOMTb 0CJIEI0BATEIbHOCTD
thopm ag*l, —ovy a1 ak, uto

1) dhopma o' onpejnesiena B OKPeCTHOCTH M1-MEPHONO OCTOBA KOMILIEK-
ca K, npuuém Ttam, rae sTa opma orpejesieHa, BbIMOJHIETCS PABEHCTBO
daﬁfl =Wk

2) popma ol cosnanaer ¢ of;!

3) plak)) =t .

[Tocsientee paBeHCTBO HY»KHO MOHUMATh Tak. OToGpakeHue p Mbl OMpejessieM
TOJIbKO /st DOPM, 3aJaHHbIX HA BCEM Komrliekce K, HO B JeHCTBUTEJIbHOCTH
Mbl MOJIb30BAJIUCh JIHIbL OrpaHuueHrneM k-(opmbl Ha k-MepHbiil octoB. [lo-
3TOMY MOKHO CUMTaTh, 4TO oToOpakenue p onpeseneno mis dopm af~! rae
m >k — 1; npu 3Tom p(af’,:]) = p(af1), 1. e. B KauectBe f~! MOkHO B3ATH

bopuy ",

dopma 0/5_1 cTpouTcs ciienytoim oopazoM. [Tokpoem BepuIHHBI Uy, ...
..., Uy KoMIUleKca K HerepeceKalOUMMHUCS OKPECTHOCTAMH. B kaxmo#n u3
THX OKPECTHOCTEH MOXKHO MPUMEHHUTh JieMMy [lyaHkape W MocTpouTh Gopmy,
nuddepentman kotopoil pasen w*. Ecan k> 1, To TpeGyemast dopma mno-
crpoena. [1pu k2 =1 Hy:kHO eI, uToGbl BLIMOJHSIOCH PABEHCTBO p(ag) =0,

B OKPECTHOCTH rM-MEPHOIro OCTOBA;
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T.e. ad(v;) = (¢, v;). DTOro JIETKO NOGUTHCSI, TOCKOJIBKY B OKPECTHOCTH KaXK-

JI0H TOUKH U; K (PyHKUIHH 048 MOKHO MPUGABUTL MPOU3BOJIbHYIO KOHCTAHTY C;.

dopmy ok~ o dopme afn__ll MOXKHO CTPOMTb OTHEJLHO JIJIsl KaXJIOro
cummyiekca A, JleficTBUTeNIbHO, 0011asi 06JacTh ONpejieeH st MOCTPOEHHbIX
TakiM 06pa3oM (hOpM COJEpPXKUTCS B OKPECTHOCTH (m — 1)-MepHOro ocTo-
Ba, a TaM 3TH (hOPMbI COBMAJAIOT C afnill. [Toctpoenne dopmbl %! ocho-
BAaHO Ha yTBepxkleHUH (Bj), KoTopoe npuMeHseTcess K GopmaM wy H aﬁ:l.
YroObl NMPUMEHHTb YTBep:KAeHHE (Bj), HYKHO TPOBEPUTb, UTO €CJH k = m,

k=1 _ k R (kY — (§ek—=1 AR\ _ k=1 ky _
To/wamflwa.Ho/Nw = p(wh) = (Bck=1, ARY = (ck=1 9AK) =
_ k—1 By _ k=1 _ .
= (p(a, ), OAF) = ./BN o, . Ecim m=Fk — 1, To nyxHo ewwg, utobbl Bbl-
TOJHANOCH PABEHCTBO /Akf1 042:} =(c*=1, A*=1) Tlonbitaemcst noGuTHCS 510~

ro, 106aBHB K MOCTPOeHHOM dopme 3amkHyTyIo hopmy (*~!, kotopast onpese-
JieHa B OKpecTHOCTH (k — 1)-MepHoro octoBa, obpataercsi B HyJlb B OKPECTHO-
cth (k — 2)-MepHOTO OCTOBA W I KOTOPOH /AH B*~1 umeer sanannoe 3ua-

yenue /s Kaxaoro cumniekca AF 1 e, p(3¢~!) — sanannas kouenn d* !
[Tokaxewm, uto dopma B! = p(d*"), e p: C*(M") — Q¥(M") — o106-
paxkeHue, onpenesnéHHoe Ha c. 312, obnanaer TpebyeMbiMH cBofictBamu. Ha-
MOMHHMM, YTO CORacHo cBOHCTBY 3 dopma ¢(ck) ToxmecTBenHo papha Hy-
Jo B oKpecTHocTH MHoxkectBa M" \ st A¥. B uwactnoct, oHa paBHa HyJO
B okpectHocTH (k — 1)-mepHoro octosa. Cienosatenbho, dopma B! 06-
pallaeTcs B HyJlb B OKpecTHOCTH (k — 2)-MepHoro ocToBa, a dopma d3¢~! =
= p(6d*~") obpauaercst B Hysb B oKpecTHOCTH (R — 1)-MepHoro octoBa. [

Hakonell, npoBepum, uto npu uzomopcusme je Pama A-npoussenenue
(hopM MepexoIUT B \-MPOU3BEJEHHE KOTOMOJIOTHUECKHX KaaccoB. [lyets dop-
Mam wf? u wg COOTBETCTBYIOT KOroMoJioruueckue Kiaccol o u 37. Pacemorpum
Ha MHOroo6pasiu M" x M™ dopmy (piw!’) A (pjwd), tae pi, po: M™ x M" —
— M" — ecTeCTBeHHbIe TIPOEKIUM Ha TMEPBbIA U BTOPOH MHOXMUTEJb. K3 Teo-
pembl DyOUHH cJieflyeT, uTo 3Ta (hopMa COOTBETCTBYET KOTOMOJIOTHUECKOMY
kjaccy o ® (39, MOCKOJbKY

/ (p]"w]p)/\(p;wg)zép,éqs (/ Wlp) (/ Wg)
AP XAl Ar N

[Tycetb d : M"— M" x M" — nuaronasibhoe oto6paxkenue. Torna d* (af ® 39) =
=a’ VB ud*((piw]) A (piwd)) =wl Aws.
19.2. CumnauuuanbHasa Teopema ae Pama

Jnddepenupmanbibie GOPMbI MOKHO paCCMaTPUBATh HE TOJLKO Ha IVIAJIKUX
MHOT000pa3usx, HO MU Ha CHUMIUIMLMAJbHBIX KOMMJeKkcax. Kues nmoctpoenus
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Takux ¢opMm BocxoauT K YutHu [Yu] u Tomy [Th2]. Ho nHauGosiee BaxkHyo
poJib B Pa3BUTHM 3TOH TeopuM chbirpasa padora CyJuusaHa [Su], B KOoTopoit
OH MPUMEHUJI KYCOUHO MOJIMHOMHAJbHbIE 11uddepeHiiManbHble GOpMbl /I pe-
lLIEHUs] HEKOTOPBIX 3aJau roMOToNMueckoil Tonosiorud. Kpome toro, CyJiBan
MOCTPOMJ TeopHio Hal nojem Q (u BooOLle Had JOObIM 110J1eM HyJeBOH Xa-
PaKTEPUCTHKH), a He TOJbKO Haj noJjem R.

[lycts xo, ..., X, — GapHlleHTpHUeCKHe KOOpJAMHATHI Ha cHMMJIeKce A”;
npejnosaraercsi, uto » . x; = 1. Bynem Ha3biBaTb NOAUHOMUAAbHOL R-POpMOTL
Ha A" BblpaxKeHHe BUJA

Z Pily»»»yik ()Co, ceey xﬂ) a’x[l VANAN a’x[k,

rie Pj, ..., — MHOTOUJIEH C pallMOHA/IbHBIMKH Kos(duieHTaMi. MoKHO TakKe
paccMaTpuUBaTh M MHOTOUJIEHBI C BELIECTBEHHBIMH KO3(dulHeHTaMu. 31ech
CHOBa Tpejriogaraercs, uto Y x; = | u, cootBercTBeHHo, Y dx; = 0.

[ToMuMO MOJIMHOMHAJILHBIX AH(PQepPEeHIHANBHBIX POPM MOXKHO paccMaTpH-
BaTh eaadkue JUddepeHHabHble R-hopMbl Ha cumiiekce A”. OHU UMEIOT
BUJL

Z fily»»»yik(‘XOV ceey xﬂ) a’x[l VANPAN a’x[k,

rae fi...i, — IaaKas GyHKLIHMS Ha OTKPbLITOM MHOXecTBe B R”, coaepxa-
em A",

[Toaunomuaronas nuddepentmanbias gopmMa Ha CUMILIHIHAIBHOM KOM-
niekce K moJiyuaetcsi CKJIEHKOH MOJIMHOMUANbHBIX JuddepeHmatbHbIX hopm
Ha cumniiekcax K. DTH (OpMbl JO/KHBI ObITh COTJIACOBAHBI B CJEYIOLIEM
cMbIcJjie: ecsi cuMIiekebl Ay u Ao uMmeloT o6llylo rpadb Ajg W Ha 3THX
CHUMIIIEKCax 3a1aHbl (GOPMBI w| U wo, TO OTpaHUueHHs] (OPM w; U wo HA Ajg
JIOJIKHBI coBManath. OrpaHuuenue GopMbl Ha rpanb x; = 0 IPOU3BOANTCS CJle-
JYIOIM 00pa3oM: Hy»KHO MoJioxkuTb x; =0 u dx; = 0.

Iadkue nuddepenipalbible GOPMbl HA CUMILIMIMAJILHOM KOMILIeKce K
onpezesioTes aHasoruuHo. OO6paTHTe BHUMaHHKe, UTO Tyajkie GopMbl HA TPH-
AHTYJISILMH MHOTOOOPa3Hst — 3TO COBCEM He TO Ke CaMoe, UTo TJafkue (hopMbl
Ha MHoroo6pasuu. Hanpumep, rnankue dpynkuun (0-popMbl) Ha TPHAHTYJISIIAA
OKPYKHOCTH — 3TO KYCOUHO TJIajiIkhe (hyHKIMH (OHH MOTYT ObITh HenuddepeH-
LMPYEMbIMH B BePLUMHAX TPUAHTYJISILIUM).

JIMHeliHble TPOCTPAHCTBA MOJMHOMHAJbHBIX M TJaJKUX R-(POpM Ha CUM-
naMIKMa bHOM Komiiekee K Mbl Gynem o6osnauath A¥(K) u A% (K) cootser-
CTBEHHO.

Ha awmneitnbix npoctpanctsax Af(K) n A% (K) onpenenén oneparop d;
orpejieIeHo TakKe BHellHee npousdseaeHue hopm. [Lis noJMHOMHANbHBIX (GOpM
Han Q cyuecrsenno, uto d(P;, .. ;, dx;, A ... A dx;,) BelpaxkaeTcs uepes 4acT-
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Hble POU3BOJIHBIE MHOTOUJIEHA P, ;,, KOTOPbIE TOXKeE SIBJISIIOTCS MHOTOUJIEHA -
MH C pallMOHa/bHBIMH KO3(dHUIHEHTaAMH.

JlokaxkeM Ternepb HEKOTOPble CBOHCTBA MOJMHOMHANBHBIX (DOPM, aHAOTHY -
Hble CBOUCTBaM JuddepeHipanbHbIX (GOpM Ha MHOTOOGPa3sHsiX.

Jlemma 1. [lyemo K — koueuwolll CUMAAUYUAAbHOLL KOMNACKC,
CK — konyc nao K. [Tpednoaoxcun, umo ¢popma w* € A*(CK) samknyma,
k> 1. Toeda w* = da*~" daa nekomopoii gpopmor of~' € AR~V (CK).

HoxaszateabctBo. [lpencraBum Touky kKonyca CK B Buae Ax +
+ (1 = Na, rne x € K, a —Bepunna konyca u 0 < A < 1. 3aganum o1o6-
paxenne p: CK x I — CK dopmynoi

pOx 4+ (1= Na) = M1 — H)x + A+ £(1 — \)a.

Jlnst popmbl w® na CK moxno pacemorpets dopmy p*(wk) na CK x I. Tlyetnb

A — nexotopbiii cummieke K. Orpanuuense dopmbl p* (w?) na CK x I MoxHO

npeacTaButb B Buge » (tPap(A) +178,(A) Adt), e ap(A) u B,(A) —
p=0

topmbl Ha A, B KoTOphle He BXoaAT ¢ U df. OHu onpenessitoT Gopmel ey U 5,

Ha BCéM K.

[Ipu ¢t = 0 oTo6paxkeHue 1 TOXKJIECTBEHHOE, TIOITOMY €CJIH Mbl MOJOXKUM
{=0wudt =0, To u3 popmbl p*(w*) Mbl nosyunm w*. ATo oznauaer, uTo
ap =w*. Tpu t = | oToGpakeHue ju MOCTOSIHHOE, MOITOMY €CJIH Mbl MOJIOKUM
{=1udt =0, 70 u3 hopmbl p*(w®) monyuum 0 (mocTosiHHOE OTOGparXKeHHe
VHJyLIUPYET HyJieBoe oToOpaxkeHue R-copMm npu k > 1; 3/ech CYIIECTBEHHO,

uto £ > 1). D10 03HAuUaeT, uTO Yy a, =0.
p=0

Bocnosbsyemcs Terephb Tem, uto dopma w® samkuyTa. M3 s1oro caenyer,
yto d (p*(wk)) = p*(dw*) =0, T.e. a’( S tPa, + P58, A dl‘) = 0. 3nech
p=0
d(tPay,) =tPda, + (—1)%€% ptP=la, Adt w d(tPB, Ndt)=1PdB, Ndt.
[ostomy da, =0 u (—1)%€% pa, +dB,—1 =0 nist Beex p > 0.
M3 noJsiyueHHbIX paBEHCTB CJIeyeT, UTo

d ( 3 (1yteee _piﬂ_l) =3 (- 1ylese _pdiﬂl =Y ap=ay=wk O

p=0 p=0 p=1

Jlemma 2 (o npomosmxenun). Jlas a060i popmol w € A*(OA™) cyuye-
cmeyem ¢opna Q € A¥(A"), oepanuuenue komopoii na OA" cosnadaem
cw.

HokaszateanbctBo. Cumnieke A" =Jvg, ..., U] ¢ BbIGpOLIEHHON
BEPIIMHON Uy MOXKHO CMPOELHUPOBATh W3 BEPIIMHBI Uy Ha MPOTHBOMOJNOMKHYIO
eil rpaub [vg, ..., U,]. B GapuilienTpuuecKux KoopauHaTaX 3TO OTOOpaXkeHue
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3aaérest popmyJioi

(xo,...,x,,)r—>( oo )

17)(0v 1*)60

O603HauuM 310 oTOOpaxKenue my. [1ycTb wy — orpanuueHne GopMbl w Ha TPaHb

[01, ..., vs]. Ha A"\ {xo} MoxkHO paccmotpeth dhopmy mjwo. Ecan
woy = Z Ph...i;,(yla ey yn) dyi1 VANAAN _I/ik,
tae yi, .., Yo — OApHUEHTPHYECKHE KOOPAHHATBI Ha [Uy, ..., U,], TO

x o X Xn Xi, ) ( Xi, )
ﬂ-OwO_ZP‘I'“‘k(lfxo’"" lfxo)d(lfxo A Nd )

X (1 7)60) dx; + x;
Ho d = 3
I —xo (1 = xo)
unegio N Tak, uro dopma (1 — xo)" mjwo = @o OyneT noJHHOMHaNLHOH GOPMOH.
Bouiee Toro, opma &y KOppeKTHO omnpesiesieHa Ha BcéM cummiiekce A”: B Bep-
IIMHE Uy OHA paBHA HYJIIO, TIOCKOJbKY B 3TOH BeplunHe xo = l. Anasoruuto

d)CQ
. I—[OSTOMy MO2KHO BbIGpaTb HaTypaJibHO€
)N

MOKHO MOCTPOUTb (DOPMBI @y, ..., Wy, PACCMATPHUBAsT TPOEKLUUH M3 BEpLIMH
U0y + -y Op.
[panb [vy, ..., v,] 3anaérest ypaBHeHHeM xo = 0, NO3TOMY Ha 3TOH rpaHu

thopma @y coBnajaer ¢ w. Takum oGpaszom, Gopma w — Jploan obGpalaercs
B HyJlb Ha TpaHu [v], ..., Upl.

Hauia xoHeTpykuus o6saiaer cjaeiylouldM CBOHCTBOM: eyl opma w 06-
paiaercsi B HyJsib Ha rpadHd x; = 0, To dopMa w — Tp|gan TOKe obpailaercs
B HyJib Ha 3Toil Tpanu. JIpyrumMu cioBamH, ecyiu 3ajaHa ¢opma w Ha OA”,
KoTopast o6palllaeTcsi B HyJib HAa HECKOJILKHX IPaHsAX, TO Mbl MOXKEM MOCTPOUTD
tdhopmy @) Ha A", KoTopasi o6palaercsi B HyJlb Ha BCEX TeX »Ke TPaHIX U ellé
JIOTIOJIHUTEJIHO COBMAJIAET ¢ w Ha KaKOH-TO Apyroi rpauu. Tenepb Mo MHIYKIHH
MOKHO TIOCTPOUTD TpeGyemyto GopMy, MOCKOJbKY dopma w = 0 npompo/kaercs
Ha A" o4eBHIHBIM 06Pa30OM. O

3ameuanue. s rmaakux pyHKUMi Ha A" aHaJOTMYHOE yTBEpPKIEHHE
TOKe BepHO. JloKa3blBaeTCs OHO TMOYTH TOUHO TaK »Ke, HY?KHO JIMLIb 3aMEHHTb
dbyukumio (1 — xo)V na rmaakyio dyskuuio, Kotopasi papHa | B oKpecTHOCTH
rpaHu [vy, ..., Uy] W paBHa 0 B OKPECTHOCTH BEPLUHHBI Ug.

Jdemma 3. [Tycmo w* — samknymas noaunomuarvras gopma Ha
cumnaekce A", obpawarouaica 8 Hyav Ha OA"; npu k =n 6ydem do-

NOAHUMEAbHO NPeOnoAaeanv, 4mo /N w* = 0. Toeda w* =da*" oasn

Hekomopoii gopmer o~ € AR=Y(A"), obpawaroweiics 6 Hyv Ha OA"
(wWF =0 npu k=0).

HoxaszateabctBo. [Ipu n =0 ecTb ToNbKO HyJieBble popmbl. [TycThb
n=1uA"=][0, 1]. Ecam k=0, To y nac ecTb noaunom P(x), 1si KOTOPOro
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P'(x) =0 nast Bcex x u P(0) = P(1) = 0. 3nauur, P(x) =0 nis Bcex x. Ecim
I
k=1, Toy Hac ecTb 1-dopma P(x)dx, Ipuuém 1Mo yCa0BHIO /0 P(x)dx =0.

[Tyets Q(x) = /Ox P(t)dt =0. Torna d(Q(x)) =P(x)dx n Q(0)=Q(1)=0
Jlasee mbl hpuMeHuM UHAYKLHKIO 10 1. Ho 1oKazaTesibcTBO MMILIMKALMK
(Ay—1) = (Ap) (rme (A,) — yTBepxIeHHe eMMbl st A™) Mbl MOJTy4UM, J10Ka-
3aB uMnkauuu (A,_1) = (By,) = (A,), tie (B,) — clenyolilee yTBEpKIeHHE:
Mycmo k> 1 u w* — samxnymasn noaunomuarvnas gopma na A", npu
k=n—1 6ydem donoanumenrvro npednoraeamo, 4mo / w1 =0. To-

oA
eda wk =da*" daa nekomopoii nosunomuareroli popmor of =" na OA",
Crauana jokaxem umniukaumio (A, 1) = (B,). Tlyeth wf — samknyras
noJIMHOMHasibHast popma Ha OA". PacecmoTpum rpatb [vy, ..., Uy] CHMIUIEK-
ca A" =Jvg, ..., vy]. llyctb K =90[vy, ..., vy] u CK — oObenuHeHne Bcex
rpaneit cumriekca A", Kpome rpanu [vy, ..., U,]|. [Ipumenus gemmy Ily-
ankape (nemma 1), moayuum, uto w®|cx = dp*=" nas HeKOTopoﬁ hopmbl
B+ € A*(CK). Tlpumenus JIeMMy o npojoskenun, popmy B! moxmo
Mpoo/IKUTE 10 opmbl 34! na OA". dopma w* — B*~! 3amkuyra, n oua
MOXKET ObITb OTJIMUHA OT HYJsSl TOJbKO Ha rpaHu [vj, ..., U,|, IpUuém Ha
K =0|vy, ..., vy] 312 hopma obpaiaercs B Hy/b. Ecin £ =n — 1, To

OZ/BA,,wk:/aA,,(wk_Bkl):/[vl U”](wk_gkfl).

,,,,,

[Tostomy ytBepxKnenue (A,_|) MOXKHO TIPUMEHHTb K OrpaHHueHHI0 (op-

Mbl wk — B*=1 na cumnnekc [vg, ..., v,]. B pesyasrate mnosyuum, uTo
Wk — B Yo, o) = 071 nnst nekotopoit dopmbr v¥7! na cummniekce
[01, -+, Unl, o6pamaromeﬁcn B Hy/b Ha O[vy, ..., Uy]. Popmy v*~! moxknHO

npoaomxmb 10 dopmbl 74! na A", ToxnecTsenno papHoil nymo Ha CK.

[pu s1oM W = d (F*~1 + 741,

Jokaxem tenepb ummiukaumio (B,) = (A,). Ilycts w® — 3amxHyTasi nmo-
JIMHOMHaJsIbHast opMa Ha A", obpalatolasics B HyJb Ha OA"; npu k=n — 1
JIONIOJIHUTEJIBHO NPeJIosaraercs, 4to /am wk = 0. Ouesuano, uto ecau k =0,

k

10 wk = 0. TTosTOMY Gysiem npearnonarath, yto £ > 1. B Takom c/iyyae MOKHO
npumenuTh Jemmy Ilyankape u noctpouts dopmy B4~ € AR=1(A"), nas ko-
Topoii d3*~! = wk. dopma B¥~! moxker ne o6pamathes B Hyab Ha JA"; 310
Hy>KHO Mcnpasuthb. [lyeth =1 n n > 2. Torna B¢~! — dbynkuus, nocrosunas
na OA". TlosTomy MOXHO cuntath, uto (*~! obpawaercs B nyab na A"
[Tyctb Teneps 2 > 2. Ecau k =n, T0

5’?*1:/ dﬂk*':/ dw* =0.
OA" n n
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[To3TOMYy MOXKHO MpUMeHHTHL yTBepxaeHHe (B,) u moayuuth, uto B! gan =

= d#*2, rne ¥~ — nexoropas noauuneiinas hopma na A", Iyers y*~2 —
npojoskenue dopmbl 7472 na A" Tlonoxum of~! = g~ — d~+*=2. Torna
dO[k71 = dﬂk71 = Wk )4 O[k71 |8An = ﬂkil |8An — d"?ki? = 0 D

Tenepb Mbl yxKe MOXEM HEMOCPEJCTBEHHO MPUCTYMHUTh K (HOPMYJHPOBKE
¥ 10Ka3aTeJbCTBY CUMNAULUAAbHOL meopembl Oe Pama. 3ananum otobpake-
Hue p: A*(K) — C*(K; Q) dopmyioit (pw), A") = /N w". Teopema Crokca
TMoKasbIBaeT, uto pdw = Jpw, TOITOMY OTOOpayKeHHe p MHAYLMPYeT oToGpa-
JKeHue p* anrebp KOroMOJIOTHH.

Teopema 19.1. Omobpascenue p* — uzomopgpusm areebp.

JlokaszaTesbcTso. CHauana npoBepuM, uto p* — U30MOphH3M BeK-
TOpHBIX NpocTpaHcTB. To, uTo p* CoXpaHsieT yMHOMKEHHE, Mbl JIOKaXKEM TMO3XKe.

[1pexxne Bcero nokaxkem, uTo p — SMUMOpGU3M. PaccMOTpUM Ha CHMIIIEKCe
Al popmy w' =dx; A... Adx,. DTa Ppopma 3aMKHYTa, IOTOMY UTO HaA 1-Mep-
HOM CUMILIeKCe HeT HenyJieBblX (12 + 1)-dopm. [Tposepum, uto wigar = 0. [ns
rpaHed, 3afanubix ypaBHenusimua x| =0, ..., x, =0, 3T0 0UeBHHO, a 1JIs1 rpa-
HH, 3aJ1aHHOH ypaBHeHHeM xo = 0, 3TO cyeayeT U3 Toro, uto dx; + ...+ dx, =
= —dxy = 0. [lostomy MOXHO paccMoTpeTb (OpPMYy Ha 1-MEPHOM OCTOBE,
KoTopasl coBnajaer ¢ wf Ha A 1 paBHa HyJII0 Ha BCEX OCTAJIbHBIX /1-MePHBIX
cumriekcax. CoryiacHo JieMMe O MPOJIOJKEHHH 3Ty (POPMYy MOMKHO MPOJOJ-
KHUTb Ha BeCb CUMIIMLMAJbHBIA KoMIuieke K. B pesysbrate nosyunm gopmy
Qf € A"(K), nasi kotopoit (p(Qf), A) = ¢dij, rne ¢ # 0 — paumonanbHoe
uregio. M3 atoro ciefyer, uto p — 3MuMopdusMm.

MbI oJryuaeM KOPOTKYIO TOUHYIO MOCJIEI0BATENbHOCT

0 — Kerp — A*(K) %5 C*(K; Q) — 0.

3nech Kerp cocrout uz popm w" € A*(K), mjist KOTOpbIX /N w" =0 poist Jo-
6oro cumnaekca A" B K. UtoGbl 10Ka3aTh, UuTo p* — M30MOPHHU3M, 10CTATOUHO
npoBeputb, uto [ *(Kerp) = 0. MubiMu caoBamy, ecom w” € A*(K), dw" =0

n W" =0 aaa Beex cummiekcos A" B K, 1o w" = da/~! ans nekoropoi

dopmbl "~ € Kerp (310 o3nauaer, uto /AH a" ' =0 a5 mo6oro chm-
naekca A"~ B K; npu n = 0 nogpasymenaetcsi, uto w" = 0). CorsiacHo Jiem-
Me 3 i cumriekca Al cyuiecTsyeT opma B{’*l € A"=1(A"), ais KoTopoii
_ n—1 n—1 _ n—1 an—1
War=dp'" u B [aar =0. V3 dopm G moxuo ckientb dopmy ("
Ha n-MepHOM OCTOBe KoMrjiekca K, obpaiiaroliytocsi B Hysb Ha (n — 1)-mep-
HoM ocToBe. C MOMOLLLIO JIeMMbl O MPOoJKeHHH hopMy 4"~ MoxkHO npo-
Jo/KHTL 710 hopMbl 3"~ na Beém K. 3amkuyrtas dopma w" — d B! 06-
pailiaercsi B HyJb Ha n-MEPHOM OCTOBe, T.€. OHa oOpallaeTcss B HyJib Ha
rpaHuie Jo6oro (1 + 1)-mMepHoro cummiiekca. CHOBa NPUMEHUB JieMMy 3, T10-
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ctponm dopmy 77" € A"TH(ATH), aast kotopoit (W — dﬁ”")|A7+1 =d~}~!

W 77*1 |6AI".+‘ = 0. U3 dopm 7}’*1 MOXKHO cKJienTth hopmy 7"~ ! na (n 4 1)-mep-

HOM OCTOBE M MPOJOJIKHTL €& 10 hopmbl 7"~ ! Ha Beém K. 3amkuyTas dopma

W' — d(B"" +~"!) obpawaercs B Hyab Tenepb yxe Ha (1 4 1)-mepHoM
octoBe. [103TOMY KOHCTPYKLMIO MOXHO TOBTOPSITh. B pesysbrate moctpoum
dopmy o' = g1 44"t 4 Dta cymma KoppekTHO omnpesesieHa, NoTo-
My uTO popma, KoTopasi MoJjiyuaercst Ha k-M iiare, oOpaliaeTcs B HyJb Ha
(n + k — 2)-meprom octose. Popma o ~! o6/1a1aeT TpeGyeMbIMH CBOHCTBAMM,
nockosbKy dopmbl B~ 4"~ .. o6pawatorcs B ny/an Ha (1 — 1)-MepHOoM
0CTOBeE.

Jlokaxkem Ternephb, uTo p* coxpansier ymuoxenue. Ilyetsb a, 8 € Z*(K; Q).
Hanomuum, uto knace [ao] v [B] € H*(K; Q) — 310 06pa3 knacca [a ® (]
MpH 0TOGPaXKEHHH, HHYLUIHPOBAHHOM JIMaroHa/IbHbIM 0ToGpaxkeHnem d : |K| —
— |K x K|. Tlyers W, wi € A*(K), L —tpuanrynsuus |[K x K| ¢ Bepuinnamu,
KOTOpbI€ SIBJISIIOTCS TPOU3BeIeHUsIMU BepiiuH Komiuiekca K. [Toctpoum dopmy
Wi X wht € AT (L) cnemyrotum o6pasom. JIio6oit cummieke A Kommiekea L
JIEXKUT B pousBesiennn Ay x Ay, rie Ay n Ay — cummniiekcol B K. Pacemorpum
KaHOHHWUeCKHe TIpoeKunn p;: Aj x Ag — A;, i =1, 2, u noctpoum dopmy
(pfwi) A (pswi') Ha Aj x Ag. M3 orpannuenuii Taknx hopM Ha CHMIIEKChl A
cknierBaetcsi oopma Ha L, KOTOpYI0 Mbl 0603HAUMM W X wy'.

OroGpaxenune p: A*(L) — C*(L; Q) nepeBomut popmy wi X w§' B KOLENb
p(W! X wi), 1ast KoTOPoit (p(wW! X wit), AP x A%y = /pr(p;w;l) A(piwi) =

h 1 2
= 0npOmg (/A’f w?) (./Ag wé”); MpH 3aMucH BTOPOTO PABEHCTBA Mbl MPUMEHHJIH

teopemy Py6unu. Takum obpasom, p(w] X wy') = p(wl) ® p(ws'). Kpome Toro,
HErnocPeCTBeHHO U3 ONpejieJieHnst BUIHO, 4To d* (w] X wy') = wi A wj'. O



Imasa VI

Cwmechb

§ 20. MMoaunom AnekcaHaepa

Uro6hl MOCTPOMTH MHBAPHAHT 3alenyenusi L C S3, ecTecTBEHHO paccMoT-
peTh npoctpanctBo S3 \ L. ToMoJIorHy 3TOro npocTpaHcTBa ABISIOTCS CJHIL-
KOM TPyObIM HHBApHAHTOM, MOTOMY UTO 3TH TPYMIbl OJMHAKOBbIE /IS BCEX
3alenJ/eHtid ¢ OJJHUM M TeM Ke 4ucJoM KomrnoHeHT. Ho ectb Gosiee TOHKHI
MHBApUaHT, CBSI3aHHbIH C FOMOJIOTHSIMH, a HMEHHO, MoJinHOM AJiekcannepa. Ero
MOYKHO OTpEJIeJIMTh HECKOJNLKUMH criocoOaMu. OJIMH M3 HMX 3aKJjouaeTcsi B
TOM, UTOObI B35IThb OPUEHTHPYEMYIO HeCaMOlepeceKarlyocs MOBEPXHOCTb [
C TpaHULEel L ¥ MOCTPOUTh ¢ €€ MOMOllbI0 TaK HasbiBaeMyio Gopmy 3eiidep-
ta. [Ipn TakoM mMojixoje MPUXOMUTCS JIOKA3bIBATh, UTO MOCTPOEHHBIH TaKUM
006pa3oM MHBApHaHT He 3aBHCHMT OT BbiGopa MoBepxHOCTH F. JIpyroit moaxoj
Mo3BOJIsSIeT 3TOro M36exKaTh cJjeaylonmm obpasoM. [locTpouM GeckoHeuHoe
LMKJIMYecKoe HakpbiTHe Xoo Hal S?\ L. CylllecTByeT ecTecTBeHHbIH aBTOMOp-
usM ¢ Xoo — Xoo, KOTOPBIH 3aBUCHT TOJIBKO OT L. DTOT aBTOMOPhU3M 3a1aET
Ha Hi(Xoo) CTPYKTYpY MomyJisi Ham KosiblioM Z[f !, ¢]. OkasbiBaeTcst, uto 31a
CTPYKTYpa MOJlyJisl TeCHO CBfi3aHa ¢ MaTpulled, 3aaatouleil hopmy 3efidepra
(cMm. Teopemy 20.2).

20.1. ®opma 3eiidepra

[Tycts F— cdrepa ¢ g pyukamu, U3 KOTOPO#l Bbipe3aHo n > | nuckos (npej-
noJiaraercsi, 4to rnoBepxHoctb £ kommnakrhHa). Torpa x(F) =2 — 2g — n. Slcuo
TaK)Ke, UTO MOBEPXHOCTb [ TOMOTOMHUYECKH SKBHUBaJeHTHA OYKETy OKpYXKHO-
cTell. DHJepoBa XapaKkTepucTHKa OyKeTa k OKpYKHOCTeH paBHa R — 1, mosTomy
TIOBEPXHOCTb [~ TOMOTOIMMYECKH 3SKBHBajleHTHa OykeTy 2g + n — 1 OKpyX-
nocreit. Takum o6pasom, Hy(F) = Z?€+"~1 B xauecTse 06pasyiolmx rpym-
nbl M (F) MOXHO B3sITb FOMOJIOTHUECKHE KJIACChl LIMKJIOB, H306paxKEHHbIX Ha
puc. 46.

[peanosioxkum, uto nosepxHocTh F Baoxkena B S, Toraa cornacHo Teope-
Me apofictBenHoctn Asekcannepa H'(F; Z) = H,(S® \ F). Ilpoctpanctso F
FOMOTOIMMYECKH 3KBHUBAJIEHTHO OyKeTy 2g + n — | oKpyXKHOCTel, 1mo3tomy
HY(F; 7) =2 726+ =1 = H|(F). WUsomopduam H,(S>\ F) = H{(F) Hec/0:XH0
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=

Puc. 46. basuc eomonroeuti

J0Ka3aTb M HernocpeAcTBeHHO. Mbl Tak M cjesnaeM, 4TOObl MOJYyUHThb SIBHOE
omnucanue 3Toro nzomopcuama. [1pu stom st Hac HanboJiee BaXKHO TO, UTO
Gununeiinast dopma 3: Hi(S?\ F) x H{(F) — Z, koTopast cONocTaBJsieT JByM
3aMKHYTBIM OPHEHTHPOBAHHBIM KpPUBbIM B S? \ F u B F ux Ko3(duuuenT
3alerieHysl, HeBbIPOXKIEHHA.

Ecau uncno € > 0 poctatouno mMasno, To 3aMKHyTast €-OKPeCTHOCTb V' Mo-
Bepxnoctd F B S? npescrapsier co6oii wap, K KOTOpoMy NpHK/eeHo 2g + 1 — |
pyuek. [1pu aToM BkioueHue F C V siBJsieTcst FOMOTONNYECKOH SKBUBAJIEHTHO-
ctbto. Kpait OV npencrasasier coboit cepy ¢ 2g +n — 1 pyukamu. B rpyn-
ne H(0V) xaxnoil pyuke COOTBETCTBYIOT ABe obpasyloliux e; U f/. 31ech
e; — rPaHHLIa MaJIoro INCKa, TPaHCBEPCAIbHO MepeceKalollero f; B 0HON TouKe
M He nepecekaroulero f; npu j #i; f/ — snement rpynnst H(OV), KoTopslit
TIepeXo/uT B f; pH TOMOMOP(H3Me TPYMIT FOMOJIOTHH, HHIYLIIPOBAHHOM BKJIIO-
uenuem OV C V (npu stom romomopduame e; nepexomut B 0). OpueHTaumio
KpHBOIi e; BbIGepeM Tak, uto lk(e;, f;) = 1. Torna lk(e;, f;) = d;;. [Tyctnb, nanee,
V' — sambikanne ponoanenust S°\ V. Torna skmouenwe V! C S\ F spasi-
eTCsi FOMOTOIMYECKOl 9KBHBAJIEHTHOCTbIO, MOCKOJIbKY BKJtoueHne OV C V \ F
SIBJISIETCS] TOMOTONIHUECKOH SKBHBAJIEHTHOCTbIO. B mocsenoBartensHoctn Maii-
epa—Bnetopuca

Hy(S?) — H{(QV) — H(V) @ H{(V') — H\(S?)

KpaiiHie uieHbl HyJeBble, nostomy H (V) = H\(V) & H(V’). B uacrtho-
cti, Hi(V) n H{(V') — cBoGoaubie aGesebl rpynnbl. Panru rpynn H(0V)
u Hi(V) nam usBecTHbl, no3toMy nosyuaem, uto H(V') = 72¢+"=1 Ogpa-
3yIOLIMMH 3TOH TPYNMbI CJy>KaT 00pasbl 3/71€MEHTOB e; NpH roMoMopdHu3Me,
MHIyUHpoBaHHOM BKJiouennem OV C V'. Urak, B rpynnax H,(V) = H,(F)
u Hi(V') = H(S?\ F) MoxHo BbIGpaTh Gasuchl [i, ..., fog+n—1 M €f, ...
..., €2g4n—1 TakK, uto Ik(e;, [;) = &;;.

C nomotupto GuamnneiHol dopmbl 3: H(S3\ F) x H{(F) — Z MoxHo no-
cTpouth OusHeitnyto dopmy a: Hi(F) x H{(F) — Z cnenyromnm o6pasom.
[IycTb v}, U9 — MOJIOKUTENIBHO OPUEHTUPOBAHHBIA Ga3UC B HEKOTOPOH TOUKe
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MOBEPXHOCTH F; 1 — HOPMaJbHBLI BeKTOp, sl KOTOporo 6asuc vy, Vo, 1
MOJIOKUTENLHO OpUEHTUPOBaH. BriGepem nocTatouno majsioe unco € > 0 u jJis
KaXKI08 KPUBOK 7y Ha MOBEPXHOCTH £ paccMOTpHM KPHUBYIO Yy, KOTopas moJy-
yaeTcsl MpHU MapasjieibHOM MepeHoce Ka)Koi TOUKH KPUBOM B HarpaBJjeHHU
HOpMaJIi Ha pacCTOsTHUE €; KPUBYIO, KOTOPAs MOJIyuaeTcst P MepeHoce B Mpo-
THBOTIOJIO?KHOM HarpassieHnu, o6o3Hauum v~ . [losmoxkum a(x, y) = B(x~, y).
Busnneitnyto dopMy a HasbiBaloT gopmoil Jelighepma.

B kauectse 6asuca rpynnbl H(F) cHoBa BbiGepeM [y, ..., fogyn—1. B 3TOM
Gasuce dopme 3eiiepra coorsetcTBYeT Mampuya 3edgepma A = (a;j),
e ai; = ofi, [;) = k(f7, ;) = 1k(fi, [7). Tlyets ey, ..., eggin—1 — Ga-
3uc rpynnsl H (53 \ F), 1BoiicTBeHHbIH Gasucy fi, ..., ngJr,,,l OTHOCHTEJILHO
dopmbl 8. Torna f;” =Y aie; u [; =3 ajjer.

i L

20.2. beckoHeuHOe LUKJIUYECKOE HAKPbITHE

[lyctb FF — KOMMaKTHasi OpHeHTHpyeMasi MOBEPXHOCTb ¢ KpaeM OF = L,
Baoxkennas B S®. [TocTpOMM NPOCTPaHCTBO X o, KOTOPOE sBJSIETCS GeCKOHeU-
HOJMCTHBIM HaKpbiTHeM npoctpaneTa S° \ L. Jlisi sToro paspexem chepy S*
no F. Ilox paspesanuem 3zuech nojpadymeBaercsi cieaytoilee. Mbl 6epém
npocTpancTBo S* \ F, no6aessieM K HeMy L W Juisi KaXao¥ Toukd a € F \ L
n06aBJsieM TOUKH @™ W @™, KOTOpPbe SIBJSIIOTCS MPEISNAMH TOUEK, CXOSIIHXCS
K @ W JIOKaJIbHO JIeKAlMX 10 OJIHYy CTOPOHY OT f. B pesysbraTe mnosyuum
TpéxmepHoe MHoroo6pasue M3 ¢ kpaem F+ U F~; kammoii Touke a € F \ L
COOTBETCTBYIOT JiBe TOUKH a™ € F¥ na™ € F~ (BO3MOXKHOCTb BbIOPATH 3HAKH
+ ¥ — I BCeX TOUeK COrJIacOBaHHbIM 00pa3oM CJle/lyeT 3 OPUEHTHPYEMOCTH
noBepxHoctH F). Bo3abMéM CuéTHOe MHOXKECTBO IK3EMILISIPOB M? (i € Z) rakux
MHOroo6pasuii n otoxaectsum Fit | n F;™ (0TOMXKIeCTBISIIOTCS TOUKK 4} | na;
COOTBETCTBYIOILIME OJHOH M TOH e Touke @). CXeMaTHUHO 3Ta KOHCTPYKLMS
uzoGpaxena na puc. 47. [Tosyuennoe npoctpancTBo Xoo HakpbiBaeT S°\ L.
OroGpaxenuss M3 — M;O’H, MpH KOTOPBIX KaX<asi Touka MHOrooopasust M?
MepeXoaNT B COOTBETCTBYIOLLYIO el TOUKy MHOrooOpasus M;.O’H ~ M?, nuayun-
pyroT aBToMOopu3M f: Xoo — Xoo 3TOTO HaKpeITHS. [pymnma aBTOMOP(H3IMOB

K K K K

I == VA = VA S = VA ey = T

Puc. 47. [Ipocmparcmso Xoo
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HaKpPBITHST TTOPOXK/IeHa SJIeMeHTOM { W M3oMopgHa Z. SIcHO TakXkKe, 4TO Tpymnmna
aBTOMOP(U3MOB JIEACTBYET HAa HAKPLITHH TPAH3UTHBHO.

Mul 6yaeM NpeanoJaraThb, uTo MOBEPXHOCTb £ OPUEHTHPOBAHA U TouKa a™
COOTBETCTBYET MOJIOXKUTEJIbHOMY HATpaBJEHUIO HOPMaJH, a TOUKAa @~ — OTpHU-
LaTesbHOMY.

Hakpbitie Xoo — S\ L Mbl I0CTpOMIM € MOMOLIBIO MoBepxHocTH F. Oka-
3bIBAETCS], 3T KOHCTPYKLHMSI He 3aBHCHT OT BbIOOpA MOBEPXHOCTH [ OHA 3a-
BUCHT TOJIbKO OT OPMEHTHPOBAHHOTO 3allemyieHuss L (Kpas MOBEPXHOCTH F).
JleficTBUTeIbHO, HAaKpbiTHe Hax S® \ L omnosnauno 3ajpaércs o6pasom dyH-
JlAMEHTAILHOM IPYMIbl HAKpbIBaloLlero npoctpanctsa B (S®\ L). TTokaxkewm,
YTO TOT 06pa3 COCTOUT U3 TeX TMeTeJb 7y, IJIsT KOTOPHIX KO3 QUIIHEHT 3atiernJe-
Husi ¢ L paseH 0 (31ech noapasyMeBaercst, UTo eyt L COCTOUT U3 CBA3HBIX KOM-
noueHt Ly, ..., Ly, 10 lk(y, L) =>"1k(v, L;)). SlcHo, uto 06pas cocTOUT U3 Tex
neTesib 7y, MOJAHSATHS KOTOPBIX B X oo 3aMKHYTbI. FIHBIMU CJIOBAMM, €CJIH Mbl BbIii-
JIeM 13 HEeKOTOPOil Toukn M 1 Gy/ieM HITH B0JIb MOJHSITHS TYTH 7, TO B KOHLLE
KOHLOB MBI JIOJ2KHbI BEPHYTbCS B Mg. [Tepexonpt nz M? B M;.O’il COOTBETCTBYIOT
TOUKAM TepeceyeHust KpUBOH 7y C MOBEPXHOCTBIO F; 3HAK 31€Ch TOT 2Ke CaMbli,
YTO M B OMNpeJesieHNH HHJeKca MepeceyeHnsi. Mbl MPUXOMUM K CJEyIOLIEMY
YCJIOBHIO: HHJIEKC NepeceyeHnst KpUBOH «y ¢ nmoBepxHocTbio F paBen 0. CorsiacHo
OJIHOMY M3 onpenesneHuil Kosduumenta sauenaenus (eM. [I13]) sto skBuBa-
JIEHTHO TOMY, UTO KO3((HLHEHT 3aLeneHnst KpuBbiXx v U L = 0F = L pasen 0.

ABTOMOpP(U3M HAKPBITHS f: Xoo — Xoo TOXKE He 3aBHCHT OT BhIGOpa MO-
BepxHocTH F. OH 3a1aéTest TeMu netaisiMu B S2 \ L, 1151 KOTOPBIX KOI(DHIHEHT
3auenJyenust ¢ L paBed | (Hauajio MOMAHSITUS METJIM ¥ OTOOpPaXKaeTcsi B KOHell
3TOTO MOJHATHS).

JIisl Ka)kJI0ro OpMEeHTHpOBaHHOTrO 3aienenust L C S* cyllecTByeT cBss-
Hasi OpPMEHTHPOBAHHAsi MOBEPXHOCTH F ¢ KpaeM L, BJoxeHHas B S3 (cM.,
Hanpumep, [[11]). DTy MoBepxHOCTb Ha3BIBAIOT nOBepxHOCMbIO 3elihepma
sateryienuss L. C noMoulplo TOBEPXHOCTH [ MOXKHO TOCTPOUTb HAKPbITHE
Xoo — S\ L v aBTOMOPdU3M £ : X0y — Xop 9TOMO HAKPBITHS, KOTOPbIE 3aBUCAT
Tosibko oT L. Mrak, 3auensenuto L MoxkHO corocTtaBuTh rpynny Hi(X), Ha
KOTOpOH 3ajiaH aBToMopduaM f,.. dto o3Havaer, uto f1)(Xo) — MoIysb HaJ
KoJbLOM Z[t ™!, 1], s/emMenTaMi KOTOPOro cJlyskaT MHorouseHbl ot ¢~ u ¢
¢ 1eNbIMH Ko3(puipentaMi. YTo6bl MPUMEHHUTb 3Ty anreGpandyecKylo CTPyK-
Typy, HaM MOHAJO0OUTCS MaTpPHllA, COOTBETCTBYIONIAS 3aJaHHI0 MOJyJsi oOpa-
3YIOLIMMH U COOTHOLIEHHSMH (MaTpHLa MpeACTaBAeHUs MoayJst). [ToaTomMy Mbl
cefiuac JaauM orpesiesieHue TOH MaTPHLbl H 10KaXKeM HeKOTopble eé CBOHCTBA.

[lycte M — Mo1y/1b HaZl KOMMYTaTHBHBIM KOJIBIIOM R C eIMHHIIEH; TPero-
Jaraetcsi, uto 1m = m ans Bcex m € M. Moayab M HasbiBaloT c80600HbIM,
€CJ/IM CYLIECTBYIOT 3JIeMeHTbl my, ..., M, € M, Kotopble 06Jsalalo0T cJerylo-
LLIUM CBOHCTBOM: JI0OOH 3JieMeHT m € M 0JHO3HAUHO MPEACTaBJsieTCs! B BUJE
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m=rym; + ...+ rpm,, Tae r; € R; 371eMeHTbl my, ..., M, Ha3bIBAIOT npH
3TOM 6azucom moayass M. Moaysnb M Ha3bIBalOT KOHEUHO NOPONCOEHHOIM,
€CJIH CyLIEeCTBYET TOUHAsl MOCJIe/I0BATENbHOCTh

F2SE2sM—0, (1)

rie £ u FF— cBob6osiHble MOJysH (Haj TeM e KojblioM R). Beibepem B £ u F
6asucobl e, ..., ey ¥ fi, ..., [y. Ilyctb A = (a;;) — maTpuua otobpaxKeHus o

m
OTHOCHT@JILHO 3THX 6asucoB, T.e. a(fi) = > aje;. Marpuiy A HasbiBaloT
j=1
mampuyeti npedcmasienus monyisi M. Kaxnas us m ctpox matpuibl A
COOTBETCTBYeT obOpagytollell Moayasti M, a KaXapl#i U3 71 CTONOLUOB — COOTHO-
IIeHHI0 MexK1y obpasylolmMu. [l nanHoro Momayast M TouHasi mocJjenoBa-
TesbHOCTb (1) He enMHCTBeHHA; KpoMme Toro, 6a3uckl B £ U I MOXKHO BbIOpaTh
pasHbIMH crocobamHu.

Teopema 20.1. [lyemov A u A’ — dse mampuyor npedcmasierus
00H020 U moeo e modysss M. Toeda onu noayuaromesa opye u3 dpyea no-
caedosamenvHocmblo npeobpazosanutl caedyroueco suda (4 06PaANHbLX
K HUM):

1) nepecmanoska cmpok um cmoabyos,

A 0\,
2) samena mampuuysl A Ha mampuuy <0 1),

3) dobasaenue k mampuye A cmoabya, cocmosaueeo u3 Hyiel,

4) npubasienue k cmpoke (cmoabuyy) Odpyeoii cmpoku (cmoabya),
YMHOUCEHHOU HA HEeKOMOopoe 4ucio.

JokaszaTesabcTBo. [lns TOUHBIX MOCJIEN0BATENLHOCTEH, COOTBETCTBY-
folmx martpuiam A u A’, MOXKHO MOCTPOHTh KOMMYTATHBHYIO JHarpamMmy

F25E-2M—0

Jf lg ) lid

Frob B 2 M—0
JeficTBUTENbHO, TOMOMOPGhU3MbI @ U [ MOXKHO 3a/aTh Ha Gasuce, a MOTOM MPO-
JIOJIZKHTB TI0 JINHEHHOCTH. DJieMeHT g(e;) € £/ onpenennm caemytonmm o6pa-
3oMm. OTtoGpaxkeHue ¢’ — 3nMuMophH3M, MO3TOMY CYLIECTBYET 3JieMeHT e’ € E7,
st Kotoporo ¢ (e}) = ¢(e;). Monoxum g(e;) = ef; Torna ¢’ g(e;) = (p/ ej) =
= p(ej). daemenr [(f;) € ' onpenesum cjenyowmm o6pasoM. PapeHcTBo
¢’ ga(fi) = pa(f;) = 0 nokasbiBaer, uto cyllecTByeT 3jeMeHT [/ € F/, s Ko-
roporo ' (f/) = gal(f;). Honowa [(f;) = f/; rorna o/ f(J;) = /() = ga(f).

[lycte X u Y — martpuupl oTo6paxkeHnH f W g OTHOCHTENBHO TeX XKe

cambIx 6a3HUCOB, OTHOCHTENILHO KOTOPBIX 3arucaHbl MaTpuibl A u A’. PaBen-
¢TBO gav = o [ osnauaet, uto XA = A’Y. AHajOrHUHO CTPOSITCS OTOGParXKEHHsI
' g’ ¢ marpuuamu X’ u Y’, nost koropeix X'A' =AY,
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3 paBeHcTB ' g = ¢ 1 pg’ = ¢ caenyer, uro pg’ g = ¢’ g = . 3Hauwur,
Im(g’g — idg) C Kerp = Im . Tlosib3ysich 9TUM CBOHCTBOM H TeM, UTO MO-
NyJib £ cBOOGOMHBIN, MOXKHO TIOCTPOUTb TOMOMOPGU3M A E — [, 11 KOTOPOro
ah = g'g —idg. st matpui 310 paBeHcTBO mpuHuMaetr Bug AZ = X'X — [,
rae Z — Matpuua otoopaxkeHust f.

Bynem ucnosbsoBath o6o3nauenne P ~ @), ecsau marpuiia  mnogyyeHa
13 MaTpullbl P rocJie10BaTe/IbHOCTbIO NpeoOpa3oBaHuil 1)—4) uiau oO6paTHbLIX
K HUM. $lcHo, uTo

12 A0\ (A X'\ (A X XA
0 I 0 7 0 I A )
YuureiBasi, utro X'A’ = AY’, nonyyaem
A X XA\ (A X 0\34d /A X 0 XX
o/ A )~ \o 1 A) T \o I A X))
HaJiee, ucrionibayst pasenctso XX’ = AZ + I, nosyuaem

A X 0 XX\4 /A X 0 I
o [ A x)~\o 1 A Xx)

AN(A X 0 1)2<A’ X 0 ])NA,
0o /I A X 0o /I A X ’
uTO U TPEOOBAJIOCD. O

[lycts A — maTpuua npencraBsenust moayJsi M Han kosbuom R. Ecau
A COIepXKUT M CTPOK U 1 CTOJIOLIOB, TO Heas KOJbla R, MOPOXKAEHHBIH BCEMU
MHHOpaMH Mopsiika m — r + 1 MaTpulbl A, HA3bIBAKOT 7-M 9AEMEHMAPHOIM
udearom monyasi M u o6o3navaior &,. Ecan Bocrnosb30BaThCsl CTaHIAPTHBIMU
CBOWCTBaMH orpejieinTesieil, To u3 Treopembl 20.1 jierko noJydynTh, uto uaean &,
He 3aBUCHT OT BbiGOpa MaTpHibl A. YcJ0BUMCS cunTaTh, uto £ = R npu r > m
u & =0 npu r <0. Jlerko npoeputs, uro &, C &, .

OT™MeTHM, uTo ec/ii m = n, To & — ujean B Koable Z[1 ', 1], nopoxaéu-
HbIl MHOTOUIeHOM det A.

Sanaua 20.1. Ilyctb G — koneunasi abGenepa rpynna. Pacemorpum eé
KaK Z-MofyJib. JloKa)KuTe, 4To JIJIs1 3TOr0 MOAyJsl ujaean & MOPOKAEH UUC-
Jom |G|, rne |G| — nopsinok rpynmbt G.

[Tostomy

20.3. OcHoBHas Teopema

OcHoBHast TeopeMa, CBsi3biBatollast Matpuily 3eiidepra A co CTPyKTYpoil
montyst Hy(Xoo) Ham Kosibliom Z[£ ™!, 1], 3ak/ouaercs B cJeiyloliem.

Teopema 20.2. Mampuuya tA—A" asasemca mampuueii npedcmas-
aenus mooyas Hy(Xoo) Had koavyom Z[t—', t].
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JokaszatenbcTBO. Bocrnonb3yemcss o6osHauenusimu w3 m. 20.2.
[TpeacraBum MPoOCTPaHCTBO Xo B BHIE 00BeIMHEHHST Moanpoctpancts M/ =
— 3 " _ 3 .
=UMjy,, u M" =JMj;. Ilepeceuenne 5THX NOANPOCTPAHCTB MPEICTABISIET
co6oi cuéTHblil Habop noBepxHoctel 3elidepra. B nocaenosatensHoctn Maii-
epa—Bnetopuca

o= Hi(M' O M) — Hy(M') & Hi(M") — Hi(Xoo) — ...

BCe TPYMIbl ABJSIOTCS MOAYJASIMU HaJl KoJblioM Z[t ~!, ¢]. OTaenbHo Ha rpyn-
nax H;(M') u H;(M") neiictBue { He onpe/iesieHo; { MePEBOIUT 3TH IPYIIIbI APYT
B Jpyra, nostomy Ha H;(M') & H;(M") neiictue ¢ onpeneneno. OtoGpaxe-
HUS B 1ocJ/1efloBaTeIbHocTH Mariepa—BbeTopuca siBasitoTest roMmoMopu3Mamu
MOJLyJIeH.

[Tokaxkem, uTO yuacTok nocJjeaoBareabHocT Maiiepa—BbeTopuca

Hy(M' A M") L5 Hy (M) @ Hy (M) 25 Hy(Xo0)

3anaér npencrapaenue mMoayssi Hi(Xoo) 06pasylollMMH W COOTHOLUEHHSIMH.
[Ipexne Bcero npoBepum, uto i, — NUMOPHU3M. DTO IKBUBAJIEHTHO TOMY, UTO
Kerd, = H|(Xs), T.e. Im 0, = 0. [locnenHee paBeHCTBO SKBHBAJEHTHO TOMY,
yto orobpaxkenue j.: Ho(M' N M") — Ho(M') @& Ho(M") — moHoMOpu3Mm.
[pynnst Ho(M' N M)y u Ho(M') & Ho(M") siBasitoTcsi TIpSIMBIMH CyMMaMK
rpynn Ho(M3 0 M3, ) n Ho(M3), kaxzaas u3 Kotopsix usomopua Z, no-
CKOJIbKY ToBepxHoCTb 3efipepra F cBsizna. [lostomy momynu Ho(M' N M)
u Ho(M') @ Hy(M") usomopdunr Z[t~", t]; snement t* cootBercTByeT 3Je-
MeHTam | € Ho(Mi N M2+l) ule Ho(Mi). [Ipy TakoM OTOXKIECTBJIEHHU
otoGpakenue j, nepesoaut {* B 1% 4 t#+1 B uactnoctn, j.(1)=1+1 #0,
MO3TOMY j, — MOHOMOP(HU3M.

Buibepem B Hy (F) = Hy (M3 N M2+1) 6asnc {f;}, aB H{(S>\ F) = H{(M3})
BhiGepeM Gasuc {e;}, nBoricTBeHHbI 6asucy {f;} oTHocuTeIbHO hopmbl 5. Mo-
ayan Hiy(M' N M"Yy uw Hi(M') @ Hy(M”) cBoGouubie. x Gasucamu cijyxar
sneMentsl 1® fi u 1@e;. [Tpu stom s1ementam f; € Hy (MINM} ) n e; € H, (M3)
COOTBETCTBYIOT 3JieMenThl [* @ [; u t* @ e;. Jlerko mposeputs, uto j. (1 ® [;) =
=t ® [t — 1 ® [7. JleficTBuTenbHO, paccMOTpuM sstement [; € H (M3 N M?).
[pu orpanuuenun f; Ha M3 C M” nonyuaercs [ (Kpupasi CABHraetcsi B Ha-
MpaBJieH|H, TPOTUBOIMOJIOKHOM HAMPABJIEHHIO HOPMaJIH), a TIPH OrPAHHUEHHH f;
na M? C M’ nonyuaercsi f (xkpuBasi cBHraeTcsi B HanpaBJeHHH HOPMAJH).
ITo onpenenennio j, = (j', —j"); npu stom j'(1 @ ;) € H{(M?) =t @ H{ (M)
n (1@ fi) € Hi(M).

BocnonbaoBaBumceh Bolpakenusimu ;7 u [ uepes matpuiy 3eiidepra
A = (ajj), nonydyaem

/*(1 ® ft) :Zal‘it Kej— Za,‘/‘ K e;.
i j
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Takum o6pasom, MaTpulla oTo6paKeHHs /. B BbIOpaHHBIX Oasucax paBHa fA —
— AT, Ho marpuua otoGpax<eHHsl j, — 5TO M eCTh MaTphua MpeacTaB/eHHsl
monyaist H(Xoo). (]

Dnementaphbiit uaean & monys Hy(Xoo) Han konbuom Z[t~!, ¢] naswisa-
0T r-M udearom Arexkcarndepa opueHTHpoBaHHOTO 3auenenusi L. O6pasyro-
II[yl0 HAHMeHbIIIero TJIaBHOTO HjeaJsa, cojepKallero r-i unean Ajekcanzepa,
Ha3bIBAIOT 7'-M HOAUHOMOM Asekcarndepa OpHEHTHPOBAHHOTO 3allenyieHust L.
[TepBbiit nosHOM Astekcaniepa Ha3bIBAIOT POCTO 1OAUHOMOM Arekcandepa;
ero o6o3navaior Ay (1).

O6pagyiolias TJIaBHOTO HjeaJsa onpesieieHa ¢ TOUHOCTBIO 10 YMHOXKEHHS Ha
einHully (06paTUMbI 3J1eMeHT) KoJiblia. B Kosblie Z[t", t] enMHULIAMU SIBJISI-
foTest s1eMenThl £1", n € Z. [lostomy r-it moauHom AJjiekcanuepa ornpesiesné
C TOYHOCTBIO 10 YMHOXKeHHs1 Ha +1".

CornacHo Teopeme 20.2 monyJib | (Xoo) MMEET KBAIPATHYIO MATPHLLY MPEJi-
crapnennst, a umenno tA — AT, TlostoMy nepBblii sMeMeHTapHblii Hieas 3Toro
MOyl IaBHbI, a 3HaunT, Ay (1) = det(fA — AT); cumBon = 3snech u janee
03HauaeT PAaBEHCTBO C TOYHOCTBIO /10 YMHOXKeHHs Ha £

20.4. CeoiictBa noaMHoMa AnekcaHaepa

[Tpexjie Bcero 3amerum, uto ecjii K — TpuBHasbHbIA y3es1, To Ak () = 1.
JleficTBUTeNILHO, B 3TOM cayuae Xoo = D? x R, nosromy H;(Xs) = 0.
Bbiuvicienue nosimHoMa AJieKcaHlepa CBOJMTCS K BbIUMCJEHHIO MaTpPHIIbI
3eiidepra A = (a;;), e a;; = Ik(f;, f/"’) Bbruucanm, Hanpumep, MaTpully
Beiipepra st TpuanctHuka (puc. 48). Hecsoxkno yGeautbes, uto kpusble [
I -1
n [f pacnonokensl Tak, Kak nokasato na puc. 49. [Tostomy A = <0 1>
t—1 —t
nitA — AT = ( ) /_ 1). 3Hauut, nosuHoM AJiekcanaepa ajisi TPUJIHCTHH-

Ka papeH 1% — ¢ + 1.

Puc. 48. Tpurucmuux Puc. 49. Pacnoaoacenue kpusoix [;, [
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OTMETHM, UTO NPH BLIUMCJEHUH MaTpHLbl 3eiidepTa oueHb YI06HO MOJb30-
BaTbCS «TJIOCKON» ToBepXHOCTbIo 3efipepra. it TPUNIMCTHHKA TaKasi TIOBEpX-
HocTh 3efipepra uzobpaxkena Ha puc. 50. [To-

BEPXHOCTb 3eiepTa TaKoro BUAA €CTb Y JIO-

<\ 6oro 3auenenus. Utobsl 310 noKazaTh, oGpa-
THMCS CHOBa K puc. 46. [ledopmupyem nosepx-

\ HocTb 3efipepra Tak, 4ToObl PYUKH, NMPHUKJIEEH-
N\ Hble K JIMCKY, CTaJM JJHHHBIMH M Y3KMMH. Ec-

Ju He obpalllaTb BHHMAaHHUsS Ha TO, YTO PYuKH
MOryT ObITh MepekpyueHbl (puc. 51, a), To Tpe-
fyeMoe pacrioJio;KeHHe ToBepxHOCTH 3efiepTa
CTPOUTCST Terepb oueBMAHBIM o6pazom. Ho us
OPUEHTHPOBAHHOCTH TMOBEPXHOCTH CJIEJyeT, UTO
UUCJIO TEePEKPYUMBAHUH KaXKIO0W PYyUKH YETHO.
JIBa nepekpyuMBaHHsl B TPOTHBONOJOKHBIX HarpaBJeHHsIX B3aHMHO YHHUTO-
»KaloTesl, a 7Ba NepekpyuynBaHust B OJJHOM HaTpaBJIeHUH 3aMeHSIIOTCS Ha TeTJII0
(puc. 51, 6).

Puc. 50. [Trockasn
nosepxrocmeo 3elichepma

-

— O

(a) (6)

Puc. 51. [lepexpyuusarnus pyuxi

Sanaua 20.2. Beiuucsaure nosuHom AsiekcaH-
nepa yaJna, u306paKEHHOro Ha puc. 52.
Sanaua 20.3. a) Ilycts p, g u r — HeuéTHble
uncsaa. Torna mMoxkHo moctpouThb y3ea P(p, q, r), Kak
OO MoKasaHo Ha puc. 53 (uucaa p, g, r MOTYT ObITb OT-
pULATENBHBIMH; I KaXKIAO0TO OTPULATEJbHOTO UHMc/a
Puc. 52. Jluaepamna  yzmensiorcs THIIBI nepekpécrTka). Boluncaure nojuHom
ysaa k sadaue 20.2 Ajegcannepa yana P(p, g, r).
6) okaxkute, uTo mMOJMHOM AJiekcaHaepa ysJa
P(=3, 5, 7) paBeH , T.e. y 3TOro yaja nojuHom AJjiekcaniepa Takoi ke, Kak
y TPUBHAJbBHOTO y3Ja. (DTOT y3es1 Ha3bIBAIOT y340Mm 3eiighepma.)

JlokaxkeM Terepb HeKOTOpble OOIIMe CBOHCTBA ToJHHOMa AJieKcaHjepa.
N3 cBOHCTB onpenesuTesst CJeLyeT, uTo sl Jo60ro OPHEHTHPOBAHHOTO 3a-
ensiennst . umeeT mecto cooTHounenre Ay (1) = A, (¢~"). JeficTeuTesnbHo,
Ap(t) =det(tA — ATy = (—t)"det(t 'A — ATy = A (¢ 7).

Teopema 20.3. a) llycmo K — y3ea. Toeda Ag (1) =1.
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Puc. 53. Huaepanna ysra k 3adaue 20.3

6) [lycmo L — 3ayenaenue, cocmosujee no kpaiivei mepe u3 08Yyx
csas3Hoix Komnorenm. Toeda Ay (1) =0.

JoxaszaTeabcTBo. [lycTh L — opHeHTHPOBAHHBIN y3es WM 3aller-
Jenue. BriGepem Ha ero moBepxHocTH 3elidepTa cTaHaapTHble oOpasyloliile
UMKJBL i, ..., fogyn—1 (y3en Xapakrepusyercss TeM, uTo Juis Hero n = I).
[To onpenenenuio A;(1) =detB, e B=A4 — AT, 1.e. bij =a;; —a; =
=1k(f;, f;r) —1k(f;, [Ty =1k(}7, [;) = Ik(f", [;). UToGbl BbIUKCAUTD 3Ty pa3-
HOCTb KO3(HLNEHTOB 3aLleleHusi, HaTsiHeM Ha Kpusble [ u [;7 nosocky F;
H OpHEHTHpYeM €& Tak, uToObl eé KpaeM cuyxui wika [, [;F. Torna paccmar-
puBaemast pa3HoCTb KOI(PQPULHEHTOB 3alleIeHUs] paBHA HHAEKCY MepeceUueHust
(Fi, f;) = £(fi, f;)), rae nociaennnii UHIEKC MepeceueHus BbIUUC/ISETCS HA
noBepxHocTH 3eiidepra. Hecsi0)KHO MPOBEPUTD, UTO MPH HAIIUX COTJIAILIEHUSIX
0 3HaKaX B 5TOM BbIPaXKEHHH TIOJIyuaeTcsi 3HaK MHHYC.

[1pu nepecraHoBke AByX |-MepHbIX LMKJIOB HX HHAEKC MepeceueHnsi MeHsieT

0 1
3Hak. [losromy marpuua B cocTOUT U3 g AMAroHasbHbIX OJOKOB <_1 O)

u enté n — | HyJseit Ha quaroHamu. Ecii n=1, 1o det B =1, a eciu n > 1, 10
det B =0. O

Moaunom A.neKcaHﬂepa OT MHOTUX MEPEMEHHbIX

[1pu nmoctpoennn nosnmHoma Asekcauaepa Ay (f) Mbl HCTIOMb30BaMH Gec-
KOHeuHoe LMK/IMYecKoe HakphiTHe Xoo — S3\ L. OHo cTpoutes Mo noarpyne
B m1(S%\ L), coctosiieli U3 netesib, /st KOTOPbIX KO(M@UUMEHT 3alen/ieHus
¢ L pasen 0. [lnist yanoB 310 6yner noarpynmna [my, m] — KommyTant. [lis
3alleTJIEHUIH TOXKE MOXKHO PAaCCMOTPETh HAKPbITHE, TIOCTPOEHHOE MO MOArPyIe
[71, m1]. Dra noarpynna HopMaJbHasi, MO3TOMY Mbl MOJYUMM peryJsipHoe Ha-
kpbitHe X — S3\ L ¢ rpynnoii asTomopcusmos 7y /[, 7] = H(S?\ L) =7/,
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TJle r — KOJIMUECTBO KOMITOHEHT 3alernJieHus L. [pynna aBToMopgpu3MoB 3TOro
HaKpbITHS — cBoOoMHAst abesieBa rpymnmna ¢ oOpasyoluMu ¢, ..., t,, KoTopbie
COOTBETCTBYIOT MAJIEHbKUM OKPYXKHOCTSIM, HaJIeTbIM Ha KOMIOHEHTHI 3allenJie-
uust L. TTosromy Tenepb H|(X; Z) — MojyJib HaJl KOJbLIOM Z[tlil, =
¥ Mbl MO2KEM HCII0JIb30BaTh 3TOT MOJIYJIb JIsi MOCTPOEHHs MOJIMHOMA AJieKCaH-
nepa Ay (ty, ..., t;) OT NepeMeHHBIX 1, ..., t,.

20.5. Moaunnom Konges

[Tosmnom Asiekcaniepa ornpenesiéH ¢ TOYHOCTbIO 10 YMHOXKeHHsl Ha =+,
T. e. (haKTHUECKH 3TO He MOJHHOM, a LeJbli Kaace nojuHomoB. [Tosmmnom Kon-
Best — 3TO (C TOYHOCTBIO 10 3aMeHbl MepeMeHHbIX) OJTHO3HAYHO OMpee/éHHbINI
MOJIMHOM, KOTOPBIA BbIOHpAeTCsi B KaXK/I0M KJacce MOJMHOMOB AJieKcanjepa.
[TosmiHombl KoHBesi pa3HbiX 3allemJieHHH MOXKHO CKJajiblBaTb, B OTJHUHE OT
noJIMHOMOB Autekcaniepa (CyMMbl pa3HbIX IMpeICTaBUTE el JBYX MMOJHHOMOB
AnekcaHziepa MOTYT MpHHAAIeXKaTh pasHbIM MoJuHOMaM AJjekcanzuepa). bo-
Jiee TOro, MeXay mosuHoMamu KoHBest 3allenyieHuni, ornpeseséHHbIM 06pa3oM
JIPYT C JPYrOM CBsI3aHHBIX, €CTh 3aMeuaTesbHOe COOTHOLIEHHE, MO3BOJISTIolIee
BBIUUCJIUTL NMOJIMHOM KoHBest J1I060T0 3alieneHnst UCX0/Isl HEMOCPENCTBEHHO U3
JIHarpaMMbl 3alleMnJeHHsl.

Jlist IpoBepKH KOPPEKTHOCTH onpejiesienust KoHBesi HaMm MoHaa06UTCs 0J1HO
BCIIOMOTaTeJIbHOe YTBEPKIEHHE O B3aMMOCBS3SIX PAa3JIMUHBIX TOBEPXHOCTEM
3efichepTa OAHOTO M TOTO K€ OPHEHTHPOBAHHOTO 3aleruieHuss L. DTo XKe
yTBep:KJeHUEe MOHAN0OUTCS HAM BMOCJEACTBHM /ISl TPOBEPKH KOPPEKTHOCTH
onpe/eseHnst uHBapuanta Apda satienseHust.

[ycTh F — nosepxHocTb 3efihepTa opHeHTHPOBAHHOTO 3alienienus L C S3.
[peanonoxum, uto wuaunap / x D? sioxen B S® tak, uto ero nepeceuenue
¢ F COCTOMT B TOUHOCTH M3 OCHOBaHMil LMK pa, T.e. F N (I x D?) = dl x D?;
KPOME TOTO, B MaJIOH OKPECTHOCTH OCHOBAHUH LIMJIMHIIP JIEKUT 110 OJIHY CTOPOHY
0T NoBepxHOCTH F. BblpexkeM U3 [ 0CHOBAaHUS LIMJIMHAPA U BMECTO HUX BKJIEHM
I x OD?. B pesy./ibTate cHOBA MOJIyYHM HEKOTOPYIO MoBepXHocTh 3efidepra F'’
3auensienust L. Byjem roeoputk, uto nosepxHoctb 3efidepra F’ nosyuena na
noBepxHoct 3elidepra I npuxkiseusaruem pyuKiL.

Teopema 20.4. [lycmo Fy u Fo — nosepxnocmu 3eiichepma opuen-
muposanroeo 3ayenaenua L. Toeda cywecmsyem nociedosamenbHocmo
nosepxunocmeil 3eiigpepma Sy, ..., S, ede S| =F| u S =Fy, npuuém 0an
ar0boeoi=1, ..., n—1o0dna uz nosepxnocmeil S; u S; | noayuena us opy-
eoli aubo npukiseusaruem pyuku, aubo uzomonueti (Henodsuxcrot Ha L).

HoxaszaTedabcTso. [Tocse masnoro weseseHust (HEMOABHKHOIO Ha L)
MOYKHO CUHTaTb, UTO TOBEPXHOCTH [| U Fo TpaHCBepcasbHO MepecekalnTes Mo
KOHEUHOMY UMCJy 3aMKHYTBbIX HecaMorepeceKaloluXcs KpUBbIX (MmepeceyeHne
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no L Toxe Tpanceepcanbhoe). [Tyeth M® — oo M3 3ambikanmii obaacTeli, Ha
KOTOpble MoBepxHocTH F| 1 Fo pasbusaior S3. [Tpeanonoxkum, uto M3 nexur
Mo OJHY CTOPOHY OT Kax0d W3 roBepxHocTell F| u Fo, T.e. ecqu pasHble
yacth M3 npumbikaioT K F| (uan K Fy), TO BCe OHHM JIEXKAT MO OJHY CTOPOHY
oT F| (um oT Fy); HUXKe Mbl TIOKaXKeM, uTo Takoe M3 Bcersia MOsKHO BbIGPATh.
[Tycts OM3 = Oy M3 U 9oM3, e O;M3 = OM? N F;. Jlio6yio TpuaHryIsiuio
ctepnl S?, 115t KoTopoii Fy 1 Fy — MOAKOMIIEKCHI, MOXKHO OTpaHHUHMTL Ha M>.
[Tycth A® — o6beauHen e Beex CUMIIEKCOB BTOPOro GapHIeHTPHUECKOTO MO~
pasjiesienust 9T TpHaHTyJISILMK MHOrooGpasusi M>, KoTopble MepecekaioTcst
¢ O M? uau ¢ oHOMEPHBIMH CHMILIEKCAMH HCXOJHOH TpHauryasuuu. Hedop-
MaJIbHO MOKHO cKasaTh, uto A3 — oObeHenHe £-OKPeCTHOCTH (BOPOTHUKA)
kpast O M> B M? 1 £-0KpECTHOCTH OHOMEPHOT0 OCTOBA MCXOJHOH TPHAHTY.JIsI-
unu. 3amennm F| Ha F{, Bbipesas O M3 11 BK/IEHB BMeCTO HEro 3aMmbiKaHHe
mHoroo6pasus A% \ 9y M3. Dra omepaumsi CBOAUTCA K MOC/e10BATENbLHBIM
M30TOMUSAM U MPUKJIEHUBAHUAM pyueK. [1efiCTBUTEIbHO, Mbl HMEEM JIeJI0 C orepa-
uell caenyionero Buaa. K moBepxHOCTH MpHKJIeeHO HECKOJbKO pébep rpada,
MpUUEM BCe OHH MPUKJIEEHDI C OJIHON CTOPOHBI TTOBEPXHOCTH. 3aTeM paccMaTpH-
BAeTCs £-OKPECTHOCTh rpada u 6epétest eé rpannua. K nexonHol moBepxHocTH
N06aBJISIETCS Ta YAaCTh 3TOH IPaHULIbI, KOTOPAs! JIEXKUT MO Ty K€ CTOPOHY OT IO~
BEPXHOCTH, UTO U rpad; yuacTKH UCXOJHON MOBEPXHOCTH, JieXKallle B £-OKPeCT-
HOCTH Tpaca, ynassiores. Takasi omepaiusi CBOAMTCS K TOCJeI0BATENbHBIM
M30TOIMHUSAM W MPUKJIEUBAHUSM PYyUeK.

[ToBepxHOCTb Fy Mbl M3MeHHM cJieytolum o6pasom. [lyeTh B® — 3ambl-
Kanne muoxkectsa M3\ A3. Jlpyrumu ciosamu, B3 — o6beannenue Komy-
COB C BepUIMHAMH B LIEHTPaX TPEXMEPHBIX CHMIJIEKCOB HCXOAHOH TPHAHTYJIsI-
MM, OCHOBAHUSAMM KOTOPBIX CJy»KaT 3BE&3Jbl (BO BTOPOM OapHIIEHTPHUECKOM
noJipasie/ieHUn) LEHTPOB JBYMEPHBIX TPaHell 3THX CHMIIJIEKCOB, He JIeXKalIUX
B O M3. 3amennm Fo Ha F., BbIpe3aB B3 N Fy 1 BKJIEUB BMECTO HErO 3aMblKaHHe
muoxkectsa OB \ (B3 N Fy). D10 cHOBa onepaiys TOro e camoro Buja. Jlefict-
BUTEJILHO, MYCTh HEKOTOPbIH TPEXMEPHBIH CHMIIEKC HMEET 71 IByMEPHbIX Ipa-
Heil, He Jiexatmx B Oy M3, Toraa /151 3TOr0 CUMI/IEKca BKJAEHBAETCs rpaHuLia
£-0KPECTHOCTH rpacha, COCTOSILIETO U3 /1 pé6ep, BBIXOASIIMX U3 OIHOH BepIIMHBI.

Tenepsb F| u F} copnanator suytpu M® u F| N Fy=(F\ NFy) U(OA3\ 9, M?).
Ho, capuras F| o BopoThuky 0; M>, Mbl MOTIH HapyIIHTL HEOGXOANMOE CBOFi-
ctBo OF| = L. D10 HyKHO HCMpaBUTh. Kaxkaas cBsi3Hasi KOMIOHEHTA MHOXKe-
ctBa F| N Fy b0 UEeJIUKOM JIEXKUT Ha TpaHule MHOrooOpasus M3, au6o ue
nepecekaeTcst ¢ HUM. Ecyv Kakasi-To KOMIOHeHTa K 3auernJyeHdst [ JIexuT
Ha rpaHulie MHOrooOpasusi M3, To Mbl uaMeHHM F|, MOCPeACTBOM H30TOMMH,
cagurast OF| Hasajl 1Mo BOPOTHHKY J10 TeX 110p, 1nokKa JOF| He coBnanér ¢ K.

I1u npeobpazoBanus noepxHoctei 3eridepra F| U Fy KaxK/ibli pa3 yMeHb-
LIAIOT UKCJI0 oBaacTell, Ha KOTOpble MOBepXHOCTH F| U Fy pasbusaiot cepy S°.
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[To3TOMy Mbl MOKeM J06HTbCS, uToObl I Fy He pasGupanu S3, T.e. copna-
JaJIH.

OcraéTes 0Ka3aTh, 4TO BCerlia MOXKHO BbIGpaTh MHOrooGpasue M3 Tak,
yToObl OHO JI€XKaJO MO OJHY CTOPOHY KaK OTHOCHTEJBHO [|, TaK M OTHOCH-
TesibHO Fo. J1J151 3TOrO BOCMOJB3yeMCsl 6€CKOHEUHBIM LIMKJIMYECKHM HAKPbITHEM
p: Xoo — S\ L, noctpoennsim B 1. 20.2. TIpocTpaHcTBo X oo MOXKHO CTPOMTD
KaK C MOMOIIbIO TIOBEPXHOCTH /|, TaK U C MOMOIIIBIO TOBEPXHOCTH Fo. [ToaTomy
B Xoo €CTb JIBA CeMeiicTBa NoBepxHocTeil ¢ F| u t/Fy (Kpasi TPEXMEPHBIX MHO-
roo6pasuii, U3 KOTOPbIX JABYyMsl crioco6amu ckieuBaercsi Xo,). Hac unrepecyer
cayuait, korjia F| u Fo nepecekaroTcest He ToJibKo 110 L. OcHOBHas ujiest CoCTo-
UT B TOM, 4TOObl PACCMOTPETb MaKCHMaJbHOE 11eJI0€ YUCJO 11, JJIs KOTOPOro
Fo N t"F, # & (puc. 54). Uto6bl 3T0 MOXKHO GbLIO CjlesiaTh, OyjlleM CUHTATh,

i Fy tFy
2
Y Y VA Z
tnilF tnﬁl Z/L-HF]
1

Puc. 54. Bubop mHoe006pasus M>

yTo M3 S® BbIpE3aHO He MHOXKECTBO L, a €r0 OTKPHITAsi £-0KPECTHOCTh, TAK UTO
B pesyJibTate Mbl [1oJlyuaeM KoMIakTHoe npocTpaHcTBo. Tenepb Mbl MMeeM f1eJ10
C KOMMaKTHBIMM MHOXKECTBaMH, MM03TOMY TpeOyeMoe UMCJ/IO0 11 1eHCTBUTE/bHO
CYLLLECTBYET.

[MoBepxHocth Fo paspesaer Xoo Ha JBE 4acTH; MycTh Y — Ta M3 HHX,
B KOTOpOil Jexkat nosepxHoctu t'Fy mpu r < 0. IToepxnocth t"F) Toxe
paspesaeT Xoo; NycTb Z — Ta uacTb, B KOTOPOIl JIexKaT noBepxHocTH "' F
npu r > 0. HetpynHo Buzets, uto npoexkuust p(¥Y N Z) — tpebyeMmoe MHOroo6-
pasue. O

JIBe KBaJlpaTHble MAaTPHLLbl HA3bIBAIOT S-3KB8UBAACHMHbIMIU, €CJH OJIHY U3
HHUX MOKHO MOJIYUHTh W3 IPYroii C MOMOULbIO HECKOJIbKHX OMepaluil caeylolnx
JIBYX THIOB:

1) A PAPT | rae P — uenouncsiennas Matpuua ¢ onpeenutenem =£1;

A a O A 0 0

QA0 0 IJwmuA« |8 0 0], raea—crogbel, 3— cTpoka.
0 0 O 0 1 O
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Teopema 20.5. Jlioboie dse mampuyot 3elighepma 00HO2O U MOeO
e OPUeHMUPOBAHHOCO 3AYeNACHUL S-IKBUBANCHITIHYL.

JlokaszateanbcTBo. Eciu B H|(F; Z) 3ameHutb 6asuc, To Jijisi MaT-
puubl 3eiicdepra nosyunm npeodpazoBanue 1). [lostomy corsacHo Teope-
Me 20.4 ocTaércs MOCMOTPETb, YTO MPOUCXOAUT ¢ MaTpulled 3elidepra npu
NPUKJEHBAHUH PydKH. MOXKHO cuuTaTh, UTO NpH 3TOM K Oasucy B | (F; Z)
no6aBasitoTest obpasywoline f,o1 W f,i9, H300paKéHHble Ha puc. 55. Ecuu

fn+2

Puc. 55. [lonoanumeavrole obpasyioujue

i <n, 1o lk( fiQ’ fi) = 0. TlozaGoruBliuch 0 BbIGOpPEe OPHEHTAUMH KPHBbBIX

fa+1 ¥ fnte, MOXKHO cUHTATh, 4TO JIHGO IK( ;Zr], Tn2) =0nIK(f o5 [av2) =1,
60 1k( ,;Zrl, fnte) = Lulk(f, o |, fatre) = 0. B nepsom cayuae nosast matpuua
A a 0
3eiidepra umeer Bua | *  * 1 |. [IpeoGpazoBanusivu tvna 1) 3ta matpuiia
0 0
A a 0
npuBomutest K Bugy (0 O 1. Auajornuno Bo BTOPOM Ciiyuae Mmatpula
0 0 0
A 0 0
npuBomutes K Bugy [ 8 0 0. O
0 1 0

Beném dopmaiibhyto nepemennyio ¢ /2, st kotopoit (11/2)2 = ¢, u onpese-
JUM noaurom Arekcandepa e nopmarusayuu Konses Ay (t) € Z[t~/2, t1/2]
caenyiommm  obpasom: Ay (f) = det(t'/2A — t712AT), rie A — matpuua
3etipepra 3auensenuss L. Ecan A — marpuua nopsizka r, to A (1) =
= {72 det(tA — AT), MOSTOMY C TOUHOCTBIO 10 YMHOMKEHHSI Ha €IMHHLLY KOJb-
wa Z[t =2, t'/2] nonnsom Anekcannepa B HopMannsaiuu Konsesi coBnajaer
¢ nosiMHoMoM AJieKkcanjiepa.

Teopewma 20.6. /laa opuenmuposarnnoeo sayenaserus L noaurom
Anexcandepa 6 nopmaausayuu Komses onpederérn 00HO3HAUHO: OH He
sasucum om sotbopa mampuysl 3etigpepma A.
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HokaszatenbcTno. [Ipexne Bcero 3amerum, uro
det(t'2PTAP — t='2PT AT P) = det(PT (1'2A — t =12 AT)P) =
= (det P)? det(¢'2A — t=1724T).

A a 0
[Tyctb Tenepp B= (0 0 1]. Torna
0 0 0

tl/QAft_]/QAT tl/Qa 0
tl/QB—t_]/QBT: 7l‘_]/QOLT 0 tl/Q )
0 —t7'2 0

YMHO3KAs1 MOCJEAHION CTPOKY 9TOH MaTPHILbl Ha MOAXOASAIIHE 3JeMEHTbl KOJIb-
ua Z[¢~!, ¢] v npubapass pesyabTaT K OCTaJbHBIM CTPOKAM, MOXKHO YHHUTO-
KuTh crosiben /2. Ananornuno yunuroxaercs crpoka —t~/2a’ . Tlostomy

1/2
det(t'?B — t~'?BT) = det(t'/?A — t~'2AT) det (q?m o > —

=det(¢t'2A —t='2A7),

0 (12
nocKoJbKy det <—t’1/2 0
CTBO aHaJIOTHUHO. O

N3 nokasaresnbetBa TeopeMbl 20.3 BBITEKAIOT CJEYIOLIHE CBOUCTBA MOJIH-
Homa AJsiekcanjepa B Hopmasusauuu Koupest:

1) ecoin K —ysen, 1o Ag(t) € Z[t7", t], Ax(1) =1 n Ag(t) = Ag(t™");

2) ecnn L — 3aueriende, cocTosiiiee Mo KpaidHel mMepe U3 JIBYX CBSI3HBIX
KomnoHeHT, To A; (1) =0.

Teopewma 20.7. llycmo Ly, L_ u Ly — opuenmuposanroie 3ayen-
AeHus, duaepammol KOmopoulx cosnadarm 8cody, Kpome mar0eo oucka,
a 8 IMom OucKe ycmpoero, maK, KaKk nokazaro Ha puc. 56. Toeda ux no-
AuHoMbL Anekcandepa 8 Hopmarudayul Konees c8a3ansl coomHouleHuem

A, — AL =72 —t2)A,. (1)

LX)

— 0

> = 1. lnst npeoOGpasoBanus Tvna 2) nokasaresib-

Puc. 56. Tpu 3ayenaenus
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HoxaszaTedabcTso. [Toctpoum ast 3auensenust Ly noBepxHocTb 3ei-
tdepra Fy Tak, uto6bl B paccMaTpPUBAEMOM JIMCKe OHa Oblla YCTpOeHa Tak,
KakK rnokasaHo Ha puc. b7. I[IpukneuBas K Ly nepekpyueHHyIO MOJOCKY, MOXKHO

Fe Fo

Puc. 57. Tpu nosepxrnocmu 3etighepma

NoJIyuuTh noBepxHoctH 3efidepra L n F_ ais sauensiennid Ly u L_. B ka-
yecTBe Gasduca B f1)(FL) BbiOepeM Kjacc 3aMKHYTOH KPUBOH [|, MpoXoasiei
Mo MoJiocke, K KoTopomy joGamjeH 6asuc B H|(Fp). Ecin Ay — marpuua

3efidepra anis Lo, To Matpuubl 3efidepra ais L v Ly UMeIOT BUjL <g z‘?o)
n—1
il < 3 j‘o), TIie 11— HEKOTOpOe 1iesioe yucesio. PacecMaTpuBast Tenephb ornpe-

pemutenu marpui ¢/2A — ¢=12AT pna tpéx matpun 3eiibepra, mnosyuaem

TpeGyemoe. [1pu 3TOM Hy»KHO JIMIIb yuecTb, uTo det Z /)‘CO =adetAy +c,

rJle ¢ He 3aBMCHT OT 4.

CootHouenue (1) BMecTe ¢ ycJIoBHEM, UTO /ISl TPUBHATLHOTO y3J1a MOJHHOM
Aunekcannepa B Hopmasusaiuu KonBest paBen 1, Mo3BOJisIeT BbIUHCIUTL A;
JI71s1 JIo60ro OpHeHTHpoBaHHOTO 3auengenuss L (mogpo6Hoctn cMm. B [[13]).
[TosTomMy A; — noJuHOM OT nepemenHoit 2z = ¢~ '/2 — t1/2. Tlomunom VY (2),
st kotoporo V(672 — 12y = A, (t), tne A, — nosmsom Ausekcanjiepa
B HopMasu3aluu KoHsesi, HasbIBalOT noauromom Kouses. [loannom Kousest
YJOBJIETBOPSIET COOTHOLLIEHHIO

Vi, (2) = Vi_(2) =2V, (2). 2)

Sanaua 20.4. JlokaxknTe, uTo ecJiM 3allenyenne L pacroJoxKeHo rno obe
CTOPOHBI OT TUIOCKOCTH, He MepeceKatollell 310 3auensenue, To V; (2) = 0.

3anummenm noauHom Kouses B Bute V, (2) = ao(L) + a;(L)z + as (L) + . ..

Ganaua 20.5. Ilyctb umcsio KoMnoHeHT 3auenaenus L pasuo n(L). Ho-
Kaxute, uro a;(L) =0 npu i = n(L) (mod 2).

anaua 20.6. a) Hokaxure, uto ecau K —yseda, 10 ag(K) = 1.

6) [lokaxure, uto ecqn L — 3alerniieHue, coaepsKaiilee 6ojiee 0fHON KOM-
noHeHTHl, To ag(L) =0.

Ganaua 20.7. IlycTb uncsio KOMMNOHeHT 3auenaenus L pasro n(L). Ho-
Kaxure, uto a; (L) =0 npu i <n(L) — 1.
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anaua 20.8. okaxure, uTo ecju L — 3aLenjieHue, COCTosILEeE POBHO
13 1Byx komroneHT L u Lo, To ay(L) =1k(Ly, Lg).

Ganaua 20.9. Ilpennonoxum, uto Ly u L_ —y3nbl, a Lo— 3auern-
JieHWe, cocTosiliiee U3 KomroHeHT L; u Lg. Jlokaxkute, uto Torna ao(ly) —
—as(L_) =Ik(Ly, Lo).

20.6. Co6oaHoe nuddepeHuHaIbHOE HCUHCTEHHE

[1pu noctpoenun nosuHoma Asiekcanepa 3auernsietust L Mbl HCIOJIb30BAIH
GeCKOHeUHOe LMK/IHUecKoe HakpbiThe Xoo — S%\ L. K3 3T0l KOHCTpPyKIMH
cpasy He BMJIHO, UTO TOMOJIOTHH MPOCTPAHCTBA X o, MOJHOCTBIO OTIPENEAOTCS
rpynnoit = (S%\ L). (N1 y3/0B 5T0 MOXKHO MOHSATh, IPUMEHHB J0BOJILHO
TPY/IHYIO TEOPEMY O TOM, UTO JIOMOJIHEHHE y3J/1a SIBJSeTCs NPOCTPAHCTBOM THIA
K(m, 1), a moToMy €ro roMoTOMMUYECKUH THI MOJHOCTBIO ONpeNesieTcs rpym-
no#t 7.) ®oke [Fol], [Fo2], [Kp] npemnoxun yno6Hblii cnoco6 BbIYHCIEHUS
noJivHoMa AJieKcaHzepa HermocpeaCTBEHHO 110 CITUCKY 06pasylolifX U COOTHO-
ILIEHUH TPYMIbI 7, MPHUEM C MOMOIIBI0 KOHCTPYKIMH PoKca HECJ0XKHO J0Ka-
3aTh, UTO MOJMHOM AJiekcaniepa He 3aBUCHT OT TOTO, KAKOe MMEHHO 3aJaHue
rpynmnbl 7 06Pa3yloUIMMU U COOTHOLLIEHUSIMU BbIOPAaHO. DTOT MOAXOJ K BbIUHC-
JIEHUIO TToJIMHOMa AJieKcaHniepa Ha3blBaloT c80000HbLM dudhheperiyuarbHolm
ucuucieruem W ucuucienuem Pokca.

Wcuncnenne dokca 0cHOBaHO Ha CJeylolmXx coobpaxkenusx. [1ycTb ecTh
nBymephblit CW -xommnseke W ¢ olHON HyJIbMEPHOH KJIETKOMH, MpHuéM (akTop
rpynnel = 7 (W) no kommyranty ' = [w, w| — cBoGoaHasi aGesieBa rpymnmna
¢ r o6pasyioiumu. Torna yHuBepcasbHoe abesneso Hakpbitie Wy, — W, coot-
BeTcTByMollee noarpymne 7’ C , 3((PEeKTHBHO Bbi-
pakaeTcsl uepe3 OJHOMEPHbIE KJIETKH X1, ..., Xp
(cooTBeTcTBYIOIIME 0GPA3YIOLIMM TPYIIIbI 77) U JIBY-
MepHbIe KJETKH 7|, ..., Iy (COOTBETCTBYIOLIHE CO-
OTHOLIEHHSIM MeXy 00pa3yloLIUMH).

[TosicHUM 3TO Ha KOHKPETHOM T[pHMepe 3a-
LenJieHnsi, u3o6paxkénHoro Ha puc. 58. Ha me-
peKpécTKax Mbl UMeeM CJIeJlylolllHe COOTHOLIEHHUS:
1) a=yxy=', 2) b =xyx~', 3) x =cac™!,
4) y = xcx~', 5) ¢ = yby~'. O6pasyioume a, b

| M ¢ BBIpAXKAalOTCSl Uepe3 X W y C MOMOIIbIO CO-

¥ otHowenn#t 1), 2) u 3). [loacraBnsisi 3TH BbI-

paxkenust B 4) ¥ 5), nosyuaeM B 06OMX CJyua-

Puc. 58. [Zuagpa/n/na AX OJHO MU TO K€ COOTHOUIEeHHEe YXYyx = Xyxy,
sayenieHus T.e yxyxy x7ly~ T =1
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Paccmorpum aBymepHblil Komiieke W ¢ oJHOH HyJIbMEpPHOH KJIETKOH So,
JIByMsl OJIHOMEPHbIMU KJIETKAMH X U Y W OJHOH JBYMEPHOH KJIETKOH r, CO-
otBetcTBYlOLIel cooTHowenuo yxyxy 'x'y~'x~! =1 (puc. 59). Ilycts

X Y
X y y X
XD
x! y!
g !

Puc. 59. Komnaeke W

8o — HeKoTopasi Touka Komiiekca Wy, otobpaxkaiomascs B Sg, X U J — Noj-
HSITHSI TIeTe/Ib X W i/ C HAuajJOM B OTMEUEHHOH TouKe §¢, 7 — MOJAHSATHE KJIETKH I,
KOTOpPOEe HauHHaeTcs B TOUKe §o M COOTBETCTBYeT 00Xomy yxyxy 'x~ly='lx~!
(puc. 60). Tlyctb ¢ u f9 — oOpagytolye rpymnmbl aBTOMOP(HU3MOB HAKpPbITHS

to

t

Puc. 60. Komnaexke Wy,

W — W, cooTBeTCTBYIOLIME MaJIeHbKHMM OKPY>KHOCTSIM, HaJeThiM Ha KOM-
TIOHEHTDI 3allenJyieHnst (B paccMaTpUBaeMOl CUTyallld ] ¥ f9 COOTBETCTBYIOT
X U Yy, HO B OOLIEH CHTyaldd OHH COOTBETCTBYIOT HEKOTOPBIM 3JieMEHTaM
rpynnbi /[, w]). [lyers, nanee, A = Z[tlil, tgil]. Kak monysu Hax A, rpynibl
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HYJIbMEPHBIX, OJTHOMEPHBIX H JIBYMEPHbIX LeNel sBJASOTCA CBOGOJHBIMH MOJLY -
asimu A[Sp], A[X, §] u A[F], nockosbKy Bce KaeTku B W, mnoJydaiorcsi U3
KJ1€eToK So, X, J u 7 neilctBuem aBroMopuamoB. [TosToMy, uTo6bl BBIUMCAUTD
romoJioruu komriekca Wy, kak A-MOJyJib, IOCTATOUHO BHIYHUCJUTL O\ X, 0§
U Oof (31ech O] — rpaHulia OJJHOMEPHOH KJETKH, a O9 — rpaHulla JIByMepHOH
kaetkH). SlcHo, uto 01% = (¢; — 1)So, 015 = (fo — 1)Sp, @ OoF — 310 MOAHATHE
MyTH, NpejcTasasiollero caoso yxyxy 'x~'y~'x~'. Jlerko Bumets, uto

QoF = + toX + titof + 112% — t2 o] — 1o — 1 — X =
=(—1+8)(I+tit)x + (1 —t))(1 +11t2)7F.

Takum o6pazom, 6Gasucom Kerd, kak A-MoILysnsi CJAyKUT 3JeMEHT € =
= (=1 4+ )X+ (Il — )7, v npu stoMm OoF = (1 + ft9)e. CrenoBatesbHo,
H{(W) = A/(1 + t1t9)A, T.e. MHOTOUSEH AJtekcaHiepa JaHHOTO 3allereHHst
paBeH 1 + ¢to.

Koueuno, HauGoJiee TPYJHYIO 4acThb 3TUX BbIUMCJEHHH COCTABJSIOT Bbl-
yucaeHust Jof. DTH BblUMCJEHUs HY»KHO (OpMasiM30BaTh W MOHATb, KaK OHH
NPOU3BOJASATCS B OOLIEM CJyuae.

Hauném ¢ Ttoro, uto cnenaem aBa 3ameuanusi. Ilycte A: w (W, so) —
— H{(W) — romomopcusm IypeBuua, w;, w9 U @w — cjoBa B andaBute
{x*! y*!}, Koropbie Mbl paccmaTpuBaeM Kak netad B W ¢ HauajgoM M KOH-
LOM Sq, a @, W9 U @ — NOJAHSATHUS ITHUX IeTesb ¢ HauajaoM Sy. Toraa

1) nomHsiTeM MeTM wW;wy C HavajoM §\ siBJsieTcs: NyTh @ + A(w; )@y
(puc. 61);

2) nogHATHEM METIN w™!

¢ HauaJsioM §y siBasieTcst myTh —A(w)@ (puc. 62).

W W9 h(wil)@ W
S h(w1)So hw™"3, So h(@)3o
Puc. 61. [loonamue nymu w,ws Puc. 62. MTodusmue nymu w™!

Anajsiornunble (opMyJIbl HMEIOT MECTO U B 0OLIEM CJydae.

Uro6bl MepeBecTH 3TH reoMeTpuyeckre (GOpPMyJIbI Ha sI3bIK ajireGpbl, HaM
MOHAJ00UTCS CJeyIolasi KOHCTPYKLMS, OTHOCAIIASACS K CBOOOHBIM IPYIaM.

[lyets Fj — cBoOosiHast rpynmna ¢ o6pasyollMi Xy, ..., X,. [pynnosoe
KOAbYO TPYMIbl Fp, HAZL KOJIBLOM Z COCTOMT M3 KOHEUHBIX CYMM BHA » Ry g,
rne g € Fiy u kg € Z. CjoxkeHue B TPYNIOBOM KOJIbLE TOKOOPAMHATHOE,
a ymHoxketne sanaércsi popmynoit (Y kgg) (X lhh) = 3 kglygh, npuuém
KO3(D(DHULIMEHTBI PU OIHOM M TOM 2Ke 3JIeMEHTe CYyMMHUPYIOTCsl. DTO TPYNNOBOE
KOJIbLIO Mbl OyzieM o603Hauath Z[Fy].
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Jas kaxporo i, 1 < i < m, CyllecTByeT €IMHCTBEHHOE OTOOpaXkeHHe
9 .
o : F — Z[Fm], obJanatoliee caeayloliMi CBOACTBAMU:
1) =d;j;
v) __ Ou 4 v
8x, o 8x,- ax,- ’

%)
Otob6paxkeHue 9y, Janano Ha 00pasyoLux rpynmbl £, 1 Ha NPOU3BEICHUSX
i

JIOOBIX 3JIEMEHTOB 3TOH T'PYMIbl, MO3TOMY €ro eIMHCTBEHHOCTb o4yeBHaHA. Ho

2) 2

CylIleCTBOBaHHE OTOépa)KeHl/lﬂ HE OYEBHUIHO: NpEACTaBJsAsl OIUH U TOT 2Ke

axi
9JIEMEHT B BHJIE TIPOU3BEICHHUST PA3HBIMHU CﬂOCOGaMI/I, Mbl, BooOl11Ie roBops,

MOTJIH Obl MMOJIYUHUTDL JIJ1s1 HEro pas3Hbi€ pe3yJbTaThbl. YroO6hI JI0Ka3aTb CyUleCTBO-

BaHHe 0TOOpaXKeHHsl Mbl OTIPEJIEJIUM €r0 Ha MOJYTrpyIe CJOB B ajnpaBuTe

ox;’
X1, -+, Xm (KaxkJi0€ CJIOBO COCTOUT W3 CJIOTOB BHJIA x , re k — 1esoe yuc-
JIO; CJIOBa wlxowg H @ Wy CUYNTAIOTCS IKBHBAJEHTHBIMH, CJIOBA wlxkx’wg

H wlx’”lwg TOXKE€ CUHUTAIOTCsl 9KBUBAJICHTHBIMHU; €CTb TakK>Ke IyCTOoe CJIOBO,

KoTopoe o6osHauaercst 1). Jljsi c/10B 3ajaua HeCKOJIBKO MpOLILE, TIOTOMY YTO
JUISl HUX HeT cokpalleHuil. Ho cHauana BbiBeieM U3 ycJioBuil 1) 1 2) HekoTOpble
CJIEJICTBHSI.

Jlemma . Omoépaofceuue obaadaem caedyroujumu c8olicmea-

axi
o1 —‘) _ Ou
MU a) — =—u'—.
Oxi 0% o(1-x;) ol ox;
ﬂOKaSaTe.ﬂbCTBO a) Slcuo, uro §;; = ——L = +1- ==
ox; 0x; ox;
0l
= % + &;;. [Toaromy —— 8 » 70
_ Ouu') _ Ou ou~! owy
6) M3 a) nmosayuaem, uto 0 = o~ ox +u o M03TOMY ox =
1 ou
=—u ' 0
Bx[

k
—1
Jlnst kaxkaoro g € Fp, M 1es1oro uucsa £ onpeiesiuM 37eMeHT é;f I EZL[Fm]

CJIe1y0LHM 06pa3oM:

1 0 npu k= 0;
g:lz I+ g+ g>+...+ gt npu k> 0;
—(gt+ g+ .+ g7 +1+g) npuk<O.

ag" _g'-10g

Bx[ o g,l ((9)61'.
HokaszaTenbcTBo. [Ipumennm nnaykumio mo [k|. [pu k=0, 1, —1
og _ og  9g™) ~19g

noJiydaeM paBeHCTBa ol _ 0, ===y 22—~ =— —= Tlepsoe
Y p Ox; 0 Ox;  Ox; ox; g ox;’ P

Jlemma 2. Cnpasediuso paseHcmso
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¥ TIoCJIe/iHee U3 3THUX paBeHCTB JoKasaHbl B jemme 1. Ilpu & > |, Bocnosb-
30BaBIINUCH MPEANOJIONKEHHEM HHJYKIIHH, [T0JyUaem

ogtt! _agt  ,og j r0g _ gt —10g
ox ox T8 om Zlgax+g8x g1 ox
=
[Tpu £ < —1 nosayuaem
ogh! Gg’er r0g”" Z r0g8  p10g _gt'—10g
ox;  Ox g Ox; gax g oxi  g-—1 ox;’

[lycts A, — nogyrpymnna cjioB B ajadaBute Xy, ..., Xm, p: Am — Fu—
oToOpaxkeHHe, COMOCTaBJsIOLLEe CJ0BY COOTBETCTBYIOLLMH 3/1eMeHT CBOGOHON
rpynnel. Onpenesnum oto6paxkenne A;: A, — Z[F,,] MHIYKIMeH 10 YucTy cJlo-
rOB B CJIOBE C MOMOLLBIO CJIE/YIOLIMX COOTHOLLIEHHH:

1) A;1 =0, rne | — nycroe ¢JioBO;

9 k x.? -1 .

) Aix] = —71(51']',

3) Ai(xfa) = Aix¥ + x¥A;a noist npomsBostbHOrO CiloBa @.

OTH COOTHOLIEHHS] OJHO3HAUHO OINpelessioT oToOpaxeHue A;, MpUYéM 3TO
oTo6pakeHue orpeseseH0 KOPPEKTHO, MOCKOJBKY B moJyrpynme A, Her co-
kpawenuit. IToxkaxem, uro oroOpaxenue A; uHayuupyer B [, Tpebyemoe

0
oTobpakeHue e
War 1. Aag aoboix 08yx cao8 a, b € A, umeem mecmo pasescmso
Ai(ab) = Aja + p(a)A;b. (1)

[IpuMeHNM HHIYKIIMIO 110 YHCJTy CJIOTOB B cJioBe ab. Ecau c/ioBo a mycroe,
TO TpefyeMoe paBeHCTBO oueBHIHO. [losTOMY Gynem cumTath, uTo @ = xj?c, rIe
x;? — HerycToe ¢JIoBo. Torja corsiacHo orpesessiioliiM COOTHOIIeHHs AJsT A;
nMeeM

Aj(ab) = Aj(xfeb) = Aixf + xFAi(ch).
I—[OSTOMy Mo MpeaAroJio2KeHH0 HHAYKIHWH
Ai(ab) = Nix§ + xFAic + x5 p(c)Ab = Na + p(a)Aib.

War 2. Ecau d8a c108a IKBUBANCHMHBL, M. €. OHL COOMBEMCMBYIONM
00HOMY U momy dce 3remenmy epynnot Fp,, mo ux obpasel npu omobpa-
scenuu N; pagHeot.

TpebyeTcst MpoBepUTh paBeHCTBA

Ai(axb) = A (ab),
Ai(ax{™"b) = Ai(ax]'x}b).
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Bocnonbsyemest st atoro pasenctsom (1). [lepBoe paBeHcTBo j0Ka3biBaercst
TaK:

Ai(axb) = Ai(ax)) + p(ax))Aib = Aja + p(a)A;b = Ai(ab).
qTOébI J0Ka3aTb BTopoe paBEHCTBO, 3aME€THUM, UTO
X1 k] Xt =1

i =2 mZi
)Cj*l _)ijl—i_xlx','*l’

a snaunt, A; (xf"") = A; (x7'x7). Tlosromy

Ai(ax{™"b) = Ai(ax™*") + plaxi™")Ab =
= Aia+ p(a)A;(x]"x}) + plaxx])Aib =
= Ai(ax]'x}b),

4TO U TpeOOBAJIOCH.

Terepb Mbl MOXKEM oOMpeaesuTb 0ToOparkeHne 8% Fn — Z|F,] paBen-

1o}
CTBOM —p(a) = Aja nais mo6oro cjosa a € Ay, Ular 2 nokasbiBaer Kop-
peKTHOCTb 3TOro onpejesneHus. HernocpeacTBeHHO U3 orpesieieHnst oToOpake-
0
HUST A; BUJHO, UTO = 0;j. ITo3TOMy Hy2KHO JIMILLL NPOBEPHTH PABEHCTBO
o(uv) ou v
. Ilyets u = p(a) u v = p(b) AIsT HEKOTOPBLIX CJOB
o~ on T Yo Y p(a) p(b) n p
a,beA,. Torna
a(uv) .
ax,-

v
8x,

9 h(ab) = Ai(ab) = Aa+uAbfg£+

aii JI0Ka3aHo.

[Tepeiiném K reoMeTpHUECKHUM TPHJIOXKEHHSIM 3TOH asreGpanueckod KOH-
crpykuun. [lyets rpynna = 7(S? \ L) 3anana o6pasylomumMH Xy, ..., Xyt
M COOTHOLIEHUSIMH F1, ..., Iy, T.€. T = Fyy /N, tie N — MuHuMasbHast Hop-
MaJsibHasi noarpynna B F,yj, cojepxKauiasi cjaosa ry, ..., r,. Has jwo6oro
roMomMopuamMa @: T — G MOXKHO PacCMOTPETb KOMIO3ULMIO Fyy — T 25 G
W TIOCTPOUTh Z-suHeiiHoe otobpaxkenne ®: Z[F 4] — Z[G]. Hac GynyT un-
TepecoBaTh JIBa CJiyuasi, COOTBETCTBYIOIIHE MOJHHOMY AJieKcaHiepa OT MHOTHX
repeMeHHBIX U OT OJIHOM repeMeHHOU. Jlyist mosiMHoMa AJiekcaHjiepa OT MHOTHX
nepeMeHHbIX ¢ — romomMopeusm [ypesnua u G = /[x, m] =2 Z". Ilast nosm-
HoMma AJiekcanjiepa ot oiHO#H nepemeHHoil G = Z, a ¢ COMOCTaBJISIET MeTJie eé
KO3 ULIMeHT 3atiernsienust ¢ L.
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[Tycts A =Z[G], T.e. B HHTepeCyIOLLMX HAC cayuasx A = Z[tlil, O =
unn A = 7Z[t, t~']. PaccMoTpum LenHoii KoMIlIeKe

AT 2 At 28,

rie A" umeer 6asuc ry, ..., r,, A™FT! umeer 6asuc xi, ..., Xp41, 0TOOpa-
ar\ [|1<i<n
8xi)H1<i<m+1
npeacrasiaero marpuued | ®(x;) — 1|1 <i<m+1. Torna romosorun 3Toro LenHoro
KOMIJIeKCa — 3T0 TOMOJIOTHH HakpbiThsl Hax S° \ L kak Mozy/b Haj A.
HauGosbimii  061IMIA  1e/UTeJ b BCEX MHHOPOB MMOpPsiiKA 11 MaTpHIbl

JKeHHe Oy MPEeICTaBJeHO MaTpuleH HCID( , a otobpaxkeHue O

9rN |1<i<n
H(I)(—)H HEe 3aBHCHT OT 3alaHusi IPYNIbl m 06Pa3yIOIMH H CO-
0xi ) ll1<ig<m+1

OTHOLIEHHSIMH, a 3aBMCHT TOJILKO OT CaMOH Tpynnbl 7. DTO Mbl JHOKAXKeM
UyThb MO03XKe, a TMOKa BOCMOJb3yeMcsl 3THM (PAKTOM M MOKaxKeM, uTO €CJH
A=Z[tE, . tF ) w o r =2, 10 3T0T HauGoablIMil OOl emuTesb pa-
BeH noJsinHoMy Adgiekcannepa. [To onpenenenuto nosuHom AJiekcaHiepa paBeH
HauboJibllieMy OOLIEMY JEJIUTEN0 MHHOPOB TOPSIAKA /71 MATPHLbl TOTO XKe
camoro oToOpaxenHsi Jy, HO He OTHOCHMTebHO Gasuca npoctpanctsa AMH!
a oTHOcHTeJIbHO Oasuca npoctpaHncTBa Kerd; =2 A™. [TosoxKuM /151 KPaTKOCTH

a .
(8_;]) =a;; u ®(x;) — 1 = b;. B kauectpe 6asuca npocrpanctea Kerd,

MO2KHO B34Tb bm+1x1 — blxm+], bm+1XQ — ngm_H, ey bm_me — bmxm+].
Torna snementnbl A;; MaTpuupl oToOpaxkeHHst Jo OTHOCHTENBHO 3TOro 6asuca
npoctpaHcTBa Ker0; HaxoasaTcsl U3 COOTHOLIEHHH

anxi+. . Fame1 1 Xmp 1 =M1 Omp1 X1 =01 Xmp 1)+ A1 O 1 X —bmXmi1),

ApXi+.. -+am+],nxm+l:>\ln(bm+]xl *blxm+l)+- . -+>\mn(bm+lxm*bmxm+])-

M3 3THX cooTHOLIeHHH NoJydaeM a;; = b4 A;j IpH i # m + 1. D10 03HaAUaeT,
4TO ec/li B MaTpHLe ||a;;|| BEIUePKHYTb CTPOKY C HOMepOM /1 + 1, To moJiyuum
Matpuly [|A;j||, yMHOXKeHHYI0 Ha b4 1. AHAJOTHUHO J0Ka3bIBACTCS, UTO €CJIH
B Matpuue ||a;;|| BbIUEPKHYTb CTPOKY C HOMEPOM k, TO MOJYYHM MaTPHILy
otobpaxeHust dJo (OTHOCHTEJILHO HEKOTOPOro Jpyroro 6asuca MpPOCTPaHCTBA
Ker 0;), ymHOkKeHHY10 Ha bp. [TosTOMY HauGObIINEA OGUIMI IeUTeNb MUHOPOB
nopsiKa /M MaTpuubl ||a;;|| paBeH Npou3BeleHHI0 HAUOOJIbLLIEro OOLLEro AesH-
TeJIsl MUHOPOB TMOpPsiKa /M MaTpulbl ||A;;|| Ha HanGoJbIINI OOUMI AeMHTEb
sJieMenToB b, ..., bgH, T.e. Ha HaubOJbIIUH OOLIMH JeJIUTENb JEMEHTOB
(P(xy) = D)™, .o, (@(xme1) — 1)™. Ho B paccmarpuBaemMoll CHTyalMH T0-
cJeHUi HaubosblUUi oOUMi nenutesib paBeH 1. JleficTBUTENbHO, Mbl MOXKEM
BLIOpaTh o6pagyioliue Tak, uto P(x;) = .
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JlokasaTeJbCTBO TOrO, UTO HaWOGOJILIUMA OOLUMHA JlesuTe/b MHHOPOB MO-
1<j<n
psika m MaTpHLbl H(I)( )H He 3aBHCHT OT 3aJlaHusl TPYyMNNbl 7
Oxi ) l1<i<m—+1

00pa3yolIMMK U COOTHOLIEHHSIMH, OCHOBAHO Ha TeopeMe TUTLLe, OMUChIBAIOLIEH
npeoGpa3oBaHust 00pPA3yOIIMX M COOTHOLIEHHH, COOTBETCTBYIOIME H30MOP-
tdusmam rpynn. Caenywoline 1a npeodpaszoBaHus 06pasyolHX X U COOTHO-
IIEHUH 7 JIal0T U30MOP(dHbIE IPYTIITbI.

[. (x:r) < (x:rUs), rie S — HEKOTOPOE COOTHOLIEHHE, BbITEKalolllee
M3 COOTHOLUEHHUH F, T.e. JiexKaulee B HOPMaJbHOU MOArPYIe, MOPOKAEHHOH
CJIOBAMH 7.

L (xUy:r) e (x:rUyc"), rie y € x, a £ — POM3BOJIbHBII 3/1eMeHT
cBo6oIHON Tpynmbl ¢ o6pagdyonnmi x. ([lo6aBieHue cooTHolleHus: y = £.)

I1u 1Ba npeobpas3oBaHus Ha3bIBAIOT npeobpasosanuimu Tumuye.

Teopema 20.8 (Tutue). Habopol obpasyiowux u coomuoueHul
(x:r) u (y:s) sadaiom uzomopgrole epynnel moeda U MoA6KO moeoa,
Koeda om 00HO20 U3 HUX MOJNCHO nepeimu K Opyeomy nocpeocmsom
npeobpasosanuil Tumye.

JlokaszaTenbcTso. Ham nonanoburcs caenytoliee BCrioMmoratesibHoe
yTBepKIeHHE.

Jlemma. [lycmo x u y — Henepecekaroujueca MHodcecmsa 06pasyro-
wux, [: F(xUy) — F(x) — pempakyus c606001b61X epynn ¢ 0O6pasyrouju-
muxUJUyux(me. f(a) =aodasascex a € F(x)). [lycmo, daree, obpasyroujue
u coomuouenus {(x:r) sadaiom epynny G. Toeda s0po Komnozuyuu
eomomopgpuamos

F(ny)LF(x) 2.6

npedcmasasiem coboll HAUMEHbLULYIO HOpMarbHyto epynny N, codepaca-
wyio r u sce asemenmol suda yf(y)~', ede y € y.

Jdoxaszateabctso. [lycts r € r. Torna f(r) = r, nockosbky r € F(x)
u [ — perpakuusi. Cienoparennho, of(r) = ¢(r) = 1. Kpome toro, [? = [, no-
ckosbky [ — perpakumst. 3uaunt, o[ (yf(y)~") = o(Jy)[(y)~") = (1) = L.
Takum o6pasom, N C Kerpf.

Jlokaxkem Ternepb, uto Kerpf C N. PaccMOTPHM KaHOHHUECKYIO MPOEKIIHIO
p: F(xUy) — F(xUy)/N u eé orpannuenne p’ Ha F(x):

F(xUpy) !

S5

Fixug)/N."

Fx) -5 G

Ecn x € x, 10 p'f(x) = p'(x) = p(x). Eem y €y, 10 py)p'f(y)~"' =

=py)ply)~'=pyfy)~") =1, nostomy p’f(y) = p(y). Takum o6pasom,
paccmaTpuBaeMasl [MarpaMma KOMMyTatuBHa, T.€. p'f=p
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Hast mo6oro u € F(x Uy) umeem

puf@) =" =p [l =p'(Ffw/w ") =p1)=1

[Tostomy uf(u)~! € N. Ecam xe u € Keryp, To [(u) fBAsieTCs caeCTBHEM
cooTHoLLeHHi 7, mostomy [(u) € N. B takom ciyuae u = uf(u) ™' f(u) e N. O

Terepb MOKHO MPUCTYNUTH HEMOCPEACTBEHHO K JI0KA3aTeJIbCTBY TEOPEMbl
Turie. CHauasia Mbl paCCMOTPUM CJlydak, KOria MHOKeCTBa 00Pasylolyx X U Y
He nepecekaioTesi. 3aliMEMCS MOCTPOEHHEM CJIeyIOleH HarpaMMbl:

; F(xUy) ;
F(x) / \F(y)
‘le JfP!/
(x:r) h (y:s)
//T l//
(xUy:ruyfy)™) (xUy:ruxf, (="

\ //
(xUy:rusUyf(y)~ Uxf,(x)~h.

3nech f¢ W [, — peTpakuMH, ¢x H @, — NPOEKUUH CBOOOJHOH TPyMIbl Ha
rpyfiy, 3a1aHHyio 06pa3yIolUMKi U COOTHOLLIEHUSIMH, /I — U30MOP(HU3M TPYIIIL.
CoryiacHo JieMMe sJIpo TOMOMOP(U3MA @y [y COAEPKUTCSA B HOPMAJIbHOH TOJI-
rpynne, nopoxaéntoii # U yf(y)~'. C apyroii croponsl, ¢y fx = hp, [, 1 si1po
romomopgusma @, f, conepxkut s U xf,(x)~!, nostomy s U xf,(x)~! conep-
JKUTCS B HOPMaJIbHOK MOArpynne, nopoxaéuHoi U yf.(y)~'. Ananoruuno
(ncnosb3yst usomopduam A=) nonyuaem, uro r U y [ (y)~' conepxutes B nom-
rpynne, nopoxaéntoil s U xf,(x)~'. dTo nossosisier noctpontsb Tpedyemyio
JMarpaMmmy, a BMecTe ¢ Hell U Tpebyemblil Habop npeo6pazoBanuil TuTle.
Ecnu MHOXKecTBa X M y TiepeceKaroTcs, TO BbIGepeM MHOXeCTBO X, He
nepecekaroleecst ¢ X U g, Tak, 4ToObl €ro 3JeMeHThl HAXOIUIUCh BO B3aHMHO
0JIHO3HAYHOM COOTBETCTBHU C JIEMEHTAMH MHOXKECTBA X. DTO B3aUMHO OJ[HO-
3HAUHOE COOTBETCTBHE OMpeesisieT H30MOP(PU3MBIL {] U io B AMarpamme

F(x)

% ,

=
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[To yc/IOBHIO CYLIECTBYHOT TOMOMOPMU3MbI /1] U A9, UHIYLHPYHOLIHE H30MOP-
duam rpynn (x:7) u (y:s). UM cooTBeTcTBYIOT roMoMophuaMbl iy = hyi;
u hy = hoiy. Tlyets R, R u S — nopmaJibhble MOArpymbl, NMOPOKAEHHbIE Ha-
Gopamu ciioB r, ¥ u s. Torna A (F) = hiiy(r) =hi(r)C S n hs(s) = isha(s) C
C iy(R) = R. Tlostomy rOMOMOP(H3MbI hy w hy wanyuupyior TOMOMOP(H3MBI
rpymn (y :s) u (¥: 7). [1pu s10M hyho = hyiyishe = hihe u hohy = ishohyiy.
Tomomopduambl i1y 19 1 ok MHAYLMPYIOT H30MOPMHU3MbBI TPy (X : ) 1 (Y : §),
MO3TOMy FOMOMOP(U3MbI /1] W Ay MHIyUMPYIOT H30MOPGH3MBI rpynn (X : F)
uy:s).

Teopemy Turtue ans Hemepecekaroumxcsi HaOBOPOB 06PA3YIOUIUX Mbl YyKe
nokaszann. [IpuMeHHB e JBaXKibl, MepeiéM ¢ MOMOLIbI MpeoGpasoBaHHit
Turue cHauana ot (x:r) K (X¥:7), a 3atem ot (X:7) Kk (y : 8). Teopema Turue
JI0Ka3aHa. O

Teneps, uto6bl 10Ka3aTh TpebyeMylo HHBAPUAHTHOCTL HAUOOJbLIETO 0611le-
ro JieIUTe/1s1 MUHOPOB, OCTaérest 0KasaTh, UTo npeoGpasoBanus THTILE MPHBO-
JISIT K MaTpuilaM, SKBHBAJIEHTHBIM B cMbicjie Teopembl 20.1.

Paccmorpum neppoe npeoGpasosanue Turie (x:r) — (x:rUs), rie sJe-
MEHT S JIEXKHT B HOPMAJIbHOH MOArPYIITe, MOPOKAEHHON JIEMEHTAMH 1, T. €. § =

p
= ukri’fu;l. Torna

kf
Js 0 -
a_sza—xj(ulrf‘l‘ul 1)+u|ri‘f1u1 (ugr u2')+...
—+ Hw G o).

[To ycaioBuio ®(r;) = 1, nosromy

B2 kz:q)( ().

[1pu sToMm
ap
0 _1 ouy, r," — 1 or; _1 0uy,
Upr:fu, ') = — + up—t———="> —upr;*u,  —
a,( R ) = ax; R = ox; oy ox;
rie —
i <I>( r‘” ] ) = ay,. Caief10BaTelIbHO,
i

0 ey, —1 arik
CID(@ (upr; )):akcb(uk)d)(a—xj).

Takum o6pazom,
P

®(5) = L ene ().

h=1
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rae ¢, = ap®(up). Ato o3Hauaer, uto marpuua Asekcanaepa s (x:rUs)
T0JIy4yaeTcsl U3 MaTpHLbl Asiekcaniepa aJsi (X : ) 106aBJjeHneM OJIHOH CTPOKH,
KOTOpAast fIBJISIETCS JIMHEHHOH KOMOWHALIMEH JAPYrUX CTPOK.

Paccmotpum Bropoe npeoGpasosanue Tutue (x:r) — (x Uy :rUyé 1), rae

y&xueF(x). ScHo, uto g—; =0wu a—ay(yf“) = 1. Marpuua Anekcannepa
s (x Uy rUyé ") pasua (’2 ?) rie A — marpuua AJsekcanjaepa Jis
(x:r), a a— cTpoKa 3JIeMEHTOB @(%(yf")). Ocraérest 3aMeTHTh, UTO
/
a 1

BTOPYIO, BBIUUTAs U3 BCEX CTOJIOIIOB, KPOME MOCJENHEr0, KpaTHble MOCJEHEro
cTosb1ia.

A 0 A 0
~ |p ) TMOCKOJBbKY MepByio MaTpiily MOXKHO MPpeobpasoBath BO

§ 21. UuBapuant Apda

21.1. UuBapuant Apcda kBaapaTuuHoi Gopmbl

C KaxkJ10# BellleCTBEHHOH KBaJpaTHUHOH OPMOH ¢ (x) cBsi3aHA CUMMETPHU-
yeckasi OuanHelHas gopma B(x, y), s kotopoit B(x, x) = g(x). ToxkaectBo
g(x +y) —qgx) —q(y) = 2B(x, y) no3sosser BoccTaHOBUTb B mo ¢q. s
noJsist Zg ornpejeseHue KBaJpaTHUHOH (hOpMbl M CBSI3aHHOH C Hell OWJIMHEM-
HOH (hOpMBI H3MeHsieTCsT chenyolmM o6pasom. [lycts V' — KoHeuHOMepHOe
MPOCTPAHCTBO HaJ noJieM Zg. OtobpaxkeHue q: V — Zo HasbBAOT K8adpa-
muuHOoL ¢opmoli, ecsi CylllecTByeT GuiHeliHast popMa B (x, y), 1uist KOTOpPO#
g(x +y)+ qg(x) + g(y) = B(x, y); 3HaKu 3]ieCh, KOHEUHO, HECYLIECTBEHHBI;
CYLLLECTBEHHO JIMLIb TO, uTO 2B(x, y) 3ameHsieTcst Ha B(x, y), NOCKOJbKY Hall
noJjem Zo HeJb3sl JIeUTh Ha 2. 3ameTuM, 4To ¢(x) y»Ke He paBHO B(x, x),
KaK 3T0 ObIIO B BelllecTBeHHOM ciaydyae. Kpagpatnunyio (opMy ¢ HasbBalOT
HeBoblpOMOeHHO, ecaii OuMHelHas Gopma B HEeBbIPOXKIEHHA.

W3 onpenesienus sicho, uto B(x, y) =B(y, x) u B(x, x) =q(2x) +2¢q(x) =
= 0. ITosToMy TOUHO TaKue >Ke pacCy:KIeHHsI, KaK /sl BelleCTBEHHBIX KOCO-
CHMMETPHYECKHX MaTPHLL, MOKA3bIBAIOT, UTO €CJIH § — HEBBIPOXKIEHHAsT KBapa-
THYHas popMa, To B pocTpaHcTBe V MoxHO BHIGpaTh 6asuc ey, fi, ..., e, fn
Tak, uro B(e;, e;) = B(fi, [;{) =0 u B(e;, [;) = d;;; Takoil 6a3uc Has3blBaIOT
CUMNACKMUYLECKUM.

JIJ151 HEBBIPOXKIEHHOM KBaZpATHUHON (hOPMbI ¢ PACCMOTPUM 3JIeMEHT ¢(q) =

n
=>"q(e)q(fi) € Zo, tne ey, ..., [, — cumnyekTHuecKuii 6asuc. JTOT -
i=1

MEHT IPYIbl Zg HA3LIBAIOT UHBAPUAHMOM Apga.
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Teopema 21.1 (Apd [Ar]). Jlrobyio HesupodcOeniyo Keadpamuy-
HYI0 hOPMY G MONCHO npUBecmiL K 8UOY X1y + ... + Xnyn + c(q)(x2 + y2),
ede c(q) — unsapuanm Apga. llpu amom unsapuanm Apgpa c(q) He
sasucum om golbopa cumnieKkmuueckoeo basuca.

JlokaszaTenbcTBo. Paccmorpum cHauasa cayvait n = 1. PaBeHcTBO
ger) + q(f1) + g(ey + f1) = | nokasbiBaer, uto JHOO OJIMH M3 3JEMEH-
ToB ¢(ey), q(f1), g(e; + f1) paBen 1, a nBa apyrux paBHbl 0, su6Go Bce
TPU 3JeMeHTa paBHbl 1. DyemeHtsl ey, fi W e + [| paBHONpPaBHbI B TOM
CMbICJIe, uTO JI0Oble JBAa M3 HHUX MOXKHO B3siTb B KauecTBE CHMIIJIEKTHUE-
ckoro 0Gasuca, nockoabky B(ey + fi,e; + fi) =0 u B(ey + [i,e1) = 1.
[Tostomy MoXHO cuutath, uto ¢g(e; + fi) = 1. Hrak, B cayuae n =1
Mbl TIOJIyuaeM JIBe HEBBIPOXKJEHHbIe KBaJpaTHUHble (OPMbI go U ¢1; 3JeCh
go(e1) =qgo(f1) =0 u g1(e;) = q(f1) = 1. B xoopnuHaTax 3tu opmMbl MOXK-
HO 3anucaTh Tak: o = X1y ¥ q; = X1y, + X2 + y?. Scno, uto c(go) =0
uc(g)=1.

UTtoObl 10Ka3aTh, UTO HHBApHaHT Apda He 3aBHCHUT OT BbIGOpPA CUMIIJIEKTH -
yeckoro 6a3uca, Hy»KHO JI0Ka3ath, UTo (hOPMbI §o U ¢| HE SKBUBAJIEHTHDI, T. €. HE
noJiyualoTesi Ipyr U3 Jipyra 3aMmeHoi 6asuca. Jljis 3Toro J0CTaTouHo 3aMeTHTb,
uTo opMa gy NpUHUMAeT 3HaueHdHe | poBHO OaMH pas, a ¢opma g; — TpH

pasa.
PaccmoTpuM Temnepb MpOM3BOJIBHYIO HEBBIPOXKAEHHYIO KBaZpaTHUHYyI0 (hop-
My g. Bribepem cummniekTudyeckuii 6asuc ey, ..., f,. [lyctb ¢; — orpanuue-

HHe (OopMbl ¢ Ha MOANPOCTPAHCTBO, HATSAHYTOEe Ha BeKTOopbl €; W f;. Torna
g=¢1 D ... g, Kaxnas dopma p; sKBUBaJIEHTHA ¢o UIH G| .

Jlemma 1. Ksadpamuuneie gpopmor 1y = qo ® qo 4 ¥y =q, S g1 k-
8UBANCHMHOL.

JdoxaszateabcTtBo. [lycts ey, fi, es, fo — cummniektuueckuii 6a-
3uc, st kotoporo to(e;) = wo(fi) =0 u i(e;) = ¢¥1(f;) = 1. Paccmorpum
Gasuc ef =e; + e, [l =€+ fo, eb=e1+ 1 +es+ [o, [f=e1+ [i + [o,
Jlerko nmpoBepuTh, uTO 3TOT Gasuc cuMmIlekTHueckuil. [IpoBepum, uto ¢ (e}) =
=01 (J1)=0, T.e. ¢ () =to(er) w1 (F))=vo(f;). LeficTnnrensiio, vy (e +es)=
=1i(er) +i(eg) + Bler, ea) =1+ 1+0=0, Pi(e; + fo) =1 (e1) + 1 (f2) +
+B(ey, fo)=1+1+0=0,(e; + fi +ea+ fo) =vi(er +e2) + 1 (fi + [2) +
+B(er+ea, [1+[2)=0+0+0=0, ¢i(e; + [1 + [2) =v1(er + f2) + i (f1) +
+Ber+fo, 1)) =0+14+1=0. (]

Beeném cienytoulee o6o3HaueHue: g & ... & g = nqg. Vs nemmsr | cnenyer,

—_——

n pas
yto (hopMa ¢ 3IKBHBaAJIEHTHA JIHOO opme ngg, Jubo dopme (n — 1)go & q;.
B koopmuHatax 3TH (hOpMbl 3aMUCLIBAOTCS TaK: X14] + ... + XplYn M X Y| + - ..
oo Xayn + X2+ y2. Sleno takke, uto c(ngo) =0 u c((n — 1)go © q1) =
=1.
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UroObl JI0Ka3aTh, UTO MHBapuaHT Apda He 3aBUCHT OT BbIGOpa CHMIIIEK-
THYecKoro 6asuca, Hy»KHO JloKasaTh, uto ¢opmbl ngy U (n — 1)gy ® g, He
IKBUBAJIEHTHbI.

Jlemma 2. 3unauenue | popma nqg npununaem pogno 22— — 2n=1
pas, a gopma (n— 1)go ® q, — posro 22"~ + 2"~ pags.

JokaszateanbcTBo. [Ipumenum unaykuuio no n. [lpu n =1 yTtBep-
XKJIeHHe Jierko npoBepsietcst. [1penonoxKum, uto Mbl y»Ke J0Kasaju, 4to (op-

Ma nqo npunuMaet suauenue 1 posno 2271 — 271 paz dopma go npunumMaer
3HaueHue 1 poBHo | pas, a 3HaueHue 0 poBHo 3 pasa. [Tosromy dopma (1 + 1)go
npuuuMaer 3nauenne 1 posno 3(221~! — 271y 4 92n=1 4 gn=1 _ 92ntl _ on

pas (Mbl BOCTOJIb30Ba/NUCh TeM, UTO opma rngqy npuHnmaer 3Hadenre 0 poBHO
22n=1 4 9n=1 paz). dopma ¢ npuHuMaer 3Hauenue | posHo 3 pasa, a 3Haue-
uue 0 poBHo 1 pas. [lostomy cdopma ngy & g, npuHUMaer 3HaueHue | poBHO
3221y on=ly L 92n=1 _9n=1 pa3 O

Tem cambiM TepeMa MOJHOCTbIO JOKa3aHa. O

21.2. UuBapuanT Apda opueHTUPOBAHHOTO 3alleNnJeHus

[lycth L C S® — opuentHpoBanHoe 3alenyenue, F — ero NoBepXHOCTh
3efidepra. Onpenenum otobpaxkenue q: Hy(F; Zs) — Zg, NOJOXKUB §(x) =
= awo(x, Xx), T1e as — 310 dopma 3ekidepTra «, NPHUBEAEHHAS] 110 MOJYMIIO 2.
Hanpumep, ecsivi ToMoJIOrHuecKHil Kjlace x MpejcTaBeH 3aMKHYTOH Hecamore-
pecekarollelcsi KpHBOH Ha MOBEPXHOCTH [, TO ¢ (X) — YUCJIO MOJHBIX 060POTOB
(mo mMoayJito 2) MoJIOCKH, KOTOPasi MOJIyuaeTcsl, €CJIM B3sTh Ha MOBEPXHOCTH F
€-0KPECTHOCTb 3TOH KpUBOH. SlcHOo, uTo g(x + y) = an(x, x) + ao(x, y) +
+ as(y, x) + ooy, y), nosromy g(x + y) +q(x) + q(y) = as(x, y) + as(y, x).
[Tokazkem, uTo nocJjie/iHee BuIpaykeHue paBHo f(x, y), rae f(x, y) — popma ne-
peceueHusi, mpuBeaeHHast o mMoaysio 2. JlefictButenbHo, a(x, y) + aly, x) =
=1lk(x™, y) +1lk(y~—, x) =1lk(x~, y) + lk(y, xT). Henocpeactsenuo us onpe-
JlesieHust KoaduilmeHTa 3allernyieHust BUIHO, UTO YETHOCTb unchaa lk(x ™, y) +
+ 1k(y, xT) coBnagaer ¢ UETHOCTLIO YKC/IA TOYEK TIE€PECEUEHHs] KPUBLIX, MPe-
CTaBJISIIONMX § U X.

Wrak, ¢ — KBajpaTiuHasi hopMa, COOTBETCTBYoLIast GUIMHENHOH (hopme .
O6parumest K puc. 46 Ha c. 325. DTOT PUCYHOK TOKa3bIBaeT, uTo (hopma
nepeceueHusi HEBBIPOXKJIEHHA TOTJIA U TOJILKO TOTJA, KOTJa Kpad MOBEPXHOCTH
3efipepra CBA3EH, T. €. Mbl HMeEM JI&JI0 C y3J0oM. B ¢BSI3H ¢ 9TUM onpejeneHne
vHBapuanta Apca s y3na mpole, yeM JUisl 3alleNJeHHH ¢ HEeCKOJNbKHMH
KOMIOHEHTaMu: uxsapuanm Apga yana — 1o nuBapuant Apca Ksaapatnu-
HOM opmbl ¢. Jlnisi 3ailenieHuit ¢ HECKOJIbKHMU KOMITOHEHTAMK OfpeJiesieHHe
uHBapuanta Apga He cTosib NpocTo; Gosiee Toro, uHBapuant Apda onpenenén
He JUIS BCeX 3alerJIeHHH.
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UToObl U3 (OPMbI MepeceyeHns MoyUHTh HEBBIPOXKIAEHHYIO (DOPMY, HYHKHO
npodakTopu3oBaTh NpocTpaHcTBo H | (F; Zg) No NoAnpoCcTPaHCTRY, MOPOKIAEH-
HOMY LMKNAMH [fogii, ..., fog4n—1, COOTBETCTBYIOIMMH 1 — | KOMIIOHeHTe
Kpas. LIMK/a, COOTBETCTBYIOLIMI OCTaBLIeHCS KOMIOHEHTE Kpasi, TOMOJOTH-
UeH CyMMe 3THX LMKJOB. TakuM 06pa3oM, HY»KHO PacCMOTpeTb (akToprpo-
crpanctBo Hy(F; Zg)/iH(OF; Zs), tne i: OF — F — ecTecTBeHHOE BKJIO-
yeHue.

dopma g Ha 3TOM (PAKTOPNPOCTPAHCTBE JIOJLKHA ObITh KOPPEKTHO Orlpe-
nesieHa. IIis 3TOro Hy:KHO, UTOObI [/l KaXK[10H KOMIOHEHTbI L; UMENO MeCTo
paseHctBo g(L;) =0, e Ik(L;, L;) = 0. IloBepxHocTb 3efihepra He nepe-
cekaeT L; , mosToMy o MoyJ/io 2 Ko3(duuuenT sauenyienus L; v L; paBen
Ko3dduumenty sauenyienust L, v L — L;, a oH, B CBOIO ouepeslb, paBeH KO-
sthdunmenty 3auensenust L; u L — L;. [TosTomy Mbl GyjieM npeanoJaraTb, uto
3auenJsenue L obsanaer cjaeiyoliMM CBOHCTBOM:

Ik(L;", L;) =0 (mod 2) nns Beex i. (1)

Torna dopma g Ha dakToprpoCTpaHCTBE KOPPEKTHO OnpeeseHa. HHaapuanm
Apga A(L) sauensenuss L, obsanaroiiero cpoiictBom (1), — 3To no ompe-
NleJieHnio MHBapuaHT Apda KBanpaTHuHOH (opMbl ¢ Ha (aKTOPIpPOCTpaHCTBe
H\(F; Zs)/i.H|(OF; Zy).

Teopema 21.2. Husapuanm Apgpa A(L) opuenmuposanrnoeo 3a-
uenaenus L onpederén KoOppekmHo, m.e. OH He 3asucum om sol6opa
nosepxnocmu F.

HoxaszateabctBo. CornacHo Teopeme 20.4 10CTaTOUHO NPOBEPHUTD,
yTO WHBapuaHT Apcda He H3MeHsieTCsl TpH MpUKJIEeHBaHUH K F pyukd. B ka-
yecTBe CHMMILIEKTHYecKoro 6asuca ey, fi, ..., eg, [g M GopMbl g Ha Mpo-
crpancte Hy(F)/i.H(OF) Bo3bMéM nepsbie 2g KpuBbix Ha puc. 46. [Tocse
NPUKJICUBAHHS PYUKH K HUM MOXKHO JI00aBHTh KPHBbIC €g41 H [gi1, KOTOpbIE

BLIOMPAIOTCA TaK, KaK Mo0KasaHo Ha puc. 55 na c. 337. Ecan egy) — 310
g

KpuBasi f,io Ha 3TOM pHCyHKe, TO G(eg41) = 0. TTosaromy >° g(er)q(fr) =
gt k=1

= kZl q(er)q(fr). L]

SlcHo, uto ecnmu K — TtpuBnasbubiil y3ea, to A(K) = 0. Jlerko Taxke
NPOBEPUThb, uTO ecau K — TpuaucTtHuk, 1o A(K) = 1. IlelicTBUTE/NbHO, TIPH
BbIUKCJIEHHH TT0JIMHOMA AJiekcaniepa TpUIUCTHHKA (CM. ¢. 331) Mbl OCTPOUIH
6asuc [y, fo. HenocpenctBeHHo u3 onpeiesenust popmbl f(x, y) BUIHO, UTO
f(x, x) = 0. Kpome toro, f(fi, fo) =1, nockoabky f; u fo mepecekatorcsi
B onHoil Touke. Caenoparesibho, A(K) = q(f1)q(f2) = 1.

Teopema 21.3. llyemo Ky u K- — dsa ysaa, a L — dsyxkomno-
HeHmHoe 3ayenierue, uaepamMmsl Komopolx cosnadarom 8ciody, Kpome
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N
N /N M

L

Puc. 63. [luaepammor 08yx Y3108 u 3ayenieHus

Man020 ducka, a 8 amom Oucke Yycmpoerol max, KAk 10Ka3amo Ha puc. 63.
Toeda

A(Ky) = AK_) + Ik(Ly, L) (mod 2),

ede Ly u Lo — komnonenmol 3ayenienus L.

HoxaszateabctBo. Hasg Ky v K_ MOXHO MOCTPOUTb TOBEPXHOCTH
Seiipepra 4 1 F_, KOTOpble HAJL pacCMaTPUBAEMbIM MaJibiM IUCKOM YCTPOEHbI
TakK, Kak MnokasaHo Ha puc. 64, a B ocrajbHoM coBnaiaioT. C UX MOMOUIbIO
MOXKHO TOCTPOUTh MOBepXHOCTb [y /s 3auensenust L. Ecau 31a nosepx-
HOCTb OKaXKeTC5l HECBA3HOH, TO Mbl, UTOObI MOJYUHTh MOBEPXHOCTb 3eidepTa
st L, Ko BceM TPEM MOBEPXHOCTSM MPUKJIEUM PYUKy, KOTOpas ClesaeT mo-
BEPXHOCTh [y CBSI3HOM.

[lyctb ey, fi, ..., én, [n— CUMIJIEKTHUECKHH Ga3uc Jyis GOPMbI ¢ Ha NPO-
crpanctBe H(Fo; Zg). JlomnosHuM ero 10 CHMIJIEKTHUECKOTO 6a3nca 1MKJIaMH
ent1 Y [up1.+ (puc. 64); 3mech UMK €,4| NpeacTtasied Kpusoit L. [Tosocky,

frt+l,+ /cn+l,f

N N

€n+1
F

Puc. 64. Tpu nosepxrnocmu 3eiighepma

COOTBETCTBYIOLINE KPUBBIM [y 41+ U [y1] —, OTJIHUAIOTCS] POBHO OJHUM 060PO-
ToM, 103ToMY G (fy+14) — G(fat1.—) = 1. CaenosaresbHo,

A(Ky) — AK-) = qent)(q(Tav1+) = §(Jav1.-)) =
=q(eny1) =1k(L], L) =1k(Ly, L = Ly) =1k(Ly, Lg). O
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Teopema 21.4. a) Aaa aoboeo ysra K umeem mecmo cpasrernue
A(K) = as(K) (mod 2), ede ay(K) — koagppuyuenm npu 2> noaurona Kou-
ges Vi (2);

6) [as a0b60eo ysra K umeem mecmo pasencmaso

)0, ecau Ag(—1)==£1 (mod 8);
A = {1, eca Ak (—1)==3 (mod 8),

ede Ak (t) — noaurnom Arexkcandepa 8 nopmaiusayuu Konses.

HoxagzateabctBo. a) Ecan Ly u L_ — y3abl, T0 Ly — ABYXKOM-
noHeHTHoe 3atlervienue. CorsacHo 3aaaue 20.9 mMbl umeeM ag(Ly) — as(L-) =
=1k(Ly, Lg), rne L; u Lo — KoMmroHeHThl 3atlenyienust L. CoryiacHo Teope-
me 21.3 nonyuaem A(Li) = A(L_) + Ik(L,, L) (mod 2). Kpome Toro, ec-
Jau K — TpuBMasbHbIA y3ea, To ao(K) =0 = A(K). Cuenoparenbto, A(K) =
= a9(K) (mod 2) nasi so6oro yana K.

6) Io ompenenennio Ag(t) = Vi(t~'2 — /%), nostomy Ag(—1) =
= Vk(—2i). Cornacno samaue 20.5 mbl umeeM Vg (2) = 1 + ay(K)z% +

+ ay(K)z* + ... Tlostomy Vi (—2i) = | — 4ay(K) (mod 8). Eciu ay(K)
uétHo, T0 Vg (—2i) =1 (mod 8), a ecau as(K) HeuétHo, To Vg (—2i) =
= —3 (mod 8). O

21.3. 3ayaneHHocTb BaoxeHU# rpada K;

C nomolilbio cBoiicTB HHBapHaHTa Apda Kouseit u Topnon [Co3] nokasanu
cJeflyioliiee YTBepKIeHHe.

Teopewma 21.5. Jlwboe saroxucenue epagpa K; 6 R codepacum
HempusuanbHoLil ysean.

JlokaszaTesabcTso. Jlns Kaxioro Baoxkenus rpada K7 B R? onpeje-
JINM 0 € Zy ciieytouim o6paszom: o = Y A(C), rie cyMMHpOBaHHe BEIETCS 110

6!
BceM 360 = 5 LHKIaM C nauHbl 7, TPOXOASALIMM Uepe3 BCe BeplinHbl rpada K.

JTio60e Boxkenue rpada K7 B R MoxkHO npeoGpasosaTh B 1aHHOe BJIOKeHHe,
ecJiM JIonycKatoTest mpeobpasoBanust pédep, n3obpakénuele Ha puc. 65. [Toka-
JKeM, UTO MPHU TaKUX NMPeoOpPa30BaHUSIX o He H3MeHsieTCsl.

Boob1ie roBopsi, Hy:KHO paccMOTpPeTb TPU THMA MpeoGpa3oBaHMi Mepe-
KPECTKOB: nepeceueHde pebpa ¢ caMUM COOOM, MepeceueHre JBYX CMEeKHbIX

7N
/ N

Puc. 65. [Ipeobpasosarnue pédep
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pébep, mepeceueHne JBYyX HecMexkHbIX pébep. Ho puc. 66 nokasbiBaer, uto
0JIHO nepeceyeHre pebpa ¢ caMUM COOOH MOXKHO 3aMEHUThb Ha MAThb repeceye-
HUI pas3/iuHbIX péoep, MOITOMY JIOCTATOUHO PACCMOTPETh TOJLKO NepeceueHus
pas/nuHbIX pébep (CMEXKHbIX MW HECMEXKHDIX).

I T
€+ G—

Puc. 66. [lepeceuernue pebpa c camum coboli

[ToarackuBasi BeplunHbl pé6ep™), MpoeKLHH KOTOPbIX NepeceKatoTcs, K pac-
CMaTpHUBaeMOMY TePeKpPECTKY, MOXKHO MOJYUHTh AHMAarpaMMy TaKoro BHAA, Kak
Ha puc. 67. 3xmech puc. 67 (a) OTHOCUTCS K TepeceueHuio CMeXHbIX pédep,
a puc. 67 (6) OTHOCHUTCS K MepeceyeHnIo HeCMeXKHbIX pébep (caM nepekpécTok,
KOHEUHO, MOKET TMPH 3TOM ObITb W MPOTUBOIMOJIOXKHOTO THIIA).

\ \ QLQ l\_/“
h}L] l/\-‘Ll
(a) (0) (a) (6)

Puc. 67. ¥npoujenue nepekpécmra  Puc. 68. /lse komnonenmol 3ayenierus

[Tocmotpum, Kak uaMensiercsi A(C) NpH M3MeHEeHWH THMa TepeKpécTka.
O603HauuM cooTBeTcTBYIOlee H3MeHeHHe uepe3 €(C). Ecau uukn C He co-
JIEPKUT XOTs Obl OJIHOTO M3 JBYX p&0ep Ha paccMaTpUBAEMOM IEpPEKPECTKe,
10 ¢(C) = 0. Ilycth muka C comepxkut ob6a 3tH pebpa. Torna corsacHo Teo-
peme 21.3 mbl umeem €(C) = 1k(Ly, Lo) (mod 2), te L U Ly — KOMIOHEHTDI
3atlenyieHust L, mocTpoeHne KOTOPOro H3o00paXkeHo Ha puc. 63 (cM. ¢. 354).

PaccmotpuM cHauasia cJiyuaid, Koraa repeceKaroTcsi cCMexkHble pébpa.
B stom cayuae noctpoenue 3auensenuss L = L U Lo wu3o0paxkeHo Ha
puc. 68 (a). 3amMeTuM, 4TO MPH 3TOM KOMMOHeHTa L OyleT OAHOH M TOM
XKe Uil Bcex LMKIOB C, colepKalluX paccMaTprHBaeMble pébpa. 3HaUMT,

*) BmecTe ¢ BLIXOMSILIMMH U3 HUX pEGpaMHU.
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Ik(Ly, Lo) =Y w(Ly, e), rie cyMMHpoBaHHe BeIETCS 110 BCeM pEGpaM e LHK-

e
Jga C, OTJIMUHBIM OT JBYyX paccMmarpuBaeMmbix pédep, a w(Lj, €) — 3T0 KoJu-
UEeCTBO MEPEKPECTKOB, HA KOTOPBIX L| MPOXOIUT HAM €, C YUETOM MX 3HAKOB.

Hanee, usmeHenne o paHo ». » w(Ly, e) (mod 2), rie neppasi cymma Ge-
C e
péres mo wukaaM C, conepxkaluMm oba paccmatpuBaeMbix pebpa. [Tostomy

JIOCTaTOUHO JI0KA3aTh, UTO Kaxkaoe pebpo e rpacda Ky, oTIMuHOE OT JABYX
paccmatpHBaeMbix pébep, BXOAUT B uéTHOoe uncyo uukaoB C. BoamoxHb cie-
JlytolLye Cayda.

1. Pe6po e u nBa paccmarpuBaeMblx peGpa JIMOO BBIXOAST U3 OJHOH Bep-
LIKMHBI, 100 06pasytoT LukJ. Torna TpeGyemblx LMKIOB C HeT.

2. Pe6po e umeer o6l11yio BepllMHy POBHO C OJHMM H3 paccMaTPUBaeMbIX
péo6ep. Torna ectb poBHO 6 TpeGyembix LHKIOB C.

3. Pe6po e He nmeeT o6LLMX BEpLUMH ¢ paccMaTpuBaeMbiMu péopamu. Torna
ecTb poBHO 12 Tpebyemblx LHKIOB C.

PaccmoTtpum Ternepb ciyuai, Korjaa repecekaloTcsi HeCcMexKHble pébpa.
B s1oMm ciyuae noctpoenue sauensienusi L =L, U Ly n306-
paxeno Ha puc. 68 (6). Tenepn Ik(L;, Lo) => w(ey, e9), -7 S~
rjie CyMMHpPOBaHHe BeAETCsl 10 BceM napam pébep e; C Ly | )L?
u ey C Lo. 4 1

Hauném Hymepauuio BepluuH rpada K7 ¢ KOHLOB ABYX
paccMaTpuBaeMbIX pébep, MPHUEM TakK, Kak TOKa3aHO Ha
puc. 69; cTpeskd ykasblBalOT HampaB/jeHHe o6Xoja LHK-
jga C. C TOYHOCTbIO 10 MepeHyMepaluud BepuidH pébpa 1L
e| U e, npuHaagexaiure L u Lo, MOTYT ObITb CJEIyIO- ~____--
umMi: a) (23), (45); 6) (23), (56); B) (27), (45); 1) (27),
(56). JIerko npoBepHUTh, UTO B 3THX CJyUasix HUKJIbI C MOTYT
OBITb CJICYIOLLUMH:

a) (1234567), (1234576);

06) (1234567), (1234657), (1234756), (1234765);

B) (1273456), (1276345);

r) (1273456), (1273465).

B kaxom cJjyuae noJyyaercst 4éTHoe yucsio 1nkaos C,
M03TOMY 0 HE U3MEHSIETCS.

HecJsio:kHasi npoBepKa MoKasbIBaET, UTO JJIsl BAOXKEHHS A
rpada K; B R3, nzo6paxkénnoro na puc. 70, Bce LMK-
Jbl C, KpoMe oJHOTO, He3ayaseHbl. [Ipy 3TOM 3ay3seHHBIH
LMKJI — TPUJIMCTHUK, a JUIs TPUJIMCTHUKA HHBapUaHT Apda
pasen 1. Takum oGpasom, st 0OOro BAOKeHUA o = 1,  Puc. 70. [Tpumep
nosToMy 00s13aTesIbHO HaUAETCs 3ay3ieHHblil ki C. O BAOMCCHUSA

Puc. 69.
Hymepayus
sepulir epagha




358 [naBa VI. Cmechb

Gameuanue. B uactu I nokasana teopema o Tom, uTo A5 J1OOOrO
Baoxkennsi rpaha Kg B npoctpanctso R3 naiinércs napa sauenenHbX LHKJIOB
(reopema 1.10). Ona noxasbiBaeTcs ropasao 6osiee NpocTo, ueM Teopema 21.5
0 3aysJieHHOCTH LMKaa. M3BecTHO, uTo /s Jt060ro 3alenseHus MOXKHO Bbl-
6pathb HaTypasbHOe Uhcao N TakK, 4To B J060e MHOXKeCTBO M3 N Touek B 0611eM
MoJIoKeHHH B npocTpancTBe R? MOXKHO BnMcaTh JaHHOe 3alereHde; NpocToe
JIOKA3aTesIbCTBO 3TOTO pakta npuseneHo B [[15].

§ 22. BnoxeHUsI M NOTPpyXKeHUs

22.1. CuabHasi TeopeMa YUTHU O BJIOKEHUAX

B uactu I Mbl nokasanu cjabble TeOpeMbl YUTHH O BJIOXKEHHSIX U [TOrpyrKe-
HHUSIX, @ UMEHHO: JIo60oe n-MepHoe MHOrooGpasue 6e3 Kpasi MpH 1 2 2 MOXKHO
norpyauth B R?" u Bioxuth B R*"F! 3nech Mbl 10Ka)eM CHJbHYIO Teopemy
YUTHH 0 BJIOJKEHHsIX: 3aMKHYTOe MHOrooOpasue M" MOXKHO BJAOXKUTb B R?",

JlokasaTeJbCTBO CHJILHOH TeOpeMbl YUTHH OCHOBAHO Ha TOM, UTO CHaua-
Jla CTPOUTCSl pecyaspHoe TOrpyxeHue (Morpy:KeHue obujeeo noA0NCeHUS)
[+ M" — R 1.e. norpyeHue, y KOTOPOro HeT TPOHHbIX TOUeK (HHBIMU CJI0Ba-
MH, HUKaKHe TPH pa3JjiMuHble TOUKH He 0TOOpaxKaloTesl B OJIHY TOUKY) M B KaxKJIOH
dsolinoli mouke (mouke camonepeceuenus) a = [(x) = f(y), rne x # y,
BbinoJnsierest pasenctso df(TyM") & df(TyM") = T,R*".

Tak Ha3biBaeMblil TPIOK YUTHH MO3BOJISIET YHUUTOXKHUTH Mapy ABOWHBIX TOUEK.
Ecau muoroo6pasue M" opueHTHpyeMO U 1 U€THO, TO YHMUTOXKaemasi napa
TOUEK JI0J’KHA ObITh onpenesiéHHbIM o6pa3om corjacoBaHHol. [TosTomy, uTto-
Obl YHHUTOXKHUTb BCE JBOHHbIE TOUYKH, HHOTJA ObIBAeT HY>KHO MpeIBAPHTENbHO
106aBUTb HECKOJILKO JIBOMHBIX TOUEK.

Peryasipubie norpyxeHus

Teopema 22.1. [Iycmo M" — samxknymoe mroeoobpasue, [: M" —
— R?" — noepyacenue. Toeda das a6oeo € > 0 cyujecmeyem pecyrsiproe
noepyacenue g: M" — R** daa komopoeo ||f(x) — g(x)|| < e npu scex
xeM"

JlokaszaTesabcTBO. Mbl Bocnosbdyemcsl TOH »Ke CaMOH KOHCTPYyK-
Mei, UTO U MPH JI0Ka3aTeJbCTBE CYLIECTBOBAHUS MOTPYKeHHH (dacTb I, Teo-
pema 17.5), Ho Tenepb BMecTO 3ameHbl [i(y) = fi_1(y) + Ay ucnosbayercs
3ameHa [i(y) = [i_1(y) + v, Tae v — JIOCTATOUHO MaJiblil MOCTOSIHHBIH BeK-
Top. [locMoTpum cHauana, 4TO MPOMUCXOAMT B MaJoH OKpPecTHOCTH o6pasa
Toukn x € M™. Moxuo cuutath, uto f(x) =0 u o6pas B R?*" okpecTHOCTH
Ui > x J0KaJbHO, T. €. B HEKOTOPOH OKpecTHOCTH V', 3aaérest ypaBHEHUSIMH
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y1 =0, ..., y, = 0. Jlna muoroo6pasus [~'(V) paccMOTPUM KOMIO3HLIMIO

oto6pakenuit f~1(V) Lv 2R, e Py, ..., Yon) = (Y1, ..., Yn). TycThb
v/ = (v, ..., Uy) — peryJisipHoe 3HaueHHe 3TOH KOMIIO3HLKMH OTOOpaXKEHHH,
oTJinuHoe oT 06pa3oB ABOHHBIX Touek, Jiexkauwx B V. Torna n-mepHoe moju-
npoctpanctBo 11", 3a1aHHOe ypaBHEHUSIMU Y| = U1, ..., Yy = Uy, HE TIPOXOJIUT
uepes3 JBOKHHbIE TOUKM oOpasa MHoroo6pasuss M", jexauwme B V, U B Kax-
noit Touke a € I" N f(M") NV xacareabnoe npoctpanctBo df(T-1,M")
JonosHuTeNbHO K 117, T.e. UX mpsiMasi cymMMa MMeeT pa3MepHoCTb 27. ITo,
B YaCTHOCTH, o3Haudaet, yro I1" u f(M") NV nepecekatoTcsi B M30JIMPOBAHHBIX
TOUYKaX.

Takum o6pasom, ecsiu 106aBUTb K Kaxk10# Touke o6pasza U; | BekTop (vy, ...
.., Un, 0, ..., 0), a Bce ocTasbHble uact nepeceuenusi f(M") NV ocraButh
Ha MecCTe, TO Mbl CMOXEM PaClpOCTPAHUTb PeryJsipHoe norpy:enue Ha U; .

Mbl o6bsicHusy, uto aenaercst B U; . [obanbHoe oToGpaxkeHue, KOTO-
poe BHe Ujg oCTa€rcst MpexKHUM, CTPOUTCS C MOMOLLBIO KOJIOKO0J000Opa3HoH
(YHKUMH A, KaK 3TO JIelaJioch TPH J0Ka3aTeJbCTBe C1a00i TeopeMbl YHUTHH.
HyxHo Tosibko BbiGpaTh BEKTOP 0’ MOCTATOYHO MaJibiM, UTOObLI MOJydeHHOE
oTo6pazkeHHe OblJIO MOrpyKeHHEM. (]

Ecain 3amkuyToe MHorooGpasue M" perynsipro norpyseno B R?*, 1o uncsio
JIBOHHBIX TOUEK KOHeuHo. JlefCTBUTENBHO, MPEINON0KUM, UTO YHCJIO JIBOWHBIX
Touek GeckoHeuHo. [lycTb xy — mpesesbHas Touka MX Mpoo6GpasoB. ¥ Tou-
KH X( eCTb okpecTHocTb U, o6pa3 KoTopoli Hecamonepecekatoumiics. ITycTb
{x;} — cxomsiasicsi K xp MOCJENI0BATEILHOCTL MPOOGPA30B NBOHHBIX TOUYEK,
gexaimx B U. Bce coorBeTcTBylolle UM TOuku y; sexar BHe U. Ilyctb
Yo — UX NpefiesibHast Touka. BeiGpaB mjisi TOUKH Yy OKPECTHOCTb, 06pa3 KOTOPOi
nepecekaer o6pa3 okpectHoctd U He 6oJjiee ueM B OJIHOH TOUKe, MPUXOIUM
K TIPOTHBOPEUHIO.

JIBO#iHbIE TOYKH

[ycth [: M" — R?" — peryisiproe norpyskenue, a = f(x) = [(y) — 1Boii-
Has Touka. Ecan mMHoroo6pasne M" opHeHTHpPyeMO H A Y€THO, TO TOUKe a
MOKHO COIMOCTaBHTb UHOEKC camonepeceuerus cieayolum obpasom. 3aia-
M Ha M™ opreHTaluIo U BeiGepeM MOJOXKHUTEIbHO OpHEeHTHPOBaHHbIe 6a3HChI
df(TeM") w d[(T,M"). U3 91ux Gasucos coctaBum 6asuc npoctpanctsa R,
3anucaB cHauaJja nepBbli 6asuc, a notoM BTopoi. Ecau opuenTalms noJyyeH-
Horo 6asuca noJioxKuTesbHa (OTpHLIATE/IbHA), TO HHAEKC caMollepeceyeH s pa-
BeH 1 (—1). MHaeke camonepeceyeHtst He 3aBUCHT OT BbIGOpA OPUEHTALUH MHO-
roo6pasust M", moToMy UTO eCJIi OJTHOBPEMeHHO H3MEHHUTh OpHeHTalMH 6a3HCOB
df(TxM") n df(TyM"), To opueHTalLlHsl COCTAaBIEHHOrO M3 HUX Oasuca IMpo-
ctpanctBa R?" e nsmenutcsi. He Mensiercsi MHIeKC camonepeceuenysi W MpH
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repecTaHoOBKe Touek x W y. JlefcTBUTENbHO, UTOOLI MOMEHSATh MECTaMH Mep-
Bble 71 BEKTOPOB H MOCJeHHE 7 BEKTOPOB, HY»KHO Ce1aTh 7> TPAHCTIO3HLM.

Hrudekcom camonepecewenus peryjsipHoro norpyxeuuss [ Oynem Ha-
3bIBaTh CYyMMY HHJEKCOB caMmoriepeceueHus JJisi BCeX NIBOHHbIX ToueK. EcJu
1 HeuéTHO WJIM MHOrooOpasne M" HeOpHEHTHPYeMO, TO Mbl He MOXEM Orpe-
JIE/IUTh 3HAK HHJEKCa camoriepeceueHust JJsi IBOHHOIH TOUKH, TO3TOMY B 3THX
cJyyasix MHIEKCOM caMoriepeceueHusi norpy»keHust [ GyjieM HasbiBaTbh OCTATOK
OT JleJieHUsl Ha 2 o0llero uyucsa JABOHHBIX Touek. MHmekc camornepeceueHusi
pery.isipHoro norpy»euust [ 6yjaem o6o3Hauath /.

Teopema 222, [Iycmo M" — 3ankrymoe mroeoobpasue. Toeda cy-
wecmayem peeyasproe noepymcerue [: M — R* das komopoeo I npu-
Humaem aoboe 3adamnrnoe snavenue (npednoaraeaemest, umo ecau M" opu-
enmupyemo u n uémmuo, mo l; € Z, a 80 scex ocmaavrolx caydanx Iy € Zs).

HoxasaTedabcTtso. CHauasa mocTpouM peryJspHoe norpyxenue R” —

—TR?" ¢ oHoit TouKo# camMonepeceuenust. [1pu n=1 noJoxum y| = x

1
Y2= [4x2

X
1 4x2
(puc. 71). Touku x = +1 nepexoasit B8 Touky (0, 1/2); apyrux Touek
camorniepeceuennst HeT. Marpuua $Ikobu
Yo paccmaTpuBaeMoro oToOpaXKeHusi HMeeT BUJL
2
(1 - 2%, —%); OHa HHUTJE He 06-
pauiaetcsi B HyJib, a 1pu x = 1 noJiyuaem

JIMHEHHO He3aBUcHMble MaTpuubl (1, F1).
Jnst n > 2 3ananum otoGpaxkenue dop-

Y1

X1 .
Puc. 71. Touxka camonepeceuenus MYJAMH §) = X1 — S g =X npH i =

| =2,...,n, e X =(1+x%)...(1 +x2),
Ynt1 =3 yHi:x;(x[ npui=2,...,n,rme X = (1 +x%)...(1 +x2). Ipo-

BEPUM, UTO ITO OTOOpaKeHHe — PeryJisipHoe NOTpyKeHHe C eIMHCTBEHHOH ToU-
Kol camoriepeceuennst. Marpuua $1ko6u 3toro oro6pakeHusi UMeeT BUJL

_ l—XIQ 4)6])62 4X1)Cn

X(l—&-x?) X(l—&-x%) X(1 4 x2)
0 1 0

o o ... o

—2x —2x9 —2xn
X(1+x2) X(1+x3) 777 X(1+xP)
x9(1 foQ) x1(1 fxg) —2X1X9Xn
X(1+x?) X1+x3) 777 X(1+x3
xn(1 foQ) —2X | X9Xn xi(l —xy)
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HOCJ]Q}IHI/IG n >3JIEMEHTOB IMEepBOTo cToJIbLa paBHBI 0 TOorga W TOJIbLKO TOraa,

1—x12

korjga x; =...=x, =0. Ho B 3TOM Cyiyuae 1 — QW = —1 # 0. 3nauur,
Matpuua S1ko6u B J11060H TOUKe UMeeT paHr 7.
Harfiném Tenepb Bce mapbl Touek (X{, ..., X;,) = (X1, ..., X), JUIsl KOTOPBIX
y! = y; 15 Beex i. PaBencTBa y; = x;, i =2, ..., 1, NOKa3bIBaIOT, 4TO X| = X;
npui=2, ..., n. Jlanee, y/ | = yps1, nosromy X' =X, a snaunr, (x{)* =x?,
T.e. x| = £x;. Takum o6pasom, x| = —x; # 0. Terepb paBeHCTBO Y,4i = %,
i =2, ..., n, NoKa3bIBaeT, 4To X9 = ... = x, = 0. 3nauur, X =1 + x,Q. [TosTo-
2
My §1 =X - —‘:CIXQ Wy} = —y. 3naunt, y; =0 u x = 1. B utore nonyuaewm,
1
uTo ToJIbKO ToukH (£1, 0, ..., 0) oro6pakaloTcsi B OJIHY U TY »Ke TOUKY.
Matpuunl SIko6u B Toukax (£1, 0, ..., 0) umeior Bux
1 0 0
0 1 0
SRR G o
F1/2 0 0
0 +1/2 0
SRR R il/Q
M3 3TUX ABYyX MaTpull CKJaJblBaeTCst MaTpula
1 0 0 1 0
0 1 0 0 1 0
e AR R G -
-1/2 0 0o 12 0 o |~
1/2 0 0 —1/2 0
SPEE NS 1/200 .......... 71/2
1 0 0 1 0 0
0 1 0 0 1 0
TR e ;
~10 0 01 0 0
0 0 0 0 -1 0
e Gy s

Ota MaTpHlla HEBLIPOXKJEHHAs], TTOITOMY TIOTPYXKEHHE PeryJisipHoe.
HenocpenctBeHHo W3 omnpeniesieHUst UHAEKCA camoriepeceueHus (B cjyvae
UETHOrO 71 U OPHEHTHUPYeMOro MHoroo6Gpasusi M™) BHJIHO, UTO €CJiM HU3Me-



362 [naBa VI. Cmechb

HHTL OpHeHTalLMIo MpocTpaHcTBa R?, To HHJEKC caMorepeceueHHsi H3MEeHUT
3HaK. [ToaToMy, HCTIO/B3YS TONBKO UTO MOCTPOEHHOE PEryJ/sipHOe TOrpyKeHue
M ero KOMMO3HMLMIO C CHMMeTpHeil mpocTpaHcTBa R> OTHOCHTELHO THIep-
MJIOCKOCTH, MOYKHO MOCTPOUTDH JIBA PETYJISIPHBIX MOTPYKEHUsI ¢ OJHOH TOUKOH
camorepeceyeHnsi, KotTopasi Jifisi OIHOTO 0ToGpaKeHHsl UMeeT UHIeKC +1, a a1
npyroro —1.

[ycts [: M" — R?" — peryaspnoe norpyxkenne, U C M" — noctatouno
MaJiasi OKpeCTHOCTb, KoTopasi romeoMopdHa R” u orpaHuueHue [ Ha KOTOpPYIO
ABJISIETCS BAOXKEHHEM. JIerKo CTPOUTCS peryJssipHOe MOrpyKeHue g, KOTopoe
cosrnaznaer ¢ [ Bue U, npuuém muoxkectsa g(int U) u f(M" \ int U) ne nepece-
KaioTest, a o6pa3 g(U) uMeeT eMHCTBEHHYIO TOUKY CaMorepeceueHusi, puuém
VHIEKC caMorepeceyeHust Uil TOH TOUKM HMeeT TMpeANHCaHHbIH 3HaK (/s
Y&THOTO 71 U OpUeHTUPYeMoro MHoroo6pasust M™). [1pu 3ToM no cpaBHeHHUIo ¢ f
norpy:kKeHue g UMeeT POBHO OJIHY JIOMOJIHUTEbHYIO TOUKY. DTa KOHCTPYKLHS
M03BOJISIET JI0Ka3aTh TpedyeMoe yTBep:KIeHHe. (]

Tprok Yutuu

UroObl 10Ka3aThb CHUJBHYIO TEOPEMY YHUTHH O BJIOXKEHHMSIX, OCTaéTcs Ha-
YUMTBLCS YHHUTOXKATL Mapy TOUEK camorepeceueHusi MHorooopasuss M" B R
(ecsin MHoroo6pasue M" opHeHTHpPyeMO W 71 U€THO, TO NPEAIIoJNaraercs, 4to
MHJIEKChI camoriepeceyeHust /st 3THX BOHHbIX TOUEK HMEIOT NPOTHBOMOJIOKHbIE
3HakH). OTMeTHM, UTO TPIOK YUTHHU paboTaeT Jullb MpH 1 > 3. JloKa3aTesbCTBO
TeopeMbl YUTHH O BJIOXKEHHSIX B cyyuae 1 = 2 TpeGyeT OT/eJbHOTO paccyrKie-
HUs (cM. ¢. 367). B nanbHeditiem Mbl OyieM nmpeanoJarathb, uto 1 2 3.

[lycTb p ¥ g — 1Be TOUKK caMoniepeceueHust i peryJ/sipHoro norpyKeHus
[: M* —R?". Pacemorpum [~ (p) ={p1, po} u [~ (q) ={q1, g2}. Coennnum

Ha MHoroo6pasun M" Touky p; C TOUKOH ¢; NyTéM

i (i =1, 2). Ilyctb v; = [(7;). MoxXHO cuuTaTh, UTO

KPHUBbIE Y| U 79 HecamorepeceKatouecs, Ipuuém OHH

nepecekarnTcs APyr ¢ APYroM TOJbKO B TOUKAX p U ¢.

[Ipexxie Bcero nokaxem, uTo Ha 7y H Y2 MOXKHO

HaTSHYTb BJIOXKEHHBIH JUCK, TpaHcBepcasbHblil f(M™").

Puc. 72. Obaacmo 7 Tounee roBopsi, MycTh T — 3aMKHYTO® BbIMyK/I0€ MHO-

xecTBo B R? ¢ /BymMsi Toukamu usnaoma (puc. 72),

7/ — ero OTKpbITast £-0KPeCTHOCTh. TOr/a CylIeCTByeT BaoKeHue 1: 7/ — R,
o0J1afaollee CcyeylolMMl CBOACTBAMMU:

1) Touku u3aomMa nepexonsT B p U §;

2) (') N FIM™) =y Uy

3) nas JoO0H TOUKH KPUBOH 7| U 79, OTJIMUHOH OT p M g, KacarejabHoe
npoctpancTBo Ty1p(7') He comeprkutest uenukom B Ty f(M™).
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Tpebyemoe ortobpaxkenne 1 crpourcs chaenyoimm obpasoM. [loctpoum
Ha ] BeKTopHoe mroje B R, TpaHcBepcasbHOe [(MT]), tne M} — manas
OKPecTHOCTb KpUBOH ) B M". B KauecTBe BEKTOPOB B TOUKAX p U ¢ BO3bMEM
KacaTe/ibHble BEKTOPbl K KPUBOH <o, HampaBJeHHble HaBCTpeuy JPYr JPYry
(puc. 73). Onu Tpanceepcanbhbl [(MY), nockoasky f(M§) TpanceepcajbHO
[(M7). PaccmoTpum Hazn KpHBOH v cilefytollee pacc/oeHHe: CJI0H Haj Tou-
Koil x — 970 npoctpancTBo R\ T, M" ~ S"~!. 310 pacc/ioenne TpuBHAIBLHO,
MOCKOJIbKY ero 6asza — oTpe3oK. B koHllax kpu-

BOH < 3aJlaHO ceueHHe PacCcMaTpUBAEMOro pac- m

cnoenus. TTpoctpanctso S"~!' smnefino cBsisHo,

109TOMY 3aJIaHHOE CeUCHHE MOXKHO MPOJOJKUTb HA  p q
BCIO KPUBYIO 7. B pesysbrare nosyuum tpedyemoe

BEKTOPHOE ToJie. AHAJOHUHO MOCTPOUM BEKTOP-

. V2
HO€ MoJie Ha KPUBOH 2.
Bue maJsibix okpecTHOCTel Touek p W ¢ pac- Puc. 73. Bekmoproe
CMOTPUM KOHIIbI BEKTOPOB Bujaa fu(x), Tae x € noae Ha v

€ 71 U 79, U(X) — NMOCTPOEHHbIH BEKTOp B TOU-
Ke X, |{| < & (e — PUKCHPOBAHHOE J0CTATOUHO MaJIOE MOJIOKUTEIBHOE UHCIIO0).
A B MaJsibiX OKPECTHOCTSIX TOUEK p M § PACCMOTPHUM UACTH IJIOCKOCTEH,
HaTSIHYTBIX Ha KacaTesbHble BEKTOPbl K KPUBBIM 7| M ~o. [Ipu noctpoenun
BEKTOPHBIX MOJIell B TOUKaX p M ¢ Mbl Opasiy Kak pa3 KacaTeslbHble BEKTOPHI
K KPUBBIM 7y H 72, TOSTOMY, CJIeTKa TollIeBe-
JIUB paccMaTpHuBaeMble TTOBEPXHOCTH, U3 HUX
MOYKHO CKJIEHTb TOBEPXHOCTb, MpPEACTaB-
Jsolyo cob60H BJAOKEHHE Maslol OKpecT-
p q HOCTH Kpasi aucka 7 (puc. 74). Yenosue
TpaHCBepPCaNbHOCTH MPU STOM BBITOJHSIETCS.
K BHyTpeHHell uacTH MoJiydeHHOH No-
Puc. 74. Baoacerue Jocku (KpuBast J Ha puc. 74) MOXKHO TMpHU-
oKpecmHocmu Kpas OucKa T KJeUThb aucK D2 NOCKOMILKY J060e Herpe-
pbiBHOe oToOpaxkenne S! — R MoxkKHO
MPOJIOJIKUT J10 HeNpepbIBHOrO oToOpakenus D? — R, [Tosbaysich TeM, 4To
2n > 5, mocTpoenHoe otobpaxkenne D? — R MoKHO annpoKCHMMHPOBaTh
TJIaJIKUM BJIOXKEHHEM, He U3MeHsisl ero BOJIH3M y; U vo. 3aTeM, MoJb3ysCh TeM,
yto 2 + n < 21, MOXKHO YCTPAHHTb BCE€ BO3HMKIIHE MMPH ITOM MepeceueHus
[(M™) ¢ o6pasom mucka D?. TpeGyemoe oToGparenue ¢ MOCTPOEHO.
[lepeiiném Tenepb K CJeaylolieMy lIary — MOCTPOEHHIO OPTOHOPMHUPOBAH-
HOHM CHCTEeMbI BEKTOPHBIX MOJiel ws, ..., Wo, HA AHUCKe ¥ (T), OPTOrOHAMBLHBIX
Y(r). Tlpu 3TOM aa Hauana Mbl OyjaeM npearnoJaratb, uto n uérHo, M”
OpPUEHTHPYEMO W HHJEKCHl camoriepeceueHust AJsi TOUEK p U ¢ HUMEIOT Mpo-
TUBOTOJIOXKHBIE 3HAKH.



364 [naBa VI. Cmechb

PaccmoTpuM orpaHHyeHHe Ha -y; KacaTeJbHOTO pPacCJOeHHsT MHOTOOGpa-
3usi M" 1 BO3bMEM B HEM OPTOrOHAJbLHOE NOMOJHEHHEe K KacaTeJbHOMY pac-
CJIOeHHIO KPUBOH y1. B pesysibrate nosyunm (n — 1)-mepHoe paccjoenue. 1o
paccJjioeHne TPUBHAJBHO, MOCKOJBKY ero 6a3a — oTpe3oK. [1losTomy MOKHO

BbIOpATh JIMHEHHO HE3aBUCHUMble CEUEHHS] W3, ..., W,y MOJYYEeHHOTO pac-
cJioeHust. AHAJIOTMUHO MOYKHO BbIGpaThb BEKTOPHbIE MOJSA W49, ..., W, HA
KpUBOH ~yo. [IpH 3TOM B TOUKax p W g ecTh Bce 21 — 2 BEKTOPOB W3, ..., Wy,

HO B 3THX TOYKAaX OHH 3a/al0T MPOTHBOINOJOKHbIE OPHEHTALMH HOPMaJsbHOTO
pacciioenust aucka ¥ (7). elicTBUTEIbHO, ecii Mbl TIepeHeCcéM BJ0Jb KPUBbIX
Y1 W 7 KacaresJbHble K HHUM BEKTOPH,

wi(p) w2(¢)  TO B TOYKAX p M ¢ MOJYYHM TPOTHBOTIO-

JIO2KHO OpPHEHTHPOBaHHble Ga3UChl Kaca-

p q TeJIbHbIX NpocTpaHeTB 1, (7) u Tyah(T)
(puc. 75).

wy(p) wi(q) s yno6ctBa Gynem mpeanoJaraTh,

YTO KPHMBBIE Y] U Yo He MPOCTO TPaHC-
Puc. 75. Hsmenenue opuenmayuu  pepcanbupl TM4 u TMY, a 0pTOroHasIbHbI.

Ha xpuBoll <y 3a1aHbl BEKTOpPHBIE MOJIs
W3, ..., Wyt. PacCMOTPUM pacc/ioeHue Hall KPUBOH 7y, CJIOEM KOTOPOTO Haj,
TOUKOH X CJIy>KHT (12 — 1)-MepHOe NOoANpPOCTPAHCTBO, OPTOTOHAJBHOE BEKTOPAM
ws(x), ..., Wyt (x) 1 KacaresbHoMy npocTpaHcTBY Ty (T). B Toukax p u g
3a7aHbl BEKTOPBI Wy 49, - . ., Wo, — OPTOHOPMHUPOBAHHbIE CEUEHHsT ITOTO pac-
CJI0€HHsT. DTH CeyeHHst HYKHO MPOJIO/IKUTB Ha BCIO KPUBYIO ;. Pacmpoctpanum
CHauajia OJIHO CeUeHHE W,y9. DTO MOXKHO CHeNaTh, MOCKOJbKY paccJjoeHue
TpuBHAIbHO M caofi R\ {0} ~ S"~2 cpsasen. 3atem GyneM pacrpocTpa-
HATb CeUeHHE OPTOTOHAJIBLHOTO JOMOJHEHHUS TOr0, UTO MOJYUMIOCH, U T. 1. [Ipu
pacrpocTpaHeHuu ceueHust @y, | caoem Oyner R? \ {0} ~ S'. Korna mbl no-
TBITAEMCST PACTIPOCTPAHUTb CeUeHHe Wy,, CJI0eM GYyIeT HECBSI3HOEe MHOXKECTBO
R!\ {0}. Uto6bl ceuenre MOXKHO ObIIO PACTIPOCTPAHHTb, HY’KHA COTIACOBAH-
HOCTb OPHMEHTAlIMH, HO B HallIeM CJlyuae OPUEHTALMH COrVIACOBAHBI.

Tenepb Ha KpUBOI | €CTb BEKTOPHI W3, ..., Wo,, a HA KPUBOH 9 €CTb BeK-
TOPBl Wy 49, ..., Wo,. CornacHo Teopeme 11.4 umeem w(V(2n—2, n—1))=0
npu 1 < (2n—2) — (n—1), r.e. n > 2. [1oaT0My BEKTOpPHbIE NOJS W49, - ..
..., Wy, MOXKHO PACMPOCTPAHUTb Ha Becb AUCK 1(T). B Kaxk10# Touke x € (1)
pPaccMOTPUM OPTOTOHAJBLHOE JIOTIOJNHEHHE K BEKTOPAM Wy49, - .., W, U K Kaca-
TesbHOMY npocTpaHcTBy Tyt (7). Ha KpuBO# | 3a1aHbl CeueHus Ws, . .., Wyt |
9TOro paccJjoenusi. Kaxuyio Touky aucka t(7) MOXKHO TpeACTaBUTb B BHJIE
Y (s), tne 1 <'s, t < 2. Pacnpoctpanum ceueHust ws, ..., Wy4, 3ajJaHHble
B TOUKe 7y (S), Ha KPUBYIO Y;(S), r7ie S (PMKCHPOBAHO, a { MeHsIeTCs, KaK MOCTO-
SIHHblE CEUeHHs1 TPUBHAJIBLHOTO paccioeHus. B pesysbrarte nojyunm tpebyembie
BEKTOPHbBIE MOJIS W3, ..., W,y HA JUCKE 1)(T).
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Tenepb yxKe MOXKHO HEMOCPEICTBEHHO MEPENTH K J0KA3aTENbCTBY CHIILHOM
TeopeMbl YUTHH 0 BJ0KeHusix. Bynem cuutath, uto 7 C R? € R**. [Tpoaosmkum
BJOKeHHe 1) : T — R?" 110 oToGpaskenust MaJsioii okpecTHocTH 7 B R?" caienyio-
M o6pazom. st x = (xy, ..., X9,) MOJOXKUM

2n
P(x) =P(x) + inwi(7/)(f))v rae X = (xy, xg).
i—3

M3 Toro, uto B Touke X € 1)(T) BEKTOpHI W3, ..., Wo, 06pasyloT 6azuc op-
TOTOHAJILHOTO JIOTIOJIHEHUST K KacaTeJbHOMY TMpPOCTPaHCTBY Ty1)(T), cienyer,
YTO B TOUKe X sikoOMaH oToOpakeHHst 1 oTyauueH oT HyJs. [Tostomy 1 npen-
cTaBasieT coboil nuddeomopduam HeKoTOpol okpectHocTH U aucka (1) Ha
o6nacts B R, Tlonoxum N = =1 (F(M?)) u NI =~ ([(M2)). Hawa
Lesb — npogedopmupoBath N§ B o6sacti U Tak, uToGbl YHHUTOXKHJIUCH JIBE
TOUKM nepeceyenust ¢ Ni' ¥ IpH 3TOM He MOSIBUJIOCH Obl HUKAKMX HOBBIX TOUYEK
nepeceueHus.

Uro6bl onucaTb TpebyeMylo Jedopmaliyio, y1o0HO CuuTaTh, uTo rnpoobpas
KPUBOH 7| NPH OTOOpaXKEHHH 1) JIEKUT Ha OcH x| (puc. 76). BoJsee Toro, mbl

Y (72)
W(m/%/w%
bty !

Puc. 76. Pacnoaoaxcernue oucka

X2

X

OyJleM CUHTaTb, UTO KPHUBbIE 7| H Yo €CTECTBEHHBIM 00PA30M MPOJOJIKEHDBI 110
BbIXOJIa W3 MaJIOH OKPECTHOCTH JMCKA ¥ (T) U HA 3THX MPOJIOJIKEHHUSX BEKTOP-
HbI€ MOJIS W3, ..., Wo, MOCTPOEHBI TaK YK€, KAK M HA CAMHUX KPHBBIX.

B kaxuoil Touke x € ¢~ !(y) Kacaressnoe npocrpanctso TyN| npea-
cTaBJisieT COO0H MI0CKOCTb (X1, X3, ..., Xy41), HO3TOMY N|' Maslo oT/IMUaeTCs
ot 310l mJockocTu. [locsie Manoro uieBesieHusi, TOXKAECTBEHHOTO BHE MaJoi
OKPEeCTHOCTH KpuBOi 1~ ! (1), MOxkKHO cuntath, uto NI coBnanaer ¢ uacTbio
3TOH TJIOCKOCTH (JIIs1 3TOTO, BO3MOXKHO, BMecTO U MpUIETCs B3Th HEKOTOPYIO
MEHbLLYIO OKPECTHOCTb KPHBOH 1! (71)). AHAJIOTHUHO MOXKHO cumTaTh, uto NJ
COBIMAJIAET C YaCTbI0 MHOTOOOPA3Hs, KOTOPOE MoJiydaeTcsi pH MPOBEAEHHH U3
Kax<10i TOUKH KpUBO# 1~ ! (79) M €& Npoo/KeHHs BceX BEKTOPOB MPOCTPaH-
cTBa (Xp49, ..., Xoy). PaccMoTpuM npoekuuio

T (x]v va x37 ...,)CQ”)’_’()C], 07 x37 "'7x2t’l)‘
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Slcno, uto w(NJ') = N u w(N§) NeXKUT B MPOCTPAHCTBE (X1, Xp42, - - -, X2p).
[Tosromy mHoxkecTBO Nf' N m(NJ) slexut Ha ocu X;.

[Tpumennm k N cnenyiontyio aeopmalmio, TOXK1ECTBEHHYIO BHE £-0KpecT-
HOCTH JMcKa 7. Bo-nepBbiX, Bce Toukn NJ CABMraloTcs napaiesbHO OCH Xo,
nostomy MHoxkectBo m(NY) ne namensiercs. Kpusas ¢~!(y2) n eé npo-

JloJKeHHe ciBuratores B o6Jiactb xo < 0 (puc. 77).

X2 Hnsi octajbHBIX Touek (xi, Xg, ..., X2,) € N§
BEKTOP CJIBUra OIpeJIeJISieTCsl Tak: BEKTOP CIBH-
ra Jyist Touku (xp, x9, 0, ..., 0) ymHO>Kaercs1 Ha

A2+ ...+ x2), tne A0) =1 n A(¢) =0 npu
t> e’

[Tpu npoekumnn 7 Touku nepecedenns Ni' u N§
nepexojaT B Touku nepecedenuss Ni u w(N§), no-
TOMY €CJIM B IIJIOCKOCTH (X, X9) HET TOUEK repe-
ceueHHs1 MHoroo6pasust Ni' 1 1epopMHpOBaHHOTO
MHoroo6pasust N, To y HUX BoOOlle HET ToUeK Tepecedenus. SICHO Takxke, 4TO
€CJIH € I0CTAaTOYHO MaJlo, TO 06pa3 €-OKPECTHOCTH IUCKA T [PH OTOOPaKEHHH 1
He COIEPXKHT APYrux yactell MHoroob6pasusi f(M"). IlosToMy HOBBIX Touek
camoriepeceueHus He MOsBJSETCS.

B cayuae, Korna HHAEKCHI caMoriepeceueHus Jis TOUeK p U g UMEIOT Npo-
THBOTIOJIOXKHBIE 3HAKH, TeOpeMa YUTHH MOJHOCTbIO f0Ka3aHa. B cayuae, xorna
MHoroo6pasue M" HeopueHTHpyemo JM60 MHoroo6pasue M" opueHTHpyeMO
W 1 HeuéTHO, OCHOBHAsI KOHCTPYKILHS Ta »Ke caMasi. Ho uToGbl €€ MpUMeHHUTb,
BO3MOKHO, MPHUAETCS U3MEHHTb KpHBbIE 7y WU Yo. Ham HyxHO, uTOOBI NpH
nepeHoce napbl HOpMaJbHbLIX MpocTpancTs K MY u M§ 13 TOukn p B TOUKy ¢
BJIOJIb KPHBBIX 7] M 7o M3MeHsilach OpHeHTalus npocTpanctsa R, sanannas
OpHeHTaUMsIMK 3TOH YTOPSIIOUeHHOH Mapel pocTpaHcTs. Ecin 91a opruentauus
He H3MeHsIeTCs, TO B Cjydae HeOpHeHTHpyeMoro MHoroo6pasus M" K opnHoi
M3 KPHUBBIX 7| H Yo MOXHO N06aBHUTb yuyacTOK, TMpH 06X0Jie BIOJb KOTOPOTO
M3MeHsIeTCsl OpUEHTALMs (MI3MEeHEHHe OPHEHTALMK KacaTeJlbHOrO POCTPAHCTRA
BJICUET H3MEHEeHHEe OpPHUEHTALMH HOPMAaJIbHOTO TPOCTpaHCTBa). B cayuae opu-
eHTHpyeMoro MHOroo6pasust M” HeuéTHOU pa3MepHOCTH 11 > | KpHUBbBIE 7| H 7o
HaJl0 3aMEHUTb Ha KPHBbIE Y| U Y4, 1€ | BBIXOJHMT M3 TOUKH p MO KPHBOI 7,
a MPHUXOJUT B TOUKY ¢ 1O KPHUBOH 7o (¥4 BBIXOJHUT MO 7o, @ NPUXOMMT 10 7]).
B pesysbraTe npousoiinér nepectaHoBKa MPOCTPAHCTB B YOPSI0UEHHOH Nape,
a 3TO B cJlyyae HEUETHOTO /1 MPUBOJIUT K U3MEHEHHIO OPUEHTALUH.

GamMeuaHnue AHAJOTHUHBIMU PacCyKIeHHSIMH MOXKHO J0Ka3aTh, UTO
npu n > 2 mo6oe HenpepbiBHOe oToGpaxkenue S” — M?* rae M*" — oano-
CBSI3HOE MHOroo0pasue, rOMOTONHO BJoXKeHHI0. Ho okasbiBaercsi, He Jio6oe
oto6paxente S — M* rme M* — oanocssisHoe MHOrooGpasHe, rOMOTOIMHO
BJ102KeHH10. COOTBETCTBYIOUIMI NpuMep npuBenéH B [Kel].

Puc. 77. Tprok Yumnu
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JlokaxxeM Tereps, uTo J060e 3aMKHyTOe IByMepHOe MHOroo6pasue MOXKHO
Ba0KHTL B R*. SIcHo, uto cdepy ¢ g pyukamu MOXKHO BJOXKHTH Aaxke B R3.
Sleno takxke, uto ecau M) u Mg MOKHO BJIOXKHTL B R, To cBsizHylo cymmy
M} # M) toxe moxuo Broxuts B RY. Tlostomy 10cTaTouso 1okasatb, uTo
RP? MOXKHO BJOKUTL B R,

Buioxkenne RP? B R* MoxkHO mocTpouTh cienyronmm o6pasoM. Pacemor-
puM oToOparkenue eauuuunoil cdepnl S2 C R® B R*, sanannoe dopmyiiofi
(x,y, 2) — (xy, yz, zx, x> — y?). TlokaxeMm, uTo 3T0 OTOOpa’KeHHe HHIYLH-
pyet Biaoxenue RP? B R*, 7. e. oHO siB/IsIeTCs MOrpysKeHHeM U MPoo0pas Kaxkao#
TOUKH COCTOUT B TOYHOCTH U3 [BYX AHAMETPAJILHO TPOTHBOIMOJOMKHBIX TOUEK
chepbl.

Jlokaxkem cHauasna yTBepxkieHHe o mpoobpase. Ecau abe # 0, To u3 pa-
BEHCTB XY = a, yz = b, zx = ¢ caenyer, uto x = ++/ac/b, y =a/x, z=c/x.
Ecin a =b =¢ =0, To nBa u3 uucena x, y, z paBHbl 0, a TpeTbe paBHO
£1. Ocraércsa paccmoTpeTb ciyuad, Korjaa jaBa M3 uuces a, b, ¢ paBubl 0,
a TpeTbe YUCJIO OTJIMYHO OT HyJsl. DTOT CJydad COOTBETCTBYET TOMY, UTO
OJIHO U3 uMcesa X, y, 2 paBHo 0, a 1Ba APYruX OTJIMYHBI OT HyJs. Ternepb Ham
HY>KHO TIpHBJIEeUL paBencTBo x2 — y? = d (WM SKBHBAJNEHTHO® eMy PaBEHCTBO
2% +22=1+d). Ecmx=0,10 y=4+vV—d n z=0b/y. Eciu y =0, 10
x=4+vdnz=c/x. Ecim 2 =0, TO)C:i%\/l +duy=a/x.

JloxkaskeM Terepb, uTo MocTpoenHoe otobpaxenue [: RP? — R* apnser-
csl MOrpysKeHHeM, T.e. B Kax1oil Touke (X, y, z) € S? matpuua ko6u sToro
oto6paxkenusi UMeeT panr 2. [IpoeKTHBHYIO MJI0CKOCTb MOXKHO MOKPBITh TPEMSI
KapTamM ¢ KoopJauHaTtamu (x, y), (x, 2) ¥ (y, 2); B 3Tux Kaprax 2 #0, y #0
u x # 0 coorBercTBeHHO. B mepBoii Kapre marpuua $lko6u otobpaxkeHusi f
MMeeT BH[L

X
- —= 2
Y pa z b4 X
2
y y
- L 9
X 2z > > y

Martpuiia, o6pasoBaHHast MePBbIM U MOCJAETHAM CTOJOIIOM, BEIPOXKIEHHA TOT1A
M TOJIbKO Torda, Korma x> + y> =0, .e. x =y =0 u z = £1. Ho B Takom
c/yuyae MaTpuua, o6pa3oBaHHAs BTOPLIM U TPETbUM CTOJIGLIOM, HEBBIPOXKIEHHA.
Bo Bropo#i kapTe Marpuiia sIko6u oToOpa)keHust [ UMeeT BUJ

X X
—= - — z 4x
y Y y
2
z z
- — —-——  x 2z
Y Yy Yy

[1pu 3TOM Hac HHTEPECYIOT JIULIb T€ TOUKH, 1 KOTopbiX 2 = 0. B TakoMm ciyuae
martpuua, o6pasoBaHHasi AByMsl MOCJEAHUMH CTOJOLAMH, HEBbIPOXKIEHHA MPH
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x#0. A ecn 2=0 u x =0, To Mmarpuua, o6pa3oBaHHasi IByMs MePBLIMHU
cTosbLamu, HeBbIpOXKIeHHA. [I/1s1 TpeTbell KapTbl HEBBIPOXKIEHHOCTb MATPHLIBI
Slkobu B Touke x = £1, y = 2 =0 noka3biBaeTcsl aHAJOTHUHO.

22.2. HopmanbHas cTeneHb MorpyxeHust

[yctb f: M" — R*™ ! — norpykenue 3aMKHYTOro CBSI3HOTO OPHEHTH-
poBaHHOro MHoroo6pasusi. V3 opueHTHpoBaHHOCTH MHoroo6pasust M" cie-
JlyeT, uTo B KaXaoi Touke x € f(M") onHO3HAUHO ONpeneNéH eIHHUUHbIH
HopMaJibHbll BekTop N(x). [losTomy otoGpaxkenue [ WHAyLHMpYeT rayc-
coBo orobpaxkenue N: M" — S" CreneHb 3Toro orofpaxKeHHsl HasblBa-
I0T HOPMAAbHOU cmeneHolo TOrpy:KeHust f. 3amaueil o ToM, KakoH Mo-
KeT ObiTb HOpMaJibHasl CTeNeHb MOrpy:KeHus [, 3aHHMaJMCh, B YaCTHOCTH,
Xong [Hol], [Ho2] u Musanop [Mi2]. 31ech Mbl U3/10)KHM HEKOTOPbIE U3 HX
pe3yJbTaToB.

[Ipexxne Bcero 3amMeTHM, YTO €CJH HOpPMaJjbHasi CTeNeHb MOTPY:KEHHs
f: M" — R*! pagna d, To crenennb norpyxenus sf, re s: R*TH — R
CUMMETPHSI OTHOCHUTEJIbHO THMEpPIIOCKOCTH, paBHa (—1)"d. JleficTBUTENbHO,
ecsu ey, ..., ey, N(X) — M0JI0KUTEJLHO OPUEHTHPO-
BaHHbId 06asuc, TO Ssey, ..., Se,, SN(x) — orpula-
TeJIbHO OPUEHTHPOBAHHBIN 6a3uc, MOCKOJbKY oToOpa-
JKeHHe S M3MeHsleT OpHMeHTaluio. 3HAUuT, AJs 0To6-
paxkeHus sf HoBoe oToOpaxkenne M" — S" mnpen-
CTaBJsieT COO0H KOMIMO3ULMIO CTAPOro OTOOpaXKEeHHsI
N: M" — S§" u orobGpaxenusi —s|ss. OToGparenue
S|sn UMeeT cTernenb —1, a aHTUNOAIBLHOE OTOOpAKE-
nue S" — S™ umeer crenens (—1)"71

Jnsi 1ByX OpHeHTHpOBaHHEIX MHoroo6pasuii M
v M§ MOXHO IOCTPOHUTb OPHEHTHPOBAHHOE MHOTO-
oOpasue MY # MG, naspiBaeMoe MX C8A3HOL CYM-
Mmotl. Ddto Jaenaercs chaenyom o6pazom. Ilyerb
DY Cc M} n D} C M — enuuuunble 1apbl, BJIOXKeH-

Puc. 78. Ceasnas Hble B 3TH MHOrooGpasusi. Bbpexkem W3 3THX Mia-
cymna poB 1mapbl paauyca 1/2, a ocraBiivecs HJIHHIPBI

I x Sf_l vl X Sg’_' CKJIEMM C COXpaHEHHEeM OpH-

eHtauud (puc. 78). OnuiieM 3Ty KOHCTPyKUHIO Gosiee dopmasbho. [lycTb
ij: D" — Mt wis: D" — M§ — Bnoxenusl, IpU4éM | cOXpaHsieT OpPHeHTaLMIO,
a iy uamensier opuenrauuio. Bossmém MY\ i1(0) u M§ \ i2(0) u oroxkme-
CTBUM TOUKY i (fu) ¢ Touko# io((1 — #)u) Nyt KaXKaA0ro eMHUYHOTO BeKTOpa U
u kaxnaoro ¢, rae 0 < ¢ < 1. Orobpaxenue ij(fu) — io((1 — ¢#)u) coxpanser
OPHEHTALIMIO, TI09TOMY B MOJIyUeHHOM MHOrooo6pasuu MY # M§ MoKHO BbIGpaTh
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OPHEHTALMIO, COIVIACOBAHHYIO C OPHeHTaUMAMH MHoroo6pasuit M u M§. SlcHo,
uto M" # S" ~ M"; B uactHocTH, S™ # S" =~ S".

Teopewma 22.3. Ecau M? u M3 moxcrno noepysumo 6 R ¢ nop-
marvHonu cmenenanu dy u de, mo M # M§ moocro noepysume 6 RH!
¢ HopmaavHoU cmenewoio di + do — 1.

JlokaszaTeabcTso. BosbméM npousBosbHble ToukH x| € M| 1 xo €
€ Mj5. Ilepemectum MHoroo6pasue Mg mocpeacTBoM coOOCTBEHHOTO €BKJIMI0-
Ba JBMKeHHs1 npocTpaHcTsa R™F! Tak, utoGbl HOpMa/bHbIe BEKTOPHI B TOU-
Kax X| W xo ObLIM HampaBJeHbl HAaBCTpeuy APYr Apyry (puc. 79); 310 HyxXK-

~_/

. - CGQ

M: M m

Puc. 79. [loepyacerue c823HOI cymmol

HO JUIsl COIVIACOBAHHOCTH opHeHTauuil. [locsie sToro MoxHO ciesaTb nepe-
CTPOKKY M MOJIyYHThb NOrpyKeHue MHOroo6pasus My # Mg. UToObl BHIUMCINTDL
HOpPMaJIbHYIO CTeMeHb 3TOrO IMOTrPYXKEHUs, JOCTATOUHO MPOCJEIUTh, CKOJb-
KO pa3 MPUHUMAETCs Kakoe-TO OnpeleséHHoe 3HaueHHe MpU 0TOOpaxKeHHH
M # M5 — S". Ynobuo npocseauth 3a 3HauenneM N (x1). Ecan npeasapu-
TeJIbHO MOIIEeBeUTh MHOTOOOpasre MY, To MOXKHO CUHTaTh, YTO B TOUKE X|
sHauenre N (x;) npu orob6paxkenun M7 — S" naér sxnan +1. DTo coorser-
CTBYeT TOMY, UTO B OKPECTHOCTH TOUKHM X| MHOroo6pasue M/ BBINVISIHT Kak
ctepa u N (x)) — BHellHsisi HOpMaJib K 3TO cepe. B Tako# cutyauuu npu
repecTpoiike HOBbIX 3HaueHHH N (x) He nosiBasieTcs. Takum o0pasom, ocTaloT-
cs1 Bce 3Hauenns N (x;) orob6paxkenuit M{ — S§" u M§j — S", kpome 3HayeHHsI
B TOUKE X|. B pesysibTate noJsyuyaem, yTo HOpMaJibHasi CTeleHb MOCTPOEHHOIO
norpy»enust paBHa d; + do — 1. O
Teopema 224 (Xond). llpu neuémuom n cpepy S™ moscro noepy-
sumo 8 R"! ¢ npouseonvnoil Hewémmoil HOpMALLHOL cmenenbio.
JdokaszaTeabcTBo. [IpUMeHHB CHMMETpPHIO OTHOCHTEJBHO THIEp-
MJI0CKOCTH, TOCTpouM norpyxenre S” B R™! ¢ nopmanbhoil crenenbio —1.
Bo3bMéM 1Ba sK3eMILIsipa Tak MorpyKEHHON cepbl U MPUMEHUM Teopemy 22.3.
B pesysbrate noJiyunM norpyxkeHue MHorooOpasusi S # S" ~ S" ¢ Hop-
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MaJibHOH creneHbio (—1) + (—1) — 1 = —3. 3arem noctpoum norpyxenue S”
¢ HopMaJibHO#H crenenblo (—3) + (—1) — I =—=5 u 1. 1.

Mbl noctpouan norpyskenust S™ B Rt co Beemu oTpuuaTeibHbIMU HEUST-
HBIMH CTeneHsIMU. [IpUMEHHB CUMMETPHIO OTHOCUTENBHO THIEPTIIIOCKOCTH, T10-
JIYUHM TOTPY’KEHHST CO BCEMH TTOJIOKUTENbHBIMA HEUETHBIMU CTeNeHsiMd. [

CrnencrBue. [lycmo n weuémuo u mroeoobpasue M" noepyscero
8 R ¢ nopmarvroti cmenenvio d. Toeda M" moxcro noepyzume 6 R+
¢ 21000l HOPMAALHOL CMenenslo, umeiowel my e camyro 4émHocmeo,
umo u d.

HoxaszaTeabcTBo. Bosbmém norpyxenue cdepbl S” B HOpMasbHOI
cTeneHblo 2k + | 1M mocTpouM morpy:keHne MHoroo6pasust M" ~ M" # S"
C HOpMaJIbHOH cTeneHbio d + 2k. O

Teopema 22.5. Ecau 3amkHymoe opueHmupos8aHHoe MHO20006pa-
sue M" moacro noepysume 8 R"*! ¢ nyaesoii Hopmarerotl cmenersio, mo
M" napaarreausyemo.

JokaszaTenbcTBo. Jlerko npoBeputh, uto TM" = N, (TS"), 1. e. ka-
caTeJibHOE paccjioeHre MHoroo6pasusi M" MHIyLMPOBAHO W3 KacaTeJbHOro
pacciioenust cepbl S” nocpenctBoM oToGpaxenus N: M" — S". JlelicTBH-
TesbHo, N, (TS™) coctout us nap (x, v), rae x € M" uv L N(x).

Ecau crenenb orobpaxkenusi N : M" — S" paBHa HyJIt0, TO COMJIACHO T€O-
peme Xonda orobpaxkeHne N roMOTOIHO MOCTOSIHHOMY oToOpaKeHuto. OTo6-
paxkeHHe, TOMOTOITHOE MOCTOSTHHOMY OTOOPaXKEeHHIO, HHIYLMPYEeT TPHUBHAJBbHOE
paccJioeHue. o

CaencrBue. [Ipednoroscum, umo mHoeoobpasue M" ne naparie-
ausyemo u n wewémruo. Toeda ecau M" moacro noepysume 8 R mo
e2o Mmoo noepysume 6 R' ¢ moboii Heuémmuoii HopmasvHol cme-
nenvio, HO Heavds noepysumo 6 R nu ¢ kakoti wémmuoii Hopmarvrol
cmenemuvio.

HoxaszateabcTBo. [TomuMo Teopembl 22.5 Hy:KHO BOCMOJIb30BATHCS
CJIeJICTBUEM TeopeMbl 22.4. (]

Ganaua 22.1. [okaxure, uto ecyu cepa S” napasienusyema, To Jio-
60e 3aMKHYTOe OpHeHTHpyeMoe MHoroo6pasue M", KoTopoe MOKHO MOTrpy3HUTh
B R"*! toxe napaJienusyemo.

Buyioxkenne muoroo6pasus M" B R™F! gpngercs, B uacTHoCTH, norpy-
KeHueM. [TosToMmy Uil BJIOXKEHHS] TOXKE MOXKHO PacCMOTPETb HOPMAJbHYIO
crenedb. HopmasbHas cTeneHb BJOXKEHHS YAOBJAETBOPSET HOBOJBHO CHJbHBIM
ycsioBusiM. HUto6bl cchopMyMpoBaTh 3TH yCJOBHS, BBEAEM Besquunny M (M") =

= > dimH;(M"; F), tne F — apauruBHasi rpynna npou3BOJILHOTO MOJIS.
i0
Teopema 22.6 (Munnop [Mi2]). Ecau d — wopmaavras cmenero

sroacenus M" 6 R™! mo d = éE(M”) (mod 2) u |d| < éE(M”).
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INokasaTeabcTso. Muoxkectso R* !\ M" cocTont us aByx cBss-
HbIX KOMIIOHEHT, OJIHA M3 KOTOPBIX OorpaHuueHHasi; o603Haunm eé A. MoxkHO
CUMTaTh, UTO MHOTOOGpasre M" OpHEHTHPOBAHO TaK, YTO HOPMAJIbHBIA BEKTOP
HarpasJsieH Hapysky no otsotuennio k A. Hopmasbiast crernens d pasua x(A).
DTo JI0Ka3bIBAETCsl TOUHO TaK 2Ke, KAK U OCHOBHAsl JieMMa M3 J0Ka3aTeslbCTBa
Teopembl [lyankape—Xonda (uactb [, Teopema 18.6). Henocpenctsenno us
onpee/ennii BuaHo, uto x(A) = X(A) (mod 2) n —X(A) < x(4) < 2(A). Bo-
nee Ttoro, dim Ho(A; F) =1, nostomy 2 — 2(4) < x(A).

JlokazeM Terepb, uto L(A) = §E(M). [Tycts S™! — onnotoueunas Kom-

naktudukauus R Tlonoxum B = S"F! \ A. Cornacno Teopeme aBoii-
cteennoctn Anekcangepa H¥(M") = H,_,(S™' \ M") npu 0 < k < n. Ecam
I <k<n—1, 10 dimH,_,(M") = dim H*(M") = dim H,_,(S"*' \ M") =
= dim H,_,(A) + dim H,_x(B). U3 paeenctea dim HO(M") = 0 caenyer,
yro dim H,(A) = dim H,(B) = 0. 3nauur, L(M) = X(A) + 3(B), nockosb-
ky dim Ho(M") + dim H,(M") = 2 = dim Hy(A) + dim Hy(B). Teopemy aBoii-
CTBEHHOCTH AJiekcaHiepa MOXKHO l'[pl/lMeHl/lTb He TosIbKO K M", HO 1 K A. B pe-

ayasrate nogyunm, uto H*(A) = H,_y(S"™'\ A) = H,_1(B) npn 0 < k < n,
a sHaunt, X(A) = 3(B). SlcHo TaK)Ke, uto X(A) = X(A), nockKoJbKy npo-
crpatctea A M A rOMOTONMUECKM 3KBMBAJCHTHB. B HTOre mosyuaem, uTo
2%(M™) = X(A). O

§ 23. KomnaekcHbie MHOroo6pasus

23.1. Moanble nepeceveHus

[lycts Y — n-mepHoe KommjiekcHoe MHoroo6pasue, X C Y — KomIjiekc-
HOe MoJMHOroo6pasue pasmepHocTd # — 1. DTo o3Hauaer, uto X TMOKPLITO
OTKpBITBIMU B Y MHOxecTBamu U; Tak, uto B U; MHOxecTBO X 3amaércs
ypaBHenueM f; =0, tne [; — rojomopcHas dynkuus, npuuém grad f;(x) # 0
st Bcex x € U; N X. MoxHo cuutath, uto MHOXKecTBa U; mokpbiBatoT Y
(ecsn U; N X = &, To MOXKHO MOJIOXKHUTh f; = const # 0). [ToamMHoroo6pasuto
X C Y MOXHO COIMOCTaBUTh oaHomepHoe KOMnJIeKCHoe paccyoenne®) £(X)
Han Y ¢ dyukuusimu nepexoaa gij(x) = fi(x)/fi(x). Ecau x € X, To noxgpasy-
MeBaeTcs, uto gjj(x) = yg}(lryn_}x fi(x //“] (x); aTOT npeﬂeﬂ paBeH KO3 UuiLIHeHTy

TponopLHOHaAbHOCTH BekTopoB grad f;(x) u grad f;(x).

*) B anreGpanueckoil reoMeTpUM 3TO paccJioeHHe Ha3bIBAIOT AUHELHLIM PACCAOCHUEM, ACCO-
yuuposaHHoLm ¢ dusuzopom X, u Jjisi HEro UCnoJib3ylotT o6osnauenne [X]. Mbl He noJib3yemest
TUM 0003HauUeHHEeM, TOTOMY UTO B TOMOJOTHH [X| 06bluHO 0603HauaeT (hyHAaMeHTaJIbHbIH Kaacce
MHorooGpasust X.
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Paccaoenne £(X) ne 3aBucuT 0T BbiGOpa (yHkuME f;. [leiicTBUTEBHO,
nyctb B U; MHoxKectBO X 3amaéres ypasHenusmu f; =0 u f; = 0. Torna

N N h;
dynkunu h; = f;i/f; ne obpaiaiorest B nysb Ha U; n i = h_]g”"
i
Pacciioenne £(X) umeer rosioMmopcdHoe ceuenue, obpaiiaiolieecss B HyJlb
B TOUHOCTH Ha MHOXecTBe X. Ha MHoxecTBe U; 3TO ceuenue 3anaéresi hyHK-
upeit f;. JleficTBUTENBbHO, TaK MBI TT0JIydaeM KOPPEKTHO OMpe/eéHHOe ceueHHe,

NOCKOJIbKY [; = gij f;.
[Tpumep 23.1. [lycmo X4 — neocobas eunepnogepxuocmes cmene-

Hu d 8 CP", 3adanHas 00HOpOOHbIM ypasHenuem F (2, ..., 2,) =0 cme-
neni d. Toeda (£(Xq))* =7 @ ... @7,
—_——
d
HoxaszaTedabcTso.Bkapre U; runepnoBepxHocTb X, 3anaéres ypas-
Henuem f[;(wo, ..., @;, ..., w,) =0, rae
20 s Zn F(zo, ..., 2n)
fi —,...,1,...,— = -
Zi Zj Z;
3 X 8 A
HauuT, paccyoerde £(Xy) 3anaérest yHKUMAMY Mepexona gi; = 7=z
A xamonnueckoe paccaoenne ) nan CP" 3anaércst dyHKUMSIMU Tepexoja
>
gij = Z—/ (mpumep 17.9 na c. 294). O
i

B uacrtHoCTH, 1J151 THIIEPITOBEPXHOCTH CP"=! ¢ CP", 3aaHHOl JIHEHbIM
ypaBHeHHeM, paccJyioeHue £(CP") u3oMopdHO paccyoeHHI0, OTMCAHHOMY B MPH-
Mepe 17.11 Ha c. 294.

HecsioxHo npoBepuTh, uto orpaHuuenue paccjoenus &(X) na X sipjsi-
€TCsl HOPMaJibHbIM (B CMBICJIE 9PMHUTOBOH METPHKH) paccjoeHdneM K X B Y.
JlelicTBUTENIBHO, PACCMOTPUM paccioeHde U Haj X, cJosiMH KoToporo Han U;
cJly>Kat BeKTopbl, nporiopunoHadibsHele grad f;. Ecan \; grad f; = A; grad f;, 1o
A = %)\j. [Tostomy pacciioenue U 3agaérest pyHkuusimu nepexoaa gij = [/ fi.

PaccJioenne U KOMIJIEKCHO COTIPSTKEHO HOPMaJIbHOMY PACCJIOEHHIO v/, TOTOMY
pacciioenue v 3aaérest yHKUMsIMU niepexoaa g;; = f;/[;, KoTopble coBnaiaior
¢ QyHKUMSAMH repexoja Jyist paccyoenust £(X).

[Tpumep 23.2. [lycmo X4 — neocobaa eunepnogepxHocme cmene-
Hu d 8 CP". Toeda

cXg) =1 +a)"' (1 —da+d’a® —d®a® + ..,

20e G — oepaHudenue KaHoHuueckoii*) obpasyowei epynno. H?(CP"Y; 7,)
Ha Xy (cymma 30eco KoneuHas, nockoavky &" = 0).

*) To ecth npunuMalouleil 3Hauenue +1 na CP2 ¢ KAaHOHMYECKOH KOMILIEKCHOI OpHEHTaLUeIl.
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HokaszateanbcTBo. [lycts j: Xy — CP" — ecrecTBeHHOE BJIOYKEHHE.
Torna & = j*a u j*(£(X4)) = vy, — HOpMaJbHOE paccioenne K Xy B CP™.
[Tostomy j*(rcpn) = Tx, ® vx, = Tx, ® j*(£(Xy)). YuutniBas, uto c({(Xy)) =
=—dc(y))=dawnc(CP*) = (1+a)"*!, nonyuaem (1 +a)" ' =c(Xy)(1+da),
a 3HauuT,

cXy)=(l+a)"'1+da)~ =
=(l+a)"™ (1 —da+d*a*>—d*a +...). O

[Tpumep 23.3. [lycmo X4 — neocobaa eunepnogepxHocme cmene-
Hu d 8 CP". Toeda
n—1 T
— _N\kgkr1( 1
X(Xd)—z( 1y'd (nflfk)'
k=0
JlokaszaTesabcTBO. B npumepe 23.2 Mbl BbIUHCJMJIN MOJHBIH KJacc
WUokenst mHoroo6pasus X;. B uactHocTH,

n—I1

Gi(Xa) = Y- (DAL e

k=0

Uro6bl BuuMCuTb X (Xg)={(c,—1(X4), [Xa]), ocTaéres Boranesuts (&, [X4]).

UYnesio ("1, [X4]) paBHo uncsy Touek nepeceuenust B CP" uukia, 1BOFI-
etBennoro "' ¢ Xy (¢ yuérom snaka). Lluks, asoiicTsenublii o'~ — 310
kommyiekchas npsamas CP!. B o6uem nosoxenun npsamas CP! nepecexaer
MOBEPXHOCThb CcTeneHu d B d TOUKax, MOCKOJIbKY OrpaHHUeHHe Ha TpSMYIo
OJITHOPOJIHOTO MHOTOWJIeHa [ oT n + | TepeMeHHBIX SIBJSIETCS] OJHOPOIHBIM
MHOTOUJIEHOM CTerNeHH d OT JIBYyX MepeMeHHbIX, KOTOPOMY COOTBETCTBYET HEOJI-
HOPOJIHbIH MHOTOUJIEH cTereHn d OT OJHOI nepeMeHHOH. Bee 3Haku it Touek
nepeceueHus 371€Ch MOJIOKUTEbHbIE, MOCKOJbKY Mbl HMEEM JIEJI0 C KOMIJIEKC-
HbIMU MHoOroo6pagusiMu. Takum o6Gpasom, romoJiorudeckuil knacc [Xgz] pasen
d[CP"1]. O

B uyactHocTH, 111 riaaKoil anreGpauueckoil kpuoil Xy ctemenn d B C?

nosyuaem x(Xy4) = (?)d - (g)cﬂ =3d — d?. Tlostomy X; — cepa ¢ g

pyukamu, rae 2 —2g =3d —d?, 1.e. g = (d_l)#

AHaIOrMYHO MOXKHO BBIUMCJIUTh MOJIHBIA Kiaace UkeHst U 3iiepoBy xapak-
TEPUCTHKY He TOJIbKO HEOCOOO! IHIeprnoBepXHOCTH, HO U MepeceueHns HeoCo-
ObIX THIEPNOBEPXHOCTEH OOLLEro MoJoxKeHUsl, Kak 3710 caenado B [Ch]. [Toa-
HbLM nepeceyexilem Ha3blBaIOT n-MepHOe KOMIJIEKCHOe MHoroo6pasue M =
=M Nn...nM, CCP""P rne My, ..., M, — runeprioBepxHoCTH, 3aJaH-
Hble OJHOPOAHBIMM ypaBHeHusiMu fi =0, ..., f, =0, 11 KOTOPLIX BEKTOPHI
grad [, ..., grad f, JMHefiHO He3aBUCUMbI B KaxKJ10il Touke x € M.
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[Mpumep 234. Ilyemo M=M;N...NM, CCP"*P — noanoe nepece-

ueHue, npuuénu cmenenu eunepnosepxvocmeti My, ..., M, pasnol dy, . ..
..., dp. [Ipednoaoscun, umo eunepnosepxrnocmu My, ..., M, neocoboie.
Toeda
: +p+1 r
_ k(1 .
xy = (30" P Yo | T
k=0 i=1
edeoy= > di'...d).
ay+...+ap=~k

JNokaszateabcTBo. Ilycth j: M — CP" P — ecTecTBeHHOE BJIO-
wenne, a € H?(CP"tP; 7) — KaHonuueckas o6pasylolias u & = j*o. Torna
¢(CP"™ Py = (1 + )" P u j*ricprts) = Ty @ v, THe ¥ — HOPMAJIbHOE pac-
cnoenre K M B CP"tP. SfcHo, uto v — npsimasi cymma paccJioennii £(M;),
nostomy ¢(v) = (1 +d &) ... (1 +d,a&). CaenoparesnbHo,

cMy=(1+a" "1 +da"...(1+d,a"

B yactHocTH,
n

=[S Do |

k=0
Ocraéres nokasats, uro (&, [M])=d, -...-dp, T.e. p-MepHOe MoIpo-
crpaHetBo B CP obuero nonoxenus nepecekaetr M B dy - ... - d, Toukax. Jt1o

MOXKHO c/le/laTh pasHbIMU criocob6amu. Bo-nepBbiX, MOXKHO BOCMOJ/b30BATHCS
TeM, uto uuka M; romonoruuen d;[CP"TP~!]. JleficTBHTeNbHO, pacCMOTPHM
nepeceuende p skaemmaspos CP"P~1 o6uiero nosoxenuss B CP™P (310
nepeceuenue papHo CP"). Munekc nepeceuenust [CP”] u [M] paBen nnjekcy
nepeceuenust [CP?] u [CP"], ymHO>KeHHOMY Ha d - ... - d ,. BO-BTOpPBIX, MOXK-
HO BOCIOJIb30BATbCS METOJOM HCKJIOUEHHsl MepeMEeHHbIX, KOTOPbIH OCHOBaH
Ha BBIUMCJIEHUH pe3yJbTaHTa JBYX MHOroujieHoB. [IpuMeHsisi MeTON HCKJIOUe-
HHsl MePeMeHHbIX K OrpaHHuYeHHsIM OJHOPOIHBLIX opM cTeneHelt dy, ..., d, Ha
p-MepHoOe MOANPOCTPAHCTBO, Mbl MOJIyYHM MHOTOUJEH cTenenn d; ...d,. O

3amMeuanue. DoseeakkypaTHble paccyKjieHHs MOKA3bIBAIOT, UTO MPeJi-
T0JIOKEHHE O TOM, 4TO runeprnobepxHoctd My, ..., M, HeocoOble, MOXKHO
otGpocuth: cM. [Az].

23.2. TomoJyoruy runepnoBepxHoctTu z4 + ... + z% =1

[lyets ayg, ..., a, — HaTypasbHble uncaa, a = (ao, ..., a,). PaccMoTpum
B C"*! runepnosepxnocth V,, 3a1aHHylo ypaBHEHHEM

20 4 20 =1,
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B [®1] ®am Bbluvcaus rpynmnsl romoJioruiit npocrpancrsa V,. Has storo
OH ykasal B V, nehopMalMOHHbIH peTpakT U,, rOMOJIOTHH KOTOPOTO JIErKO
Bbluncasiores. B [Hi3] nmokasano, uto mpoctpaHcTtBo U, rOMOTOMUUECKH K-
BUBaJIeHTHO Oykety (ag — 1) ... (a, — 1) cdep pasmeproctu 1. Takum o6paszom,

N npu k # n;
Hp(Va) = Z@0=Dlar=) oy f—p.

[Tonnpocrtpancreo U, C V, onpenensiercs Tak:
Uy ={x € V, nR*H! |x">0mms1i=0,...,n}.

Hedopmaumonnast perpakuus V, na U, crpoutcs caenytoumm o6pasom. Pac-
cMoTpuM otoGpaxenne C'H! — C"*! zanannoe dpopmy.ioii

(20, -y 20) — (25", -, 2p") = (o, .- -, Uy).

O6pasom npocTpaHcTBa V, TIpH 3TOM 0TOOPAXKEHHH CJIYXKUT THIEPTIIIOCKOCTD X
B C"*!| sanannas ypasnenueM ug + ...+ u, = 1. Oro6paxenue p: V, — X
SIBJISIETCS] PA3BETBJEHHBIM (A . .. A )-JIUCTHBIM HAKPbITUEM C BETBJIEHHEM HaJl
nepeceueHusivd X ¢ THIEPIUIOCKOCTSIMU
u; =0. Cranaapthbiit cumnieke A" p R"*! ¢
C CH!| 3ananmblit HepaBeHcTBamu £y =0, ...
...yt =20 v ypaBHeHueMm ty+ ...+ t, =1,
siBJjisieTcst 1e)OPMallMOHHBIM PETPAKTOM M-
neprsiockoctd X. JlelcTBUTENbHO, CHaua-
JIa Mbl CTPOUM J1e(DOPMALIHOHHYIO PETPAKLIMIO
C+! na R"™!, sarem ctpoum aedopmariy-
onnyio petpakimio R"T! na runepniockocts
X NR™! a notom ctpoum aedopmaiuon-
HYI0 PeTpaKlHUI0 THIIEPIJIOCKOCTH Ha CUM-
miieke A", Kak nokaszaHo Ha puc. 80 (us

\|/

n=2).
[1pu Taxoil nedopMallioOHHON peTpaKLHH Puc. 80. lepopmayuonras
THIT BETBJICHHS HaJ KaKJIOH JBHXKYLIEHCS pempaxyus

TOUKOH OCTAETCsl HeM3MEHHbIM, MO3TOMY Jie-
(hopMaLMOHHYIO PETPAKLHUIO NPOCTpaHCeTBa X
Ha cummieke A" MOXKHO TOJIHATL 10 Je(OpMalMOHHOH PpeTpaKUUH MPo-
ctpaHctBa V, Ha npooGpas cummniekca A" npu pa3BeTBJEHHOM HAKPBITHH
p: V, — X. flcno, uto 3toT npoo6pas cosnanaer ¢ U,.

[Tpumep 23.5. [aa eunepnosepxnocmu z§ + z{' =1 npocmpan-
cmeo U, asasemcea epagom Ky pm.
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21 20

Puc. 81. Pazgemsaérmoe HakpoLmue

HoxaszaTedsbcTso. COOTBETCTBYIOIEE PA3BETBAEHHOE HAKPHITHE HAJl
oJHOMepHbIM cumiekcom Al st n = 2, m = 3 uzobpakeno na puc. 81. O

JlokaxkeM Temnepb, uTO MpocTpaHcTBO U/, TOMOTOMHMYECKH 3KBHBAJEHTHO
oykery (ag — 1)...(a, — 1) cdep pasmeproctd n. [IpoctpaHcTBo U, MOXKHO
OTOXKJIECTBUTL C MPOCTPAHCTBOM HAGOPOB (ioly, - .., Uyl,), THE U; — KOPEHb
U3 eIUHULbl cTenend a;, ; > 0 u > ¢ = 1. dro o3nauaer, uro U, — mKoiiH
Lay * L, * ... * Lyq,, The ZLp — NUCKPETHOE NPOCTPAHCTBO, COCTOsILEE M3
m touex. Ho Z,, =S v ... v SY nosromy

m—1
Loy *ZLg, % ... % Lg, ~S"V...VS"
(ap—1)...(an—1)

nockosibky S° ... % SY = S"; 3j1ech MBI MoJb3yeMcs TaKkKe TeM, uTo

n+1
X1 VX)) *xY ~ (X xY)V (XoxY).
3anaua 23.1. bynem paccmarpuBath Z, Kak rpyrniy KOopHel crere-
HU m u3 eauHulbl. Torna U, = Zgy* . . . %Zg, — n-MepHbIA CUMIIULHAJBHbIN
KOMTIJIEKC, TPUUEM €ro /1-MepHble CUMIJIEKCHI HAXO/ISITCSI B €CTECTBEHHOM B3a-
MMHO OJIHO3HAUHOM COOTBETCTBHH C 3/1€MEHTAMU IPYNNbl Zg = Zg, ® ... ® Lq,,
T. €. KXK/Iblid /1-MEPHbIA CUMILJIEKC MOJIyyaeTcs Mo JeHCTBUEM 3JIeMEHTa IpyIi-
nbl Z, Ha CUMIIJIEKC €, COOTBETCTBYIOIIMH €IMHUYHOMY 3JIEMEHTY IPYNIibl Z,.
[Tyets wy, ..., W, — 37€MeHThI IPyNMbl Z,, COOTBETCTBYIOLIHE 06Pa3yOLHM
rpynn Zgy, - - ., Zq,.
a) Hokaxute, uto € = (1 — wp) ... (1 — w,)e — uuKJIL
6) JlokaxkuTe, uTo sijipo [, oToOpaXkeHust rpynnoBo# anre6pol Z[Z,] B cebsl,
3ajianioro gopmyJon @ — w(l — wp) ... (1 — w,), NopoxkaeHO 3/1eMeHTaMH

l+w +wi+.. o
B) JloKa)KnTe, UTO 3JIeMEHThI

,tnei=0,1,...,n.

WPl . whe, e 0< ki <a; -2,

00pasytoT 6as3uc LeJOUHC/IeHHbIX TOMOJIOTHH npocTpaHcTBa Uy.
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§ 24. Ipynnbi Jlu u H-npocTpaHcTBa

24.1. Hekotopblie cBoiicTBa rpynn Jlu

Ipynnoti Jlu naspiBaiorT MHOroo6pasue (G, KOTOpPOe OJIHOBPEMEHHO SIBJISIET-
csl Tpynno#, npuuém otobpaxkenuss G x G — G u G — G, 3ajanHble Gopmy-
namu (g, h) — gh w g g~!, apasiores raakumu. YToObl He yriyG/sThes
B TOHKOCTH TEOpUM Tpynn JIu, He HUMelollde OTHOLIEeHHs K ajreGpanueckoi
TOMOJIOTHH, Mbl OFPAHHUMMCS PACCMOTPEHHEM MaTPHUHBIX Ipymnm JIH, KOTopbie
SIBJISIIOTCS] TIOMHOr00GPAa3NsIMU B TTPOCTPAHCTBE HEBBIPOKIEHHBIX KBAJPATHBIX
MaTpulL Hax nosieM R, MpHuém yMHOXKeHHe B TPyTIIe — 3TO 00bIYHOE YMHOXKEHHE
MaTpHll, a eMHUYHBIA 3JIeMeHT TPyl — eANHHYHAs MaTpuua /.

Kaxnoit kBanpaTHoil MaTpuile A MOXKHO COMOCTABUTb MATpHLy expA =

A2 A

=/l+A+ o7 + 31
Ka3aTeJIbCTBA OCHOBHbBIX CBOKHCTB 0TOOpakeHusi exp A npuBelieHbl, HAapuMep,
B [[12]). Oro6paxenue exp A nuddeomopdro oTo6parkaeT HEKOTOPYIO OKPECT-
HOCTb HyJIeBOH MAaTPHULbl HA OKPECTHOCTh €IMHUUHON MaTpullbl. KacaresbHblid
BekTOp K KpHBoH exp(fA) mpu ¢t = 0 paBen A. [lostomy KacaTesnbHOe TIpo-
CTPaAHCTBO K (MaTpHuHOM) rpymnne JIM B eIMHHUHOM 3J1€eMEHTEe — 3TO JIHHEHHOe
MPOCTPAHCTBO, HATSIHYTOE Ha TIPo06pa3 OKPeCTHOCTH eIMHUYHOTO 3J1eMeHTa TpH
oToOpaxKeHUH exp; TO JIUHEHHOe MPOCTPAHCTBO HA3bIBAIOT areebpoii Jlu, co-
OTBETCTBYIOLIEH nanHo# rpynne JIu. CsgHas rpynna JIu nosHOCTbIO 3aaaéres
OKPECTHOCTbIO eIMHHUYHOTO 3J1eMeHTa (KOTOPYIO MbI paccMaTpHBaeM Kak Moji-
MHOXKECTBO B MPOCTPAHCTBE MaTpHLL), MOITOMY OHa 3ajaércsl cBoeH ajireGpoi
JIn (KoTopylo MBI TOXKe paccMaTpuBaeM Kak TMOAMHOXKECTBO B TPOCTPaHCTBE
MaTpHLL).

[pynna JIu KoMMyTaTHBHA TOrJa M TOJbKO TOTJA, KOTJA BCE MATpHlbl e€é
anre6pbl JIn monapHo KOMMYTHPYIOT.

Ganaua 24.1. Iokaxure, uto o6pa3 NpH OTOOpa:KEHHH eXp JHHEH-
HOTO TOMNpPOCTPAHCTBA V' B MPOCTpaHCTBe MaTpull siBjsieTcst rpynmnoi JIn
TOrZa U TOJbKO TOrAA, Korma Jyuisi JioObix nByx martpui, A, B € V marpuua
[A, Bl =AB — BA nexur B V.

Tpynny JIn 7" = S' x ... x S! = R"/Z" wazuiBaior mopox.

+ ... (}lOKaSaTeJ]bCTBO CXOAUMOCTH 3TOro psifa U H0-

Teopema 24.1. CB;SHaﬂ Kommymamusuas epynna Jlu G uso-
mopghua T™ x R™,

HoxaszaTedabcTso. nsg kommyratuBHo# rpynnsl JIn G oto6paxenue
exp: TG — G siBnsieTcsi TOMOMOP(H3MOM TPYII, MOCKOJbKY ecan AB = BA,
10 e4ef = eAB_ Jlnsa ceasuoii rpynmbl JIn 3T0T roMOMOpGhH3M SB/ISETCS IMH-
mopdusmom. [Tosromy G = T,G/K, tne K = Kerexp. [pynna K muckperna,
MOCKOJIbKY eXp — nuddeoMopdusmM B OKPECTHOCTH HyJisl. 3HAUUT, 3Ta rpynna
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SIBJISIETCST IMCKPETHOH moarpynmoi B 7,G =2 R*T™. B R"T™ MoxHO BbIGpaTh
6a3uc Tak, uto 3JeMeHTbl rpynnbl K OyayT umetb Bua (ky, ..., k,, 0, ..., 0),
rie k; € 7. Tosromy R™" /K = T x R™, O

CunencrBue. Csa3Han KOMNAKMHAA Koumymamusras epynna Jlu
ABAACMCSL MOPOM.

Teopewma 24.2. Samxnymas nodepynna H epynnot Jlu G asasemcs
noomHoeco0bpasuen.

JlokasaTesnbcTBo. 3a1aJuM B IPOCTPAHCTBE MATPHILL KaKyl0-HHOY/1b
HopMy, HanpuMep ||A|| = max |a;;|, rae A = (a;;). [1peanosnoxum, uro B mpo-
crpanctBe T, G 3anana matpuuia A U 3ajaHa 1ocCJ/e/10BaTe/IbHOCTb MaTpulL A,
Tak, uto exp A, € H, ||An|| — 0 u A,/||As|| — A. Tlokaxewm, uto Torna e € H
1J1st Jo6oro BelllecTBeHHOro uucdaa f. ITockodnbky ||A,| — 0, MoxKHO BbIGpaTh
LeJible Yhcaa M, Tak, uto m,||A,| cxomutcs K manxomy umcay t. Torma
mpA, — tA n e™An — o4 Ho e™An = (eA)™ ¢ H, a rpynna H 3amknyTa.
[Tostomy e € H.

[lycte W — mpocTtpancTBo Bcex Mmartpull Buaa fA, rae matpuua A mo-
JIydaeTcsl yKa3aHHBIM BbILIe TPeIeNbHBIM TMEPEXOJOM, a ! — MPOU3BOJBHOE
BellleCTBeHHOe uncs0. [Tokaxem, uro W — snHeiiHoe nmpoctpanctso. st sToro
JIOCTaTOUHO MPOBepUTh, uto eci A, B € W, o A + B € W. B maJoii okpect-
HOCTH €JIMHUYHON MaTpHLbl 0TOOpaXKeHHe exXp 0OpaTUMO, MOITOMY /ST MaJbIX ¢
nmeer mecto pasenctso e/e'® = ef () e F(t) — rnankas xpusas B T,G,
npuuém F(0) = 0. Yuutbisasi, uto ee’® =1 + {(A + B) + ..., noayuaem,
uro F(t)/t — A+ B npu t — 0. PaccMOTpHM MOC/IENI0BATENLHOCTD MATPHIL
Cn = F(1/n). Slcno, uto ||C,|| — 0, % € H, nockonbky e'e® € H nns
Beex £, u Cp/||Cull = MA + B), tie A= lim l’F(l)’ ]. 3uaunut, A+ BeW.

n—oo N n

Jlokaxem, uto MHO:KecTBO exp W collep:KUT HEKOTOPYIO OKPECTHOCTb eH-
HUYHoro sJemenTa B H . [1peacrasum npoctpanctso 7. G B BHE NPSIMON CyMMbI
WeaeW usweW, o e W nonoxum p(w, w') = e?e? . Orobpaxe-
Hue @ 1udpdeomMopdHO 0TOGPaXKaeT HEKOTOPYIO OKPECTHOCTh HYJIEBOH MaTpPHIIbI
B T,G Ha OKpPECTHOCTb €IMHUUHON MaTpulbl B G. DTO cJelyer, U3 TOTO, UTO
©(T.G) C G u B HyJe nuddepeHiHas 0ToOpaxKeHHs ¢ CoBNajaer ¢ Jaudde-
peHLMaNoM O0TOOpaXKeHHUsI exp, MOCKOJbKY e¥e n ot MpU MaJIbiX @ U w’'.
[Tpeanonoxnm, uto CyLIECTBYET MOCJEI0BATENLHOCTL TOUEK (W, W),), ISt
KoTopoit p(w,, @))€ H, (w,, w!) — 0 u @/, # 0. Torna e € H, nocKobKy
e e € H u e¥ € H. BoiGepeM Nojnoc/e10BaTebHOCTD Wy, TaK, utobbl
nocJiefoBareibHocTh @, /||wy, || umena npenen w’. C oanoii croponsl, @’ € W'
u w' #0. C apyroii croponsl, @’ € W. ITpuxoauM K npoTHBOPEUHIO.

Wrak, mbl y6enunauch, uto B G ecTb okpectHocTh U S e, mepeceuenue
KoTopoil ¢ H sBasercss noamHoroo6pasuem B U. as so6oit Toukn h € H
MOYKHO PacCMOTPETb OKPeCTHOCTb AU. (]
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Teopewma 24.3. [Ilycmo mop T" delicmsyem Ha 8eKMOpPHOM NPO-
cmpancmse V. Toeda 8 V cywecmsyem ckarapHoe npousgedexue, um-
8apUAHMHOe OMHOCUMeAbHO Odelicmseus mopa, m.e. (u, v) = (fu, tv) daa
200020 remenma t € T™ u a0661x sekmopos u, v € V.

JlokaszaTenabcTBo. BosbMéM B V npou3BosibHOE CKajiipHOE MPO-
u3BeneHue (u, v);, paccMoTpuMm (YHKUHIO Ha Tope f(s) = (Su, SU); u T0-
JOXUM (U, v) = /T” f(s)du, tne dp = dx, ...dx, — kaHoHUuecKasi Mepa Ha
Tope T". Dta Mepa HHBapHaHTHA OTHOCHUTEJIbHOE CABHUIOB TOpa, MO3TOMY eC-
am g(s) = f(s + 1), 10 /T” g(s)du = /T” f(s)dp. Takum ob6pasom, (u, v) =

= [ (susopdp= [ g dp= [ 1(s)dp= [ (¢ +s)u, (¢ +5)0)1dp=
= (tu, tv). O

24.2. KoromoJoruu anreop Jlu

Koromosiorun ne Pama cBa3Hoil KomnakTHOH rpynnbl JIH G MOXHO BbI-
pasutb B TepMuHax e€ anre6pbl JIM g, UTO CBOAMT BblUMCJIEHHE KOTOMOJIOTHM
rpynnel JIu G ¢ kosdduunentamu B R K uncTo anrebGpanueckoi 3ajaue. 31ech
Mbl omnuuieM 3Ty KoHcTpykuuio. Kak v B n. 24.1, mbl OyzneMm ajsi IPOCTOTbI
paccmaTpuBaTh TOJILKO MaTpPHUHbIE IPyMNMbl U airedpbl J1u.

Aanre6pa Jlu rpynnbi Jlu

Kak yxxe ynomunagoch Ha ¢. 377, anre6pa Jlu g rpynmbst JIn G — 310 Kaca-
TeJIbHOE TIPOCTPAHCTBO B €MHUUHOM 3JjeMeHTe e € G. Ho Takoe onpenesnenue
FOBOPUT TOJIBKO O CTPYKType g Kak JIMHeHHoro mpoctpaHctBa. Yrtobbl 3a1aTh
CTPYKTYPY aJreOpbl, HY>KHO JIJIS KaXK/bIX JBYX MaTpHil A, B € g onpenenuTb Ux
Npou3BeJieHte, Jexalllee B g; 3TO NMPOU3BeleHHe 00bYHO 0603HauaioT [A, B]
1 Ha3bIBAIOT KOMMYMAamopoM.

Kommyrartop onpenesnsiercsi cienyoiimm o6pazom. Kaxnoi marpuue A € g
MOZKHO COMOCTaBHTb 1€B0UHBAPUAHMHOE 8eKmopHoe noae Ua(g) = (Lg)+A,
rie Lg(x) = gx — nesblit casur B rpynmne G. [TockosbKy 3nech paccMaTpuBa-
€TCsl JIEBBII CJIBUT HA MOCTOSHHYIO MATPHILY g, B MATPHUHOM BH/JIE JIEBOWHBAPH-
aHTHOE BEKTOpHOE TIoJIe 3amuchiBaeTcst Tak: v4(g) = gA. JleBouHBapuaHTtHoe
BEKTOPHOE M0JIe MOXKHO ONpPeIe/UTh KaK BeKTOpHOe noJie Ha (G, MHBapUaHTHOE
OTHOCHTEJIbHO JieBbIX ¢aBUroB. Torna JieBoMHBapHAHTHOE BEKTOPHOE MoJie OJl-
HO3HAYHO 3aaéTCsl BEKTOPOM B TOUKE e: 3TOT BEKTOp Pa3HOCHTCS 1O BCel
rpynre JieBbIMH caBUramu. Jljisi IByX JIeBOMHBAPHAHTHBIX BEKTOPHBIX MOJIEH
U4 H Up MOXKHO pacCMOTpPeTb MX KOMMYyTatop [vg4, vg]. D10 cHoBa Oyaer
HEKOTOpOEe JIEBOMHBAPHAHTHOE BeKTOpHOE Todie ve. Marpuua C, T.e. BeKTop
noJisi [v4, vg| B Touke e € G,— 3T0 U €CTb KOMMyTaTop Matpuu A u B.
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Teopema 24.4. Jlag mampuunoti areebpol Jiu [A, Bl = AB — BA —
00bLUHObLI KOMMYMAMOp MAMpPUuy.

HoxaszaTedabcTBo. Marpuunas rpynna JIu G siBasieTcsi MoArpynmnoi
rpynnbl GL(77, R) HeBbIPOXKIEHHBIX MaTpHLL Nopsiaka #. I1pu 3ToM KomMyTa-
TOp IBYX BEKTOPHBIX roJiefl Ha G GyleT TeM »Ke CaMbIM, €CJI Mbl PacCMOT-
puM uX Kak BektopHble noJsist Ha GL(n, R). [Tostomy TpeGyemoe yTBepKieHHE
JlIoCTaTouHo Jokasarb s GL(n, R). B sToM ciyuae maTpuuHble 3JeMeH-

Thl x§ MaTPHULIbI ||xj ||f MoxkHO paccMaTpHBaTh Kak JloKasbHble KoopanHaTel. Hac

HHTEpeCcyeT KOMMYTAaTOpP BEKTOPHBLIX TOJEH C KOO JIMHAaTaMH U (X L= XiAP
/ Py

" UB(X)i- = x;Bf (Mo OIMHAKOBbIM BEPXHUM W HHXKHMM HHJeKcaM Beaércs
cymmupoBatue). [1o onpenenenuio [va(x), vp(x)] = ve(x), rne

-, OEBYy . A(xkAT)
ve(x)k :x;Afa"Ti_’ - x;B]’?# =
/ !
= x},ATBJ6sof — x},BI Al5)6f = x} (A7 B] — BPAY).
Takum o6pasom, ve (x)f = xEC/, rie C = AB — BA. O

Oro6paxenus Ad u ad

Paccemorpum na rpynne JIn G npeo6pasosanue x — gxg~'. B okpecTHoCTH
eIMHHUILBI M0 MOYKHO TpecTaBuTh Kak e — ge!™ g=! rne X — anement an-
re6pbi JIu g. Jlerko BUeTh, 4To npoussonbie no ¢ ot e u ge™ g~ nput =0
pasubl X u gXg~!. ITostomy otoGpaxenne X — gXg~! rne g € G, siBasiercs
oToGpaxkenuem anre6pbl JIn g B cebs. 1o otobpaxkenne o6osnauaoT Adg.

Jnsi anre6pol JIn g st GUKCHPOBAHHOH MaTpULbl A € g MOXKHO paccMoT-
petb otobpaxkenue X — [A, X] = AX — XA. D10 ortob6paxenne o6o3Haua-
10T adg.

Oto6paxennsi Ad u ad cBsizanbl caenyoumm o6pazom: adq X — 370 1npo-

usoaHas Adeyay X 1o ¢ mpu £ = 0. [lefictButesbHo,
e Xe M= (I +tA+. )X —tA+..)=X+1t(AX —XA) + ...

Teopema 24.5. Ecau G — csasnas komnakmuas epynna Jlu, mo
det Adg =1 das awboeo g € G.

HokasaTenbctso. Jlerko npoBeputh, uto orobpaxenne g +— Adg
ABJsieTCs: roMoMopdU3MoM rpynnbl G B rpynmny aBTOMOPGhH3MOB MPOCTpaH-
ctea g. [Tostomy oro6paxenue g — det Ad, siBasieTcst roMoMopdH3MoM rpyrn-
nbl G B MyJIbTHIJIMKATHBHYIO Tpyrnny R* neHCTBUTENbHBIX UMCEs, OTJIHUHBIX
oT HyJs1. JIcHO TakxKe, YTO TOT TOMOMOP(U3M SIBJISIETCS] HEMPEPBIBHBIM 0TOO-
paxkeHueM, 1M03TOMY ero o0pas — cBsidHasi KomnakTHast noarpynna B R*. Ho
TakKasl MoJrpynna coCTOMT TOJMbKO U3 3JeMeHTa |. (]
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UnterpupoBaHue no komnakTHou rpynne Jlu

Huddepenumanbhyio 2-hopMy w Ha rpynrne JIn G Ha3bIBAIOT 4€80UHBA-
puanmrol, ecan Lyw =w s moboro g € G. AHaJOrHuHO OnpejiessieTcs
npasounsapuarmuas k-popma: Ryw = w, rie Rg(x) = xg — npasblil CIBHT.
Juddepenipmanbiyio GopMmy Ha3bIBAIOT OUUHBAPUAHMHOL, €CJIM OHA OJIHO-
BPEMEHHO JIeBOMHBAPUAHTHASI W PABOWHBAPHAHTHAS.

Teopewma 24.6. Ha csasuoil komnakmnoi epynne Jlu G pasmep-
HOCMIUL 1 HeHyresas OUUHBAPUAHMHASL N-popua cywecmsyem u eour-
CMBEHHA ¢ MOUYHOCTMbIO 00 NPONOPYUOHANOHOCTIU.

Hoxaszateabctso. [lycth w, —HeHyseBas n-hopma B KacaTeJbHOM
MPOCTPAHCTBE B €AMHUUHOM 3JeMenTe e € (. OHa 0HO3HAUHO 3a1a€T JIEBOUH-
BapuanTHyio hopmy w’ u npasounsapuanthyio dpopmy wk. A I/]MeHHO, B JII0OOH
Touke g € G umeem wh (X1, ..., Xy) =we(gX1, ..., gXp) u (Xl, X)) =
=w.(X1 g, ..., X 9). C TOUHOCTBIO 10 YMHOXKEHHS Ha HeHyJIeByIO KOHCTAaHTY,
we(Xy, ..., Xy) — 310 onpeﬂeﬂmeﬂb Manl/lLLbl COCTaBJIEHHOH M3 KOOPJMHAT
BeKTOpoB Xy, ..., X,. [TosTomMy w = (det A)wk wg, rae A — onpenenurens npe-
06pa3oBaHusi, MePEBOISIIErO BeKTop Y=XgB gX=gYg ' 1e A=Ad,
Takum o6pasom, Ha J060# rpynne JIu pasmepHoCTH n CyllecTByeT He GoJiee
OJIHOH (C TOUYHOCTBIO 1O MPOMOPLMOHAJNBHOCTH) HeHyJ1eBOH OUHHBApHAHTHON
n-hopMbl, MpUUEM Takasi n-popMa CyLIECTBYET TOra M TOJbKO TOTA, KOrja
det Ady = 1 s Becex g € G. CorniacHo Teopeme 24.5 sl CBA3HON KOMNAKTHOH
rpynnbl JIn 3TO ycsioBHe BbIMOJHSIETCS. (]

N3 teopembl 24.6 ciaenyet, uTo Ha CBSI3HOH KoMmmakTHoOU rpymnne Jlu G
pa3MepHOCTH 71 CYILIECTBYET eMHCTBeHHAs OMHHBapHaHTHAsl n-popma w, AJs
KOTOPOI / w = 1. Mcnosbays a1y n-dopmy, 15 mo60i HenpepbBHOH (HYHK-

K f: G — R MOXKHO OMNpeJesUTh HHTErpal / f= /eG f(xX)w. DTOT MH-
X

TerpaJ o6JanaeT CJeIyrlUMHA CBOMCTBAMH: /G 1 =1 u nna moboro g € G
BBITIOJTHSIETCS] PABEHCTBO

/f(xg)= e
xelG xeG xeG

Ynpaxuenue. [lokaxure, uto Teopema 24.3 BepHa He TOJbKO JiJs
topa T", HOo 1 /15 J1I0OOH CBSI3HONW KOMNAKTHOH rpynmbl JIu.

MurerpupoBanue no KoMNaxkTHol rpynmne J1u G Hy»KHO /15T TOTO, UTOOHI /151
(hyHKUMH Ha G MOXKHO ObIO pacCMaTpUBaTh ycpedHeHue — aHaJor CPeHEro
apuMeTHUeCKOro isl PYHKLMHA Ha Tpyne Zj,.

JleBouHBapuaHTHbie (opMbl

JleBounBapuantHasi auddepeHunansHas Qopma omnpesesseTcsi CBOUMH
3HAUeHUsIMH Ha HaGopax BEKTOPOB KAcaTesJbHOrO MPOCTPAHCTBA B EIMHHUILIE,
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MO3TOMY OHa OMpeJessieTcsl TakkKe 3HAUeHHsIMH Ha Ha6opax JieBOHHBA-
pHAHTHLIX BeKTOPHbIX moJell. Ecin w — sneBouHBapuanTHast auddepeHii-
anbHast k-copma, a &, ..., & — JeBOUHBAPUAHTHbIE BEKTOPHbIE TMOJIs, TO
w(ér, ..., &) = const, nostomy nw(&i, ..., &) =0 s 1060ro BEKTOPHOTO
noJist 7. B takoit cutyamu dopmydia st auddepenipana Gopmbl ynpouiaerces
¥ MPUHHUMAET BHJL

dw(o, ... &)= > D& & & e &) (1)

0<i<j<k

Hast anre6pbl JIn g rpynnbl JIn G onpenesum NpocTpaHCTBO Kouemnel
C*(g; R) KaK npocTpaHCTBO KOCOCUMMETPHUECKHX R-JIHHEHBIX 0TOOpaKeHHUil
g x...xg— R. Orobpaxenue d: C*¥ — C¥! zanamum dopmynoir (1). Ko-
FOMOJIOTHM TMOJIYUEHHOTO KOLIEMHOTO KOMIJIEKca Ha3bIBAIOT KO2OMOAOUAMU
areebpol Jlu g ¢ xosadduurentamu B R. DTo TO XKe camoe, UTO KOro-
MOJIOTHH KOMIIJIEKCa JIEBOMHBAPHAHTHBIX JH(hepeHIHaIbHbIX GopM. Boobiie
roBOpsi, OHH HE COBMAJAIOT C KOTOMOJIOTHSIMH KOMIJIeKca Bcex auddepeH-
uManbHbIX opM, T.e. ¢ KoromoJgorusmu e Pama rpynnel Jlu G. Ho 3tu
KOrOMOJIOTMH COBMAJalOT B TOM cJyyae, Korga rpynna Jlu G kKomnaktHa
(1 cBsi3HA).

Teopewma 24.7. Ecau epynna Jlu G c8a3na u Komnakmua, mo Ko-
eomoaoeun eé areebpol Jlu g usomopghrol Koeomonrocusm de Pama mHo-
eoobpasus G.

HoxaszaTeabcTBo. Mbl OyleM M0Jb30BAaTbCSA TEM, UTO HA CBA3HOMH

KoMnakTHOW rpynme JIu G cyuiecTByeT MHTErpal /EG f(g), obnanaioumii
g

CBOHCTBaMH, yKa3aHHbIMH Ha c. 381.

[Ipexne Bcero 3ameTuM, uTO ecjau (OPMBl w M & JEBOMHBAPHAHTHEI
W w—@=da s HekoTopoil hopMbl a, To w — @ = da’ aas HekoTopok
JleBouHBapranTHoli gopmbl ol . JleficTBuTenbHO, opMa d o IeBOMHBApHAHTHA,

_ * _ * L __ *
M03TOMY da—/gea Ly(da) _d/ge(} L. Slcno, uto dopma o _/geG P

o
JIeBOUHBApHAHTHA.

JlokaxxeM Temnepb, UTO eCJIH w — TPOU3BOJIbHAST 3aMKHYTasl (hopMma, TO Cy-
LLleCTBYyeT JieBOMHBapHanTHas hopMa w!, st koTopoil w = wh + da 15t Heko-
Topoil copmbl «v. Ipynna G JiMHelHO cBsI3HA, 1Mo3TOMy sl Jioboro g € G
cyutectByet nyTb g(¢) ¢ Hauasom g(0) =e u konuom g(l) = g. C nomouipio
9TOTO MYTH TOJIyuaeM CeMeHCTBO (opM w; = LY yw, cBsisbiBaioLee thopmbl
wo =w 1wy = Lyw. SlcHo Takke, uto opma Lyw 3aMKHYTa, NOCKOMBKY (op-
Ma w 3aMKHyTa. [103TOMy M3 rOMOTONMHYECKOH MHBAPHAHTHOCTH KOTOMOJIOTHI
ne Pama (cm. ¢. 303) nonyuaem, uto w — Lyw = dag s HekoTopoii dop-
Mbl 0rg. PopMa g He 06513aTeJILHO 3aBUCHT OT g HENpPephiBHO, HO, BO BCAKOM
cayuae, eé MOXKHO BblOpaTb MHTETpUPyeMOl Mo g (KyCOUHO HerpepbiBHOH).
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PaccMoTpuM JleBoMHBapHanTHylo hopmy wh = / G Liw. $lcHo, uto
Jge

w—w":/ (w—sz):/ doag=d ag=da,
geG geG geG

rae a = / Q. O
g€G

Cnencreue. Ecau Gy u Gy — c8a3Hble Komnakmmuole epynnol Jlu,
odHa u3 komopolx Hakpoisaem opyeyio, mo H*(Gy; R) =2 H*(Gg; R).

[Tpumep. Aaa mopa T" 8 komnaekce resounsapuarmmoix ougge-
peryuarvrolx gopu sce dugppepenyuarvt Hyresole, nosmomy H*(T"; R) =
=~ A*(R") — npocmparncmeo kococummempuueckux k-gpopm 6 R".

3ameuanue. Hns HekomnakTHbIX rpynn JIu Teopema 24.7 HeBepHa.
Hanpumep, 7" u R" nmeior usomopduble anre6pel JIu, HO mpocTpaHcTBa
H*(T";, R) u H*(R"; R) He H30MOP]HBbI.

BuuHBapuaHTHbie GopMbl

Teopewma 24.8. Ecau epynna Jlu G cea3na u komnakmua, mo an-
eebpa koeomonoeuti de Pama mnoeoobpasus G uzomopgra areebpe ou-
unsapuarmuolx oughgheperyuarvrolx opu.

HoxaszateabctBo. CornacHo Teopeme 24.7 anreGpa KOTOMOJIOTHI
ne Pama mMHorooGpasus G usomopcdHa anre6pe KOroMoJIOTHH KOMILIEKCa Jie-
BOMHBAPHAHTHBIX JH(hepeHatbHbIX hopM. Jlisi KomIieKca JieBOMHBApH-
AHTHBIX (DOPM MOXKHO TIOBTOPHUTb PACCYXKIEHHsI M3 JI0Ka3aTesJbCTBa Teope-
Mbl 24.7, NpUMeHss Ha 3TOT pa3 yCpeJHEHHe MO MpaBbiM CIBUraM, a He 1o
JieBbIM. B pesysbrate moJyunm, uto asre6pa KoromoJoruid ne Pama mHoro-
o6paszusg G usoMopHa anre6pe KOTOMOJIOTHH KOMIJIeKca OHMHBAPHUAHTHBIX
i deperimanbabix Gopm. [lostomy ocTaérest 1okasaTh, UTO Ha 3TOM KOM-
nyiekce quddepeniuan Hyaeod, T.e. dw =0 aas J060# GUHHBAPHAHTHOM
hopMbl w.

Paccmorpum otobpaxkenue i: G — G, 3amaHHoe dopmysol i(g) = g
10 oTOGpaxkenue nepesouT Kpusyio ge'X B kpusyio e~ g=! nosromy xa-
caTesibHbIi BekTop ¥ = gX B Touke g oHO nepeBoant B —X g~ ! = —g~!Vg=!.
Takum o6pasoM, ecyin w — OUUHBapHaHTHas k-dopma, To

((*we)(X1, ..) = w1 (X, .. ) =wer(—g 7' X1 g7, ) =
=we (X187, ) =we(— X1, ) = (= Dfwg(Xy, ),

—1

T.e. i*w = (—1)*w. [Tostomy
(- dw=i*dw=di*w=(-1)*dw,

a 3nauut, dw = 0. O
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24.3. MakcumajbHble TOPbI

[Tycts G — Tonosiornueckas rpynmna. djaeMeHT ¢ € G HasblBalOT M0ON0A0-
euyeckoli obpasyroujeri Tpynnbl G, ecu 3aMblKaHHe TTOATPYIITBI, MOPOKIEH-
HOH 3J7IeMeHTOM g, COBMajaer co Bceil rpynmoil G.

Teopema 24.9. Top T" umeem monosoeuueckyo obpasyowyio.

HoxkasateabctBo. Ilyets Uy, U, ... — cuéTHast 6aza OTKPBITbIX
MHOXecTB npoctpanctBa T". Hazosém kybom B T" ob6pas kyb6a B R", 3a-
JIAHHOTO HEPABEHCTBOM |X; — @;| < &, PH KAHOHMUYECKOH MPOeKIMH. SICHO, uTo
Ky0 — KOMIaKTHoe MojaMHoxecTBo Topa. Hagzosém uucso min(l, 2e) niunoi
pebpa Ky6a. Ecau nsvna pebpa ky6a pasHa |, To oH coBnanaet ¢ 7.

Bosbmém npousBodibHbli Ky6 Co B T". Ilpeanosioxum, 4to Mbl yxKe Mo-
CTpOUJIH noc/eoBaTeNbHOCTh Ky6oB Cp D Cy... D Cp_;. IToctpoum xy6 Cy
caenytoimm o6pasom. [lycts amna pebpa ky6a Cp_| paBHa €. Boibepem unciio
N (k) Tak, uto 2N (k)e > 1. Torna o6pa3 ky6a Cp_; NMpH BO3BeIEHHU B CTelNeHb
N (k) coenanaer ¢ T". ITostomy MoxHO BbiOpaTh Ky6 Cjp C Cp_; Tak, uTo
Ve .

o0
[yctb g € () Cy. Torna gV® € Uy, nostomy g — tonosiornueckast o6pa-
k=0

gytolasi Topa 1. (]

[Tyctb G — cBsidHast KomnakTHas rpynna JIu. MakcumasbHoim mopom Ha-
spiBatot noarpynmy 7 C G, KoTopasi siBJISIETCSI TOPOM M TIPH 3TOM MaKCHMaJbHa
B chenytotieM cMbicae: ecain T C T/ C G, tne T —rtop, to T =T,

Jlio6oit Top T C G colepKUTCSI B HEKOTOPOM MaKCHUMaJibHOM Tope. [lefi-
CTBUTEJIbHO, €CJid mocJieoBatesibHocTh TopoB T C Ty C To C ... G ctporo
BO3pACTalollasi, TO UX PA3MEPHOCTH CTPOrO BO3PACTAIOT. DTO CJEyeT U3 TOTO,
UTO ecJii n-MepPHOe 3aMKHYTOe MHOrooGpasue siBJsIETCS MOJAMHOrooGpasHeM
B A1-MEPHOM TOJIMHOTOOOPA3HH, TO OHO SIBJISIETCS MOJMHOXECTBOM, KOTOPOe
OJIHOBPEMEHHO OTKPBLITO U 3aMKHyTO. [losTOMy Ji06ast cTporo Bo3pacraroliast
M0CJIeI0BATENbHOCTh TOPOB KOHEUHA.

[Tycts S C G — npou3BoJbHOE MOAMHOXKECTBO rpynnbl G. Hopmaiusa-
MOpOM TIOJIMHOXKECTBA S HA3bIBAIOT TPyIy

N(S)={geG|gS=5g}
a yeHmpaau3amopom TOoJMHOKECTBA S HA3bIBAIOT IPYMITY
Z(S)={gecG|gs=sg Vs eS}

Ecin S € G — noarpynna, 1o S — HopmadibHast noarpynna rpynnsl N (S).
Ecan G —rpynna Jlu, a S — e€ noarpynna, 1o N(S) n Z(S) — 3aMKHyTble
MOJArPYINIbl, I03TOMY COIJIACHO TeopeMe 24.2 oHHU aBJsIIOTCS rpynnamu JIu.

st o6oro anementa g € N(S) BHYTPeHHHH aBTOMOP(U3M X — gx g~
nepeBoauT S B S, nostomy N(S) neiicteyer Ha S.

1
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Teopewma 24.10. [Tycmo T C G — maxcumanvroii mop. Toeda

a) pakmopepynna N(T)/T koneuna;

6) pasmeprocmo npocmpancmea G/N(T) wémna, x(G/N(T)) =1 u
X(G/T) = N(T)/T].

HoxkaszateabcrtBo. a) Pacemorpum otobpaxkenne N(T) — Aut(T),
KoTopoe cornoctapser snementy g € N(T) asromopduam x — gxg~'. Tpyn-
na Aut(7) muckperHa, TMOCKOJIbKY Jl0OOH aBTOMOpP(U3M Topa 3alaéres le-
JIOUUCJIEHHON MaTpuleil ¢ onpejennteseM +1 (aBTomMopdu3aM Topa mnepeBo-
JIUT B cebs LesourcaeHnyio pelérky). [lostomy cBs3Has KOMMOHeHTa elu-
Huunoro 3Jiementa N(T), orToGpaxaercss B TOXKJIECTBEHHbIH aBTOMOP(HHU3M,
T.e. N(T). C Z(T).

[lycts A — xacarenbhblii Bektop K Z(T) B Touke e. PaccMOTpUM Mmoarpymn-
ny H, nopoxaéunyio Topom T u 3nementamu Buaa e!, ¢ € R. Tloarpynna H
3aMKHyTa, 1M03TOMy oHa siBasiercst noarpynnoil JIu. Kpome toro, rpynna H
cBsI3HA U KOMMyTaTHBHA. [ToaToMy ona siBsisiercst TopoMm, coaepxkaumm 7. M3
MaKkcuManbHocTH Topa T caenyert, uto H = T; B uacthoctH, e € T. Tlostomy
Z(T)ye=T.Ho T CcN(T), C Z(T),, nostomy Z(T), =N(T), =T. Cnenona-
tesbho, N(T)/T = N(T)/N(T), — aucKpeTHast KOMIMAKTHasl TPYIa, MO3TOMY
OHa KOHeuHa.

6) Paccmorpum neiictsre Topa T na dakropnpoctpanctse G /N (T) jeBbiMu
caBuramu: noj aedcteuem snemenra t € T knacc gN(T') nepexoaut B tgN(T).
Knace N(T) ocraéres HenoasuKHbIM, nockosbky 7 C N(T).

Paccmorpum neiictBue topa T Ha G JIeBbIMU CABUTAMU. DTO JeHCTBHE Nepe-
HOCHTCS B KacatesbHoe npoctpaHcTBo T,G. Boibepem B T,G ckanspHoe Mpo-
u3Be/IeHne, HHBaPHAaHTHOE OTHOCHTELHO 3Toro aeicTeust. [Tyceth (T,N (7))t —
oproronaJjbHoe jponosuenne k T,N(T) B T.G. Torna

Tw(G/N(T) 2 T.G/TN(T) = (TeN(T))

Kaxabiii saement u3 T geiictyer na Ty(r)(G/N(T)) kak opToronajbHoe npe-
ob6pa3oBanue. PaccMoTpeB orpaHuueHde 0TOOpaXKeHHS €Xp Ha MPOCTPAHCTBO
(T.N(T))*, moxno noctpouts B G/N(T) wap D™, rne m = dim(G/N(T)),
¢ uenrpom B Touke N(T) Tak, uTto cjeyiolide TPH 3aMKHYTbIX MHOXKECTBa
GylyT MHBApHAHTHBI OTHOCHMTeNbHO AeiicTBus T: D™, S~ =9D™ u M =
=G/N(T)\ intD™.

[Tokaxxem Tenepsb, uto Kiaacc Hopmasudatopa N (T') siBjisieTcst e IMHCTBEHHOM
HenoABKHXKHON Toukol aekictsust T Ha G /N (T); 6oJiee TOTo, 3TO BEPHO HE TOJIb-
KO JIsl A€HCTBUS Bcero Topa T, HO W JUIsl JIEHCTBUS €ro TONoJornueckoi obpa-
sytouteit . Jleiicteurensto, tgN(T) = gN(T) < g 'tge N(T) < g 't"ge
EN(T) msin=1, 2, ... [locennee ycjoBHe SKBUBaJEHTHO ToMy, uto g~ Tg C
C N(T), nockosbky MHOXKecTBO {¢"} Bciomy miotHo B T. Hakoner, ycJoBue
g 'Tg c N(T) skBuBanentno tomy, uro g~ 'Tg =T, 1.e. g € N(T). Heii-
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cteutensho, N(T), = T, a MHOXKecTBO g~ ' Tg CBAHO U CONCPIKUT eIMHHUHDBIE
3JIEMEHT e.

B Tope T ecTb myTb W3 TOUKH { B TOUKY e, MOITOMY JeHCTBUE [
Ha G/N(T) w na G TOMOTONHO TOXKJECTBEHHOMY OTOODPAXKEHHIO, MPHUEM
B TIpollecce romoTonuu aefictBue Ha T,G coxpaHsieT BbIOpaHHOE TaM CKa-
JIIPHOE TPOU3Be/leHHe, MOITOMY Mbl [0JyuaeM FOMOTONHIO B KJjacce 0To6-
paxenuii, nepesopsiux D™ S u M B ce6s. Takum o6pasom, ecTb
otobpaxkenusi S — S™=l y M — M Ge3 HeNoABMKHBIX TOUEK, KOTO-
pble TOMOTOMHbBI TOXKJECTBEHHBIM OTOOpaXKeHHsIM. B Takom cJjyuae U3 Teo-
pembl Jledwena caenyer, uto x(M) =0 u x(S™~ ') = 0; suauur, uucio m
YETHO.

Qopmyna s 3HIEpPOBOH XapakTepUCcTHKH oO0beanHenus aByx CW -kom-
MJIEKCOB MOKAa3bIBAET, UTO

X(G/N(T)) = x(D™) + x(M) = x(§"~") =x(D™) = L.

Ecrecrsennast npoekuust G/T — G/N(T) ssnsiercst |N(T)/T|-nucTHbimM
nakpoitiem, nostomy x(G/T) = |N(T)/T|x(G/N(T)) = |N(T)/T|. O

BocnosibsoBaBuineh Teopemoit 24.10 u Teopemoii Jlediiena, Jerko noka-
3aThb CJlellylollee yTBEPKIEHHE.

Teopema 24.11. llyemo T C G — makcumaroroiii mop. Toeda 0aa
206020 asemenma g € G moaxHo soiopame ssemenm x € G mak, 4mo
gexTx™!.

JokaszaTeabcTBO. PaccMOTPUM MPOCTPAHCTBO JIEBBIX CMEXKHBIX
knaccoB G/T = {xT}. Tonoxum [(xT) = gxT (310 onpejeneHne KOPpPeKT-
HO, MOCKOJIbKY MpH 3ameHe x Ha xt, rie t € T, knacc gxT 3ameHuTCsl Ha
gxtT = gxT). Ilpennonoxum, uto kjaacc xT — HenojBHKHASI ToUKa OTOGpa-
wenusi [, T.e. gxT = xT. Torna g € xTx~'. TTosTOMy 10CTATOUHO JOKA3ATh,
uro orobpaxenue [: G/T — G/T uMeeT HEMOABHKHYIO TOUKY. JIjist 5TOTO MbI
BOCMOJIb3yeMcsl TeopeMoil Jlediiena.

[1pu Bbluncsenun uucaa Jleduena A(f) BMecto oTOGpaXKeHUs1 [ MOXKHO
MCIMOJb30BaTh JI000e TOMOTONHOE eMy oToOpaxeHue fo. [TosTomy asemeHT g
MOXKHO 3aMeHUTb Ha JI060H Jpyroil sneMeHT go € G, nockosbky rpynna G
cpssHa. BuiGepem B KauecTBe go eaunuunblii snement e. Torma fo = idg/r
1 A(fo)=x(G/T). Ho cornacno teopeme 24.10 umeem x(G/T)=|N(T)/T| 0.
[Tostomy A(f) = A(fo) # 0, a 3Hauur, orobGpaxkeHue [ MMeeT HEMOABHKHYIO
TOUKY. (]

Canencreue 1. Makcumarvrole mopol conpscersl, m.e. ecau
T u T' — makcumanvtoie mopol Komnakmuoil epynnet Jlu G, mo T' =
= gTg™! daa nexomopoeo aaemenma g € G.

Hokaszateabcrtso. [lycts ¢/ — Tonmosornueckasi o6pasymoiiasi To-

pa T'. Bui6epem snement g € G, us kotoporo ¢’ € gTg~". Torna T’ C gTg~".
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Slcno Takxke, uto gTg~! — top. [TosTomy n3 MakcumanbHocTH Topa T cie-

ayet, uto T/ = gTg™!. O
CanencrBue 2. Jlaa komnakmuotl ceazrnoii epynnet Jlu G obpas
omobpasxcenus exp: TG — G cosnadaem co sceil epynnoii G.
Hoxaszateabcto. Ilyeth T — makcumasnbhblilt Top rpynnsl Jln G.
st moGoro sneMenTa X € G MOXKHO BbIOpaTh 2JieMeHT g € G Tak, uTo X Mpu-
namnexut Topy gTg~'. Tlpu nokasatenbctse Teopembl 24.1 Mbl yGeaHIuCh,
yTO JI/151 TOpa OTOOPaXKEHHEe eXp SABJSAETCS SMUMOPPUIMOM. O
PasmepHocTb MakCHMasLHOTO TOpA HA3bIBAIOT pAHESOM KOMMAKTHON CBSA3-
Hoit rpynnsl JIu G.
Ganaua 24.2. Ilyctb G — KoMnakTHasi cBsisHas rpynna Jlu, n — Ha-
TypasibHoe uncso. Jlokaxute, uto o6pas otrobpaxenusi f: G — G, 3agaHHOTO
thopmyJoil f(g) = g", coBnanaer co Bced rpynmnoit G.

24.4. PeryasipHbie ajieMeHTbI

[Iycts G — KomnakTHas cBsidHasi rpynna JIu. djaement g € G HasblBa-
0T pecyasipHblM, eCJU OH COJIEPXKUTCS POBHO B OJHOM MaKCHMaJsIbHOM TOPE;
€CJIM JIEeMEHT g COJepxKUTCS B GoJiee UeM OJJHOM MaKCHMaJbHOM TOpe, TO
€ro Ha3bIBAIOT CUHEYALPHbLM. PeryJisipHble 3/7eMeHTbl JOMyCKaloT U JAPYTyIo
XapaKTepu3aluio: 3meMeHT g € (G peryssipeH Torjaa M TOJNBKO TOTJA, KOTrja
pasmepHoCTb ero Hopmasusaropa N(g) paBHa pa3MepHOCTH MaKCHMaJbHOTO
Topa. UTo6bl 1I0Ka3aTh SKBUBAJEHTHOCTb STHX OMpeJleJieHnH, HaM MOHan00sITCs
JIBE JIEMMB.

Jlemma 1. [lyecmo S — c8a3nasa abesesa nodepynna KOMAAKMHOLU
ceasnoil epynnol Jlu G, a asemenm g € G KoMmMymupyem co scemu d4e-
menmanu epynnot S. Toeda cyujecmsyem mop T, codepxcawuii g u'S.

HokaszatenbcTBo. Paccmorpum B G noarpynny /1, nopoxkaéuuyio
sJeMenToM g W rpynnoit S. Ipynna H aGenesa, nostomy eé sambikanue H —
KOMMNAKTHast aGe/ieBa Ipyra, a 3HauuT, CBA3HAS KOMIOHEHTa eauHuLbl (H ), —
top. Ipynna H komnaktHa, no3TOMy (hakToprpymnna H /(H), koneuna. Oua no-
pOKJIeHa oJHUM Kaaccom g(H),, TMOCKOJIbKY U3 CBSIBHOCTH IPYMIbl S Clelyer,
uto S C (H),. Takum o6pasom, H /(H), = 7, nns HEKOTOPOro HaTypaJleoro k.
IlycTh ¢ — Tomnosiorkueckasi o6pasytomas topa (H).. Scuo, uto g* € (H),
ntg—* e (H).. Ipynna (H). nenuma, nostomy {g~* = s* nnst nekoroporo sie-
MenTa s € (H),. Pacemotpum snement h = gs € H. Slcno, uto h* = (gs)* =1,
MOSTOMY MHOXKECTBO cTerieneil i Bciogy miotHo B (H),. Tlpumensis casur
Ha A", mostyyaeM, 4To MHOXKECTBO CTeTleHeH /1 BCIOMy TIVIOTHO B CMEXHOM KJjacce
no (H),, conepxaiiem g”. Tak Mo/yuaioTcsi BCe CMEXKHbIE KJIACChl, TTOITOMY
h — tonoioruueckas 06pasyiolias rpynmbl /. DeMeHT A JIeKUT B HEKOTOPOM
makcumanbiom Tope T u {g}USCH CH CT. O
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Jlemma 2. [lycmo N(g), — c843HAs KOMNOHEHMA eOUHULbL HOPMA-
ausamopa Hexkomopoeo asemenma g € G. Toeda N(g). — obvedunernue
maxcumarvHolx mopos epynnot G, codepocauux g.

JlokaszateanbcTBo. [lpeanonoxum cHavasa, 4To 3JeMeHT g MpH-
HaJIEXKUT HEKOTOpoMy MakcumaJsibHomy Topy T. Torna N(g) D N(T). Kpome
Toro, sl MakcumalsbHoro topa N(g). = T. Ilostomy N(g). comep:Kut Bce
MaKcHMaJibHble TOPBI, COepXKallie g.

[Ipennosioxkum teneps, uto n € N(g).. PaccmoTpum MakcuMasibHbIN TOp S
rpynnbl N(g)., conep:auui n. JIo6oi 3j1eMeHT S KOMMYTHPYET C g, T03TOMY
MOKHO BOCIOJIb30BaThCs JieMMoil 1. B pesysibrare mosiyuum, uTo CylIeCTByeT
MaKCUMaJIbHBIN Top T, conepkamit S U g. DTOT MaKCHMasbHBIE TOp Coflep-
KUT U g. O

Teopema 24.12. Iaemenm g € G peeyaaper moeoa u mMoAbKO mMo-
eda, koeda pasmepHocmo eeo Hopmaiuzamopa N(g) pasHa pasmepHocmu
MAKCUMANbHO20 MOPA. [l CUHRYAAPHORO JNEMEHMA PA3MEePHOCHb HOP-
maausamopa 6oavuie pazmMepHoCcmu MaKCUMAIbHO20 mopa.

JokaszaTeabcTBo. [Ipeanonokum cHauasa, 4To 3JIEMEHT g peryJsi-
peH, T.e. OH JIEKUT POBHO B OJHOM MakchMasbHOM Tope 7. Torma cornacHo
Jgemme 2 mbl umeeM N(g), =T, nostomy dim N (g) =dimN(g), =dimT.

[Ipennosiokum Tenepb, UTO 3JEMEHT g JIEKHUT B JBYX PA3JMUHbIX MakK-
cumasibHbix Topax Ty W Te. Torma corsacHo siemme 2 Hopmasusdatop N(g)
conepxkut T1 u To. IlosTomy KacaTesbHoe npoctpaHcTBo N(g) B Touke e
COZIEPXKHT CYMMY KacaTeJbHbIX MpocTpancTB T U To. DTH MpOCTpaHCTBA pas-
JIMUHBI, TO3TOMY WX PA3MEPHOCTb CTPOro GoJibllle PA3MEPHOCTH MAKCHMAJILHOTO
Topa. O

KopHu

[Tycts G — KomnakTHasi cBsi3Has rpynna JIn, g = T,G — eé anre6pa Jlu.
BuiGepeM B g nponsBosibHOE CKaslsipHOE MPOU3Be/ieHHe (i, U); U PacCMOTPHM

HOBOE CKaJIIpHOE TPOU3BeeHHe (U, v) = /GG(Adg u, Adgv);. dto HOBOE
¢ ¢

CKaJIipHOe MPOU3BEJIeHHe MHBAPMAHTHO OTHOCHTeNbHO Adg, T.e. st o6oro
snemenTa g € G otobpaxkenne Adg: g — g ABJAETCA OPTOrOHAILHBLIM NPeos-
pazoBaHueM. B nanbHefiiem 6yaemM cuuTaTh, UTO B g BbIOpAaHO UMEHHO TaKoe
CKaJIipHOe TIPOU3BeJIeHHE.

Teopewma 24.13. [lycmo T C G — npoussoavroii mop. Toeda npo-

m
cmpancmso g packaiadeisaemcs 8 npamyro cymmy: g = Vo & >V,

r=1
ede npocmpancmsa Vo, Vi, ..., Vi, unsapuanmuo. omnocumenvio oeii-
cmeus T nocpedcmsom Ad, npuuém na Vo deiicmsue T mpusuarvro,

kaocdoe npocmparcmao V., 1 <r < m, dsymepHo u delicmaue sremenma
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t €T Ha V, 8 HeKOMOPOM OpMO2OHANLHOM Oa3uce 3adaémes mampuyetll
cos2ml,(t) —sin2nO,(¢)
(sin 270, (1) cos 270, (¢)
mopgusm.
JlokaszaTenbcTBO. Boibepem B Tope T Tomosornueckyo o6pasyro-
uyto ¢o. [1peoGpasoBanue Ady, opToroHasbHoe, MOSTOMY €ro MaTpHLa B HEKO-
TOPOM OPTOHOPMHUPOBAHHOM Oasuce sIBJSIETCS NPSIMON CyMMOH €IMHUUHOI MaT-

), ede 0, T — R/Z — nempusuarbroill 20mo-

Wbl U HECKOJIbKUX MaTpHULL BUJA cos 2may  —sin2ma; dcHo, yto Ad,r =
pHLL PHLL BAL sin2ma, cos2may |° ’ =

= (Ady,)* n oro6paxenue Ad; nenpepbiHo 3aBucuT ot £. [TosTomy Matpulia
orobpaxenust Ad; B BIGpAaHHOM OPTOHOPMHPOBAHHOM Gasuce MMeeT TpeGye-

MBbIH BH]L. O
Ha6op uncen {+ay, ..., fan,} B 10Kazatennctse Teopembl 24.13 onpene-
JIEH OIHO3HAYHO, MO3TOMY HaGop roMmoMopduamMoB {6y, ..., +0,} B hopmy-

JIUPOBKe 9TOI TeopeMbl TOxKe onpese/éH 0JHO3HauHo. B ciayuae, korga top T
MaKCHMaJbHbIHA, 5TH roMmomopduambl 0, : T — R/Z wasbiBaior Kopramnu. Ha-
psily ¢ ToMOMOpdU3MamMu f, YacTo paccMaTpHMBAIOT JIMHEiHble 0TOGpPaKeHHs!
0r: t — R, 1151 KOTOPbIX KOMMYTAaTHBHA JMarpamma

tLR

o ]

T R/Z.

OtoGpaskenue §, 371eCh CTPOUTCS KAK MOAHATHE 0OTOGPaXKeHUs 0, o exp, 11s KO-
toporo 6,(0) = 0. Takoe noaHATHE CYLIECTBYET U €IMHCTBEHHO, MOCKOJIBKY TO-
M0JIOTHYECKOE MPOCTPAHCTBO t 0/1HOCBSI3HO. JInHeliHble oToOpaxkenus 6, : t — R
TOXKE Ha3bIBAIOT KOPHAMU.

Teopewma 24.14. Top T makcumaroHelii moeda u moavko moeda,
koeda Vy=t.

JlokaszateanbcTso. JcHo, uto t C Vy st o6oro Topa. [Ipeanoo-
KUM, uto Top T MakcumasbHblil U Vj # t, T.e. MOxKHO BbiGpaTh X € Vj TaKk,
uto X ¢ t. Ha rpynne H, coctosiieii u3 saementos puaa eX, t € R, top T
JIEHCTBYET TPUBHAJLHO, TOITOMY MOArpynmna, nopoxaéunas I u H, siasiercs
CBsI3HOH abeJsieBOH MOArpynmoi, crporo cofepxatled 7. DTO NPOTHBOPEUUT
TOMy, uTO Top T MakcHMaJeH.

[pennonoxum Teneps, uto Vo =t u top T Jexut B Tope T’. Torna T Tpu-
BHaJIbHO JiedicTByer Ha t/, mostomy t' C V. CaenoBarenbho, t Ct' C Vo =t,
a snauut, dim 7 = dim 7’. [Tostomy T = T’. Takum oGpasom, Top T MakcH-
MaJIbHBIHA. o

CanencrtBue. Pasmeprocme komnakmwuou ceasuol epynnol Jlu G
pasHa [ +2m, ede | — eé pane, 2m — yucao KopHel.
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Jlnst kaxnoro kKophsi 0,: T — R/Z M03KHO paccMOTpeTh ero sipo, KoTopoe
Mbl 0603HauuM U,. SlcHo, uto U, C T — noarpynna pasmepHoctu [ — 1, rae
[ =dim T (paur rpynnsl JIu G).

Teopema 24.15. Ecau snemenm t € T npuradaaedxcum posHo 1 epyn-
nam U,, mo dimN(t) =1 + 2u.

JdoxaszateabcTtBo. [lycts V C g— noanpocTpaHcTBO, HA KOTOPOM
JIAaHHBIA 3J1eMeHT ¢ 1edcTByeT TpuBHaibHo. CorsacHo Teopeme 24.13 Mbl HMe-
eMm V=Vy® > V., nosromy dimV =1[+ 2u. Takum o6pasom, J10CTATOUHO

U,at
Jokasarb, uto V =T, N(?).
Anementbl N (1) KOMMyTHPYIOT ¢ £, nostomy tnt ~' =n ais mo6oro snementa
n e N(t), a 3HauuT, ! TpuBHaJbHO aelcTByeT Ha TN (¢). [Tostomy T.N(f) C V.
[Tpeanonoxum tenepb, uto X € V. Torna Xt~ = X, a auauut, teM¢~! =
=e™ s mo6oro A € R. TTostomy eM € N(f) st Bcex A € R, a 3nauu,
X eT.N(t). O

Cnencreue. Iaemenm t € T peeyrapen moeda u moabKo noeoa,
Koeda ox He npuradaesxcum Hu odHod us nodepynn U,.

Teopema 24.16. Cuneyrsaproie aremenmor epynnol Jlu G obpasy-
tom 8 G NOOMHOINCECMBO KOPAZMEPHOCU He MeHee 3 8 MOM CMblcAe,
YMo Mo MHOINCeCmso — 06pa3 00HO20 UMl HECKOAbKUX AQOKUX KOM-
NAKMHbLX MH02000pa3uill, Kasjcdoe U3 KOmopolx umeem pasmepHocs He
b6oaee dim G — 3, npu eradkom omobpascenuu.

HoxaszateabcTtso. [Ipexne Bcero nokaxem, uro rpynna U, nmeer
TonoJlornueckyio oopagyioutyto. E& cBszHass komnoHeHnTa enunuupl (U,). sB-
Jisiercst TopoM KopaamepHoctd 1 B tope T. Ilpu chakropuszauuu topa no Topy
noJlyuaeTcsl CBsi3Hasi KOMIAaKTHasi KOMMyTaTHBHas rpynna Jlu, T.e. Top. [To-
stomy T/(U,)e — top pasmeproctu 1, T.e. okpyxuocts S'. Tpynna U,/(U,).
sBaistercst Koneunoit noarpynnoii 8 7/(U,). 2 S, nostomy U, /(U,)e = Zy, 1151
HeKoToporo Hartypasbhoro k. [lyctb { — TomnoJsiornueckasi oGpasyioiiast Topa
(Ur)e, a g € U, — Taxoli aJieMeHT, uto rpynmna Z, nopoxjaeHa kiaaccom g(U,),.
Kak u npu nokasartesbcTBe JeMmbl 1 Ha c. 387, BoiGepeM aseMeHT s € (Uy)e,
17151 Kotoporo ¢ g% = s* u paccmotpum snement £ = gs. Te ke camble pac-
CYXKJIEHUSs TTOKa3bIBAIOT, UTO A — TomnoJjiornueckasi o6paaytoniast rpynmnsl U,.

[Tyctb A — Tomosiornueckast o6pasyrouiast rpynmsl U,. CorsiacHo Teope-
Me 24.15 mbl umeem dimN(h) > [ + 2. Ecau n € N(h), To n KOMMyTHpYyeT
¢ h™ 7151 BcexX LeJIbIX /77, IOSTOMY /1 KOMMYTHPYET CO BCeMU 3jementamu U, .

Paccmotpum otoGpaxetnue f,: G x U, — G, 3ajanHoe gopmyJioit f(g, u)=
= gug™". Ecoim n € N(h) u u € U,, 70 nun~" = u, nosromy [(gn, u) =
= f(g, u). Takum 06pa3om, B JIEACTBUTEJILHOCTH Mbl TOJIydaeM OTOGpaXKeHHe
fr: G/N(h) x U — G. O6pa3z otoGpakeHusi [, COCTOMT H3 BCEX 3JEMEHTOB
rpynnbl G, conpsKEHHbIX JeMeHnTaM rpynmnbl U,. PagmMepHocTb MHOroOGpasus
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G/N(h) x U, paBna
dim G — dim N (h) + dim U, <dimG — (I +2) + ({ — 1) =dim G — 3.

DuieMeHT rpynnbl G peryJsipeH Torja W TOJbKO TOT/A, KOTJa OH He TpH-
HaJyieXKUT 06pa3y HU OJHOrO W3 oToOpaxkeHu#h fi, ..., f,. IeiicTBuTenbHO,
pasMepHOCTb HOPMaJM3aTopa y BCEX COMPSKEHHBIX 3JIEMEHTOB OJIHA U Ta Ke,
MO3TOMY 3JIEMEHT PEryJisipeH TOTJla M TOJIbKO TOTJA, KOTJa COMPSIKEHHDBIH eMy
3JIEMEHT MaKCHMaJibHOro Topa T He JIeKUT HH B OJHOW u3 noarpynmn Uy, ...

L Un. O

Joka3arteabcTBo paBeHcTBa 72 (G) =0

[Tyctb Greg — MHOXKECTBO DETYJISIPHBIX 3JIEMEHTOB CBSI3HOH KOMIMAKTHOI
rpynnel JIn G, Ggjng = G \ Greg. Cornacuo teopeme 24.16 mMHoxkecTBO Giing
uMmeeT B G KopasMepHOCTb He MeHee 3. [103TOMy CKOJIb YrOJHO MaJibiM llIeBe-
JIeHUeM IJ1aJIKoro oToopaxkenus S? — G MOKHO MOJNYYHTh 0ToOpaskeHHe, 06pas
KOTOPOro JIEKHT B Greg. DTO 03HAUAET, 4TO paBeHCcTBO mo((G) = 0 aa cBA3HON
KOMMAKTHOH rpymbl JIu G BbITEKAET U3 CJIeAYIOLIEro yTBePKAeH s (1151 HALLNX
Lesieft HyxKeH cayyail X = S?).

Teopema 24.17. Jlwboe HenpepoigrHoe omobpadicerue 00HOC8I3HO-
eo npocmpancmsa X 8 c8a3HYyI0 Komnakmuyio epynny Jlu G, obpas
komopoeo aeacum 6 Greg, 20MOMONHO NOCMOAHHOMY.

HoxaszateabctBo. Ilyctb T — makcumanbHblii Top B G, t— ero
anrebpa JIu. Paccmorpum otoGpaxkenune ¢: G X t — G, 3anaHHoe (GopMyJIoi
o(g, X)=ge g™ Ecomt € Tu X €t, 1o teXt=! = eX, nosromy B nefictau-
TEJILHOCTH MBI ToJiydaem otobpaxkenue ¢: (G/T) x t — G, tne G/T — npo-
CTPAHCTBO JIEBbIX CMEXKHbIX KiaccoB g7 .

[TycTb treg — MHOXKeCTBO Tex X € t, /18 KOTOPbIX et e Greg. SlcHo, uTO
X € trg TOrna u TosIbKO TOrma, Korna geX g=! € G anst modoro g € G.
[Tostomy Mbl mosydaeM oToGpamenne reg: (G/T) X treg — Greg, NPHUEM 3TO
oToOpaxKeHue CIOPbHEKTHBHOE, MOCKOJIbKY 0ToOpaXKeHHe ¢ clopbekTBHoe. [To-
KaKeM, UTO (reg — JOKaJbHbBII romeoMopduam. Jlisi 3T0r0 10cTaTouHo npose-
PHTb, UTO IKOOHAH OTOOPAXKEHHS Preg BCIOLY OTJHUEH OT HyJIs.

Jlemwma. Touxa (g, X) asasemca peeyrapHol mouxkol omobpaice-
Hus @ (G/T) x t — G moeda u moavko moeoa, k0e0a X € treg.

NlokaszaTenabcTso. Bocronbsosapiunch TeM, uto eX u dX kommy-
tupytot, nosyuaem eXt4X = X 4 X gX Kpome Toro, (g +dg)”' = g —
— g Y (dg)g~". Tostomy

(g+dg)e* ™™ (g+dg)™ —gefg™' =

=(dg)e* g — ge* g7 dg)g™" + gle* dX)g7 =
=g(g 'dg—e* (g7 dgle™" +e*(dX)e )M g7
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3nech dg — 3/IEMEHT KacaTeJlbHOrO MPOCTPAHCTBA B TOUKe g, MOSTOMY d g =

= gdz, rne dz — snement anre6pbl Jlu. Takum o6pasom, g~ ' dg = dz.
Bocnosbayemest o6o3nauenusimu Teopembl 24.13. Otobpaxenne id — Ad,x

nynesoe Ha Vg =t,ana V,, r=1, ..., m, oHO OyleT HEBLIPOKIEHHBIM TOTJA

M TOJIbKO Torsa, Koraa 6,(eX) # 1, 1.e. eX & U,. Takum o6paszom, orpaHuuenme
m

otobpaxkennsi id — Ad,r na 3 V, HeBBIPOKIEHHOE TOMIA M TOJILKO TOT/IA, KOT/IA
r=1
snement e¥ peryssipen, T. €. X € treg.
SlcHo TaKiKe, 4To orpaHuueHKe oTo6pakenus Ad,x Ha t sBJsETCA aBTOMOp-
H3MOM, MO3TOMY OHO BCEIJIa HEBLIPOXKICHHOE. O
[TocTpouM cJielylolylo KOMMYTaTHBHYIO AHArPAMMY:

(G/T) X treg — (G/T) xt

P

X Greg G.

3nech i — noaHsiTHe otoOpaxkeHuss u. OHO, KaK W JUI HAKPBITHH, CTPOUT-
Csl TIOCPENCTBOM MOJAHSITUH TyTeH, BBIXOASIIMX U3 OTMEUEHHOH TOUuKH X € X.
HesaBucumoctb noausaTHsi ot BbiGOpa MyTel, COEIMHSIONIMX Xo C TOUKOH X,
cJlelyeT U3 OJIHOCBSI3HOCTH npocTpaHeTBa X. Mcnodbays ecTecTBeHHbIE BKJIIO-
UeHHsl, MoJlyyaeM KOMMYTaTHBHYIO JHarpammy

(G/T)xt

b

X ——G.

[TpocTpancTBo t cTsirnBaemMo, MO3TOMy O0TOOpakeHue i TOMOTONHO 0To6paxKe-
nuio X — (G/T) x {0}. Ho (g, 0) = ¢ — equnnuneiii ajemMent rpymmsl G,
nostomy @ orobpaxaer (G/T) x {0} B eIMHHYHBIH JIEMEHT e. O

24.5. H-npocrpanctBa u aare6psi Xonda

Tonosiornyeckoe mpoctpancTBo X ¢ OTMeUEHHOH TOUKOH xo € X Ha3bIBalOT
H-npocmparncmeom, eciv 3ajano HerpepbiBHOe oTo6paxenue (1 X X X — X,
JUIsl KOTOPOTO OTOOpaXKeHUs1 X +— (X, xXg) U X — 11(Xg, X) TOMOTOIHbBI TOXKJle-
CTBEHHOMY OTOOPaKeHHIO (TpefrnoJiaraercs, uto u(xo, Xo) = xg). OToGpaxe-
HHUE (4 HA3BIBAIOT MPU ITOM YMHOMCEHIUEM.

Teopema Xomnda (Teopema 24.23) mokasbiBaer, uyTo anre6pa KOTOMOJIO-
ruil H -mpocTpaHcTBa Hal ToJieM XapakTepHcTHKH () MMeeT oueHb CrelHallb-
Hblil BUJ. OJIHUM W3 CJEACTBUE TeopeMmbl Xormda sBjsercss TOT (akT, uTo
H?(G; R) =0 151 onHocssasHolt rpynmbl JIu G.
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EcTecTBeHHBIMH MpuMepaMu [ -MPOCTPAHCTB CJy»KaT rpynmbl JIn U Torno-
Jloruueckue rpynmnbl. Ho ecTb W jpyrue npumepsl.

[Tpumep 24.1. [Ipocmpancmea CP>* u RP*> asaaiomca H-npo-
CMpancmsamu.

HokasateabcTpo. Oroxaecrum C* \ {0} ¢ nmpocTpaHCTBOM MHO-
ro4JIeHOB, COMOCTaBJsIs TOUKe (ag, ay, ..., Ay, 0, ...) MHOTOUJIEH ag+a 2+ . . .
... +a,2". YMHOXKeHHEe MHOTOUJIEHOB UHJYLIUPYET YMHOXKEHHE Ha POCTPAHCTBE
C* \ {0}, koropoe umeer enunuunbiii sjement (1,0, 0, ...). OtoxmecTs-
JIsisl TPOTOPLIMOHAJIbHBIE MHOTOUJIEHBI, TOJyuaeM YMHOXKEHHE Ha MPOCTPAHCTBE
CP® ¢ enunnunbM 3emenToM (1:0:0:...). Ina RP° KOHCTpYKLMS aHal0-
TMYHa. o

[Tpumep 24.2. Coepa S™ asasemes H-npocmparncmeon.

NlokaszaTenbcTBo. Ilpencrasum cepy S’ Kak MHOKECTBO uHces
Kaau ¢ enHuuHOl HOpMOH. YMHOXKeHHe urces K3/ HHAyLHMpPYeT YMHOKEHHe
(neaccounatubHoe) na cepe S”. (]

Teopewma 24.18. Ecau X — H-npocmparcmeso c ommeueHHOl moy-
Kot xg, mo epynna w(X, xo) aberesa.

JloxaszaTeabcTBo. [oMoTomuio, CBsI3bIBaWILy0 MeTH af U [a,
MOXKHO TIOCTPOUTH cJiefyloliiM o6pasoM. OToGpasum BHYTPEHHHH pPOMO
Ha puc. 82 rmocpeacTBOM OToOpaxKe-
Hust (s, t) — p(a(s), B(t)). Orobpaxenus
OCTaBIIMXCS UETHIPEX TPEYrOJLHUKOB T0-
CTPOHM C TIOMOLIBK TOMOTOMNME, CBS3bI-
BaIOILMX OTOOpaXKeHUsT S — a(S) U S +—
— p(a(s), xo) u orobpaxenus t +— ((t)

u t— plxo, B(1)). L] -
Teopema 24.18 nonyckaer cienyoiiee B «
o60011eHHe.

Puc. 82. [locmpoenue eomomonuu

Teopema 24.19. Jlwoboe H-npoc-
mpancmeo X eomomonuiecku npocmo.

HoxaszateabcTBo. ScHo, uto m,(X X Y, (%o, yo)) = mu(X, x0) X
x m,(Y, yo) n npu stom pedictBue rpynnel m (X X Y, (xo, yo)) nepexomut
B MpOU3BejleHHe NeHCTBUH, T.e. (o, B)(u, v) = (au, Pv).

YmHoxenue p: X X X — X HHAyLMpyeT KOMMYTAaTHBHYIO AHArpaMmMy

T (X X X)X (X X X) — 7, (X x X)

J/H*XN* J/H*

(X)) x 7, (X) 7, (X),

IJle TOPU30HTaJIbHblE CTPEJIKH — JeHCTBHE IPYMNIlbl T HA T,.
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[lyctb €1 W e, — eauHuuHble sgeMeHTbl rpynn 7y (X) u 7, (X). Torna aas
MmoObIX a € m(X) U u € m,(X) umeeMm («, ey)(en, 1) = (aen, eju) = (e, u).
[Tostomy pis (o, €1)ps(€n, U) = ps(en, u), a 3HAUUT, U = U. (]

[lyctb FF— apauTuBHAS Ipymna HEKOTOPOro moJsi, a X — cBssHoe H -mpo-
CTpaHcTBO, MU KOToporo Bee rpynnbl H;(X; F) = H(X; F) sBastoTcs KoHeu-
HoMepHbIMH TIpocTpancTBamu Haj F. Tlyets A = @ A, rne A" = H{(X; F), —

i>0
anre6pa koromosioruid. JnaronanbHoe otoOpaxenue d: X — X x X 3anaér
ymHoxkenne A ® A — A B anreGpe koromodioruii. A ymuoxenue p: X X X — X
uHayuupyer orobpaxenne A =p*: A — A ® A. 1o oToOparkeHne HA3bIBAIOT
koymuooeruem. KoymHokenne A o6sanaer c/eiyOlIMMU CBORCTBAMA.

1. Orobpaxenve A: A — A ® A daBasercsd romomopduaMoM anreo6p,
e A(l)=1® 1 uecn Ale) => ay; ® ay u A(b) = Zbll' ® baj, TO

Afawb) =" (=1)imbudmanq; o b)) @ (ag v by).
ij
I10 caenyer U3 TeopeMbl KioHHeTa Ji1i KOroMoJIOTHE € Ko3(dHIIMEHTaMH
B 10Jle U U3 3aKOHA yMHOXKeHHus B anrebpe H*(X x X).
2. [lyets p1: A® A — A— oTobpaxkenue, 3afantoe dpopmyaamu a” ® 1 +—
—a” ua’”®al— 0 npu g >0; orobpaxenue py: A @ A — A nepeBoUT
l ® a” B . Torna B nuarpamme

A2 . A0A

AJ lm
p2
AQA—A
00e KOMITO3ULHHU SIBJISTIOTCST TOXKIECTBEHHBIMH OTOOpaXKeHUsIMH. MHBIMH CJ10-
Bamu, A(eP)=a? @1 +1Qa”? + > o @ a’, tne r, s > 1. D10 cBOICTBO
KOYMHOYKEHHSI CJIEIyeT U3 TOr0, UTO B AHArpamMe
"
Xe——X xX
“T T#("XO)
w(xo, -)

X xX+——X

06€ KOMIO3HIIMK FOMOTOIMHbI TOXKJIECTBEHHOMY OTOOGPAXKEHHIO.
3. Nmeer mecto Brouene A(AP) C @ A' ® A/. Dro caenyer us Toro,

i+i=p
uro HP(X x X)= @ H'(X)® H/(X) nns koromoJioruii ¢ KoshduuuenTamu
i+i=p
B 10JI€. '
[panyupoBannyio®) accounatnsuyio anrebpy A = @ A’, mist kotopoit 3a-

i>0
JIaHO KOyMHOXKeHHe A, obJajaioliee cBoiicTBaMu |—3, HasbBalOT ateedpol

*) Ipennonaraercs, uto ab = (—1)P9ba, ecoin a € AP u b € A9.
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Xonga. Eciu A° = F (ocnoBHoe 1oJie), To anre6py Xornda HasblBaloT C8A3HOI
(3TO yC/I0BHE COOTBETCTBYET JIMHEHHON CBSIBHOCTH MpocTpaHcTBa X).

Teopema 24.20. [lycmo charF =0 u A — csasnas arcebpa Xonga,
MYAbMURAUKAMUEHO NOPONCOEHHas saemenmon x € A* k> 1. Toeda ecau
k uwémno, mo A = F[x] — areebpa noaunomos.

HokaszateanbcTBoO. JlcHo, uto A(x) =1 ® x + x ® 1, mocko/b-
Ky HET 3JIEMEHTOB TMOJIOXKHUTEJIbHONH Pa3MEPHOCTH, CTPOro MeHblied k. [Tyctb
k uétHo. Torna u3 Toro, uto A — romomopusm asnre6p, cieayet, uto A(x") =

n
= > x"® x"". (O6paTuTe BHHUMAHHE, UTO B CJyyae HEUETHOTO R COOTBET-
r=0
CTByIOLLIeEe PABEHCTBO HMeeT coBceM Apyrof Bua. Hanpumep, A(x?) = 1 ® x? +
+x2®1, IIOCKOJIbKY B 3TOM CJydyae JBa CJjaraeMblX X @ X BXOJASAT C MPOTH-
BOMOJIOXKHBIMU 3HaKamu.) [Ipennosioxkum, uto x” =0 ayis HekoToporo n > 2,
n—1
npuuéMm Takoe uncso n MuHnMasbHo. Torma 0 = >~ x” ® x"~", uero He MoXer
ObITb. r=l O
3ameuanue. Ecauk neuérto, 1o x2 = 0. [Tosromy A = A(x) — BHel-
Hsisl anre6Gpa; OHa COCTOHMT M3 3J1eMEHTOB Bujaa a + bx, rne a, b € F.
[Tpumep 24.3. Coepa S* ne ssasemcs H-npocmparncmeon.
JlokaszaTesbcTso. [Ipeanonoxum, uto cepa S sapnsiercst H -npo-
ctpanctBom. Torma anre6pa A = H*(S?"; R) sBaseTcss cBA3HOH anre6-
poit Xonga. Asare6pa A MyJbTUIJIHKATHBHO [OPOXKAEHA 3JEMEHTOM X €
€ H?"(S?"; R). Tlostomy cormacho Teopeme 24.20 mbl umeeM x¥ #£ 0 nas
Beex k. C apyroit ctoponsl, x? = 0. O
B cayuae, xorna xapakrepuctuka nosist /- paBHa p # 0, aHajor Teope-
Mbl 24.20 HeBepeH, MOTOMY uTO paBeHCTBO X" = (0 MOXKET BbIMOJHATHCS MPH
n = p™. UroObl n10Ka3aTb Bepcuto TeopeMbl 24.20 s noJieil HeHyJeBOH Xa-
paKTEePUCTHKH, HAM MOHANOOUTCS CJIeyollee YTBEPKAEHHE.
JNemma. [Tyemo n=>nmp' ur=>5rp, ede 0<n,rn<p— 1

Toeda (’;) EH (’:) (mod p).

JHokasaTeabcCTBoO. l—IyCTblgkgp—l.Toraa(p

k
[Tostomy (1 + x)” =1 + x” (mod p). Mnaykuueii no & noayuaem (1 + x)”k =

=1+x"" (mod p). 3Hauur,
(1 +x)" = (1 + x)otmptetanp” _
= (14 2)"(1 +x)"7 ... (1 4 x)"P" =
=1+ x)" (1 +xP)y (14 xP ) =

) JIEJIUTCA Ha p.

1

= ﬁz (’Z)xkpi (mod p).
i=0

k=0
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TTosTomy KosdduimenT npu x” = x 0+ P+-+mp" g pripasenun ais (1 + x)"
no n Nm o n
110 MOJLYJIIO p paBeH ( ) ( ) . ( ) C npyroii CTOpOHBI, OH paBeH (r) O

ro I I'm "

M3 3Toii jieMMbl, B YaCTHOCTH, CJIEJlyeT, uTO (pk ) =0 (mod p) nas
n—1
0<r<p™ Tosromy > x" @ x""=0 ms n= p™. DBoJee Toro, ecsu
r=1
-1
Sx'@x""=0unx"#0ma 1 <r<n—1,10 n=p™ nisi HEKOTOPOrO 1.
r=1
JlelicTBUTENILHO, TIYCTh 1 =1ng + N1 p + ...+ nsp’, npuuém ng # 0 u aubo
ng 70 nas g < s, aubo ng # 1. B nepsom ciyuae nosoxum r = ny p?. Torna

(’Z) = (’:q) (mod p) u (’:‘7) = 1. Bo Bropom cJaiyuae noJioxunm r = p*. Torna
g q

r<n, (’:) = (ﬂls) (mod p) u (”15) = ng, npuuém 2 < ng < p — 1.
Mcnosib3ysi 5TH cpaBHEHUs, NOJyuaeM CJelylollyto BepcHio TeopeMbl 24.20.
Teopewma 24.21. [lycmv charF = p, ede p — Heuémroe uucio,

u A — ceasnas areebpa Xonga, MyromunAUKAmMU8HO ROPOICOEHHAA dAe-

menmon x € A*, k > 1. Toeda ecau k neuémno, mo A = A(x), a ecau

k uémno, mo 6o A = F|x], abo A= F[x]/(x"").

B cayuae p =2 Teopema QopmysiMpyeTcsi U JIOKa3biBaeTcsi BO MHOTOM
aHasiornuHo. Hy»kHo Jiiib cliesiaTh J1Ba 3aMeuaHusi. Bo-nepBbix, Tenepb js
HeuéTtHOro k paenctBo X2 = () He 06513aHO BBINOJMHATLCA. Bo-BTOpbIX, A(X) =
= F[x]/(x?). TlostoMy asisi MoNisi XapakTepuCTHKH 2 aHajior TeopeMbl 24.20
BBITJISIUT CJElyIOUIUM 06Pa3oM.

Teopema 24.22. [lycmo char F =2 u A — c8a3nas areebpa Xonga,
MYAMUNAUKAMUBHO NOPONCOEHHAS dremermon x € AR k> 1. Toeda aubo
A =F|x], aubo A= F[x]/(x*").

Teopema 2423 (Xond [Ho7]). [lycmve A — csa3nas ascebpa
Xonga waod nosem F wHyresoil xapaxmepucmuru, npuuém npocmpar-
cmeo A" koneurnomepro 0as aw0boeo n. Toeda arcebpa A uzomopghra
(kax areebpa Xonga) menzopromy npousdsedenuto sHeulHell areedbpol om
00pasyiouux Heuémuolx pasmepHocmell u NOAUHOMUAAbHOL aieebpbl om
06pasyrouux YéMHbLX pasmepHoCcmel.

HokaszateabctBo. M3 toro, uto mpocrpanctBo A” KoHEYHOMEPHO

A7 J1000TO 1, CJelyeT, UTO MOXKHO BbIOpaTh oOpasyiouie xj, Xo, ... ajared-
pbl A tax, uto dimx; < dimx; ;| (nogpasymesaetcs, uto x; € AYM*) [Tycrts
A, —nonasnre6pa B A, NopoxK1EHHAsT JIEMEHTAMH X|, ..., X,. OHa siBJsercs

nojanre6poit Xonda, T.e. A(A,) CA, ® A,. HelictButensHo, A(x;) =x; @ 1 +
+1ox+> yr@ys, tne dimy,, dim ys <dimx;. [Tosromy y,, ys €A;_1 CA;.
Bynem takxke mpeanoJiarath, 4to X, € A,_ (MHaye o6pasywlylo X, MOXKHO
MCKJIIOUHUTD).
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Cornacto teopeme 24.20 anre6pa, MOpoKJIEHHAS JIEMEHTOM X, SIBJSIETCS
MoJIMHOMHAJIbHOU asireOpoit F[x,] B c/ayuae, Korja pa3MepHOCTb 3JIeMeHTa X,
uéTHa, M BHeluHel ajre6poil A(x,) B cJjyuae, Korja pa3MepHOCTb 3JieMeH-
Ta X, HeuérHa. [lostomy u3 Toro, uro anre6pa A KoMMyTaTHBHA (B rpajyu-
pPOBaHHOM CMBICJIE) M ACCOLMATHBHA, CJEIyeT, YTO HMeeT MeCTO eCTeCTBeH-
Hel smumMopeusm A, ® Flx,] — A, (pa3mMepHOCTb 3JeMeHTa X, 4éTHA)
wm A,—; ® A(x,) — A, (pasmMepHOCTb 3JieMeHTa X, HeuérHa). IlocTaTouHo
JIOKa3aTb, UTO 3TOT 3NUMOPQU3IM sIBJIsieTCs] MOHOMOP(HU3MOM (a 3aTeM BOC-
M0J1b30BATbCS MHIYKIHEH 10 11).

Paccmotpum nean [, MopoxAEHHBIH 3JeMeHTOM X2 W sjeMeHTamu A,_|
MOJIOKUTENLHOH pasMepHOCTH. MHbIMU cjioBaMu, [ COCTOMT W3 BbIpaKeHHH
BHA Y. apxk, rme ap € A,_i, NPHUUEM KOMIOHEHTHI HYJIEBOI pPa3MepHOCTH
3J1eMeHTOB ag U @ paBhbl 0. SlcHo, uTO X, & [, TOCKOJILKY 3JIeMeHTbI ujeasna /,
MMelolIre paamepHocTb dim X, T0JKHbBI JieKaTb B A,_| (nneas [ He comepKUT
9JIEMEHTOB BUA AXp, Tie A € F).

PaccMoTpiM KOMIO3HIIMIO 0TOGpaXKeHHH

Ay 25 A, @ Ay 5 Ay @ (A)1),

rie p — ecrecTBeHHas npoekuus. Ecan a € A, | — 3/1eMeHT 10JI0KHTENTbHON
pasameproctd, To A(a) =a® 1l +1®a+ > a; ®aj, rae a; € A,_; — sie-
MEeHT MOoJI0KUTeNbHOH padMepHocTH. [Tostomy pA(a) =a ® 1 (n1s snementa
a € I takoe paBeHCTBO ToxKe MMeeT MecTo). Kpome Toro, A(x,) =x, ® | +

+1®@x,+ > yr ®ys, e ys € A,_| — JIEMEHT TMOJIOKHUTEJIBHOH pasMep-
Hoctu. [Tostomy pA(x,) =x, ® | + 1 ® X, rne ¥, — obpa3 3JjeMeHra x,
B A/l

PaccmoTpum cHauana ciyuaii, Korja pasMepHOCTb 3J€MEHTa X, UYETHA.
[Tpenosioskum, 4To ecTh HeKOTOpOe HeTPUBHA/IbHOE COOTHOLIeHHe Y apxk = 0.
[TpuMeHHM K 3TOMY COOTHOLLEHHIO oToGpaxenne pA. Yuntbisasi, uto X2 = 0,
[10JIy4UHM

0=> (@@ Dx®1+1e%,) =
:Zakx,f ® 1 +Zkakx,’§_l R Xy.

Ho no yesiosmio Y- apxk = 0, nostomy - kapxt—! @ X, = 0. U3 s10r0 Cotestyer,
yto 3 kayxk~! = 0. JleficTBUTEILHO, KAK MBI y2Ke YIIOMHHAJH, X, € I, 103TOMY
¥, # 0. Cootrotenne Y kapx®=! = 0 umeer MeHbIIyIO cTeNeHb, ueM HCXOHOE
coototenne Y apx® = 0. SlcHo TaKke, 4TO 3TO COOTHOLIEHHE HETPHBHAJBLHO,
MOCKOJILKY Mbl HMeeM JIeJI0 C T0J1eM HyJIeBOi XapaKTepHCTHKH. Ec/i Mbl BbiGe-
peM MCXOJIHOE COOTHOLIEHHEe MUHUMA/IbHO BO3MOXKHOF CTeNeH , TO HeMeIlIeHHO
NPUAEM K MPOTHBOPEUHIO.
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PaccmotpuMm Tenepb cjyvail, Koria pasmMepHOCTb 3J€MEHTa X, HeuéTHa.
[Ipennosioxkum, 4To eCTb HEKOTOPOE HETPUBHAJIBLHOE COOTHOLIEHHE Ay + A1 X, =
= 0. [Ipumennm K Hemy oTobpaxkeHue pA. B pesysbraTe mosyuyum, uTo

O=ar®@1+a,@1(x, @1 +1®%,)=
=(a+ax,)®1+a X,

Ho no ycaosuio ag + ajx, =0, nostomy a; ® x, = 0. Kak u B npenbiayiiem
cayuae, X, # 0. CnenoBatenbho, a; =0, a 3nauurt, ag = 0. O

CanencrtBue 1. [lyemv G — epynna Jlu. Toeda areebpa Ko2omoa0-
euti H*(G; R) asaaemca sHewineti areedbpoti om 006pasyiouux HeuenHolLx
pazmeprocmell.

JlokaszateanbcTBo. [lonMHomuanbHasi anrebpa GecKOHEUHOMEpPHA,
MO3TOMY KOHEUHOMepHasi ajire6pa He MOXKET COJEPKaTb TMOJHMHOMHALHYIO
noganreopy. O

Cnencteue 2. Ecau G—odnocssasnas epynna Jlu, mo H*(G; R) =
=0.

IlokasaTeJsabcTBo. M3 onnocsasnoctu caeayer, uto H'(G; R) = 0.
[Tostomy B anre6pe koromodsioruti H*(G; R) ectb o6pasyioliie TOJbKO pas-
MEpPHOCTH He MeHblIe 3. O



Pewenuns u YKa3aHHus

3.1. TpeGyemblii ©30MOpU3M, OUEBUIHO, HMEET MECTO Y2Ke HA YPOBHE OTHOCHTEJb-
HbIX Llernen.

3.2. JlaHHyl0 KOMMYTATHBHYI AHAarpaMMy MOXKHO pacCcMaTpHBaTh KakK KOPOTKYHO
TOUHYIO [0C/I1EA0BATEJNLHOCTb LEMHbIX KomiiekcoB 0 — C, — C. — CY — 0, rae Cl, —
LenHoi Kommieke ... — 0 — 0 — A 2 A’ — 0; kommrekesl C, u Cl onpenensiores
anasiornuno. Hetpusuasbabie romoJioruu Kommiekca Cy, — 370 Kak pas Ker o u Coker av.

3.3. lokasatesibeTBO TeopeMbl 3.2 6e3 KaKUX-JIM60 CYLIECTBEHHbIX U3MEHEHHH ro-
JIUTCS U B 3TOM cJyuae. Hy»KHO JIHIIb CJIOBO «H30MOP(H3M» 3aMEHHTh HA «MOHOMOP-
(hHU3M» WK «3MUMOPHHU3M».

3.4. CHauana JIOKaXKeM, UTO @9 HHAYLHpPYeT romomopdusm Takoro Buaa. [lycthb
x € Ker(pszag). SlcHo, uto @ox € Im g, M03TOMY OCTaéTCsl MPOBEPUTh, UTO @YoX €
€ Im B = Kerfs. Ho 0 = p3asx = Bowox. Ecan x € Keraw, 10 x € Im a, mosTomy
pox € Impoar;. Ecan x € Ker g, To pox = 0. Takum o6pasom, otobpaxenue P ornpe-
JIeJIeHO KOPPeKTHO. SIcHO Takke, 4To ® — roMOMOphH3M.

Jlokaxem Tenepb, uto & — snumopduam. Ilyctb y € Im o N Im B;. Torna cymue-
CTBYET 3J1eMeHT x € Ag, 1Jis1 KOTOPOro wox = y. Ilpu 3TOM @Y300x = Bopox = Boy =0,
nockosbKy y € Im ) = Ker Bo. 3naunt, x € Ker(psas).

Jlokaxem, HakoHell, uto ® — mMoHoMopduam. [Tycth asement x € Ker(psae) Takos,
uTo ox € Im(poary), T.e€. ox = pocr;2 NJst HekoToporo 2 € A;. Torna x = a2 + w,
e w € Kergy. TTostomy x € Kerag + Ker ps.

3.5. a) Pacemotpum usomopduam [ = nflng. Tpebyemoe paBeHCTBO 3KBHBAJEHTHO
pasenetBy [+ [~ =2id, 1.e. [2 +id = 2]. [TocsenHee paBeHCTBO MOXKHO MEPENUcaTh
B Bune (f —id)(f —id) =0.

Jokaxem, uro ([ — id)ae =0 u a3(f — id) = 0. TlepBoe paBeHCTBO 10Ka3biBa-
eTcsl TakK: nl_lngag = T]l_leQﬁQ = nl_lmag = ay. YUT0ObI 10Ka3aTh BTOPOE PABEHCTBO,
BOCﬂi)flleyeMCﬂ i?M, uTO Pras = Bami T €. o = o Bam: csm e = 0 Bamim e =
=@, Bm =, piaz=as.

Urax, Im(f — id) C Keraz =Imay u Imay C Ker(f — id), nostomy (f —id)> = 0.

6) Ilpennosnoxum cHauasa, 4To ykasaHHblil romoMopdusm § cyuiectsyer. [Tosoxum
n2 =1 + mid. [lepBble 1Ba ycJI0BHSI 00ecneurBalOT KOMMYTAaTHBHOCTb JHArpaMMbl,
a nocJsie/iHee — To, UTO 7)2 — roMmomMopduam Kosiell. [Tokaxem, 4To 72 — MOHOMOP(HU3M.
Ecain m2(x) =0, 10 01 (x) =11 (=6 (x)), nostomy x = —4(x), a 3Hauur, §(x) = —d>(x) =0,
nockosibky Iméd C Kerag = Imag C Kerd. TTokaxem, uro 7y — snumopduam. Ilyctsb
Yy € By y=mni(x). Torna na(x — 5(x)) =i (x — 6(x)) — m(S(x) — 6°(x) =m (x) = y.



400 PelieHust 1 ykazaHus

[Tpeanosoxum Tenepb, U4To CYUIECTBYIOT JUArpamMMbl C JByMsi Pa3HbIMH H30MOp-
dusmamu n; U 19. Torna MOXKHO MOJOXKUTL § = T]ran — id. Jlerko mpoBepuThb, uTO
6 obnanaetr BceMu TpeGyeMbIMU CBOHCTBAMM.
B) KommyraTtuBHble auarpammel (i = 1, 2)

O%ZQLZQXZQLZQHO

id i id
' OHZJQLZAZQL%QHO,

rae m =id, ma(x, y) = (4, %), p(x) = (¥, x) WP (x, y) =x +y,
JaloT TpebyeMbli TprMep.
3.6. TIpeacrasum Top T2 B BHC 0GBLEIMHCHHS CHMILIH-
Puc. 83. Top T? 1uajbHbix KoMmriekcoB Ky v K; u BeiGepem B (Ko N K)
o6pasyoiie a u b (puc. 83). M3 TouHo# nocie0BaTebHOCTH

Hy (Ko 0 Ky) 2220 iy (Ko) @ Hy(K)) — Hy(T?) — Ho(Ko N1 Ky) — 0
HOJ’[yl{aCM TOl{Hy}O MocJe10BaTe/IbHOCTb
0 — Imp — H\(T?) — Z — 0,

rne ¢ = (jo, —j1). Ipynna H; (Ko N K}) cocTouT U3 sseMeHTOB BUaa na + mb. Ipu ro-
MOMOpH3Me ¢ TaKOH JIeMEHT NepeXoauT B napy (1jo(a) +mjo(b), —nji(a) —mji(b)).
Ho jo(a) = jo(b) u ji(a) = ji(b). [Tostomy ¢ umeer Bun (m, n) — (n+ m, —n — m).
3uauut, Kerp =7Z u Im p = Z. Tounasi nocJjie1oBaTe/bHOCTh

0—7Z— H|(T?) — Z —0

paculenJsiercsi, nostomy H, (T2) EYRSYA
M3 TouHo# nmocsieoBaTeNbHOCTH

0 — Hy(T?) — Hy (Ko N K1) L2720 Hy(Ko) @ H(K))
noJsiydaeM TOUYHYIO MOCJI€A0BATEJbHOCTD
0 — Hy(T?) — Kergp — 0.

3naunt, Hy(T?) = Kerp > Z.

3.7. Cornacno samaue 10.1 uz wactn I mbl umeem SP x S9/SP v §9 ~ SPH4,
[Tostomy Hp(SP x 89, 87 vV S9) =2 Hy(SP x STUC(SP Vv S9) 2 Hp(SP ™)y npu k > 1.

3.8. 3anuiem TouHyto nocsenoBatebHOCT Napbl (SP x S, SP VvV S§9) u BocnoJib-
3yemcsi peaysisratoM 3agaun 3.7. [osmyuum, urto Hp(S” x SY) 2 Z npu k=0, p, g,
p+q (ecam p=gq, 10 Hp(SP x §%) X7 @ Z); ocTanbHble IpyNIbl HyJeBbIE.

3.9. a) Ilyets Ko — 3amMKHyTasi e-0KpeCcTHOCTb AaHHOTO y3aa K, K| — 3ambikaHue
muoxectea S° \ Ko. Torna Ko U K; = S® u Koy N K, = T? — nymepubiii Top. Ham
HY’KHO BBIMHC/IMT roMostorun S° \ K ~ K. Mbl ipesionaraem, uto cepa S® tpuaury-
JINPOBAHA TaK, UTO €& TPHAHTYJISLHUS JaéT TpUaHry. i mpoctpancTs Ko n K. [pexie
BCEr0 3aMETHM, UTO POCTPAHCTBO K| FOMOTONHYECKH IKBUBAIEHTHO CHMIIHLIHAILHOMY
KOMIJIEKCY, HE HMEIOIIEMY CHMIIIEKCOB PA3MEPHOCTH He MeHblle 3. JlelcTBUTENbHO,
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TpéxMepHble CUMIIIEKCH K| MOXKHO MOCJIeI0BaTe/IbHO YHHUTOXKATh HAUHHAS C TPAHHLIBL.
Taxkum o6pasom, H;(K;) =0 npu i > 3. SflcHo Takxke, uto Hy(K,) = Z.
Sanuiiem nocjenoaresbHocTh Maiiepa—Bbetopuca:

Hi1(Ko) @ Hipr (Ky) 2 Hig 1 (%) 25 Hy(T?) L5 Hi(Ko) ® Hi(K)) ~ Hi(SP).
[Ipu i =2 nonyuaem
0727 — Hy(K)) — 0.

Tomomopduam Js 371ech yeTpoeH cieylounm obpazom. O6-
paaylotuast o rpyrmsl Hs(S?) npencrasiena cyMMoii coraco- O
BaHHO OPHEHTHPOBAHHBIX CHMIIJIEKCOB, HA KOTOpble pa3buTa
cepa S®. Dy cuMIIeKehl pa3GMBAIOTCA HA ABE UACTH: Te,
KOTOpble TpUHaiexKatT Ko, U Te, KOTopble NMpuHamIexKaT K;.
[panuLa y 3THX ABYX uacTef obuias. dta rpaHuLa U ecTb Ox .
Takum o6pazom, O« — uzomopduam. [Tosromy Ho(K;) = 0.

[lpu i = 1 nonyuaem

0—Z&LZ"-L&H, (K1) — 0. Sl;ii;ﬂit.ug?;ffgﬂ:?lifﬂ

[Ipu orobpaxkeHun j,. mnapajsienb Topa MepPexoauT B 06- ysaa
pasytoutyio rpynmnel /1, (Kp) = Z, mo3ToMy MepuaHaH Topa
nepexomut B obpasyiotityio rpynmbl Hy(K;). Suauut, H,(K,) = Z, npuuém obpasyioiasi
rpynnel 1 (K)) npeacraBieHa MaJsiof OKPY»KHOCTbIO B TJIOCKOCTH, TPAaHCBEPCAJIbHO
nepecekaroniei ysen (puc. 84).

6) Kak u npu pelueHuu 3agauu a), noJiyuaeM TOUHbIE MOCJEI0BATEbHOCTH

OHZB‘%Z"HHQ(KOHO,
07" 7" ®H (K) — 0.

Mpu 3tom D (1) = (1, ..., 1), nostromy Hy(K,) = Z"~'. Tlpu oToGpaskeHun j. mapan-
JIeJId 1 TOPOB MepexoisiT B o6pasywoue rpynnsl 1 (Ky) = Z", noatomy MepuanaHsl
9THX 71 TOPOB Mepexoast B oGpasyiotuue rpynnbl Hy(K,). Snauur, H(K,) = Z", npu-
yéM o0pasyloliie TOH IPyNIbl MPEACTaBIEHbl MaJbIMH OKPYKHOCTSIMH, HaleTbIMH Ha
KOMIOHEHTBI 3alleMnJIeHHsl.

3.10. 3anuuiem nocaegoBatenbHocth Maitepa—Bberopuca mist Ko = M™* \ int D"
" Kl =D"

He(S"™") — Hy(M™ \ int D") & Hyp(D") — Hyp(M") — Hp_1(S"7).

Ecmn k> 1,10 Hy(D") =0,aecin 2< k< n—2,10 Hy(S" Y =0wu Hp_1(S"~ 1) =0;
npu k =1 MOXKHO paccMOTPeTb MPUBEIEHHDBIE TPYTITbI TOMOJIOTHI.

3.11. [Tyctb K’ — GapuuenTpruecKoe noapasaeseHie CHMILIULHAILHONO KOMILIEK-
ca K. [Toctponm cumninimanbtoe orobpaxkenue [: K’ — N (L) caenyioumm o6paszom.
Kaxnpiii cumnieke A Komniekca K MOKPBIT OJHUM K3 MoAKoMIieKcoB L;. ComocTaBum
GapuLIeHTPy U cuMILJeKca A HaUMEHbIIHH U3 TaKWX HHAEKCOB i. HyKHO mpoBeputh,
yto eca B K’ ecTb CHMIUIEKC C BEpPLIMHAMH Vg, Uj, ..., Ur, KOTOPbIM COOTBETCTBYIOT
noaxommnexcsl Ly, Lij, ..., Ly, 70 B N(L) ecTb cuMmmIeKkc ¢ BepwnHamu Lig, ..., Li,,
T.¢e. LiyN...NL;j, #2. M0XKHO cUMTaTh, YTO B UCXOJHOM CUMIIHLIHANLHOM KoMIIeKee K
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TOUKa Uy — BEpUINHA, U] — cepearHa pebpa, vo — 1IeHTp AByMepHOH rpaHu u T. 1. Toraa
€CJIM Uy € Li,, TO 0g, ..., Um—1 € L;,,. TTosTOMYy Uy € Liy N ... N L;,.

Jlokaxkem, uto oToOpaxkeHue [ HHAyLUPYeT H30MOphH3M romosioruil. [ Ipumennm s
sToro uHayKuuio no 1. [lpu n =1 komnueke K = L, aunknuueH u N (L) = * — ozaHa
touka. Tak uto 6a3a MHAYKUMM oueBHAHA. JlokaxkeM Tenepb wwar WHAYKUWH. [lycTb
Ly={Ly, ..., Ly}, Ki=LiU...UL, nu Ko =L,4,. Paccmorpum B N (L) nojakom-
niekenl Np = N (L) u No — 3amMKHyTyt0 3Be3ay Bepiuntbl (1 + 1). Ilo nocrpoenuio
[ otro6paxkaer K| B Ny, a 0 NpearooKeHuIo HHAYKLKMK orpanuuenne [ Ha K| unayuu-
pyet uzomopdusm romosioruil. Orpanuuenre [ Ha KJ Toxke HHIyUMPYyeT H30MOP(HU3M
TOMOJIOTHH, TIOCKOJLKY Kommueke Ko = L,y auukauueH, a No — KOHyC C BepllH-
Hoit (n + 1).

[Tycte My =L; UL,y Torna M ={M,, ..., M,} —nokpbiTie MHO>kecTBa K| N Ka,
KOTOpoe 06/1aflaeT TeMH Ke cBoiicTBaMH. [TosToMy [ MHIyUMpYeT H30MOP(U3M roMO-
Jioruii komriekcoB Ky N Ko u N (M) = Ny N No. 3anuiiem Ternepb TOUHYIO MOCAEI0BA-
TenbHOCTh Maiiepa—BpeTopuca:

He(Ki N Ko) —— H (K1) @ Hp(Ks) — Hi(K) —

|- =

Hy(Ny N No) — Hp(Ny) @ Hp(No) — Hp(N) —
— H 1 (K1 N K) —— Hp—((Ky) @ Hi—1(K2)

- I

— Hp (Nt MY Ng) — Hp— 1 (N1) @ Hp—1(Na).

[Tapbl KpailHUx oTOOpaKeHHH — M30MOP(U3MBI, TO3TOMY COIJIACHO D-JeMMe CpeiHee
oToOpaxKeHHe Toxe H30MOP(HU3M.
4.1. B cayuae 6) mocTpouM auarpammy

0—sA—*B-",c—%0

JidA lé@d; lidc

0—A—ApC —C—0,

e (2 @ ) (b) = ((b), ¢ (b)). Jlerko npoBepuTh, UTO 3Ta AMarpaMMa KOMMYTaTHBHA;
JIJIsl TOTO HY»KHO BOCIOJIb30BaThest TeM, uTo e = 0 u $p =idy. [Tostomy cornacHo
5-semme ® @ 1) — uzomopdusm.

B cayuae B) noctpoum auarpammy

0—A—"B-2.c—0

TidA Tcp-’—‘ll Tidc

0—A—ApC—C—0,

rae (¢ + ¥)(a, c) = p(a) + ¥(c). Dta anarpaMma KOMMYTaTHBHA, MOCKOJBKY ¥ = 0
H Q[J\I/ = idc.
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4.2. a) Oro6paxenne m,(B) = w4 (F) 2 (B) ToXKnecTBEHHOE, MO3TOMY Py —

snumopdusm. Ilpu 2 = n + | nosyuaem, uro orobpaxenue Oy : my41(B) — ma(F) Hy-

i P
Jesoe. B pesysibraTe moJiydaeM TOUHyIO nocseaoBatebHocTh 0 — m,(F) = m,(E) —

14 - o o
— mu(B) — 0, npuuém y roMmomophuamMa p. eCTb MpaBblil OGPATHBIH Sy.

6) OroGpakenune m(F) = (E) o (F) TO:KIEeCTBEHHOE, TT0O3TOMY i+ — MOHO-
mopduam. Ilpu & = n — 1 nosyuum, uro orobpaxkenue O : m,(B) — m,—(F) HyneBoe.

i P
B pesyJibrate moJiydaeM TOUHYIO nocaenoBatenbHoctb 0 — m, (F) = m, (E) — 7, (B) —

— 0, npuuém y romomMmopcuama i, ecTb JeBblil 06PaTHBIN .
B) I[lpoctpanctBo F crsruBaemo B E, mostomy /to6oil cchepoun B F cTsiruBaem
B £. CuenoBatenbio, otobpaxkenue m,(F) — m,(E) HyaeBoe. B pesysbrate Mbl moJy-

yaeM TOUHYIO TocJjenoBatenbHOCTb 0 — 7, (E) L (B) 2, -1 (F) — 0. Jlokaxkem
Terepb, YTO FOMOMOP(HU3M Ox HMEET NpaBblil 0OPaTHBbIIL.

dukcupyem romoronuio f;: E — E, aast kotopo# fo|p =idr u [i(E) = eg — onna
TOUKA; MOXKHO CUHTaTh, uto €9 € F. ITyethb ¢: S"~' — F — cdeponn B F. Torna i
MOKHO paccMaTpUBaTh Kak n-MepHblil cdepoun B B. TomoTonHbiM cepounam B F
COOTBETCTBYIOT TOMOTOIHbIE c(epousbl B B, MOITOMY Mbl MoJydaeM roMoMOpghHu3M
Tn—1(F) — mu(B). SIcHO, 4TO 3TOT rOMOMOpP(U3M SIBJSIETCS TPaBbIM OOPATHLIM AJIs
roMmoMopuamMa Osx.

4.3. Kaxnomy romomopgusmy ¢ € Hom(A, Z) M0KHO COMOCTABUTb TOMOMOP(H3M
@ € Hom(mA, Z) cnenyroumm obpasom: p(a) = @(ma); ta e camas gopmyJa 3a1aér
1 obpaTHoe cooTBerTcTBUe. HyxxHO siuib npoBeputh, uto ecan ma =0, to ¢(a) = 0.
[Ipenmnonoxum, uto p(a) = k. Torna 0 = p(ma) = mk, nosromy k& = 0.

4.4. TlocTponM MOCJIEIOBATENBHOCTD a1, A2, A3, . .. € Q/Z cienywoumm 06pasoM.
DJIEMEHT a; NMPOU3BOJIbHbII; JEMEHT A2 TAKOB, UTO 2as = aj; JEMEHT @3 TAKOB, UTO
3as = ag, U T. 1. [TocJie Toro Kak BbIOpaH 3JEMEHT @,_1, €CTb 1 BAPHAHTOB BbIGOpPA 3J1e-
MeHTa @,. [T03TOMY MHOXKECTBO TaKHX MOCJ/E10BATENLHOCTER HeCUETHO. JlelCTBUTENbHO,
Jla’Ke €CJIM Ha KaXKJIOM Liare ecThb TOJIbKO JiBa BapHaHTa BbiGopa 3JeMeHTa, TO Yyxe
rnoJlyyaeTcst HeCUéTHOE MHOXKECTBO MOCJE0BATENbHOCTEH (MHOXKECTBO BCEX JABOHUHbBIX
npoGel HeCYETHO).

Jli06oii nocsie10BaTeIbHOCTH a1, A9, A3, - - . € Q/Z MOXKHO COMOCTABUTH TOMOMOP-
¢dusm [: Q — Q/Z, nosioxkus f(%) = a,. JleficTBUTEbHO, paBEHCTBO 11! f( 1 ) = [(1)

nl

BBITIOJIHSIETCSI, TOCKOJIbKY 1! a, = @;. SIcHO TakKe, UTO ecJin 3aJlaHo f(%) u [ —ro-
MOMOpP(HU3M, TO 3aaHO f(%) =(n-1)! f(%), a 3HAYMT, 3a7aHO f(%) IS I060T0
LLeJIOTO M. '

4.5. lnst rpynniel T ecTh cBoGo/HAs pe3osibBenta Bua 0 — Z" — Z" — T — 0, rie
i(er) = mpey 1U1s CTaHAAPTHBIX o6pasytotux rpynnsl Z'. Ipynna Ext(4, Z) — sto dax-
Toprpynna Hom(Z', Z) = Z" no o6paay rpynns Hom(Z* @ 7', 7) npu oto6paskenun,
HHIyLHpoBaHHOM otoGpaxkenneM (0, i), T.e. o o6pasy rpynnsl Hom(Z'", Z) npu oto6-
paXKeHUH iy, HHAYLIUPOBAHHOM oToOpaxkeHueM i. [lyctb &, € Hom(Z', Z) — snemeHr,
JBOHCTBEHHDIH e, T. €. x(ej) = Ok, . Torna i (ex) = myep. [ostomy akrop Hom(Z', Z)
no o6pady otoOpaxeHusi i, udomopden 7.
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4.6. Fcnonbayst cBoGoaHbIE pe3osibBeHThl 0 = R — F - A —-0u0— R — F' —
— B — 0 u kanonuueckuii uaomopduam A ® G =2 G ® A, MOKHO MOCTPOUTH KOMMYTa-
TUBHYIO JlHarpaMmy

0

|

0 0 Tor(B, A)

| | |

0——ROR'— FOR' — AQR' —— 0

l J J

0 ——RRF —wF®F — AQF ——0

J J J

0— Tor(A, B) — R®B —F®B——A®B——0

| | |

0 0 0

Tpebyetcsi noctpouth udomopduam Tor(A, B) — Tor(B, A). 1o nenaercsi TOUHO TaK
)Ke, KaK CTPOUTCS CBSI3bIBAIOLIMI FOMOMOP(H3M B TOUHOMH MOC/EHL0BATENBHOCTH TapHl.
Jlnst yno6eTBa BBEEM eIMHOOOpa3Hble 0003HAUEHHS /It TPYII U TOMOMOP(hHU3MOB:

0
J B B2

0— X1 — Xig— Xi3—0

J/O‘ll J'QIQ J/O‘IS
‘ Bos
0 — Xoj —5 Xog — Xo3 — 0

lam J'azz la%
B B3
Xzt —5 Xzg — Xz — 0

L

0 0 0

0

TpeGyercsi noctpouts H3omopuam Kerayz — Ker 5.

[lyctb x13 € Kerays. Tlosb3ysich snumopgHocTbio romoMopduama (2, BbiGepeM
3JIeMeHT X2 € X9, ANA KOTOpOTo /312()612) = x13. Torna ﬁQQOélQ(XIQ) = Oélsﬁu(xm) =
= o3(x13) = 0, mosToMy Il BLIOPAHHOTO 3JIEMEHTA X|2 CYLLECTBYET €IMHCTBEHHBIN
9JIEMEHT Xg1, JJIsl KOTOPOTo [o1(xa1) = avja(x12). Cam sjeMeHT Xxj9 He emuHcTBeH. Ho
€C/IM X[y — JAPYTOH 3JeMeHT, st KoToporo Bia(x12) = X13, T0 Bia(xi2 — xj) = 0,
M03TOMY X12 — X{o = B11(X11) WJIst HEKOTOPOTO X|| € X1j.

[Tepeiiiém oT 3/1eMeHTA X9; K JEMEHTY X31 = o) (Xo1) € X31. DTOT 3JieMeHT orpe-
Jenén oaHosHauno. JeficTutenbHo, Boy(Xo) — X5;) = apa(Xio — X|o) = ayeB11(x11) =
= Borayi(x11). Ho Boy — moHOMOpdH3M, MO3ITOMY X9 — X9, = «yi(X11), @ 3HAUMT,
a1 (X21 — X51) = agra (x11) = 0.
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[IpoBepum Tenepn, uto x3; € KerBs;. [1o moctpoenuio Bsi(x31) = Baiaer(xer) =
= o1 (x21) = ageavia(x12) = 0.

Oro6paxenue Ker 33y — Ker oz ctpoutest anasoruuto. $IcHo, uto npu 3ToM 3Je-
MEHT X3] =) (X2]) TEPEXOIUT B X3, T. €. TOCTPOEHHbIE OTOOPaXKEHHsI B3AUMHO 06paTHBI.

4.7. Jlns mepuoandeckoil rpynmel T cyliecTByeT pesosbeenta Buna 0 — F — F 2,
2,7 =0, rae F — cBoboanas abesiesa rpynna. 1eficTBUTENbHO, MyCTh MPU 3SMH-
Moppusme p: F — T obpasyolias fo MEPEXOIUT B 3JEMEHT MOPsIAKa fo. lorna
Mbl nosiaraeM i(fa) = nafo. [lpennosnoxum, uto Ext(T, Z) = 0. Torma otoGpaxe-

nne Hom(F, Z) — Hom(F, Z) sisnsiercst uzomopduamom. Ilyets ¢ € Hom(F, Z)
1 @(fa) = ka. Torna i@(fa) = ake. [103TOMy U3 TOTO, UTO | — H3OMOP(H3M, CAEIYeT,
uTo no = +1. Ho B Takom caiyuae i — nzomopduam, a 3uauut, 7 = 0.

4.8. Paccmorpum romomopdusmbl «: G — A u B: G — B. Ecimn pa = 0, 10
a =0, NOCKOJIbKY (p — MOHOMOP(H3M. 3HAUUT, @ — MOHOMOPPHU3M. [loKaKeM Terepb,
uro Im@ = Ker), T.e. 8 = pa A8 HEKOTOPOTO < TOTAAa M TOJLKO TOTJA, KOrJa
Y6 =0. Ecin 8= pa, To Y5 = Ppa =0, nockosibky e = 0. Ecaun ¢G(g) =0, T0
B(g) € Keryy =Imp, 1.e. B(g) = p(a), npuuém ajiemeHT a € A onpejiesiéH 0JJHO3HAUHO,
MOCKOJILKY 0 — MOHOMOpPdH3M. [T03ToMy MOXHO 10J10KHTb a(g) = ¢~ ' B(g).

4.9. a) 3anaua 4.8 TMOKA3BIBAET, UTO HYXKHO JIIIb JOKA3aTh, UTO 1) — SMHMOpP-
¢uam. Jpyrumu cjoBamu, ajisi Jo6oro romomopguama y: F — C MOXKHO BbIGpaTh
romomopusm 3: F — B tak, uto v = 3. Tlycth {[o} — Gasuc rpynmnsl F. TTosoxum
B(fa) = ba, ThE by — NPOU3BOJIbHBIE 3J1EMEHT rpyrbl B, 1jsi Kotoporo ¥ (ba) = Y(fa);
TaKOH 3JIEMEHT CYLIECTBYET, MOCKOJbKY 1) — 3nuMopduam. [omomopduam cBoGOaHOM
TPYINIbl IOCTATOYHO 3a1aTh Ha 06Pa3yIOLLIHX.

6) Teopema 4.2 moxasblBaeT, UTO HYXKHO JIHILb J0Ka3aTb, UTO @ — SMUMOPHHU3M.
Jpyrumu caoBamu, ecin A C B — moarpynna, To Jito6oil romomoppusm a: A — G
MOXKHO MPOAOJKUTE 10 romomopduama B: B — G. Ilyetb x € B\ A. Tponosmkum
roMOMOpP(MHU3M « Ha TPyIIly, MOPOKAEHHYI0 X U A, cienyiolmm o6pasom:

1) eciu mx € A nast Becex m € N, 1o nosioxum 3(x) = 0;

2) ecan mx € A 1 Hekotoporo m € N, To BbiGepeM MUHHMaJbHOE uncyo 1 € N,
o6Jsajiatoliee 3THM CBOHCTBOM, H T0JIOKUM B(x) = g, rie g — 3JieMeHT rpynmbl G, 14
KoToporo ng = a(nx).

TpebGyemblil roMOMOP(H3M Ternepb MOXHO MOCTPOUTb MO MHIAYKLUMH (ecsn rpynmna
B/A He KOHeuHO MOPOXKAEHHAST, TO MHAYKLHUS TPAHC(HHUHUTHAS).

4.10. Mpb1 GyneM HEOTHOKPATHO TOJIb30BAThCS Pe3yJbTaToM 3ajiaud 3.4, mosTomy
BBeIEM IS KPATKOCTH cJienytole o6o3HaueHus. [lycth ¥ — KoMMmyTaTuBHasi aua-
rpamma

Ap =25 Ay

lwlﬁ |

B] *?BQ

[Tosoxkum Im X = (Impe N Im B)/Im(pear) 1 KerX = Ker(poar)/(Ker o + Kerey).
[1pu Taknx o6o3HaueHusx 3agaua 3.4 popmynupyercs tak: Ker 3| 22 Im 39, rue ¥ —
JIeBbIH KBaJpaT, a Y9 — npasbiil kBajgpat. O6paTuTe BHUMaHKUE, UTO €CJIH Mbl 3aIiiIeM
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Ty Ke caMyl0 KOMMYTaTHBHYIO AHarpammy Mo-apyromy:

Pl

A14>Bl

[, 1o

)
Ay — By,

To moJtyunM Te ke camble Im 3 u Ker X, mockonbKy By = @oa.
PaccMoTpuM KOMMYTaTHBHYIO MarpaMmy ¢ TOUHbIMU CTPOKAMH U CTOJIOUAMHU:
Hom(A, B) — Hom(A, G) — Hom(A, /) — Ext(A, B)
N 2

Hom(F, B) — Hom(F, G) — Hom(F, H) ——— 0

2y 33

Hom(R, B) — Hom(R, G) — Hom(R, H)

35

Ext(4, B) ——— 0.

JIBa HyJisi B 3TOil iMarpaMme MosiBUJIMCH H3-3a TOTO, UTO rpynna F cBoGojHasi, a rpyr-
na G penumasi. .

Jlerko npoBeputs, uto Ker 3 = Ext(A, B) u Ker X5 = Ext(A, B). HefictBuTensHo,
B 060HUX CJIyuasix Mbl HMEEM JIeJI0 ¢ HarpaMmoil Bujia

A - Ay

o | Kz

B, -0,

e ¢ — MOHOMOP®H3M (31ech Ay — 3TO E\E(A, B) wan Ext(A, B)). Ho nas takon
nnarpammbl Ker X = A,/ Ker o, nockombky poax = 0 u Ker ) = 0.

Tenepn, ucnosb3ys 3anauy 3.4, nojsydaem Ext(4, B) 2 Ker X = Im Xy = Ker X3 &
>~ [m3X, = Ker X5 =2 Ext(4, B).

OTMeTHM, UTO MOMYTHO Mbl MOJIYUHJIH el oJIHYy UHTeprpeTauuio rpynnsl Ext(A, B),
a umenno, Ext(A, B) = Ker Xs.

4.11. Bosbmém st rpynnbl X npoekTHBHY0O pe3osibBeHTy 0 = R — F — X — 0
1 UHBEKTHBHYIO pe3osibBeHTy 0 — X — G — H — 0. C nomouibio 3THX Pe30JbBEHT
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MO2KHO TIOCTPOHUTH KOMMYTAaTHBHbIE AHarpamMMbl

0 — Hom(F, A) — Hom(F, B) — Hom(F, C) — 0

J | |

0 — Hom(R, A) — Hom(R, B) — Hom(R, C) — 0

0 «— Hom(A, G) «— Hom(B, G) +— Hom(C, G) +— 0
0 «— Hom(A, H) «— Hom(B, H) «+— Hom(C, H) <— 0
C TOYHBIMH CTPOKAMH.
TouHble mocJ/ie0BaTebHOCTH

0 — Hom(X, A) — Hom(F, A) — Hom(R, A) — Ext(X, A) — 0,

0 — Hom(A, X) — Hom(A, G) — Hom(A, H) — Ext(A4, X) — 0
MOKa3bIBalOT, UTO sApo H Kosiapo otoGpaxenusi Hom(F, A) — Hom(R, A) — 310
Hom(X, A) u Ext(X, A), a sinpo n Kosiapo oro6paxkenns Hom(A, G) — Hom(A, H) —
stro Hom(A, X) u Ext(A, X). ITosromy, BocroJib30BaBIlKCh 3ajaueil 3.2, noJjyuaem

Tpebyemoe.
4.12. CornacHo (hopmyJie yHUBepPCATbHBIX KOI(DMHUIMEHTOB Mbl HMEEM

H'(K; Z) = Hom(H, (K), Z) ® Ext(Hy(K), Z).

Ho rpynna Hy(K) ne umeer kpyuenus, nosromy Ext(Ho(K), Z) = 0. Slcno Takxke, uro
ecan Ty — koneunast rpynna, to Hom(7y, Z) =0 u Hom(T) @ Z", Z) = Z'.
4.13. CorsacHo ¢opmyJie yHUBEPCaJIbHBIX KO (hUIUEHTOB MoJyuaeM

H(K: Z) =~ Hom(Z" & T;, Z) ® Ext(Z"~' @& T,_y, Z) 27" & Ti_,,

nockosibky Ext(Z"-1 @ T;_y, Z) = T;_, coryacHo 3anaye 4.5.
4.14. [loxaxkeM cHauaJjia yTBep:KIeHHEe O KpyuyeHusix. Jljisg 3TOoro paccMoTpum 1Be
MocJ/1e10BaTebHOCTH TOMOMOP(H3MOB

9; 9;
+1
Cit1 — Ci — Ciy,
. si=0* R T T
i+1 i+1 i i i—1
C C c',

rne C, — cBoGoaHas Tpynmna u ct = Hom(Cp, Z) = Cp. CornacHo teopeme Cmu-
ta (cMm., Harpumep, [T12]) marpuily oroGpaykeHust 0;41 YMHOXEHHEM CJieBa M CIIpaBa
Ha LLeJIOUMC/IEHHbIE MATPHULbl ¢ OrpeeuTeseM 1 MOXHO TPHUBECTH K CJeylolieMy
BUJy: Ha AMaroHanu ctost sjementsl I, ..., 1, d, ..., d; (d; > 2), a Bce ocranb-
Hble 3JIeMeHThl (Ha AMAroHasu ¥ BHE JUaroHaju) HyJeBble. JIerko BHAETb, UTO TOTAA
Ti =2 Zy @ ... D0 ZLyg,. A5t BbIUMCICHHS T? HyXKHO TIPUBECTH K HOPMaJsbHON hopme
CwmuTa MaTpuily oTo6paxenus 8’ ~' = 9. OHa oaydaeTcs U3 MaTPHIIL! 0TOOPasKeHHs O;
TpaHCTIOHUPOBAHHEM, TI03TOMy Tpynmna T, KoTopast BBIUHCJAETCS ¢ TOMOIILIO OTepaTo-
pa 9;", usomopcua rpynne 7;_;, KoTopasi BLIUHCJISIETCS ¢ MOMOLLbIO oreparopa 0.
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JlokaxkeM Tenepb yTBep:KaeHHe 0 paHrax rpynn. OTMeTnM, uto Kpyuenue 7; moJHO-
CTbIO OTpefieisieTcst onepaTopoM Oy, a AJIsl BbIUUCJEHHS paHra i-il TPyNIbl FOMOJIOTHIT
HYKHbl 00a ornepatopa Ot W O;. [lycTb Ha nuaroHasu HopmasbHOH Gopmbl CmuTa
orneparopa 0; CTOSIT @; HEHYJIEBbIX 3JeMeHTOB. Torna

rk Kerd; =rk C; — a;, rkIm 041 = ait1;
tkKerd' =rk Ci — ajyy,  tklmdé™' =a;.
[Tostomy
rk(Ker@/Im 1) =1k C; — a; — aipy = rk(Kerd'/Im &' ™).

JeiicTBUTEMbHO, TIPH (DaKTOPH3aALMK 110 00pady Kaxkaas eMHHLA, CTOsLlas Ha JHaro-
Has, yOuBaeT npsiMoe cjlaraeMmoe Z, a uucjo d > 1, crosillee Ha AMaroHalH, 3aMeHsIeT
cJaraeMoe Z Ha cJjaraeMoe Zg, KOTopoe He aéT HUKaKoro BKJajaa B PaHr.

4.15. Tpymnet Ho(X) u Ho(Y) He umetor Kpyuenusi, nosromy Ext(Ho(X), Z) =
= Ext(Ho(Y), Z) = 0. Takum o6pasom, dpopmy.ia yHHBepCcaIbHbIX KOIDPUIHEHTOB JaéT
ectecTBeHHble M3oMopduambl H'(X) — Hom(H,(X), Z) n H'(Y) — Hom(H,(Y), Z).
Hyanesoit romomopduam [u: H{(X) — H(Y) uHIyuupyer HyseBoil roMoMopdusm
Hom(H,(Y), Z) — Hom(H,(X), Z), no3tomy rocJjie eCTeCTBEHHbIX OTOXKIECTBJIEHHH
MBI TIOJTyuaeM HyJieBoii romomopuam [ (Y) — H'(X).

5.1. Paccmotpum Ty Ke camyio mocJsenoBatesbHoCTh Maiiepa—Bberopuca, uto
i npu pewennn 3agaud 3.10. Ecau M" — 3aMKHyTOE OpHEHTHpyeMoe MHOrooGpaswue,
To cBA3bIBAIOIIHIT roMoMopduaM H,(M™) — H,_(S"~') meperoauT dyHnaMenTa bHbIi
knace [M"] B dbyHnamentanbHbiil kKiace [S"7!], nostoMy o ARAseTCS H30MOP(HUIMOM.
W3 storo caenyet, uto orobpaxenue H,_(M" \ int D") — H,_(M") siBasieTcsi u3o-
MOP(HU3MOM.

3amkHyTOCTh MHOrOOGpasuss M" cyuiectBenna. Ilyers, nanpumep, M" = D —
n-MepHbIil Wap, cogepxammil Menpwmii wap D" Torna M" \ int D" ~ S"~!, nosromy
Hyoy(M"\intD") =Z #£0=H,_;(M").

Opuentupyemoctb MHOr00Gpasust M" toxe cyuiectsenna. I[1ycrs, Hanpumep, M" =
=RP?. Torpa RP?\int D~ S! nosromy Hy(RP?\int D*)=H,(S"Y=Z#Zy=H,(RP?).

5.2. Mmeer MecTo KOMMyTaTHBHAs AMarpamMma

=

1 (BS") — Ha(S")
J(Ef)* I

o

Hy1 (3S") — Ha(S"),

rjle FOPU3OHTAJIbHbIE CTPEKH — H30MOP(HU3MbI HAACTPOiiKK. [ToaToMy ecsin [, — yMHO-
)Kenue Ha d, TO (3 [). — ToKe yMHOKeHHe Ha d .

5.3. SlcHo, uto Hy =Z,, Hy =7, B opueHtHpyemMoM cayuae U Hy =0 B HeopueH-
THpyeMoM cayuae. Janee,

H(K; Zp) = (H(K) @ Zp) @ Tor(Ho(K), Zp) = H1(K) @ Zp,
nockosbky Ho(K) = Z. Tlostomy Hy(nT?; Zp) = 22" v H\(mP?; Z,) = Z)'~".
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5.4. SIcho, utro H° = Z. anee,
HY(K; Z) = Hom(H, (K), Z) & Ext(Ho(K), Z) = Hom(H,(K), Z),

nockosbky Ho(K) = Z. Takum obpasom, H'(nT% Z) = 7Z** n H'(mP% 7) = 2"~
Hakoner,
H*(K; Z) = Hom(Hy(K), Z) ® Ext(H,(K), Z).
[Mostomy H2(nT?; Z) = Hom(Z, Z) = Z w H?*(mP% Z) = Ext(H,(mP?), Z) =
5.5. dcno, uto H UX =8> u HNX =9H — cthepa ¢ g pyukamu. ITosromy
nocJienoBare/bHocTh Maitepa—Bbetopuca mist X v H BBIMVIIUT CleLyoldM 00pa3om:

. — Ho(S®) — H\(0H) — H\(X) & H\(H) — H{(S”) — ...

3nech Ho(S%) = H,(S%) =0, nosromy H,(OH) = H\(X) & H\(H), T.e. Z*2 = H(X) &
@ Z*. 3nauur, H,(X) = Z*.

[pynnet H1(H) v H,(X) n3oMopdHbI COOTBETCTBEHHO A1py U 06pa3y roMmomMopduaMa
iv: Hi(OH) — H,(H). Slnpo romomopduama i. MOPOXKAEHO MepuaMaHaMK Kpasi TeJia
¢ pyukamu, a o6pas — napaJensmu. [lostomy obpasytouwmmu rpynmnsl H(H) cayxat
OKPYKHOCTH, HaJleTble Ha pyukH Tesia .

5.6. Top 7" MOXKHO MPEACTABUTh KaK n-MEepHbIA Ky0, Y KOTOPOTO OTOMKIECTBJIEHBI
COOTBETCTBEHHbIE TOUKH TPOTHBOMOJOKHBIX IpaHei. st n-MepHOTO Topa k-MepHast

rpaHb 3aaaércs n — k ypaBHeHHsiMH Buja x; = 1. [ToaToMy KoJIMueCTBO R-MepHBIX
n

k
pasmepHocTH k. Kak u B ciyuae QByMepHOro Topa, BCe IpaHHUHble TOMOMOP(HH3MbI

HYyJIEBBIE. HOS)TOMy FOMOJIOTUH 11-MEPHOTro TOpa — 3TO 'OMOJIOTHH LEMHOI0 KOMILJIeKCca

. _ ) n
rpaHeil paBHO 2" k( ) [Tocsie oToxkaecTBeHUH AJIsT TOpa MoJyvyaeM <k> KJIETOK

n n
Z—>Z”—>Z(2) —>A“—>Z(2)—>Z”—>Z

n
¢ HyJieBbIMH romoMopduamamu. CaenoBatennro, H,(T") = Z(k).
5.7. [pynmbl KoromoJiorHil ¢ Ko3duieHTaMl B Z JIeTKO BLIUMCJISIIOTCS], €CJIH 13-
BECTHbI IPYIMIbl TOMOJIOTHE ¢ Ko3hduimentamu B Z (3anaua 4.13). [Tostromy npumep 5.4
MOKA3bIBAET, UTO

Z a1t k=0wuk=n, rae n HeuéTHO;
HYRP"; 7Z) =< Zo 1ns1 uéTHbIX k, 0 < b < 3
0 B ocCTajIbHbIX CJIyyasix.
5.8. [lyctb a u b — oaHOMepHbIe KieTKH. [TprKJ/IerM K HUM JIBe IByMEpPHbIE KJIETKH
no caosam a®b % u b3(ab)"2. B pesyasrare nogyunm CW -kommiexke X. LlenHoii

. 2 0 52
KOMIIJIEKC JIJIs BbIUMCJIEHUS KJIETOUHbIX roMoJiornii X umeer Bum Z° — Z° — 0, e
. . 5 =2 .
romoMophuam O 3ajaéresi MaTpuLeit ( 3 N Onpenennresib 3TOi MaTPULbl paBeH

—1, nostomy 9 — uzomopduam. CienopatesbHo, CW -kommieke X aluuK/IHUeH.
Uro6bl 10Ka3aTh, UTO KOMIJIEKC X HECTSITMBAaeM, IOCTATOUHO JI0KA3aTh, UTO TpyMIa

m1(X) HerpuBnanbHa. [pynna 7 (X) 3agaérest o6pasyiolmiiMi @ U b ¥ COOTHOILIEHUSIMH

a® = b® = (ab)?. CyluecTByeT HETPUBHANBHBIN TOMOMOPMU3M 3TOi TPYMMbl B FPyMMy
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COOCTBEHHBIX JBHMKEHHH JMo/ieKaspa. A uMeHHo, mycTb A — MOBOPOT J0J€eKasapa Ha
yroJt 27t /5 BOKPYT OCH, TPOXOJsiiiieil uepe3 LeHTp rpaHu, B — MoBOpoOT JojeKasipa Ha
yroJt 27t/3 BOKPYT OCH, TPOXOJsiiiieil uepe3 BepllnHy (KOHKPETHbIE OCH M HAIpaBJICHHUS]
MOBOPOTOB yKa3aHbl Ha puc. 85). Torna AB — MoBopoT Ha 7 BOKPYT OCH, MPOXOASLLEH

Puc. 85. [losopomer dodekaadpa

yepes Touky C (cepennny pedpa). Takim o6pasom, A° = B® = (AB)? — ToxecTBeHHOE
npeoGpasoBanue. [TosaTomy otrobparkeHne o6pasyolinx a — A, b — B MoXHO npooJi-
XKHTb J10 TOMOMOpdH3Ma Ipyri.

5.9. M3 popmy.ibl yHUBEPCATbHBIX KOIDHIHEHTOB cienyeT, uto Z% @ T* = 7% ¢
@ Ter,T.e. bp=apu T* 2 T,_,. Buacrroctn, T' 22 Ty = 0. CorsacHo ABOHCTBEHHO-
ctu [lyankape ap, = b,—p u T & Tk, [TosTomy T =2 TR T uThT, , =
o~ Tn7k+l )

5.10. Iyers H,(M") = Hj, & Ty, tne H, — cBoGoHast aGenieBa rpymnna, Tj, — noji-
rpynna kpyuennsi. [Ipumenus 3anauy 5.9 st MmHoroo6pasusi M", noayunm Hy = H,_y
npuk=1,2,....n—1uTlpy=T,_p_ynpuk=1,2 ..., n— 2 Ilpumenus 3anauy 5.9

¥ H30MOPH3M HAJICTPOITKK Juist MHOTrooGpasust SM", osyunm H,—y =0, Hy—y = H,—;,
npu k=2, ...,0n—1,T,9=0,Thy =Th—p—y nipu k=2, ..., n— 2. CaesioBaresib-
wo, Hy=...=H,_1=0uT,=...=T,_9 =0. Kpome Toro, T,—; =0 nas Jio6oro

3aMKHYTOTO OpPHEHTHpyeMoro MHoroo6pasus M".

5.11. PaccMoTpuM eMHUYHBINA BEKTOP, MEPHEHANKYSPHBIH MIOCKOCTH AHATPaMMBbl
¥ HarpaBJIeHHbIH BBEpPX, KakK TOUKY cdepbl S?. Touku Topa, oToOpaxarolecsi B 3Ty
TOUKY, HaxoJsITCsl BO B3aMMHO OJHO3HAYHOM COOTBETCTBHH C TeMH TepeKpEécTKamy,
Ha KoTopbix Kpuasi J mpoxomut moa K. Puc. 86 mokasbiBaer, uTo pasHbIM THIAM
MepeKpECTKOB COOTBETCTBYIOT pPa3Hble 3HAKU sikoOMaHa OToOpaxeHus [ .

Yro6bl BbIMoJHsMOCH paBeHcTBO deg f = Ik(/, K), opueHTaUMn MOXKHO BHIOPATh,
Harpumep, cjaeaylomuM o6pasom. basuc ey, es, TIe e; U eo — KacaTesbHble BEKTOPHI
K J 1 K, 3a11aéT NoJI0XKUTEIbHYIO OpHeHTallto Topa. basuc gy, €9 3a1aét noJsoxutesb-
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/\/\
O —F S

K
5:+1 e=—1

Puc. 86. Omobpascenue f

HYI0 OpHeHTauuIo cdepbl, ecin 6asuc €, €9, €3, Tle €3 — BEKTOP BHELLHEH HOpMaJH,
TMOJIOXKHTEIBHO OPHEHTHPOBAH.

6.1. MamenbuuB npu HeoOXOMMMOCTH TPHAHTYJSLMIO KOMIJIekca L, MOXKHO CUH-
TaTh, UTO KaXK/bl CHMILIEKC W3 L TOJHOCTBIO MOKPHIT OKpecTHOCThIO U, BXoasuieh
B orpejie/ieHne HakpbiThs. Torna B KauecTBe TPUAHTYJISILMH KOMIIeKca K MOXKHO B35iTh
npoo6pasbl cumiiekcos U3 L. ITycts a; (K) u a;i(L) — kosnuecTBa i-MepHbIX CHMILIEK-
coB B K u B L nisi Takux tpuanrysimit. Torna a; (K) = na; (L), nostomy x(K) = nx(L).

6.2. [lycTb bj, u by — KoanuecTBa k-MepHbIX cumiiekcos B K u L, by — KoJu-

uecTBO k-MepHbIX Ketok B K x L. Torma (—1)*b, = 3 (=1)7b}(—1)7b}, taK kax
o
be= Y b,by. Tostomy r
pFa=k

X(K x L)=>"(=1)b (Z (—l)pb;) (Z (—1)”b;’) = x(K)x(L).

6.3. Ecaiu [" =idg 1 oroGpakenue [ He HMEET HEMOABHIKHBIX TOUEK, TO MOYKHO M0~
CTPOMTh M1-JIHCTHOE HAKphITHE p: K — K/~ THe X ~ [(x) ~ f2(x) ~ ... ~ ["(x) = x.
Ecau TpuaHrysuus komniekca K 10CTaToOuHO MeJikasl, TO CHUMIJIeKehl A U f(A) He
nepecekaioresi. Takast TPUAHTYJISILKST MHAYLUPYET TPHAHTYJISLMIO NpocTpaHcTBa K /r~v.
[Tostomy cornacto 3anaue 6.1 mbl mosmyuaem x(K) = nx(K/~) =0 (mod n).

6.4. SlcHo, uro Im f; =2 V;/Ker [, mostomy

dim V; =dimIm i + dim Ker f;.

CJie10BaTeNbHO,

> (=DidimV; =Y (=) dimIm j; + Y (=1)" dim Ker f; =
=Y (=D dimIm j; + (=)' dimIm fi4; =0.

6.5. TTycTh Ky — e-OKpecTHOCTh JaHHOTO 3atienyienns, K, — sambikanue S\ K.
Torna x(S%) = x(Ko) + x(Ki) — x(Ko N Ki). 3necn x(S%) =0, x(Ko) = 0 u, nako-
Hel, x(Ko N K;) =0, nockosbky Ky N K; COCTOUT U3 OJHOTO WJIM HECKOJIbKUX TOPOB.
CaenoBarenbho, x(K;) =0, uto u TpeGoBasoCh.

6.6. 3anuiieM TOUHYIO MOCJEI0BATENbHOCTb TaPh! AJIs TOMOJIOTHE ¢ KO3 (hULHEeH-
TaMl B HEKOTOPOM T10JI€:

.— H{(B) — H;(A) — Hi(A, By — H;_1(B) — . ..
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B 37oii mocsenoBaTesbHOCTH €CTh JIMIIb KOHEYHOE YHUCJIO0 HEHYJIEBBIX U/J€HOB, MOITOMY
MOKHO BOCIO0JIb30BaThesl 3anaueil 6.4. B pesysbrate nosyunm

> (=) dimHi(B) + > (=) dim Hi(A) + > (= 1) dim Hi(A, B) =0.

6.77 3anymepyem i-MepHble rpanu Kommiekca K uncaamu 1, 2, ..., f;, tie fi —xo-
JIMUECTBO [-MEepHBIX IpaHei, a 3aTeM st i -MepHO# rpanu £}, ¢ HoMepoM k paceMOTpHUM
uncso pij(k), paBHOE KOJMUECTBY j-MEpPHBIX TpaHell, nepecekaolux rpaib Fj,. Kosm-
YEeCTBO j-MEpHBIX IpaHeli, eé He Mepecekalolinx, paBHo f; — pij(k), mostomy

fi

aume —pi(R) = 1if; =D pij (k). (1)

k=1
. n .
Jemma. [Jlasg kancooi epanu F, sonoansemes pagercmso y (—1) pij(k) =

=0
=(=D"

JlokasaTesnbcTBo. BBeném Ha MHoroo6pasun M" pUMaHoBy METPHKY H pac-
CMOTPHM MHOXKECTBO Q., cocTosLiee 3 Touek M", ynanéHubix ot F} e Golee ueM Ha €.
Ecau e nocratouno maso, To Q. romeoMophHO n-MepHOMY 1apy H Qe He COIEPKHT
BEpILINH KOMTIeKca K, OTJIMUHBIX OT BEpLIMH TpaHu F.

TMepeceuenns rpaneii K ¢ Q. ~ S"~! zanaior na S"~! crpykrypy C W -komrekca.
Kosanuectso (j — 1)-mepHbix ka1eTok 310r0 CW -KOMIJIEKCa paBHO KOJIMUECTBY j-Mep-
HLIX TpaHeli KoMTiekca K, mepeceKalonyx rpaHb F. u MpH 3TOM He cojepsKaixcs
B FL. TTostomy

pij(R) =qj—1 +rj, @)
e ¢;—1 — KosnuuecTBo (j — 1)-MepHbIx kjaeTok CW-kommiekca Q. (npeanoJaraer-
cs1, uto g_; = 0), rj — KOJIMUECTBO j-MePHLIX IpaHeil BLITYK/JIOrO MHOTOrpaHHUKA F}
(HpCLLHO.HaFaCTCﬂ uro r; =1ur;=0npu j>i).

slcno, uto Z(—l =x(DH=1mu E(—l)qu =x(S"") =1+ (=1)""". Boc-
=0 =0
NoJ1b30BaBLIKCH GopMyJIoi (2), moayuaem

ST P =Y (=D g+ (= =—1— ()" 1= (1),
j=0 j=0 =0

yTO U TPeGOBAIOCH. O
N3 dopmyast (1) cne}lyeT uTO

D NEIEN

i=0 j=0
n n n n fi

=D D DT =030 (=0  pik).
i=0 j=0 i=0 j=0 k=1

ﬂepBaﬂ CyMMa BBIYUCJIACTCSA HEMOCPEACTBEHHO!

n n n

DD DT RE=(D0 D) =X,

i=0 j=0 i=0
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[1pu BbIUKHCIEHUH BTOPOH CYyMMbI BOCHOﬂbSyeMCﬂ JIEMMOH:

ii}z( p Z(—l ZZ(—I ) pij (k) =

i=0 j=0 k=1 k=1 j=0
n .
= Z (=1) Z (=D)"= (D" (=D fi = (=) x(M").
k=1 i=0
B urore nosyuaem ¥(K) = (M”) — (=1)"x(M"™). Ho ecqu n neuétro, 1o x(M") = 0.
Mostomy U(K) = x2(M") — x(M").

6.8. Paccmorpum Ha M” cienyioliiee OTHOLIEHHE KBUBAJEHTHOCTH: X ~ Y, €CJIH
HOpMasIbHbIe MOANPOCTPAHCTBA B TOUKAX X M Y COBMAJAIOT (T. €. 3TH TOUKH JIEKAT B OJI-
HOM HOPMaJIbHOM TopocTpatceTae). Otobpakenne M* — N* /~ siBasieTcs HAKpLITHEM,
MOCKOJIEKY Kaskiiasi HOpMaJlbHasi IIOCKOCTh nepecekaer M* tpancBepcasbHo.

6.9. JIocTaTouHO 10Ka3aTh, UTo 415l KOShMULMEHTOB B Zy MHICKC nepeceucHust MF
1 HopMaJibHOro nojanpoctpancTsa pasen 0. Jlio6oe (n — k)-MepHOe MOMNPOCTPAHCTBO
B R" MOXHO MepeMecTHTh B JIl0O0E Jpyroe (1 — k)-MepHOe MOANPOCTPAHCTBO, OTOMY
uneKe nepeceuennst M* ¢ (n — k)-MepHBIM MOAMPOCTPAHCTBOM He 3aBHCHT OT BLIGOPA
noanpoctpancTsa. Ho /s KOMIAKTHOrO MHOro0GpasHsi CyLIeCTBYET MOANPOCTPAHCTRO,
C KOTOPbIM OHO He MepeceKaeTcsl.

6.10. BriGepem Touky a € M* Tak, uro6ul dynkumsa f(x) = [|x — a||%, x € M*, ne
MMeJla BbIPOXKIEHHBIX KPUTHUECKHX TOueK. KpuTHueckdhe TOUKH 3TOH (PYHKUHH — 3TO
TouKH repecederus M* ¢ HopMasbHbIM HOLLHpOCTpaHCTBOM B Touke a. [1yctb ri — uncJio

KPUTHUECKHX ToueK uHiekca i. Torna Z ri=ru Z( 1)'ri = x(MF). Slcno Takke, uTo
i=0 i=0

ro > 0. TTostomy —r < x(M*) < r. Ho x(M*) = rX(Nk) rie N* — mHorooGpasue, Be-
KéHHoe NpH pelerny 3aaun 6.8. 3naunt, —1 < x(N*) < 1. Takum o6pazom, x(N¥) =0
w1, 1.e. x(M®) = 0w r.

6.11. TTpu pewrennn 3anaun 6.10 MBI noayumnH, uto eciu M* — samMknyTOe MHOTO-
obpasue, /11 KOTOPOTrO CYLLECTBYEeT TPAaHCHOPMAJbHOE BJIOXKEHHE, NPUUEM x(M*) £ 0,
10 r; = 0 17151 Beex HeuéTHbIX i. [Tostomy M* romoronuueckn sksusanento CW -kom-
TJIEKCY, Y KOTOPOTO HET KJIETOK HeUETHOH pa3MepHOCTH.

6.12. TpeGyeMoe yTBepKeHHe J0CTATOUHO 0KA3aTh B Cjyuae, Korja [ — CHMIJIN-
uaJjbHoe otoOpaxenue. B sTom ciyuae uennoe otrobpaxenue fr: Cp(K; R)— Cp(K; R)
sanaérest MaTpuueil A ¢ LEJOUHCIEHHBIMH 9JIEMEHTAaMH, a LelHoe oToOpakeHue [/
3anaérest matpuueit A”.

Jlemma. [lycmo A — keadpamnas mampuya ¢ yero4ucieHHIMU INeMEHMa-
mu, p— npocmoe uucao. Toeda tr(A”) =tr A (mod p).

HokaszateanbcTBo. [lyeth f(x) =det(x/ — A), rne [ — enunnunasi MaTpuua.
JTi060My MHOrOWIeHy [ ¢ LeAbIMH KO3(GMULHEHTAMU COOTBETCTBYET MHOTOUIECH | Haj
nosnem F, (KoHeuHoe mosie U3 p 3aemeHToB). [Ipucoennnum k F, kopHu xi, ..., X,
MHOTOUsIeHa [. B peaysibrarte moyunm nose Fe.

Jlnst moGbix snementos X, y € IF , BhimogHsiercst pasenctso (x + y)” = x” + y”

MOCKOJIbKY (:1) =0 (mod p) mpum =1, 2, ..., p — 1. TToatomy
o=t ) =0t X
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(BTOpOE PaABEHCTBO CJEIYeT M3 TOTO, UTO X| + ...+ x5 € Fp). Ho x1 + ... + x4 =
=trA (mod p) u x + ...+ x; = tr(A”) (mod p). IlepBoe paBeHCTBO OUEBHHO,
a BTOpPOE CJIEMyeT M3 TOro, uTo e [(x) = (x — A1) ... (x — An), TO A} + ...+ N)
BbIpaX<aeTcsi KAK MHOTOUJIEH C LIeJIbIMH Ko duileHTaMu uepe3 Ko3((HUIHMEHTb MHO-
rousiena [, npuuém x! + ...+ xi Bbipaxkaercs uepes Ko3(pHUHEHTH MHOrOUIEHa f
TOUHO TaK 2Ke. O

3 sieMMbl TpeGyemoe yTBepKJIeHHE Ce/lyeT OUEBHHBIM 00pa3oM.

7.1. D10 creyeT U3 TOTO, UTO JI/Isi OTHOCHTEJILHBIX KOPOMOJIOTHH CUP-MPOU3BEICHHE
OTPEJIEJIIETCS] TOUHO TaK »Ke, KaK M JJis abCoJIOTHBIX. Hy»KHO JIHIIbL 3aMeTHTb, UTO
Lug=LUL.

7.2. a) VI3 TouHO KOrOMOJIOTHUECKO#H MOCJIeI0BATEIbHOCTH

HP (K, Li) — H" (K) — H” (L:) =0

caenyer, uto orobpaxkenne HP (K, L;) — H" (K) — snumopcuam, T.e. B H?7 (K, L;)
€CTb 3JIeMeHT [3;, oTo6parkalolmiics B o;. [1pu 3ToM sement B v ... v (B, oTo6paxka-
n
CTCA B Q] v ...\w Qy. HO,@] u...u,@neH*(K, U L,‘) =0.
i=1

6) OueBuaHbIM 06pa3oM cJelyeT M3 a), MOCKOJbKY HAJCTPOHKA MpeacTaBJsieTcst
B BUJIe OObEIMHEHNST IBYX CTAMHBAEMbIX MPOCTPAHCTB — KOHYCOB.

7.3. Tlyctb «sn — oGpa3 3jemMeHTa « TPH €CTECTBEHHOM TOMOMOP(H3ME
H*(S", M*¥) — H*(S"). Torna v v = (a|sn) v B=a v (8]sr). Ecom 0 < dima < n,
10 at|sn =0, a ecain 0 < dim 3 < 1, 10 B|sn = 0. Ocraéresi paccMOTPETD JHILIb CJIyual,
koraa dim o = dim 3 = n. Ho B sToM cayuae o v 3 € H*(S", M%) =0.

7.4. a) Ilycts G u H — a6eneswl rpynmnsl, a p: G — H u ¢¥: H — G — romo-
MOpP(HU3MBI, 1151 KOTOPbIX ¢ = idg. Torna H = Im ¢ @ Ker . eiicTBuTenbHO, /060K
seMeHT i € H MOXKHO NpeicTaBuTh B Buje o = pyh + (h — piph), tie oiph € Imp
u h — ph € Kerey. Kpome toro, ecin x =g n px =0, o g¢ =g =1px =0,
nosromy g =0, a 3Hauut, x =0.

[TprmeHHB 3T0 yTBep:KIeHHe K TOMOMOPGhU3MaAM iy : H.(A) — H.(X), rv: Ho(X) —
— H.(A) u K romomopcusmam r*: H*(A) — H*(X), i*: H*(X) — H*(A), nosyuaem
Tpebyemoe.

6) PaBenctBo r*a v r* 3 = r*(a v ) nokasbiBaer, uto Im r* — noaxosbiio. PaBeH-
¢tBO i (v v B) = i*av v i* B mokasbiBaer, uto ecaim i*a=0un i*5 =0, 10 i* (a0 v B) =
=0.

7.5. Tlpexne Bcero 3amerum, uto H7(X VY)=H"(X)® H”(Y) npu p > 1. Pe-
tpakuit X VY — X u X VY — YV nokaseiBaior, uto H*(X) u H*(Y) — nneasnl
B H*(X vV Y) (3anaua 7.4). [Tostomy (x + y) v (x' + ') =x v x' +y vy’ mns mobbIx
KOTOMOJIOTHYECKUX KiaccoB x, x' € H*(X) uy, y' € H*(Y), uMelolnX MOJIOKHTENbHYIO
pasmeproctb. [lefictutensro, x vy’ € H*(X) N H*(Y), nostomy x v y’ = 0.

7.6. Tlpenmosioxum, uto cyiectsyer perpakius r: S” x S — S§P v §9. Torna
corsiacHo 3azmadue 7.4 mbl umeem H*(S? x S7) = Keri* @ Imr*. Ilyers 1, o, B9
u o v B7 — obpasyiolide HeTPpUBHAJbHBIX Ipymnn Koromodioruit S” x S7. Jlerko Bu-
neTh, uto Keri* = HPT7(S” x S§7). [TosTomy Im r* cOCTOUT U3 JIMHEHHBIX KOMOUHALHE
snementoB 1, o u 7. Ho torna o v 37 ¢ Imr*, nostomy Im r* — He MoAKOJIBIIO.
[TosiyueHo npoTuBoOpeune.
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7.7. a) Tlycts agy W o — obpasytoume rpynn H'(RP"; Zs) u H'(RP™; Zy).
[Tpeanosioxum, uto cyuiecTByer perpakiusi r: RP" — RP™. Torja corsiacHo 3aja-
ue 7.4 rpynna H*(RP"; Zs) siBasiercst npsivoit cymmoit Keri® w Imr*. SlcHo, uto
i*(a(m) = a(m), mostomy Keri® coctout us smementos 0, a%“, R af”). CaenoBa-
TesbHO, Im r* coctout u3 snementos 0, 1, op), oz%,,), R oz(f‘?). Ho 310 He moakoJibLo,
a corjiacHo 3anave 7.4 Imr* — nogkosbLo.

6) Pemaercs aHajoruuxo.

7.8. a) BuiGepem B ' (M3) u B H'(M?) 6asucel a1, ..., o, B1, ..., Bavi ), ...
ey Qs By -, B, Kak B Teopeme 7.3. Tyets A =y v B u A = af v 3] — o6pa-
aytoue rpynn H*(M3) u H*(M?). Torna ecnu

fl*(al) :ala/l +... +an106:n + blﬁ; + ... +bm/6;m
B =cial + ... 4 cncly +d1 B + ... + dufB,

TO
f*(A) ="y vpB)=(ady +...+amdm —brc; — ... — bmcm)A'.

6) Tomomopdusm A, nepeBoasumil oy B of, a B2 B (3], He MOXKeT GbITh MHJIY-
LIMPOBAH HEMPEpPbIBHBIM oTOGpakeHneM [: M3 — M3, nockoabky [*(air) v [*(82) =
= [*(en v Bo) = 0,

8.1. a) Scno, uro H(S* x S*) = H*(S* x S )2 Z u H*(S* x SHY~Z 3 Z,
a BCe oCTa/IbHbIE FPYINbI KOroMoJoruii Hysesbie. [TycTb o, 8 € H*(S* x §*%) — knacchi
KOTOMOJIOTHH, IBOUCTBEHHbBIE (B CMbICJIE JHHEHHOH anre6pbl) FOMOJIOTHYECKHM KJlaccam
wikaoB S* x {xo} u {yo} x S*. Torna o v B = A, rme A — oGpasyiowas rpymnmb
H2*(S* x §%); 570 caenyer U3 Toro, uTo ykasaHHbie LHKJbI TPAHCBEPCABHO Mepece-
KaloTcsi B OJIHOH Touke (Yo, Xo). [IpoBepum Teneps uto a v a=0wu S v B =0. Huxn
S* % {x0} romosornuen Kty S* X {x}}; 4TOGHI 5T0 OKA3ATH, JOCTATOUHO PACCMOTPET
menb S* x I, rae | — nyTh ¢ Kouuamu xo u x. Llukasr S* x {xo} u S* x {x} ne
nepecekatoTes, nosatomy « v « = 0. AHajiornuHo nokasbiBaetces, uto 8w 8= 0.

6) [Ipexkne Bcero 3aMeTHM, U4TO KOUMKI « + 3 ABOWCTBEH AMAroHamu u (o + () v
v(ia+p)=av p+ B va Ecmu k neuétHo, To o v = —0 v ; B 3TOM cJyuae
HHJIEKC camonepeceueHus auaroHanu pased 0. Ecioin e &k uétHo, To a v B+ v a =
=2 v 3 =2A, no3TOMy MHIEKC CaMONepeceyeHus JuaroHansu paseH £2. 3Hak 3a-
BUCHT OT TOTO, KaK BbIOpaHbl OpHeHTALMM auaronamn u S* x S*. Ecau sanana opu-
cHtauusa S, To opHeHTAlMs AMArOHAJM 3aJaETCH CCTECTBEHHBIM 0GpasoM. ITpu uéT-
HoM k opuentaunsi cpepnr S¥ x S* Toke 3a1aéTes KaHOHHUECKH, TOTOMY UTO Ga3HChi
€ly eevy Chy Ely eovy ER U EL, «vy ER, €1, «.., € TIPH UETHOM R OPHEHTHPOBAHBI OJIMHA-
koBo. [Ipu Takom BbIGOpe OpHEHTALMI MOJyUaeTcsl 3HaK MJIOC.

8.2. [lycTb o n B — KOTrOMOJIOTHUECKHE KJlacChl, ABOHCTBEHHbBIE (B CMbIC/IE JIMHEHHOM
aare6pbl) rOMOJIOTHUECKHM KjaccaM uk/aIoB S™ X {xo} u {yo} x S". Torna o v B —
o6pasyiotuast rpynnbl H'™™(S" x S™). TTosToMy J10CTaTOYHO J0Ka3aTh, uto [*(a) =0
u [*(8)=0.Ho [*(o) e H™(S"t™)=0wu [*(B) € H"(S"T") =0.

8.12. CrsiruBaeMoe MHOrooGpasue OPUEHTHPYEMO, MTOITOMY HMEET MECTO U30MOp-
duam Jledueua Hy(M*, OM™) = H**(M"). Cnenosatenbno, H,(M", OM") =Z u
Hp(M", OM"™) =0 1ipu k # n. TTostomy TouHasi nocsegoBaresbHocTb napel (M", OM")
nokaabiBaet, uto H,(OM") = Hy(M")npuk <n — 1l u H,—(OM") =2 H,(M", OM") = Z.
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8.13. PaccMoTpuM KOMMYTAaTHBHYIO C TOUHOCTBIO 70 3HAaKa JAMarpamMMy roMOJIOTHH
1 KOrOMOJIOTHIl ¢ Ko3thdulmeHTamu B nosie Q:

Ho(M?, OM®) —25 Hy(OM?) —"— H\(M?)

QTM[;WSJ ng[B/HS] ETA[W]

HI(MS) #} Hl(aMS) 45’ [_]2(/‘/[37 aMS)

[TockosibKy Mbl paccMaTpHBaeM rOMOJIOTHH H KOTOMOJIOTHH € KO3(dHULMEHTaMH B T10JIe,
0TOOpaXKEHHsI ix W {* IBOHCTBEHHBI APYT APYTY B CMbICJIE JHUHERHON anreGphbl.
JIuneitHomy otobGpaxenuio A: U — V MOXHO COMOCTaBUTb TOUHYIO T0CJIEI0BA-
TeNBHOCTD
0 — KerA — U -5 V — Coker A — 0.

[Tpu nepexosie K IBOHCTBEHHBIM TPOCTPAHCTBAM MOJy4aeM TOUHYIO MOC/IEI0BATEILHOCTD
0 (KerA)* «— U* &2 V* «— (Coker A)* «—— 0.

Takum o6pasom, Coker(A*) = (Ker A)*. ITosromy dim Cokeri* = dim Keri., a 3Ha-

yut, dimIm@ = dim Keri, = dim Cokeri* = dim Cokerd. B pesysbrare noJyua-

em dimIma = dim(H,(@M?)/Imd) = dim H;(OM?*) — dimImd, re. dimImd =

I ..
=3 dim H,(OM?), uro u TpeGoBanock.
8.14. CornacHo TeopeMe JBOHCTBeHHOCTH AJleKcaHiepa

z" npuk=n—2;
Hy e (X) 2 AN(S"20...uS"*)={7Z"" npnk=0;
N e’

m 0 B OCTaJIbHbLIX CJiyyasix.

[Tostomy

Z npu i =0;
Hi(X) = z" npu i = 1,
O W/ npui=n-—1,

0 B OCTaJIbHbIX CJlyyasix.

8.15. Cornacho nBoiicTeennoctd Anekcanaepa [;(X) = A" 1(SP) npu 0 <i < n
Kpowme toro, H,41(X) =0, nocko/ibky npocTpaHcTBO X TOMOTONHUECKH KBUBAJEHTHO
(n 4 1)-mepHoMy MHOrooGpasuio ¢ kpaeM. Takum o6pasom, [;(X) =Z npui=n— p,
a BCe ocTaJsibHble TPYMNIbl MPUBEAEHHBIX FTOMOJIOTHE X HyJIeBbIE.

8.16. Cornaco jnBoiicTeennoctd Asekcannepa 7;(X) = A"~H(SP U SY) npu 0 <
< i < n. Kpowme Toro, H;(X) =0npui>n+ 1.

8.3. a) Ilyctb o u a(m) — o6pasyiomme rpynn H'(RP"; Zy) w H'(RP™; Zs).
Ecau [* (o) =0, T0 [* (a(n )=0, re af) =Qp) V.. . v Oy — 00pasylollast rpynisl
H*(RP"; Zy). Tpeanonosxum, uto f*(cm) # 0, T.e. f* () = . Torna f*( ”H) =

=aj, 70, mockoisky n+ 1< m. C apyroit cTopoHsl, oz[’“ = 0. [Tosmyueno nmpotu-

BOpeuHe.
6) OToGparxkeHue [, JBOACTBEHHO O0TOGpPaXkeHuio [*.
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8.4. Tlpeanosnoxum, uto Takoe oToOpaxkeHue g cylecTByeT. Torna KOMMyTaTHBHA
JuarpamMma

Smi}sn

Pm J/ J’ Pn
f

RP™ — RP",

[IE P U Pu — ABYHCTHEIE HakpbiTHst. OtoGpakenne [ Hy (RP™: Zy)— H (RP"; Zs)
Hy/eBoe (3aaua 8.3 a), nostoMy otoGpaxenue [\ (RP™; Zy) — m1 (RP"; Zs) To-
)Ke HysieBoe. JleficTBUTE/IbHO, ecyi 1 = 1, TO roMOMOpdHU3M [i: Zg — Z HyJeBOH 10
OYEBHIHBIM ajreGpandyecKUM MPUUYMHAM, a eCJu 1 > 1, TO MOXKHO OTOXKIECTBHTb 00-
pasyiotume rpynn Hy(RP"; Zo) u w1 (RP"), a takke o6pasyiotue rpynn Hy(RP™; Zsg)
u 1 (RP™). Tlocsie TaKOr0 OTOXKIAECTBJIECHHUST TTOJYUHM ff” = fff”.

OTto6paskenne [ HHIYLIUPYET HYJEBOH TOMOMOP(H3M (PyHAAMEHTANbHBIX TPYIII, MO~
ITOMY CYIIECTBYET MOIHSITHE

oS

L

rRP" L, RP"
Torna pufpm = [pm = png. st moGoit Toukn x € S™ 6o g(x) = [pm(x), 1160
g(—=x) = [pm(x) = [pm(—x). OToGpaxkenuss g u [p, COBMNAZAIOT B OJHOH TOUKE,
M03TOMY OHHM coBnanaioT. JleficTBUTEbHO, 0TOOpaXKeHHe HAKPbIBAIOLIMX TPOCTPAHCTB,
KOTOpO€ HaKPhIBACT JaHHOE 0TOOparkeHHe 6a3 HaKPBITHIA, TIOMHOCTBIO 3a/1aéTcst 06pa3om
OJIHOH TOUKH.

Mbl NPUXOJMM K TPOTHBOPEUHIO, MOCKOJbKY OTOGpa)eHHe g TIEePEBOJUT TOUKH
X W —X B pa3Hble TOUKH, & Py — B OJIHY TOUKY.

8.5. a) s pelieHust 3TOM 3a7aud HY»KHO BOCIOJIb30BaThCsi TeopeMamu 8.7 u 8.8,
KOTOpbI€ OMHCBLIBAIOT YMHOXKEHHE B KOJbL@X KOroMoJiorn# npocrpancts RP" u CP".
Kpome Toro, Hy:KHO BOCMO/b30BaTLCS PE3yJbTaTOM 3a1auu 7.2.

6) MHoxecTBa (Xo : X :...: Xy), X; # 0, cTAruBaembl (OHU FOMEOMOP(HBI OTKPHITHIM
wapam) u nokpeisaior RP" (CP").

8.6. Tlyctb a — oGpasywowas rpynnsl H'(CP"). Torna [* (o) = A, e \ € Z.
[Tostomy [*(af) = ([*a)* = A*af. Ins soiuuciaennst A(f) MOKHO BOCMO/NB30BATHCS
He TOJIbKO OTOOpaKeHHeM TFOMOJIOTHH, HO U oToOpaxkeHueMm KoromoJiorui. Ilostomy
AN =14+X+X2 4+ + 2

. n+1 _
8.7. Cornacno 3anaue 8.6 Mel umeeM A(f) =1+ A+ A2+ ...+ N = %
ostomy e A(f) =0, 1o X' =1 u XA # 1. 3naunt, A = —1 1 ukC/I0 71 HEUETHO.

8.8. Kak u B 3anaue 8.6, nosyuaem, uto [*a" = X", CaenoBatenbho, [«[CP"] =
= N'[CP"].

8.9. a) Ecan 1 uérro, To cornacto 3anave 8.8 Mol umeem deg f = A" > 0.

6) Tlokaxewm, uto mudpeomopdpusm CP™ — CP™, 3ajaHHblil B OJHOPOIHBIX KO-
opauHartax ¢hopmysaol (2o :...:2m) — (2o :...: Zm), B Clyyae HeuéTHOro m obparia-
eT opueHTauuio. JefCTBUTEIBHO, B OKPECTHOCTH HenoaBKHONH Touku (1 :0:...:0)
3TOT audppeomopduam ycTpoen kak otobpaxenue C" — C™, zanannoe popmysoi
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(21, .-y 2m) — (21, ..., Zm). Ecam mMbl paccmoTpum 3To oToGpaxkeHHe KaK oTobpa-
xetne R?" — R¥™ 1o ero onpenenutens pased (—1)™.

8.10. Ipynnbi koromoJsioruit (¢ Koa(dulureHTaMd B Z) YKa3aHHbIX NPOCTPAHCTB
M30MOP(hHBI, HO KOJIbLIA KOTOMOJIOTH Y HHX pasHble: yMHOMKeHHe B KoJble H*(CP?)
HeTPUBHAJILHO, a YMHOXKeHHe B KoJblie /*(S? v S*) tpusnaibio.

Tpoctpanctso CP? noayuaercs npukaensaniem D! k S? o orodpaenuio D! —
— S?, koTopoe sBAseTcs paccioenuem Xonda. Ecau 6bl 3T0 oToGpakeHHe GbHLIO
FOMOTOINHO TOCTOSIHHOMY, TO TOJyueHHOE B pe3dyJibraTe TAaKOH CKJEHKH MPOCTPAHCTBO
6bLI0 Gbl TOMOTOMHYECKH SKBHBAJeHTHO S? V S,

8.11. YxasaHHble TPOCTPAHCTBA MMEIOT IPYMIbl KOTOMOJIOTHH Z B pa3MepHOCTSIX
0, m,num+n (ecam m=n, TO B pa3MEPHOCTH M = 1 TPyMIa KOroMoJIoTHil paBHa
Z @ 7Z); octaJbHble TPYMIBI KOTOMOJIOTHI y HUX HyJeBble. st npoctpancTa S™ x S”
NpoH3Be/leHHe 00PasyIolHX IPyNN KOroMOJIOTHI pa3MepHOCTel M U 1 paBHO 00pasy-
Jo1LLefl TPYTTbI KOTOMOJIOTHIT pasMepHoCTH 1 + n. Jlas npoctpancta S™ Vv §* v S
YMHOKEHHE B KOTOMOJIOTHSIX TPUBHAJIBLHO.

8.17. 3anuiiem noceoparenbHocTs Maiiepa—Boetoprca ana K, = M{" \ int D*"
n Ky = Mi"\ int D

Hiu($" ") — Han (K1) & Ho (K1) — Han(M{" # M3") — Ho, o (S™7).

3nech Ho, (S~ =0n Ha, 1 (S*~1)=0, nosromy Hy, (K1) ® Hon (K1) 22 Hon (M1 # M3").
Kpowme Toro, cornacuo 3anaue 3.10 mbl umeem Ho, (Ki) =2 HQH(M?”). SlcHo Takxke, uTo
2n-MepHble LMKBI, nopoxaaiolue Ho,(Mi"), MOXHO BLIGpaTh Tak, yToGbl OHM He
nepecekann D' (map D' moxHO BHIGPaTh CKOJML YromHo MadbiM). TTostomy dopma
repeceueHns MHOroo6pasus M{" # M3" sBisieTcst psiMoli CyMMOi (hOpM HepeceueH st
MHorooGpasuit M{" 1 M3".

8.18. Ilycts 27 n w? — Kouenu co 3HaveHusiMu B G, MPEACTABJISIOLINE KOTOMO-
Joruyeckue knaccol a” u b9, Torma §(z” v w?), §(z”) v w? u 27 v §(w?) — Koueny,
npeacrapsiolne kaaceol 3% (a” v b9), B*(a”) v b? u a? v B*(b7). ScHo Takke, uTO
02" vw?)=6z")vw! + (—1)Pz" v wr).

9.1. Slcuo, uro Tor(H,(M?), H,—1(N?)) = 0, nockosbky H,(M?) =0 wm Z. ITo-
3ToMy corsiacHo TeopeMe Kionnera Hpyq(MP x N9y = H,(M?) ® Hy(N?). Dra rpynna
n3oMopdHa Z Toraa u ToJbKo Toraa, korma H,(MP) =7 w Hy(N9) = Z.

9.2. TIpeamnosioxkum, uto S" = M? x N7, rne MP u N9 — mHorooGpasusi paamepHo-
creft p, g > 1. SIcHo, uTo 9TH MHOTOOOpa3ust O/KHbI ObITb 3aMKHYTHIMH. Kpome Toro,
corsiacHo 3anave 9.1 oHM NOJ/KHBI ObITb OpHeHTHpPyeMbIMH. [TosTOMY corsiacHo Teo-
peme Kionnera rpynna H,(S") conepxut noarpynny Z = H,(M") ® Ho(N7), npuuém
0 < p < n. D10Oro He MOXKET ObITb.

9.3. dyHnameHTasMbHBIE TPYNMNbl 060MX TPOCTPAHCTB PaBHbl Zo, a BCE OCTaJb-
Hble TOMOTOIMMUYECKHe IPYMIbl y cdepbl U NPOEKTHBHOIO NPOCTPAHCTBA TOH Ke pas-
MEPHOCTH HM30MOPGHBL. s TOMOJIOTHI JOCTAaTOYHO J0Ka3aTb, UYTO PasHbIMH Oy-
JyT TPYyNMbl TOMOJIOTHH ¢ Kos(duumentamu B Zo. CorsacHo TeopeMe KionHe-
Ta pasmepHocTb npoctpanctBa @) H;(X X Y; Zg) paBHa MpOHU3BENECHHIO pa3MepHO-

i>0
creit mpoctpancte €D Hi(X; Zo) u @ Hi(Y; Zs). TToatomMy pasmepHOCTH MPOCTPAHCTB
i>0 i>0
@ Hi(S" x RP™; Zo) u @ Hi(S™ x RP"; Zs) paBubl 2m + 2 u 211+ 2 COOTBETCTBEHHO.

i=z0 i=0
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9.4. Slcro, uto m (S? X RP™®) 2 Zy 2 1 (RP?) 1 m,(S? x RP*®) 22 1, (RP?) nipn
k> 2, nockonbky mp (P®) = 0 n mx(S?) 22w, (RP?) npu k > 2.

CoraacHo Teopeme Kionteta rpyrna H; (S x RP; Zs) coiepKUT NOArPyIIy, H30-
Mopthuyio Ho(S?; Zg) ® Hi(RP%°; Zy) = Zy; B uaCTHOCTH, 3Ta TPyMTa HeTPHBHAJLHA
st Beex i. C apyroii croponsl, H; (RP?; Zs) =0 npu i > 3.

9.5. [TepBoe pemenue. [lpoctpanctBo A * B siBasiercst pakTOprnpocTpaH-
ctBoM A x [0, 1] X B no cieaymoilemMy OTHOLIEHHIO 9KBUBaJleHTHOCTH: (ay, {1, by) ~
~ (ag, t9, bs), eciu mubo | =t =0u a; =ag, 6o t; =1ty =1 u by = by. [lycthb
A C A% B COCTOMT M3 Tex TOueK, st KoTopeix ¢ < 1/2, a B C A x B coctont us
TeX TOUEK, A5l KoTopbix ¢ > 1/2. [lpoctpaHctBa A n B MOXKHO OTOXKAECTBHTB C MO/
MHOXecTBaMu B A * B, cocrosiiiumu U3 Touek, ajisi kotopoix { =0 u f = 1. Torna
npoctpanctia A u B sBAsioTcs AehopMalMOHHBIME peTpaktamMi npoctpaHets A u B.
Slcno Takke, uto A N B = A x B. [105TOMy MBI N0JIydaeM TOUHYIO MOC/ICI0BATENBLHOCTD
Maitepa—Bbetopuca

2 He (A% B) — Ho (A x B) 2% H (1) @ Hy(B) 2= H (A % B) — ...

Otobpaxkenne ¢ uHayLHpoBaHo BkJoueHussMH A C A« B u B C A x B. Jlerko Bu-
JIeTh, UYTO KaXKJ0€ M3 3THX OTOOpa)KeHWH TOMOTONMHO noctosiHHOMY. Hanpumep, ms
Bk/ItoueHnsi A C A = B TpeGyemasi roMmoTonusi 3agaércsi dopmyaoit f;(a) = (a, t, bo),
rie by — pukcupoBanHasi Touka npoctpanctsa B. Takum o6pa3oM, rnoJiyueHHast TouHast
M0CJIeI0BATE/ILHOCTD UMEET BHJL

0 — H,41(A % B) — H,(A x B) -2 H,(A) & H,(B) — 0.

[pynny H:(A x B) Mbl HaxomuMm Mo TeopeMe KioHHeTa, 1M03TOMYy OCTaéTCsl BBIUHC-
JUTh sIpo oToOpaxenus ¥. OTobpaxeHue 1 siBJsieTCst MPSIMON CYMMOU 0TOOpaXKEHHI
4 U Yp, IPUUEM KOMMO3ULIUSA

Ho(A x B) 25 H(A) 25 H,(A)

MHJYLIMPOBAHA IIPOEKLMel Ha NepPBblil MHOXKHUTE/b. DTa KOMIIO3ULHUS YCTPOEHA CJIe/Lylo-
M o6padom: npu g > 0 orobpaxenune H,—,(A) ® Hy(B) — H,(A) nynesoe, a 0106-
paxenue H,(A) ® Hy(B) — H,(A) = H,(A) ® Ho(*) MHIyUHPOBaHO OTOOpaXKEHUEM
B — x. Slapo mocneanero otodpaskenus pasuo H,(A) ® Hy(B). Jlnst oto6paenus g
paccysKIeHHsT aHaJIOTHUHBI.

Brtopoe pemenune. Hanomuum, uto A x B ~ 3(A A B), tne A A B
=A x B/AV B (uactb 1, 3anaua 14.4). Tlostomy H, (A * B) = H.(A A B)
=~ H,(A x B, AV B). 3anuiieM TouHyI0 NocJea0BaTeNbHOCTb napbl (A x B, AV B):

. — HA(AV B) — H,(A x By — H,(A x B, AV B) — H,_{(AV B) —> ...

Rl

31ech
H(AxB)= @ Hi(A) @ H;B)® @D Tor(Hi(A), H;(B))
it+j=r i+j=r—1
u oto6paxenue H,(AV B) — H,(A x B) sBasiercss H30MophH3MOM Ha MpsSIMOe cJiara-
eMoe
(H:(A) ® Ho(B)) ® (Ho(A) ® H:(B)).
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B uacTHoCTH, 3TO OoTOOpaxkeHue (M aHajoruyHoe oToOpaKeHHe (r — 1)-MepHBIX TOMO-
Joruil) siasiercst MoHoMmopduamom. [Tostomy rpynna H.(A x B, A V B) usomopdHa
¢axroprpynne H,(A x B)/H:(A Vv B). ®akropusauusi o noarpynne H,(A V B) skBu-
BaJIEHTHA MePexo/ly K MPUBEIEHHBIM TOMOJIOTHSIM.

9.6. 13 Teopembl KioHHeTa cjieyet, 4To rpajayipoBaHHbIe IPYIbl KOFOMOJIOTHH 9THX

MPOCTPAHCTB H30MOP(HBI AJUIMTHBHLIM TPYNMNaM KOJell MHOTOUJIEHOB Zo[Xi, ..., X|
np+1 np+1

u Z[x1, ..., Xt], TPO(PAKTOPH30BAHHBLIM MO COOTHOLICHHSIM X | =...=x," =0

OTH TpyNmbl MOPOXKAEHb 37eMeHTaMu Buia of' X ... X ay*, 0 < m; < n;. 3nech

«; — 0o6pasylolliasi 0JIHOMEPHBIX KOTOMOJIOTHI B BEILLECTBEHHOM CJlyyae M JIByMEPHBIX
KOTOMOJIOTHI B KOMIIEKCHOM ciydae. M3 teopembl 9.4 cienyet, 4To M30MOPMHBI He
TOJIBKO TPYNMbl, HO W KOJbLA. B KOMIJIEKCHOM ciyuyae cjiefyeT OTMETHTb, YTO 3HAK
(—1)71P2 yuuTbIBaTH HE HYXHO, TMOCKOJIBKY BCE HEHYJIEBbIE 3JEMEHTbl MMEIOT YETHYIO
Pa3MepHOCTb.

9.7. Teopema 9.4 BbIpaxkaetT yMHOXKeHHEe B 06pa3e €CTECTBEHHOr0 MOHOMOP(hH3MA
H*(K) @ H*(L) — H* (K x L) uepe3 ymHoxKeHusi B Kosibliax H* (K) u H*(L). Ho ecsn
onHa u3 rpynn H*(K) u H*(L) He UMeeT KpyueHHs], TO 3TOT MOHOMOP(HU3M SIBJISIETCS
M30MOP(U3MOM.

9.9. Ecau cyiecTByeT yKazaHHOe HEBBLIPOXKIEHHOE OUJIMHEHHOE 0TOOpaXKeHue, TO
YHCII0 (Z) yTHO JUISl BCEX k, yIOBJETBOPSIIOLIMX HepaBeHeTBaM 0 < k < n1. TTosatomy
(@+b)"=a" + b" (mod 2) st Bcex uesbix a u b.

Slcwo, uto (a + b)? = a® + b2 (mod 2). TTostomy (a + b)2k =g + b (mod 2).
[Ipennosioxkum, uto n = 2*m, rne m — neuérnoe unco, m > 1. Torna

(@+b) = (an n b2")m —a" + ma™ " 4 mim—1) (22t 2.2" 4. (mod 2).

2
3nech m# 0 (mod 2).
9.10. TTonoxkum f(x, y) = (21, -, Zr4s—1), TOE
r+s—1 r ‘ N )
3wt = () (e
k=1 i=1 =1

Ecau npousBesieHHe 1BYX MHOTOUJIEHOB $IBJISIETCS] HYJIEBLIM MHOTOUJIEHOM, TO OJMH
M3 9THX MHOIOWIECHOB JOJIKeH OblTb HyJeBbIM. [TosToMy OuinHeiliHoe oToOpaxkeHue [
HEBBIPOXKIEHHOE.

MbI MOCTPON/IH HEBBLIPOYK/EHHOE OHJHHeiiHOe oToGpaskenue R™ x R® — R HS~!
AHaJIOrHYHO MOYKHO MOCTPOUTH HEBBIPOXKAEHHOE GuuHerHoe otobpaxenne C" x C¥ —
—C"~! koTopoe sIBNSIeTCA HEBLIPOKICHHBIM GHIHHEHHBLIM 0ToGpakeHHeM R x R% —
— R¥+%~=2 KpoMe Toro, MO}KHO MCTIO/Ib30BATh He TOJLKO KOMILIeKCHble uucaa C, Ho
1 kBarepHuoHbl H, a Takke okrasbl (uncaa Kamm) O.

10.3. a) ITycts X — auukanunbiit CW -komnuieke. Torna npoctpaHceTBo X JiMHEHHO
cBsizHo. [lostomy cormacHo 3anaue 14.5 u3 uactu I mpocrpanctBo XX omHOCBA3HO,
a guauut, H,(XX) =0. Hanee, H;11(XX) = H;(X) =0 npu i > 1. CorsacHo Teopeme
[ypeBuua Bce roMoTONHUECKHE IPYNIbI TPOCTPaHCTBA X TPUBHAJbLHLL. B TakoM ciyuae
coryiacHO TeopeMe YalTxela MPOCTPaHCTBO XX CTATHBAEMO.

6) [1pumep HectsiruBaemoro auukaunoro CW -komriiekca npuBeié B 3agaue 5.8.
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10.4. ITpocrpancteo S” x S7 moxHo npexacraBuTh B Buge CW -komniekca ¢ Kier-
Kamu pasmepHocteit 0, p, ¢ u p + q. [Tosromy SP V S7 siBnsietcst k-MepHbIM OCTOBOM
S? x S§7 npu max{p, g} <k < p+q — 1. Oro6paxkeHue [ COOTBETCTBYET MpUKJEHKe
kiaetku DPT k (p + g — 1)-mepromy ocToBy. [OMOTOMHYECKHUII KJacC OTOOpaXKeHHs!

sr+i=1 L §r v ST apnsercs MPENsATCTBUEM K MPOJIOJIKEHHIO TOXKIECTBEHHOT0 0TOOpa-
xenusi SV S? — SP Vv S ¢ (p + g — 1)-mepuoro ocroBa S? x S Ha (p + g)-mep-
HBIH ocToB. [IpennosioxnM, uto Takoe mpopokenne g: SP x S — SP v §7 cy-
wectsyer. Ilyets o, 39 u @, B9 — xoromosornueckue kiacchl B H*(S? Vv SY)
u H*(S” x SY), coorserctsytomue S”, SY. Torna & = g*a’ u f7 = g*3%. Tlosromy
PoBl=g*(a’vp’). Hoa’ v 37 #0,aa’ v =0.

10.5. Paccmotpum crenyiolliee kjaeTouHoe pasbuenue cdepbl S, conepakaiiee

10 1M KJIETOK Kax/0H pa3MepHOCTH:

@m0, 0, ...);

@™, 0,0, ...), % <0< %;
@, pe®™™*m 0,0,..), 0<p<l, |wf=1=p%
@, pe*™.0,0,..)), 0<p<l, |w*=1-p" £<9<k+1,
(@, we, pe’™*m 0,0, )y 0<p<], P A el =1 —p%
@, wy, pe®™°.0,0,..)), 0<p<l, |w |+ |wl*=1-p" £<0<ﬂ,

ITo KJeTouHoe pa3bHeHHe CONIacOBAHO C OTHOLIEHHEM IKBUBAJEHTHOCTH Ha S°°, mo-
3TOMY M3 HEro Mbl MoJIyuaeM KJeTouHoe pasGueHHe JIMH3bI Ly, cojepakaliee rno oJHOH
KJIEeTKE KaX/10i pasMepHOCTH. [paHHUHbIe TOMOMOP(MHU3MbI BLIYHCJSIOTCS TOUHO TaK Ke,
Kak 1Jisi TPEXMEpHbIX JIMH3. B pesysibrate nosydaem LEnHON# KOMIIEKC
LY LNy LNy Ry AN

[omosiorun 3TOr0 KOMIieKca UMEIOT yKa3aHHbIH BUL.

10.6. Tlyctb M® — yuuepcasibHas HakpbiBapolias MHorooGpasus M>. Torna
T (M%) =0 1 (M) = mo(M) = 0. Tpynna m (M?) GeckoHeuHa, M0TOMY MHOFOOGpa-
aue M? nexommaktho. 3uauur, H3(M®) = 0. Slcho takske, uto Hy(M®) =0 npu k> 3.
[IpumenuB Teopemy TypeBan nostyaum, uto m; (M?) = 0 Jmﬂ Bcex i. CoriacHo Teopeme
Vaiitxena MuorooGpasue M> crsiruaemo, a suaunt, m (M%) = m (M%) =0 npu i > 2.

10.7. TlpenrnosioxknuM, uTo rpymnna m COAEPKHUT JEMEHT KOHEYHOro nopsiaka. To-
rla OHa COJECPXKHUT M MOPOXKAEHHYIO 3THM 3JEMEHTOM LMKJIMUECKYIO MOArpYNny Zp,.
Paccmorpum Hakpeitie X — X | cooTBetcTByIollee noarpymme Z, C . Torna X — npo-
ctpanctBo tMna K (Zy, 1), mosToMy oHO roMOTOTIHUECKH SKBUBaseHTHO Ly . [1puxoaum
K TIPOTHBOPEUHIO, MOCKOMBKY, C OIHOi CTOPOHBI, X — KOHEYHOMEePHDIH CHMIIHIMAD-
HLIIl KOMILIEKC, a ¢ JPYroii CTOPOHLI, coracHo 3aiade 10.5 mpoctpanctso X nmeer
HEHyJIeBble TOMOJIOTHH CKOJIb YTOJHO OOJIbLINX Pa3MEepPHOCTEN.

11.1. lns TpuBHasbHOrO paccyoeHusi TpeGyeMoe oTobpaxeHue 7, OUEBHAHO, CY-
uectByeT. [Ipenrnosoxkum Tenepb, 4to Takoe otobpaxkeHue m cylectsyer. PacecMoTpum
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otobpaxenne f: E — B x R", zanannoe dopmynoi f(e) = (p(e), w(e)). Cormacto
Teopeme 11.1 310 oToOpaxkenue 3anaét udoMopduam paccyoenusi £ Ha TPUBHAJTbHOE
paccaioenne B x R".

11.2. BBenst puMaHOBY METPHKY, TPUBHAJU3ALMH MOXHO CUHTATb OPTOHOPMHPO-
BaHHbIMH. PHKCHpYeM OfHy TpHBHaJH3almio paccioenust 7S, Torna so6ast TpuBHa-
nM3auus pacesoenust TS® oHo3HauHo 3a1aéTes otoGpaxetnem S2 — SO(3). Tomoro-
NUsT TPUBHAJN3ALHI — TO TOMOTONHUS TaKWX oToGpaxkeHnH. Ocraércsl 3aMeTHTDb, UTO
SO(3) ~ RP? (cum. petenne 3agaun 20.5 u3 uacti 1) u m3(RP?) = m3(S?) = Z.

11.3. duxcupyem TpuBManuaauuio paccaoenns 7S3. Toraa JoGoe BeKTOpHOE MoJle
Ha S® 6e3 0COOLIX TOUCK OJHO3HAUHO 3ajaéTes oToGpakKeHHeM S° — R? \ {0} ~ s2.
[omoToNUs BEKTOPHBIX M0Jiel 6€3 0COObIX TOUEK — ITO TOMOTOIUS TAKUX 0TOOPAXKEHHUH.
SlcHo TakXKe, 4TO 71'3(52) =7.

11.4. Tlpumennm nnaykumio no k. Ilpu k =1 yTBep:kaenue oueBuano. [Ipearno-
JIOXKHUM, UTO yTBEpI)KJEHHE J0KaszaHo JJisi MmpousBeaeHuit ™ X ... x S™—1 Bjoxum
chepy S™ B R™*+! Hopwmaibhoe paccioenue S™ B R+ Tpupia/ibHO, M0STOMY HOp-
MasibHoe pacesioenue S™ B R™M T F%+! ros¢e tpuBmaibho. CJ10eM 9TOr0 TPHBHAILHOTO
paccioennst sipasietcst R+ F%—1+1: g 510 npocTpancTBO 10 MPEATOIOKEHHIO MOKHO
BJOXKHTb S™ X ... x §"™—=1_B peaysbrare nojyuyaem tpeGyeMoe BIOMKEHHE.

11.5"[St1]. MbI Gynem nosib3oBatbest mpumepamu 11.5 u 11.6.

Ecuin Bce uncha n; 4éTHbl, TO

Y(S™ % .. % S™) = x(S™) ... x(S") =2 £0.

[Tostromy Ha MHOrooGpasuu S™ x ... x S™ ji06oe BeKTOpHOE MoJjie UMEeEeT 0CO6YI0
TOUKY, a 3HAUHT, TO MHOrooOpasue He MmapaJJieJu3yemo.

3aiiMéMmcst Ternepb J10Ka3aTebCTBOM MapaJijieJIi3yeMOCTH MHOTooOpasust S™ X ...
... X S"™ Rk >2 B cayuae, Korja ofHO U3 uuces 1; HeuétHo. [lpu k = 2 Tpebyemoe
yTBEpK/IeHHe OUeBHIHLIM 06pa30M BhITEKAeT H3 CJe/lyIolleH JeMMBbI.

Jlemma. [lycmo 3amknymore mnoeoobpasus M, u My makosel, umo cymma
Yummuu Kacameavroeo paccaoeHus Ty, U 00HOMEPHO20 MPUBUANLHO20 PACCAOE-
Hus mpusuarvna u npu amom x(M;) = 0. Toeda mnoeoobpasue M, x My napar-
AeAUSYEMO.

JokasateabcTBo. [lycTh nf — TpHBHANBHOE N-MepHOE paccjioeHue Haj B.
[To ycaoBuio x(M;) = 0, mostomy Ha M, cylecTByeT BekTOpHOe mMoJe 6e3 0cobbIX
touek. OHo 3anaér Hajn M| 1Ba paccJ/ioeHHs: TPUBHAJIbHOE OJIHOMEPHOE paccyoeHe 77,'\,,1
M OpPTOrOHaJIbHOE JOMOJIHEHHE K HeMy, KOTopoe Mbl 0603HauuM «. [1pu stom dima =
=dimM,—-1l=m;—1mu ™, =a€977,k11.

JLns JloObIX BEKTOPHBIX paccyioeHuit & u €9 Hal B W Jito6Oro HempepbiBHOTO 0TO6-
paxenust [: By — B paccioenne [* (& @ &) usomopdro (7€) @ ([*&). Kpome Toro,
[*ng = nj, . [osTomy

Tty My 275 (Ta,) @ 705 (Thay) 2 70y (0 © g, ) @ 705 (T ) 2

= 7 (@) © Nty ey, ® T (Tay) 2701 () ® 5 (g, D Tagy) =

o+l I ’ (
@) @ M ey = (S M )T o, =T (T0,) B Mg, =

A ¥ 1 mog—1 A~ my+1 mo—1  ~,  my+my
Sy (T D May) B M sy = Mty ety D T sy = Ty s My - O

R
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[Tpu k& > 2 MOKHO BOCMOJ/Ib30BAThHCS MHIYKLMEH 10 k. Bynem cuntaTh, uto 1) Heuér-
Ho. Torma MoxkHO TosioxkuTh M) = S§™ X S™-1 u My = S". Tlo npeanosyokeHHio
HHAYKUHMH M| napaJuieiiayemo, nostomy 7y, @ 77,1‘/,1 — TPUBHAJIbHOE pacCJIOeHHE.
11.6. Mbl He GyneM mpoBepsiTh, uto V (1, k) — MHOroOGpasue; OrpaHMUUMCS Bbl-
uucJieHremM ero pasmepHoctd. Ortobpaxenue V(n, k) — V(n, k& — 1), comnocrapJsio-
1iee HaGopy BEKTOPOB Uy, ..., U HAOOP BEKTOPOB Uj, ..., Ux_i, SIBJSETCS JIOKAJBHO
TPHBHAILHBIM paccioeHueM co coeM S" %, JleficTBUTENbHO, eIMHUUHBIH BEKTOp Uy
JIEKHUT B (1 — R + 1)-MepHOM NPOCTPAHCTBE — OPTOrOHAJBHOM JIOTIOJIHEHHH K MONPO-
CTPaHCTBY, MOPOKAEHHOMY BEKTOPAMH Uy, ..., Up_j. SICHO Takxke, uto V (1, 1) =~ st
[TosTOMy MBI TOJly4aeM MOCJ/IE10BATENBHOCTD PACCAOEHNH
gn—k gn—k—1 gn—2 a—l
Vin, k) —s V(n,kh—1)—— ... — V@, ) =S""".
CuieioBatesibHO, pa3MepHOCTb MHOTOOGpasust V (n, k) paBHa
k(k+ 1)
-
11.7. Muoroo6pasue V(n + 2, 2) umeer pasmepHoctb 2n + 1. CorsacHo Teope-
me 11.4 oHo (n — 1)-cBsi3HO N

=) +(n—2+...4(n—k) =nk

V(1 +2, 2)) = 7, ecJiu n LIeTIjO,
Zgy, €CJu 1N HEYETHO.
CorsacHo Teopeme [ypesnua H,(V(n+2, 2)) 2 m,(V(n+2, 2)) n Hy(V(n+2, 2))=0
npu 0 < k < n. TlosioBuUHY Tpynn rOMOJIOTHI Mbl BLIYHCJIUIIH. J{pyryio MoJIOBUHY MOXK-
HO HaWTW ¢ nomollblo ABoHcTBeHHOCTH [lyankape. B pesysbrate nosyuum, uto ecju
n 4éTHO, TO

Z aniik=0,nn+1,2n+1;

Hy(V 2,2)) =
e(Vin+ ) 0 1151 oCcTaNIbHBIX R,

a ecJid n HeYéTHOo, TO

7Z g k=0,2n+1;
Hy(V(in+2,2)=<Zy masak=n;

0 st ocTaNbHBIX K.

11.8. TIpencrapum M* B Bume CW -KoMmiekca U Gy/leM CTPOHTh TPH HE3aBHCHMBIX
CeueHMsl KacaTesbHOrO pacc/loeHust MHAyKuMel mo ocroBaM. [lepBoe HeTpuBHasbHOE
NPeNnsTCTBHE BO3HWKAET TPH MPOLO/IKEHHH MX Ha JBYMEPHBIH OCTOB. DTO TMpensr-
CTBHE — KJlacC Wp. 3HAUMT, MPOJOJ/LKEHHE Ha JIByMEPHBIH OCTOB CYLIECTBYET TOrJa
U TOJIbKO Toraa, korga we = 0. IlpensiTcTBHe K MPOLOJIKEHHIO HA TPEXMEpHbIH OCTOB
JIEKHT B KoromoJiorusix ¢ koadeuumenramu B mo(V (4, 3)). Ho V (4, 3) = SO(4)
u m9(SO(4)) =0 (370 BUIHO H3 TOUHOI TIOCJCIOBATENLHOCTH paccioeHus SO(4) — S?
co coem SO(3), nockombky m(SO(3)) = me(RP?) = 0). [TosToMy 3T0 npensiTcTBHe
OTCYTCTBYET.

OueBuaHbIM 00pPa30M TPHU HE3ABUCHMbIX CEUEHHS MOXKHO MPOJOJ/LKHTB C Kpasi ue-
TBIPEXMEPHOTO 11apa Ha LIap ¢ BLIKOJOTBIM LEHTPOM.
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Ecan y Hac ecThb HesaBHCHMBble ceueHust Hag M" ¢ HECKOJILKHMH BBIKOJOTHIMH
TOUKAMH X1, ..., X, TO MOXHO MOCTPOHTb He3aBHCHMble ceuenust Hax M" ¢ oaHoi
BBIKOJIOTOH TOUKOH Xg. JlJIs1 3TOr0 Hy>KHO COEIMHHTb TOUKY Xo C TOUKAMH Xi, ..., X
HerepeceKaloUUMHCS MyTSMH, a 3aTeM CTSIHYTb 3TH MyTH B TOUKY Xo.

11.11. Iyetb & = (uy, v1) U & = (Ug, U9) — BekTOpPLI TpocTpancTBa Ty M x Ty M =2
= T(X,X)(M x M). TTonoxum (&1, &2) = (41, u2) + (v1, vs).

[lycte u, v € TyM. Bekrop & = (u, v) € Ty (M x M) saBasieTcs KacaTe/bHbIM
BeKTOpoM K d (M) Torna u ToJibKo Torna, Korna 4 = v, T.e. £ = (u, u). Bekrop n = (v, w)
OpTOTOHAJIEH BCeM BeKTopaM (i, 4) TOrJa W TOJNbLKO TOTAA, KOrja v = —w, T.€. ) =
= (v, —v). OToGpaxkeHne Ty — V4, KOTOpOe conocTapJseT BekTopy v € Ty M BekTop
(v, —=v) € Ty (M x M), siB1sI€TCS1 U30MOP(HH3MOM BEKTOPHBIX PACCJOCHHU.

11.12. Cdepa ¢ g pyukamu opueHtupyema, nosromy w; = 0. E€ siiiepoBa xapak-
TepUcTHKa UéTHa, mo3atomy ws = 0.

[To-npyromy paBeHctBa @) = 0 wp = 0 MOXKHO 710Ka3aTh, BOCMOJIb30BABLINCH TEM,
YTo 1A CTAHHAPTHOTO BJOMKEHUs cephl ¢ g pyukamu B R® HopMmasbHOe paccioenne
TPUBHAJIBHO.

11.13. Ins cchepol ¢ m quctamn Mébuyca 4éTHOCTb 3HJIEPOBOH XapaKTepUCTH-
KH coBrmajaer ¢ 4érHocTbio uucaa m. [lostomy we = mA, rne A — o6pagyiouias
TPYNMbl ABYMEPHBIX KOTOMOJIOTHH, T.e. wo = 0 TpH 4éTHOM m U we = A NpH Heuér-
HOM .

Js rpynnbl Ko3(dULHEHTOB Zy OAHOMEPHbIE KOTOMOJIOTHH c(epbl C M1 JIMCTa-
MH MéGnyca nmelotT 6asuc «i, ..., Quu, TJI€ KOrOMOJOTHUYECKHe KJIACChl i, ..., Qm
JIBOFICTBEHHBI LIMKJIAM, 00XO0JIbl BJIOJIb KOTOPBIX H3MEHSIOT OPUEHTALHIO, OITOMY W| =
= ] —|—...+Oém.

Haxkonen, a;o; = d;;A, nosromy w,Q =mA = ws.

11.14. TlycTb vy — HOpMaJibHOE paccyioenne, a = wy (vyn). Torna w(M"™) (1 +«a) =

=1, nmostomy w; +a =1, ws + wja =0, ..., W, + w,—1a = 0. CnenosarenbHo,
W=, W =0a, ..., W, =a".
n+1
11.15. Tlycth wp = w(RP") = ( : )ak g k=1, ..., n. CornacHo 3ana-
n—+1
uye 11.14 mMbl uMeeM w; = wf. [Tostomy Bce uncia ( Z ), rie k=1, ..., n, 6o

OJIHOBPEMEHHO Y&THbIE, JIMOO OJJHOBPEMEHHO HEUETHbIE.
om om
Han nosiem Zy umeet mMecto pasencteo (1 4 x)? =14 x? . Tlyetb ap+a; -2+ ...
o4 Q- 2™ — nBonunas 3amuck whcaa n+ 1. Torma (1+x)" = (1+x) (1 +x%)% x...

m n+1 w
oex(l + x2")%m Ecau Bee yKasaHHbIe yHca ( b ) YSTHBL, TO g = ... =dm—1 =0
U an = 1; 370 o3Hauaer, uto n + 1 = 2™. Ecin Bce yKaszaHHble uuc/a HEUETHbI, TO
Ay =...=am = 1; 310 03Hauaer, uto n + 1 = 2" — 1.

11.16. Ecau n uérHo, To KoromoJjiornueckuili knace w,(RP") = (n + 1)a, e
a — obpasyiotas rpynnsl H ' (RP"; Zy), nenynesoii. [Tostomy uncio Ltudens—ynr-
HH w,[RP"] toxe wenyneoe. Koromosornueckuii knace wi(RP") = (n + Na =«
Toxe HeHyJieBol, H o # 0. [Tosromy uncso tndens—Yurun w( [RP"] nenysnesoe.

11.17. Een n =2k — 1, 10 w(RP") = (1 + a)* = (1 + a%)*, nostomy w; (RP") =
= 0 nuisa mo6oro HeuétHoro i. Ho B 11060i1 MOHOM wl" owlrtnery +2r0+ .. nr, =
=2k — 1, BXOJUT MHOXKHUTEJIb W;, TJ€ [ HEYETHO.
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11.18. B onHy cTOpoHy yTBep:Ki€HHE OUEBHJIHO, MOITOMY HYKHO JIMLIb JI0Ka3aTh,
uTo ecam paccioenue £ @ e! TpuManbHo, To paccsoenne &° Toxe TpuBManbHo. O6a
paccioenus £ @ €' u el opuentHpyeMbl, MosTOMY paccioeHue £° Toxe OpHEHTHPYEMO.
ByjieM cunTath, UTo BO BCEX CJI0X paccaocHuii £F @ e! u & (bUKCHpOBaHA HEKOTOpast
opuenTauus. Kaxuplit ciioit pacesoenns £F @ ! oroxnectsnén ¢ R npu stom kask-
Tl eJ10i paceoennst £F — 310 opHeHTHpOBaHHOE k-MepHOe moanpocTpaHcTBo B RFF!,
TTpoCTpaHCTBO OPHEHTHPOBAHHBIX k-MepHBIX MoanpocTpaneTs B R romeomopdro
coepe S*. Pacemorpum paccesoene fyfr nag S*, cioem kotoporo Hax Toukoil x € S*
CJIY?KHT COOTBETCTBYIOLLIEE 3TOH TOUKE OPHEHTHPOBAHHOE k-MepHOE MOANPOCTPAHCTBO
B R¥! Tlyers [: B — S* — oro6pakenue, conocrasasioiee Touke b € B ciiofi
paccsioenns £ nag stoit Toukoit. Slcwo, uto & = f*fyfr. M3 Toro, uto pasamMepHOCTb
KOMIJIeKca B MeHblle R, cjelyeT, uTo oToOpayKeHHe [ roMOTOMHO mocTostHHOMY. [To-
3TOMY paccioenue ¥ TpHBHabHO.

11.19. a) OueBuanbiM 06pa3om cienyet u3 3anaun 11.18.

6) ITycTb v¥ — HopMaJibHOE paccyioeHue Ast BaoxkeHus M" C R Torna myn ®
@® vF 220" nostomy €' @ T @ v 22 " M pacemarpuBaem cuTyaumio, Ko-
rna k > n + 1. Tlpeanosioxkum, uro mMHoroo6pasue M" craGuiibHO Napasiiesu3yemo.
Torna pacciioeHue e @ Ty TPUBHAJNBHO, OTOMY CoracHo 3aiade 11.18 paccioe-
e v* Toxe TpuBManbHo. Hao60poT, ecin paccoeHne v¥ TpPHBHAMLHO, TO paccaoeHHe
g! @ Tymn TOXKE TPUBHAJIBHO.

11.20. Tpoctpanctso E(P~F) coctont us nap (I, II¥), rae [ C II*. TTpocTpancTBo
E(P7£~1) cocront us map (I, IT*7Y), rae [ L IT*~". OroGpaxenne E (Pyf) — E(PF")
comocrasaster mape ([, IT%) mapy (/, II*7Y), rae II*~! — oproronanbhoe ponosueHne
K [ B II*. O6parHoe otobpaxkenue comnoctasaser nape ([, I*~Y) napy (/, II¥), rue
IT* — npoctpancTBo, HaTaHyToe Ha [ u TTF!.

12.1. TIpearnoJsioxKum, 4To HeKOTOpasi KOHeUHasi rpyrnmna cBoGOHO JieicTByer Ha R".
Jlto6asi KoHeuHasi rpynma cojep:kut noarpynny G = Z,, rae p — MpocToe UHCJIO.
[pynna G Toxe cBoGOAHO aeficTByer Ha R". D10 neficTBrue MHAyLMpyeT aeiicTBre G
Ha S" ¢ eIMHCTBEHHO HEMOABHKHOMN TOUKOl 00, T. €. (S™)9 = {oo}. C apyroii cTOpoHbI,
coriacHo Teopeme 12.9 npoctpanctso (S)C sBAseTCS rOMOJOrHUCCKOl chepoii, a To-
MOJIOTHYECKOe MPOCTPAHCTBO, COCTOSIILIEE U3 OHON TOUKH, HE SIBJISETCSI TOMOJIOTHYECKOH
cepoii.

13.1. CorsiacHo Teopeme 13.6 mbl umeem Sq o = (a + aQ)Qm =" + a2m+1,
2"1 D 4
MOCKOJIbKY ( ; ) =0 (mod 2) npu 1 <i < 2" — 1. Tlostomy Sq(a +® +a* +...) =
=+ + @ +a )Y+ @' +d+...=a

13.2. [TepBoe pemwenue. CornacHo Teopeme 11.20 nmeer mecTo MOHOMOp-
usm

[*: H*(G (0o, n); Zg) — H*(RP™ x ... x RP*®; Zy) =2 Zs[cv, ..., anl,
npuuéM [*wm, = om(ay, ..., a,) — 3JeMeHTapHasi cuMMmeTpuueckast Gynkums. Kpome

toro, Sq° a; = o, Sq' v = af u Sq" ; = 0 npu r > 1. TTostomy 1o dhopmy.ie Kaprana

qu(ozg1 S,) = Q) qu(oz[2 cooqyy,) F ozl»Q1 qu_l (Qhy . hy) = ..

— 2 2 .
.= ajl...ajka,k+1...a,,n,
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rjie CyMMHpPOBaHHe BEJIETCS M0 BCEM MepecTaHOBKaM Habopa iy, ..., im, JUIS KOTOPbIX
J1<...<jr ¥ jrg1 <...< jm. CienoBaresbHo,

f W) E a,l. oz,koc,k+I e Qi

A Tak Kak [* — MOHOMOP(HU3M, JIOCTATOUHO JI0KA3aTh, YTO MO MOJYJIO0 2 UMEET MECTO
TOXKJIECTBO
k .
m—k+i—1
E 0411 . alka‘k+1 QG = E ( ; )O’k_[O'm+i. (1)
i=0
[IpuMeHUM HHIyKUMIO MO uucay nepemeHHbiX 7. [lpu n =1 noJsyuaem oueBuHbIE
TOXKJECTBA ] = 00| H a? = 012. JlokaxkeM Tenepb wwar uHaykuud. Ecan k= m, To

dopmyaia (1) npunumaer Bua 3. (v, - .. ai,)* = (%)%, DT0 TOKIECTBO MO MO0 2
oueBuHO. [Tpenonioxkum tenepsb, uto & < m. [lycts Y ° a?l . a?ka,HI ...Qj, — ana-
JIOTHYHAst cyMMa Juist 1 — | epeMeHHbIX &, ..., (yu—1. TOTAA JeBast yacTb popmyibl (1)

3alucbliBaeTCs B BUIE

E oz,1 . a,k e TR o T (e %) E oz,l a,Hl B T

+E 0411- alka,Hl...a,-,n.

[lyctb o), — 3s/eMeHTapHasi (QYHKIHS OT MEPEMEHHBIX i, ..., Qu—j. loraa o, =
= auo,,_| + o, M03TOMY TpaBasi uacTb opmyqibl (1) 3anucbiBaeTcsi B Bujie

(m; 1)(04110;1“71 + omir) +

—k +l —1 * * * *
+ Z ( >(an¢7k—i—1 + op—i) @O mtio1 + Omri) =

k—1 i
9 m—k+i—1\ . *
=y § ( ; )kaiflo'mJﬁifl +
i=0
k

+an2((m - ki—i—i - 1) n (m _ik_+1i - 2))0§-i0;+i_1 N

i=0
P m—kti—ly . .
+ Z ( i )Uk—iarn+i;
i=0
m—hk—2

—1
BOCII0JIb30BATLCS MPEATONOKEHHEM HHAYKLMH. JI1s KOS(hHLHCHTOB NPH o2 | TIPH A

Mbl Ccpasy rnoJiyuaem TpeGyemoe. ﬂ.}]ﬂ KO3 HLMEHTa MpPH &y HY2KHO 3aMETHTb, UTO
)

(" () =) et

i i—1 i

MOCKOJbKY (m__k'H_l)_~_(’”_k_+i—1):(m—.k+i).

i—1 i i

3JeCb MbI IToJiaraem ( ) = 0. Yto6nI 3aBEPIIUTL J0Ka3aTe/JbCTBO, oCTaércs
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Bropoe pewetue. Jas paccaoenus v nag RP% tpebyemas dopmyaa Jer-
Ko nposepsiercsi. JleficTBuTeasto, @ (v') = o — o6pasyiowas rpynnsl H' (RP°; Zs).
I[Tostomy Beé cBommuTest K oueBuaHoMy paBeHcTy Sq'a = of. Ilpeanosoxum, uto
TpeGyemasi popmyJia BepHa Juist paccaoennsi & U w; = w;(§). CorniacHo opmyJsie YuTHu
W€ X ') =wn x | + @Wn_ x o. Corsacto popmyie Kaprana Sq(wm—; X a) =
= (Sq* @Wp_1) X a4+ (S¢* ' wnu_1) x &2, Tlostomy

qu(wm(§ X ’71)) =

= WrWm X | + (ml_k)wk_lwm_H x 1 + ...+ (m; l)womerk x 1 +
—h—

| I)Wk—lwm Xa+...+ (m;Q)wme-o—k—l x a+

m

T+ WeWp—1 Xa+(
2 m—k P m—2 2
+ We— 1 Wn—1 X & +( 1 )wk—2wm Xa +...+ (kil)w()wrrﬁkf? X oo

C apyroii cTopoHsl, ; (€ X v )w; (€ x v') = (w; x 1 + @ a)(w; x 1 +w;_| xa)=

=wiw; X | + (01w, +wiw;—1) X a+w;—1@;—; X o . Tenepb yxKe JIerko NPOBEPHTb,

uto Tpebyemasi hopmyJia BepHa Jyis paccJoeHust & X fyl. Jlnst cinaraembix Buga ... X 1

M ... X @ 3TO BUAHO HerocpeiacTBeHHO. JlJisi cjiaraeMbix BHIA ... X < HY>KHO TMPO-
m—k—1

L)

(ml—k> + (m_;H—]) = <m2—k> M T.J. DTH paBeHCTBA CJELYIOT W3 PABEHCTB

1y (m—k) _ (m—k—l) _(m—k) n (m—k—i—l) _ (m—k) W OTL T
1 1 ’ 1 2 2 o
CKOJIbKY U1l OCTATKOB 110 MOJLYJII0 2 3HAK HECYLIECTBEH.

Wrak, TpeGyemasi popmy.ia BepHa st pacesoenns v x ... x . M3 storo cie-
JyeT, uTO OHA BepHa /sl paccjoeHdst 7", MOCKOJbKY €CTECTBEHHOe OTOGparkeHHe
H*(G(n, k); Zo) — H*(RP*® x ... x RP*°; Z9) — monomopdusm. Jlioboe n-mepHoe
paccsioeHne £ HHAYLMPOBAHO paccjoeHreM ~", mostomy st £ tTpebyemasi opmydia
TOKe BepHa.

14.1. Boipexkem u3 konyca CY KoHyc ¢ BIBoe MeHbliiel 60KoBoil ctoponoil. Torna
MOKHO MPUMEHHTb TeOpeMy O BbipedaHuu. [Tocsie 3TOro MOXKHO BOCMOJIb30BATHCS I0O-
MOTOTMHYECKOH MHBAPHAHTHOCTBIO CHHTYJISIPHBIX TOMOJIOTHIH Mapbl (CM. Teopemy 3.3 Ha
C. 25; U1l CHHTYJISIPHBIX TOMOJIOTHH J10Ka3aTebCTBO B TOUHOCTH TO XKe camoe).

14.2. 3anuwem TouHyto nocjenosaresbHocTb napsl (X U CY, CY):

m—k
BEPUTb, UTO MO MOIYJI0 2 HMMeloT MecTo paBeHcTBa | + ( | ) = (

Hi(CY) — Hi(X UCY) — H;(X UCY, CY) — H,_1(CY).

3nech Hi(CY)=H;_,(CY)=0, nockonbKy koHyc CY crarusaem. 3nauut, H;(XUCY)=
=2 H; (X UCY, CY) npui> 1. Ocraéres Bocnosb3oBarbes 3anaueil 14.1.

14.3. I1pu i = 0 yTBepKIeHHe 0UeBHIHO, MOITOMY GyaeM cuuTath, uto i > 1. Torna
Hi(X, Y) =2 Hi(X UCY) cornacho 3anaue 14.2. A nockosnbKy Komnieke CY cTsruBaem,
XUCY ~(XUCY)/CY =X/Y.

14.4. Her, e Bepro. MuoxectBo U C R", 3ajiaHHoe ypaBHeHueM x, = 0, 3aMKHYTO.
Ono romeomopHo MHOKecTBY V C R", 3ananHoMy ypaBHeHHeM x, = 0 H HEPABEHCTBOM
x12 + ... 4 X1 < 1. DTO MHOXKECTBO HE SIBJISETCS 3aMKHYTbIM.
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15.2. TIpeacrasum S” kak A" ! rne A" =[vg, vy, ..., Uuy1], ¥ paccMOTPHM

mHoxectBa stov;, i =0, 1, ..., n+ 1. Ha mo6ble r < n+ | BepwuH v;, ..., v;, Ha-
r

TAHYT CHUMIUIEKC [Uj, ..., U;,]. [lpu stom |J stov;, — 3Besna sToro cummiexca; oHa

k=1
ABJIFCTCS CTArHBA€MbIM MHO2KECTBOM.

16.1. Ipynmnbl Koromosoruit MHoroo6pasust V (2n + 2, 2) BeluncJiensl B 3anaue 11.7.

3anuiiem nocjenoBatesbHocTh [M3uHa st paceaoenust V (2n+2, 2) L Gy(2n+2, 2)
W OyJeM HATH ¢ KoHlA. [Toc/ienoBaTebHO MOJyuuM HY =7, H" ' =0, H" % =17,
HY=3=0, ..., H*"t' =0, H*" =Z & Z. [TocJie 5TOro MOXKHO BOCIOJIb30BATHCSI ABO -
ctBeHHocThIo [lyatkape. B utore nosyunm, uto misi 0 < & < 47 BbinoJiHsieTcsi pPaBeHCTBO

Z, ecJyid k uétHo, k # 2n;
HYGL(2n+2,2)={Z&Z, ecauk=2n;

0, ecsii k HeuéTHo.

16.2. a) Cornacho teopeme By w; = vy, w9 = vg + Squy, ..., Wet1 = Upy1 +
—&—Sq'vk—l—SqQUk_l + ... I[lostomy ecnt wy = ... =w, =0, 001 =... =0, =0
U Upt) = Whot.

6) Ecmw, =...=w,=0,100;,=...=0,=0. A ecsiu n =2k wiu 2k + 1, 10

v; =0 npu i > k. [Tostomy w; =0 npu i > k.

16.3. TTomumo pasmeprocteii 0 u 4k MHorooGpasue M** imeer HenyseBbie roMO-
JIOTHH ¥ KOFOMOJIOTHHU JIMIIL B pa3MepHoCTH 2k; Kpyuenust Muorooopasue M ue umeer.

Kaacce By nmeer eiMHCTBEHHY0 KOMITOHEHTY MOJIOXKHUTEJNBHOIN PA3MEPHOCTH, 8 HMEH-
HO vg. [1pu 9TOM cornacHo 3azaue 16.2 umeeM wsy; = vgy. Scno, uto (Sqa, [M*]) =
= (® O o [M*]) u (o U v, [M*]) = (&® O vy, [M*]). Tlostomy kaace vy
MOJTHOCTBIO OMpesesieTcs paBencTBoM ot v a?f = a* U vy, (1151 Beex o). B uactio-
eTH, Ugr = 0 TOTIA H TOJIBKO Toraa, Korna o2f  a® = 0 st Beex o2 € H* (M“; Zs).

PacemoTpim Terepb Kiace Koromosiornii a* nan Z. EMy ecTecTBEeHHbIM 06pa3oM
MOJKHO COMOCTABHTb KJace Koromosiornii o nan Zy (3uauenue na Kaxiof Lery npH-
Boautes mo Moayso 2). Uneao (@ o a®* | [M*]) uéTno Torna u TosbKo Tora, Koraa
ot U =0.

16.4. Kak nokasbiBaeT 10Ka3ate/beTBo Teopembl 11.14, ecin n = 2%, To @(RP") =
=l4+a+ac®+...+a" " nosromy @, (RP") # 0. C 1pyroii CTOPOHbI, €CJH MHO-
rooGpasue M" Baoxeno B R™* 1o @,(M") = 0. Takum oGpasom, ecau nn = 2%, 1o RP"
He/Ib3s BJOKHTL B R ™!

20.1. Ilycts G =Zy, & ... @ Zy,. B xauecTBe MaTpULbl NPECTABJICHHS 3TOMO MO-
JlyJis MOXKHO B3SITh MaroHasibiyto Mmatpuuy A = diag(a,, ..., ny). Unean £ nopoxné
OMpeJieIUTENIEM STOH MaTPHLbI, KOTOPBIi paBeH 11y - ... - 1, = |G].

20.2. [lns paccMaTpUBaeMOro yaJa MOXHO BbiOpaTh fi U fo TOuHO Tak e, Kak
Ha puc. 48. (Hy»KHO TOJIbKO 3aMEeHUTb CaMblil HHXKHHUF TTePEKPECTOK Ha STOM PHUCYHKE
Ha TpH MepekpécTKa, Kak Ternepb y Hac.) MameHsieTcs Jnlib KOS DULMEHT 3alleneHnst

Ik(f2, [57); Tenepb on pasen 2. [Tostomy A = ((l) ;1) ¥ noJiiHOM AJiekcanjiepa paBeH
242 =2t + 1) +1 =2t -3t + 2.
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0

Puc. 87. Bobop [, u fo

20.3. a) Buibepem | u fo, Kak nokasano Ha puc. 87. HecsoxxHO npoBeputhb, uTO
p+ag qg+1

1
3eil 5
Toraa matpuua 3eddepra paBHa B <q -1 g+r

). [Tostomy mosHoM Anekcaniepa
paBeH

1
1((pq +qr +rp)(t* =20 + 1) + 12 4 20 1 1),

6) Ecoiu p=—-3,g=5ur=7,10 pg+ qr + rp = —1. 3Hauut, B 3TOM CJyuae
noJiiHoM AJiekcaHjepa paBeH f.

20.4. IInarpammy 3auenseHusi Lo = L MOXHO NPeICTaBHTh TaK, KaK MOKa3aHO Ha
puc. 88. Torma 3aueruienusi Ly ¥ L_ W30TOMNHBI, TO3TOMY Vi, =V,_, a 3uauur,
ZVL:VL+ 7VL7 =0.

Ly L Lo

Puc. 88. Jluaepanmor mpéx 3ayenaenutl

20.5. Jlerko mpoBeputb, uto n(Ly) =n(L-) =n(Lo) £ 1 (puc. 89). ITostomy ecau
yTBEp:KJIeHHEe 3ajlaud BepHO JIst JABYX U3 Tpéx 3auemyeHudt Ly, L_ u Lo, To OHO
BEPHO U ISl TPeThero 3allenyenusi. s TpUBHAIbLHOTO 11-KOMITOHEHTHOTO 3alen/ieHus
yTBepKIeHHe BepHO (ecan m > 1, To mosuHom KonBesi Hy/eBo#), MOITOMY OHO BEpHO
1 IS J11000ro 3aLern/eHus.

Ve 7 AN N 7 7 N AN
s (NN o [N ST >TS O ST >T O
I VR /A VR NN NN
a ;o
1 \ ! \ / \ / \
| I | | \ \ \
\ /B / ! - |
\ \ , \ / ' \ - !
N . ~_ _ \ ) \ )
\ \
\\\</// \\\<///

Puc. 89. IIposepka pasencmsa n(Ly)=n(L-) =n(Lgy) £ 1
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20.6. Slcuo, uto ag(L) = V.(0), nosromy us coornomenns V., (2) — V._(2) =
= 2V, (2) cnenyert, uto ag(L+) = ao(L—). Menss Tumbl nepekpécTkos, Jioboe 3a-
LLeTJIeHHe MOXKHO TPEBPaTHTh B TPHUBHAJIbHOE 3allerieHHe (C TeM Ke CaMbIM YHCJIOM
komronent). [Tosromy ag(L) = ag(L'), rue L' — TpuBHajbHOE 3allen/ieHde, HMEKLee
CTOJILKO K€ KOMITOHEHT, CKoJibKO Yy L. Jlns TpuBHasbHOrO y3na ap = 1, a npu m > 1
JJIs1 TPUBHAJIBHOTO /72-KOMITOHEHTHOTO 3auernienus ag = 0.

20.7. Tlpumenum unpykuuto mno n(L). Ilpu n(L) =1 nokasbiBatb Heuero. $IcHo,
uto n(Lo) > n(L+) — 1, N03TOMY COriacHO MPeANoJoKeHuIo HHAYKUUK a;(Lo) = 0 npu
i <n(Lt)—2. CnenoBarenbho, a;(Ly) =a;(L-), npu i < n(L+) — 1. amensia tunsi
nepeKpECTKOB, JI000e 3allerNeHte MOKHO TPEBPATHTh B TPHBHAJIBHOE 3aLleNJIEHHE C TeM
JKe UMCJIOM KOMIOHEHT. [1pu Takux uameHeHusix Mbl He MeHsieM a; (L) npu i < n(L) — 1,
nostomy a;(L) =0 npu i <n(L) — 1.

20.8. Ilyctb L4+ n L_ — IBYXKOMIOHEHTHbIE 3alleTJIeHus], TPUUEM Ha BbIIeJEHHOM
nepekpécTke MPUCYTCTBYIOT 06e KomroHeHTbl. Tormna Lo — y3es, nostomy ag(Lo) = 1
corsacHo 3afaue 20.6 a). CaenoBatenbto, ai(L+) — a1 (L—-) = ao(Lo) = 1. SlcHo Takxke,
uto Ik(L14+, Lot) — Ik(L1—, Lo—) = 1. Mensist THIIBI NePEKPECTKOB, J11060€ ABYXKOMITO-
HEHTHOE 3aleryieHHe MOXKHO TPEBPaTHTb B JIBYXKOMIOHEHTHOE 3allerJieHHe ¢ Hesalen-
JIEHHbIMH KomroHeHTamu. Jlist Hero paBeHcTBO a(L) = Ik(L;, L) BepHO, MOCKOJbKY
B 31oM cayvae a;(L) =0 u Ik(L, Lo) =0 3HauuT, 3T0 paBeHCTBO BEpHO sl JIIOOOTO
JIByXKOMITOHEHTHOTO 3alleMJIeHHS].

20.9. U3 cootnowenus V. (2) =V ,_(2)=2Vy,(2) cnenyer, uto as(Ly)—as(L-)=
=ai(Lo). Ecau Ly — nByxkomnoHeHTHoe 3atenenue, 10 a;(Lo) = lk(L;, L9) cornacHo
3anaue 20.8.

22.1. Tlpn nokasatenbcTBe TeopeMbl 22.5 Gblio mokasano, uto TM" = N, (TS").
Ecan paccioenne TS" TpuBHaibHO, TO Jr060€ pacciioeHre, HHIYLHPOBAHHOE U3 HETo,
TOXE TPUBHAJILHO.

23.1. a) [leiictBue ss1emenTa w; Ha U, 3anaércs dopmy.ioit

(uoto, ey Llntn) — (Lloto, ey wiuiti, ey Llntn).

[1pu TakoM feficTBHH i - TpaHb J;e, KoTopasi 3a1aéTcs ypaBHeHHeM ¢; = 0, HenoABHKHA.
[Tostomy (1 — w;)0;e =0, a 3nauur,

de=]J1—w) D (-1)de=0.

6) Paccmorpum cHavana cayuait 1= 0. Tlyets @ = ng + njwg + ... + ng, @~
rie fo, - .., laqy — LeJble uncaa. Toraa

1

)

w(l —wo) = (1o — nay) + (11 — no)wo + . .. + (ay — flao—l)wao_l,

M03TOMY 3/JEMEHT W JIGXKHT B Spe YKa3aHHOTO OTOGpa’KeHHsl TOTA M TOJLKO TOTAA,
Korma ng=n; =...= ”ao—l = flao.

Paccemorpum teneps cayuait n = 1. [lycTb cHoBa @ =g +njwo + ... + naowao’l,
HO Terephb 7; He Le0e YHCIIO, a JMHCHHAA KOMGHHALMS s/eMentos 1, @y, ..., w!'™'
¢ uesbMu Kos(duunentamu. Ilycts, manee, @’ = w(l — w) = nj + njwy + ...
g™ re nf = n; — njw. PasenctBo @’ (1 — wp) =0 CHOBa SKBHBAJIECHTHO
TOMY, UTO Mg = 11} = ... = Mg, T.C.

w(l —w)=n'(1 +w0+w§+...+w30_l).
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3naunt, w = a(l + wo + @i + ... + wg”fl) +b, e b(1 —w;) =0, 1e. b=
=c(l4+w +’+... + wy! 71). JlanbHelye paccyKaeHHs aHAJTOTHUHBDI.

B) CuMmMuuanbHblil Komiieke U, He UMeeT KJIETOK pagMepHocTy 1 + 1, mostomy
ero n-mepHole romosiornu U, COBManaioT ¢ n-MepHbIMH LMKJIaMH. 3HauuT, B H,(U,)
ectb noarpynna Z{Zq|e = Z[Za)/l«. Ykasanuble B yCJOBHH 3a1aud 3JIEMEHThI KaK pa3
1 00pagyloT 6as3uc 3Toi moiarpynmnsl. SlcHo, uto e€ panr pasen (ag — 1)...(a, — 1),
T.€. OH coBmajaet ¢ paurom Bcer rpynmnel H,(Uy). [ostomy Hy(Us) =2 Z[Za €.

24.2. Tlyctb x — npou3BoJIbHBIHA JieMeHT rpymibl G. CoriacHo CJeICTBUIO 2 Teo-

1
pembl 24.11 Mbl uMeeM x = exp A uist HekoTopoil Matpuupbl A. [Tosoxum g = Cxp(;A).
Torna g" = x.
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— cBsI3Hasi MHOrooOpasuii 368

— Yurnu 146

chepa romosiornueckast 56, 91, 200

T

TeH30pHOE Mpou3Be/ieHre abeseBbiX
rpynmn 36

— — LenHbIX KoMmraekcos 107

Teopema Ajiekcanaepa 222

— Apda 351

— bBopcyka—¥Ynama 87

— By 279

— IypeBuua 124

— JIBOHCTBEHHOCTH YuTHH 164

— ne Pama 310

— — CUMIIMLIMaJbHas 322

— Kana—Vaiitxena 141

— Kionnera 110

— — JUTS OTHOCHTENbHBIX TOMOJIOTHH
234

— — ISl CHHTYJISIPHBIX FOMOJIOTHH
231

— — OTHOCHTeJIbHas 234

— Jlepe—Xupma 183

— Jledurena 67

— Musnopa 370

— Munkosckoro 194

— 0 BOpOTHHKE 266

— — JJIsl IaJIKMX MHOTO0Gpasuii 89

— 0 Bbipe3anuu 215

— 0 LIeMHO# romoTonuu 14

— 00 alUUKJIHUHBIX Mogeasx 115

— — HocHressix 16

— 06 uzomopdusme Jleduiena 91

— 06 WHBapHaHTHOCTH 06Jacth 223

— Tlourpsiruna 167

— Ilyankape 123

— Cwmura 200

— Crokca 302

— Turue 347

— Toma 278

— — o curHatype 101

— YHUTHH O BJIO’KEHHSIX CHJIbHas 358

— Xesuu 226, 227

— Xondga 369, 396

— Xonda—Yuruu 130

— Wrtudens 280

— HItudens—Xonea 121

— Dilnentepra 128

— Dinenbepra—3unboepa 231

Turue npeobpasoBanusi 347

— Teopema 347

Toma uzomopduam 257

— KJiacc 257, 275

— Teopema 278

— — o curHarype 101

— opmyana 278

TonoJioruueckast obpasyioiast 384

TOTIOJIOTHUECKOTO MHOT000GpPa3ust opu-
eHtauus 250

— — dyHraMeHTaIbHbIHA Kaace 251

TOTOJIOTHYECKOe MHOT00Gpa3ne opHeH-
THpOBaHHOE 251

— — opuentupyemoe 251

— — C KpaeM opHeHTHpyeMoe 268

Top 377

— MakcHMaJbHbI 384

TOTa/LHBIN LEeMHOH KoMIlieKe 71

TOUKa JBOMHas 358

— camonepeceyeHust 358

TOUHAs TOMOJIOTHYECKAs T0C/Ie/10Ba-
TEJILHOCTD napbl 22

— rocJsieoBatesbHOCTL  Maiie-
pa—Bnbertopuca 28

— — napbl 22

— — paculenumasi 34

— — Cwwura 198

— dopma 298
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TOYHOCTH akcuoma 221

TpaHcBepcadbHOCTh 84

TpaHCHOPMaJIbHOE BJIOXKeHHE 66

TpaHcgep 196

TpuaHryasus raankas 311

TPUBHA/IM3ALIMH PACCJOEHHS] TOMOTOI -
Hble 145

TPUBHAJIbHOE BEKTOPHOE PACCJIOEHHE
144

TPOHKH roMoJiorHuecKasi nocJeaoBa-
TeNBLHOCTD 24

TpoiiHoe npoussenenne Maccu 95

TPIOK YHUTHH 362

y

y3en 3eliepra 332

YurHu cymma 146

— Teopema JBoicTBeHHOCTH 164

— — 0 BJIOXKEHHUSIX CHUJIbHast 358

— Tpiok 362

— dopmyasa 161

yMHOXKeHHe 392

— KoroMmoJioruueckoe BHelHee 117

— Kousmoroposa—Auiekcanepa 70

YHUBEpCaTbHbIX KO3(h(UIHMEHTOB hop-
MyJibl 43

yIopsI0UeHHbIH UernHoN Komlieke 71

P

dokca ucunciaenne 340

hopma 6unHBapuanTHas 381

— 3eiichepra 326

— KBaJpartuuHasi Haj Zo 350

— JieBoMHBapHaHTHas 381

— nepeceuenus 99, 280

— npaBouHBapHaHTHast 381

cdopmysa By 211

— Kaprana 206

— Kkorpanuips 203

— Toma 278

— Yurnu 161

(hopMyJibl YHHBEPCAIbHBIX KO3 UK~
eHToB 43

(byHIameHTasIbHbIA Kjaacce 46

— — TOMOJIOTHUECKOr0 MHOro00pasus
251

— — — MHoroo6pasusi ¢ kpaem 268

— KOromoJiornueckuit knacc 137

(hyHKTOp auMKJIHUHbIHA 114

— KoBapuaHTHbIi 114

— KOHTpaBapuaHTHbIi 114

— cBoboaubli 114

¢byHKLMs nepexona 292

X

XapakTepucTHka sitneposa 62, 100

— — mapsl 66, 198

XapakrepucTuueckuil kiaace [Tonrpsi-
ruHa 188

— — Uxkens 178

— — — KOMIIJIEKCHOT0 MHOroo6pa-
3ust 187

— — tndens—Yuruu 155

— — —, aKCHOMAaTHUYeCKHH MOAX0J
174

— — siepoB 158

Xesn Teopema 226, 227

Xonda anre6pa 395

— uHBapuanr 237

— paccJoenue 237

— Teopema 369, 396

Xonda—YutHu tTeopema 130

L

teHTpanusatop 384

LeMH ¢ 3aMKHYTbIMH HOCHTeJIsIMU 59

uenxasi romotonust 14, 213

1enHoe otrobpaxkeHue 13

LEeMHOH Komrieke 13

— — HeOoTpHULATENbHbIH 13

— — cBoOOJHbBIH 13

— — TOoTa/bHbIH 71

— — ynopsiioueHHbId 71

LEMHBIX KOMIJIEKCOB TEH30PHOE MPO-
uspenenue 107

uenb 11

— OTHOCHTesbHast 21

uuka 11
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LMKJIHYECKOe HAKPbITHE OECKOHEUHOE
326

LIMKJIBI TOMOJIOTHYHBIE 1 1

Yy

Yexa koromoJioruu 287, 288

UKeHs1 XapaKTepUCTHUECKHH KJacc
178

— — — KOMIIJIEKCHOIr0 MHOroo6pa-
3us 187

yucJsa berru 12

unesio Jledurena 67

— Utudensi—Yuruu 167

11|

[ tucens muoroo6pasue 153

— — KomrJiekcHoe 178

— Teopema 280

[ tudenss—YuTHu Kiacc MHOrooOpa-
3us 164

— KJIaCChl, aKCHOMATHUECKUH MOJXO0L
174

— XapaKTepHCTHUeCKHH KJace 155

— — — JyaJbHbii 164

— — — noJHbIH 163

— uucJgo 167
Wtndens—Xonda Teopema 121
Ly6epra MHOTOOGpasue 172
LIYTOBCKOU KoJinak 126

3

Afinenbepra Teopema 128

Ditnen6epra—3unb6epa Teopema 231

Aiinen6epra—MakJiefiHa npocTpaH-
ctBO 134

3isIepoB Kaace 158

sisepoBa xapakrepuctuka 62, 100

— — mapsl 66, 198

9KBHUBaJICHTHbIE BEKTOPHbIE paccJoe-
Hus 144

— MHUKpopacc/oeHust 275

3KBUBapHaHTHOe oToGpaxkenue 189

5KCTPAOp/IMHAPHAs TeopHs (KO)romMo-
Joruit 222

3JIEMEHT peryJisipHblii 387

— CHHryJIsipHbIH 387

3JIeMeHTapHbId uaean 329

sthdektuBHOE neficTBre 194



